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Abstract

If S denotes the class of all univalent functions in the open unit disk D :=
{z € C: |z| < 1} with the form f(z) = z+ Y o, a,2", then the logarithmic coeffi-
cients y, of f € S are defined by

log@ = 2Zy,1(f)zn, zeD.

n=1

The logarithmic coefficients were brought to the forefront by I.M. Milin in the 1960’s
as a method of calculating the coefficients a, for f € S. He concerned himself
with logarithmic coefficients and their role in the theory of univalent functions, while
in 1965 Bazilevi¢ also pointed out that the logarithmic coefficients are crucial in
problems concerning the coefficients of univalent functions. In this paper we estimate
the bounds for the logarithmic coefficients |y, (f)| when f belongs to the class B(«, 8)
of Bazilevi¢ function of type (o, B).
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1 Preliminaries

Let A be the class of analytic functions f defined in the open unit disk D := {z € C :
|z] < 1}, and normalized by the conditions f(0) = 0 and f'(0) = 1. If f € A, then
f has the following Taylor series

f@ =Z+Zanz”.

n=2

Let S be the subclass of A consisting of all univalent (i.e., one-to-one) functions
in D. A function f € A is said to be starlike function if f satisfies the condition
Re (z2f'(z)/f(z)) > O for all z € D. Similarly, a function f € A is said to be
convex function if f satisfies the condition Re (1 + zf”(z)/f'(z)) > 0 for z € D.
A function f € A is said to be close-to-convex if there exists a real number 6 and
a function g € S* such that Re (eiezf/(z)/g(z)) > 0 in D. We denote by §*, C and
KC, the classes of starlike functions, convex functions and close-to-convex functions,
respectively. With the class S being of the first priority, its subclasses such as S*,
C and K have been extensively studied in the literature and they appear in different
contexts (see the books [8, 11, 13].)

A function f € A is called Bazilevic functions of type (¢, 8) fora > 0and 8 € R
if f is given by

1/(a+ipB)
} , z€D,

Z .
f2) = [(a +iB) /0 (1) p(r) P dr

where g € §* and p is an analytic function in D with p(0) = 1, and Re p(z) > 0 for
all z € D. It is well-know that this definition is equivalent to

/ a ip
Re zf'(2) <f(z)> (f(z)) 20, zeD,
f@) \g@) z
for g € §*. We denote by B(«, B) the class of Bazilevi¢ function of type («, 8). In [3],

Bazilevi¢ proved that B(«, 8) C S for ¢ > 0 and 8 € R. For an appropriate choice
of the parameters « and B one can obtain the subfamilies of B(«, B). For example:

(i) the class B(w, 0) =: B(w) is called the Bazilevi¢ function of type «, see [3];
(ii) the class B(1) =: K;
(iii) if we choose g(z) = z and 8 = 0, then the class B(«, ) reduces to the class
Bi(«) of Bazilevi¢ functions with logarithmic growth;
(iv) the class B1(0) = S* and the class Bj(1) =: R, i.e. the well-known class of
functions whose derivative has positive real part in D.

A Bazilevi¢ function form belongs to the largest known subclass of S which has
specific expressions. Indeed, the following relations are well-known (see [3, 8, 11,
13]):

CcS*cKcB() cBpB)CS.
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2 Introduction to the logarithmic coefficients problem

The logarithmic coefficients y,, of f € S are defined by the formula

@ _ v p
log == =2y (f)z" z€D, @.1)
z
n=1
where log 1 = 0, and we will simply write y,(f) = y, when there is no confusion.
These coefficients play an important role for various estimates in the theory of univalent
functions, and some authors use y;, in place of 2y,,. Next note that differentiating (2.1),

and equating the corresponding coefficients we get

) _1 a% _1 +a§’
Vl—zs V2—2 as ) s 7/3—2 as azas 3 .

For example, the logarithmic coefficients for the Koebe function «(z) := z/(1 —
e"ez)2 € Sare y, (k) = elinf) /n, and it is well-known that the Koebe function is the
extremal for many basic functionals defined on S. Consequently, it could expected
that if f € S, then |y,| < n holds for n > 1. However, this is not true.

1
If f €&, then |y < 1and |y < 3 +e2=0.635... (using the Fekete-Szeg6

inequality), see [8, Theorem 3.8].

The upper bound of the logarithmic coefficients y, for f € S appears to be more
harder and non-significant for n > 3. But for f € S*, the inequality |y, | < 1/n and
for f € C, the inequality |y,| < 1/2n holds (see [1, 8]). Attempting to extend this
inequality for the class /C is also more difficult because the inequality |y, | < 1/n fails
when n = 2 for f € IC, see [10].

Recently, Ponnusamy et al. [14] studied on the problem related to the logarithmic
coefficients bounds for certain subfamilies of univalent functions, while in [15] they
also determined the sharp bounds for the inverse logarithmic coefficients for the class
S and some of its important geometrically characterized subclasses.

In a series of papers in the 1960’s .M. Milin drew attention to the logarithmic
coefficients as a means of estimating the coefficients a, for f € S, and he concerned
himself with logarithmic coefficients and their role in the theory of univalent functions.
According to Milin, |y,| for f € S cannot be much bigger than 1/n in an average
sense. This result is known as Milin’s lemma and holds a prominent place in the
history:

Milin Lemma. [8, p. 151] For each f € S,

n n
1
Kve> <Y = 486, fors <0.312,
; |yl —;H or§ <

where § is called the Milin constant and it cannot be reduced to zero. This lemma and
the third Lebedev-Milin inequality leads to the remarkable bound |c,| < ¢%/? < 1.17
for the coefficients of odd univalent function /i (z) = ¢ z+ca i +. .. (by more carefully
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estimation [.M. Milin improved the estimate to 1.14). However, Milin conjectured that:

Milin’s Conjecture. For each f € S

n n

1
Zk(n—k+1)|yk|2§Z(n—k+1)—, forn € N. (2.2)
k=1 k=1 k

The equality holds in (2.2) only for the Koebe function.

In 1984 Louis de Branges [7] proved this conjecture asserts that 6 = 0 in an
average sense (see also [9], and the inequality (2.2)) is known as a de Branges’s
inequality. The de Brange’s inequality is a source of many interesting inequalities
involving logarithmic coefficients of univalent function. In [4, 5] de Branges explored
the problem of logarithmic coefficients and came up with the following inequality for
the class S:

TheoremA If f € S, then

Ve — 7| =

1
log —, 2.3
X g 2.3)

k=1

where a = lim1 (1 — r)M(r, f) is the Hayman index of f and the positive real axis
r—

is the direction of maximal growth.

The proof of the inequality (2.3) is based on Milin’s reformulation of the Grunsky
inequalities (see [8]). Bazilevic¢ also estimated the value Z,fi 1 k|yk|2rk which after
multiplication by 7 is equal to the area of the image of the disk |z| < r < 1 mapped
by the function log(f(z)/z), f € S. He suggested in his review of A.Z. Grinshpan’s
thesis a conjecture that this value does not exceed log [1 /(1 — r2)] forall0 <r < 1.

After two summations by parts, Milin’s inequality (2.2) leads to the following result
as one of its consequences (see [2, 12]):

Zk|yk|2rk < Z = log |

,0<r<1. 2.4
Using the relation (2.4), Ye [16] proved the following logarithmic coefficient bounds
for f € B(x):
Theorem B [16, Theorem 1] If f € B(«w), then we have

[yal < Ain~'(1 +a)log(1 +n), n €N,

where A1 is a constant. The exponent —1 is the best possible.

Motivated by the above investigations, in this article we study the bound of loga-
rithmic coefficients y,, for the class of Bazilevic function of type (¢, 8). We will prove
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our main result using the relation (2.4) and two previous results presented the next
section. We begin by stating our main result and useful lemmas, while the proof of the
main result will appear in Sect. 4.

3 Main results

Theorem 1 Let f € B(a, B), witha > 0and B € R. Then the logarithmic coefficients
v Of f satisfy the inequality

1vul < C(a, Byn~ " log(1 +n), forn €N,

where C(a, B) is an absolute constant given by

C<a,ﬂ>=§[L +4(a+|ﬂ|+|a+iﬂ|)<i+z>+2f2

- 42
log2 log?2 1+1log2

2
/[(l” o+ iB1)" 2181 (o o+ 1) | (21;g2 +4> i 2lli|gZ ]
3.1)

The exponent —1 is the best possible.
Next we present three useful lemmas which are the main tools to prove our theorem.

Lemma1 [16, Lemma 1] Let f € S. Then, for z = ret?, 1/2 <r < 1, we have

1 27z | 4 1
() L= — NG P log ,
2 Jo | f(2) l—r “1—vr
and
o' @

dodr < 1+ 2log

1 r 21
i) Ly=— / /
27 Ji2 Jo

Lemma?2 Let f € B(a,B) witha > 0, B € Rand g € S*. Then, for z = re'?,
1/2 <r < 1, we have

/271 Zf/(Z) exp [ i arg (&)a <&>iﬂ ”
o f@ g(2) z

<3+2(a+ Bl +la+iBl) (1+210g1_—1r2>. (3.2)

1 —r2

f(@

_1
T n

N
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2f'(2)

Proof Set w(z) =

f € B(a, B) C S, the function w is analytic in D, hence from the Cauchy-Riemann
relations we easily get the well-known formula

= u(z) +iv(z) , thatis Rew = u, Imw = v. Since

dw(@) _ du(z)  .dv(z) 1 /v . du(z) T
W - or +1i or _r(_ae =5 >,z—re . (3.3)

According to (3.3), forany 1/2 <rgp <r < 1l and 6 € [0, 27r] we have

i0 i " dw(z) _/’l(av(z) L 0u(z)
w(re'”) = w (re”) = / or =) 7 Tae e )

0

Since z = re'?, using the triangle inequality in the above relation, one can obtain

- i /Ozn (w (roem) Tw (rei(’) —w (roei€)> exp (i arg { (%)“ (@)iﬂ }) do
< % /Ozn w (roeié) exp (i arg { (%)“ (@)iﬂ }) do
el 7O o () ()

= Ni1 + Ni2, (34
where
Nip = % Azn w <r0ei0> exp (i arg { (%)“ <@)lﬂ}> do
and
Ny i L / /2” 1 <av(z) ldg;Z)>exp (i arg{(‘;((j;)a (fiz))‘ﬁD dodr

Next, we find convenient upper bounds for the above two integrals N1 and Ny;.
First, setting ro = 1/2, from the distortion theorem for the class S [6] it follows
that

1 27

N < —
11_271

. 1
w ()| < 0 _3 0 35)
1 —rg

w (roeig)‘de < max
60el0,27]
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Secondly, if we denote

I =exp i (f(z)>°‘ (f(z))"ﬁ oo <f(z))"+’ ( z )
1(z) :==exp|iargy | — — =exp|iarg —
g(2) z z 8(@)
_ ( <f(z>>“+"ﬁ . (g(z))”)
=exp|iarg| — —iarg| — s
4 4

a simple computation shows that

’811(1) 1 i i ar; <&>a+iﬁ—iar <&>a
36 Pae \"ME 8\
e s i5? (e 7D 0 (are 89
= z(oz+z/3)89 (arg - ) zaae (arg - ) , 3.6)
hence
o iB
‘311@ | are (&> <&> : 3.7
a0 a0 g(2) z
Since
zf’ @ _ 0 S (@)
T +£< e >
and similarly for the function g, from (3.6) and the triangle’s inequality, we deduce
that
ah()| . '@\ g'(x)
‘ 36 _'(““ﬁ)(Re @ 1) “(Re 2@ 1)’
2f'(@) 28'(2)
Re R —
TRy TR ’3‘
a2 (@ 28'(2)
. 3.8
<la+ip| @) +o 2(2) + 1Bl (3.8)

Using the above notation for /1, we can rewrite the integral N1, in the form

Nip =

2m (Bv(z) u(z)
=50

) I1(z2)dodr| .
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If we use an integration by parts in the formula of Ny», it follows that

1 Iy ]
Ny = I /;0 / ( V@) —1i L;(;)> I (z)dOdr
1 0=2m 2
= /ro . |:(11(z)(v(z) —iu(z))) oo —/0 (v(2) — iu(2)) l(Z) :|dr
1 LT () 1 (12 311 (2)
_EO+/ro;/(.) iw(z) 20 dédr SE/;O;/O \w(z)l‘ 20

and using the inequality (3.8) together with the fact that r > ry = 1/2, we have

dodr,

72 (2) '@ 28'(2)
N”SEf / e [ T | T e +'ﬂ'}d9dr
27 2f () |? / /2" '@ ]2¢ @)
dod dod
= ["”’ﬂ'// ro | Tl l i e |0
2 zf'(@) ]
+ dodr
ol [ e

Since f, g € S, by using the Schwarz’s inequality for double integrals for the last two

integrals and applying the inequality (ii) of Lemma 1 for the first integral, the above
inequality leads to
1
— 2

r 2 / 2 r 2 2 172
2 / / SO sgar / / dodr
27 ro JO f(z) ro JO
2 2 r 2 172
2%“/ wafdw}
ro 40

2f'(@)
f(2)
Using again the inequality (ii) of Lemma 1, we find that
! +2 1+21
o 0
— 72 g 1

! + L
— 2 ’

Nip < 2|a +if]| (1 —i—210g1

28'(2)
g(2)

Ni2 < 2|a +if| (1 —|—210g1

L o\2
Y]

=2(a+if|+ ) <1—|—210g1
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where

zf'(2)
f@
o' @
f(@

1/2
-2l ffzﬂ : /’/27’ !
: r- dodr
ro Y0
1 r 2 1 r 2 172
=2|p] —// dr~—// dodr
2 ro JO 2z ro JO

For the above first integral, according to the inequality (ii) of Lemma 1, we have

1 r p2w
-1,

while straight computation shows that the value of the second integral is

1 r 2 1 1
—// dodr =r —rg=r— - <1, for- <r < 1.
T 0 2 2

'@
f@

1
der<l—|—210g1 5

Since the right-hand sides of the above two inequalities are positive numbers, we
finally get

1

—_2 )

| 12
L <218 (1+210g <2181 (1 +210g
1—r2 1

therefore
. 1
N1252(|a+l,3|+a+|,6|)<1+210g1_r2>. 3.9
From the relation (3.4) combined with the inequalities (3.5) and (3.9), we get the
desired result (3.2). O

Lemma3 Let f € B(a, ) witha > 0, B € Rand g € S*. Then, for z = re'?,
1/2 <r <1, we have

2w /
f Zf (Z) f(z) f(z)> einade
o S@ 8() z
1/2
<25+ 2toe ) ([ @+l +ifl)’ +218l(a + e +ifl) |-

4 12
(1+1 tog - ) Iﬂl)-

Ny = —
2 2




52 Page100f18 N.L. Sharma & T. Bulboaca

) 1 aeime
Proof From the formula (2.1) and using the fact that e/? = — 29
m

,m € C, since

z = re'? we get

m@ Zf (Z) m& <1 il f(Z)) _ 1n9 2 k k i(n+k)9
o +a =e" 4 Z yer

1 3 ezn(-? t(n+k)9
= 2 k
i 90 ( n + Z ykr

10
=-—G(,0 3.10
= 30 (r,0), (3.10)
where
z(n+k)0
G(r,0) = (3.11)
Setting

o ip
I(z) ==exp | 2i arg <&> (E) )
8() z

from (3.10), we obtain

2 2
/ '@ o, )dg‘ ‘ / G|,
0

N
2T f@

2

integrating by parts the integral N> and we get

9=2r 2 @ ip
(G(r,@)lz(z))‘ —/HG(r,H)i 2i arg (&) (&) d6
0=0 0 a0 g(@) z
[ 9 TN (f@\
0721/0 G(r,&)% (arg{(g(z)) (T) do
o 3 (o (m) (@)""
00 £ g2(2) z
Using the Schwarz’s inequality it follows that

1 2 172 1 2 | g f(z) a f(2) ip 2 12
2 — R— [ [
N2 =2 [271 /0 G 9)] d&} ' |:27r /o a0 (argi<g(z)> < z ) }) de}

—2MP N2, (3.12)

Ny = —
2 27

Ton

IG(r,0)] do.

< =
27 Jo
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where
1 2
Npp = —/ |G(r,0)|2d6, (3.13)
27 0

and

1 2

N
22 = on

. FON (O
— | arg (—) <—) do. (3.14)
a6 8(2) z
Next, we find the required upper bounds for the both integrals N>1 and N»; defined
by (3.13) and (3.14).

First, we evaluate the integral N, by using the value of G(r, 0) given by (3.11),
that is

1 2 5 1 2 zn0 1(n+k)0
Ny = — G(r,0)|"do = — 2 k do,
3 27[/0'“)' 27{/() +Zykr
and using the Parseval-Gutzmer formula, since 2kn < (k + n)z, we get
Not = — +4ik2|m2r2" L1 kaf *,
nr = (n+k)?~
Consequently, the inequality (2.4) leads to
Ny < ! + 21 ! (3.15)
— 4+ —log ——. .
A= a0 TR
Secondly, from the relation (3.14), that is
NGAL FON (N
Ny = — — | arg (—) <—) de,
27 90 g(2) Z
using (3.7) and (3.8), we have
1 [ zf'(2) 28’ (2) ?
N22=—/ |:|Ol+iﬂ| +o +|,3|:| do
27 Jo f@) g(2)
c012 p2m / 2 2 pon ’ 2 2
S|oe—|—zﬂ| / z2f'(2) +ot_/ 78'(2) d@—i—'"l/ d0
27 o | f@ 2 Jo | g(@) 2 Jo
| 2ele +iB| /2” of'@)]]z¢'(2) 2a1Bl [*7|28'@)
f@ || 8@ 2 Jo | (@)
2 . 2 /
+ |a+ll3llﬂ|/ zf'(2) d0
f(@)
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Applying Schwarz’s inequality in the 4™, 5 and 6™ terms of the above inequality and
using the inequality (i) of Lemma 1, we get

sz<(|a+iﬂ|2+a2+2a|a+iﬁ|)(1+ log >+|ﬁ|2

1—r 1—r

4 1\
+2(a|ﬁ|+|ﬁlla+iﬂ|)(1+ log ) :

1—r 1—r

Using the fact that

it follows

Ny < [(a + |a +iﬂl)2 +2lﬂ|(oz+ [¢ +iﬁ|)] (1 + log 1 ir) + 1BI%.

(3.16)

1—r
Finally, from (3.12), using the inequalities (3.15) and (3.16), we conclude that

12 1\
Ny =20, Ny < 2(,72 + =~ log ﬁ> ([(a+ o+ 1) + 21B1(e + Lo+ iB1) |

4 1 N\ 2
1+ log —— | + |8l ,
1—r 1—r

and the proof of the lemma is complete. O

4 Proof of main result

Proof of Theorem 1 If we suppose that f € B(«a, B), then by the definition of the class

B(w, B) we have
/ o i
Re 2f'(z) (f(z)> (f(z)) ~ 0, zeD,
f@ \g@ z

fora > 0,8 € R, and g € S*. Setting

'@ f(z))”‘ (f(z))"ﬂ
h = , zeD, 4.1
@ f@ (g(z) Z € 1)

it follows that Rek(z) > O for all z € D, and we also have

h(z) =2Reh(z) — h(z), z € D. 4.2)



Logarithmic coefficient bounds for the class of... Page 130f 18 52

From (2.1), we get

S'@ 1 <log @) =142) ny",

f@ =
then
2ny, = ! - Zf @ gz n=1,2,...,
270 Joer f(2)
where the sense of the curve |z| = r is the direct (trigonometric) one, and for z = re'?
the above relation becomes
21 /
il = - | [ 2 (Z)e_i”gdé“.
2t o f2)
Using the relations (4.1) and (4.2), it follows that
1 2w (Z) z iB —ind
2n|yu|rt = — _c in
Ml = o ./0 he )<f(z)) (f(z)) ©
2 ip
<L / 2Reh(z )(g(Z)) <L> e " dp
27 | Jo f @ f@
1 2 g(Z)) < Z )lﬁ —ind
_ h — " de
i /0 (Z)<f(z) o) °
2 ip
si/ 2Reh(z) (g(Z)> <L> d9
27 Jo f (@) f (@)
1 27 g(z)> < z )iﬁ -
. n de
AR )<f(z) @) ©
=J+ J, 4.3)
where
2 ip
o) (75)
=— eh —_— deo 4.4
L)) Renc )‘(f(z) 7@ @D
and

1 27 g(z)) < z )iﬂ -
h —_— neqe| . 4.5
P ./o ”(f(z) @) © )
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Now, we determine the upper bounds for the both integrals J; and J, defined in
(4.4) and (4.5).
Since Reh(z) > 0, z € D, we have J; > 0. Therefore, from (4.4) and (4.1), it

follows that
2 o iB
/ Reh(2) <@> (L> d@‘
0 f@) f@)

2 o iB
([ o5 () o
0 f@) f@

2 o iﬂ
g(2) z
h A =) |do
[0 @ <f<z>) (f(z)) '
f” zf’(z)(f(z))“(f(z))"ﬂ (g(z))“( z )"ﬁ
o [f@ \g z f@ f(@
/Zﬂ Zf’(z) exp | i arg (&)a <&>iﬁ i
o [f@ g(2) z

and using the inequality (3.2) of Lemma 2, we find

I =

o=

8=

)

IA
8| —

1

T

deé

1

T

s

1 1
Ji < 6+4(a+ Bl +la+iBl) (1+210g1_r2>, sSr=lkl<l @6

Also, from (4.5) and using (4.1), we get
/Zﬂ ') (f(z))“ (f(z))"ﬂ <g(z> ) < z )"” o6
o Jf@ \gk z f@) f(@)
27 gt a ip
/ g @ exp | 2i arg (E) (&> e"?do
o [f@ g(2) z

and from Lemma 3, we obtain

_1
T n

J

_1
T n

’

1 2 1 \'"/? ) .
J2<2<n—2+zlogm) <[(a+|a+l,8|)2+2|ﬁ|(a+|a+z,8|)]-

1/2
4 1 2 1
1+ log + 18] . 5 <r=lzl <L (4.7)
1—r 1—r 2
The relation (4.3) combined with the inequalities (4.6) and (4.7) leads to

2n|y,lr" < i+ )

. 1 12 1\
<6+4(a+|ﬁ|+|a+lﬁ|)(1+210g1_r2>+2<n—2+;10g1_r2) '
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4 1 12
[(a +la+iBl) +21Bl(a + o +i,8|)] <1 + — log - _r> + |ﬁ|2) ,

<r=Jzl < 1.

N =

1
Taking - <r:=r,=1— <1l,n= 1,2,...,amdusingthefactthatr2 <r

n
for 1/2 < r < 1, we deduce that

1\ 1 2 172
2n|yn| <1 - 7> <6+4(a+ 1B+l +iﬂ\)(1 +2log(1 +n)) +2 <—2 + = log(1 +n)>
n+1 n n

12
([(a Flo+iBl)* + 2Bl + lo + i,3|)}(1 +4(1 + n) log(1 + n)) + \ﬁ|2> ,neN,
which is equivalent to

1 n
2n|yn| (1 — 7> < log(1 +n)|:

. 1
o 4(a+\/3|+|a+lﬂ|)<7 2)

6
log(1 + n) * log(1 + n) +

2 1 172 2 ,
1 (mﬂ) 1 +m'/? ([(a+|a+zﬁ|) +2\ﬁ|(a+|a+tﬂ\)]~

1 1812 1/2
<(1 ) log(l + 1) +4> T log(l +n)) } n el

The above inequality could be written as
lyal < n~'log(1 +n) G(n), n €N, 4.8)
where

G(n) '—1<1+1>n [LJA( + 1Bl +la+i I)<¥+2)
) n) Logtan THETIBIF B

1\ /2 1 1/2 o, '
+2<1+;> (erz) <[(a—|—|a—|—lﬂ|) +2|ﬁ|(a+|a+lﬁ|)]~

1 1812 12
( #4) + )]
(1 +mn)log(1+n) (I +mn)log(1l +n)

It is easy to see that

Gn) < ;H(n), neN, (4.9)
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where

H(n) = _ 6 +4(a+ 1Bl + e+ iBl) (

1
—+2
log(1 +n) log(1 +n)

+2 (1 + %)1/2 (# +2>l/2 ([(a Fla+iBl)° +20Bl(a + o + iﬂ\)] )

nlog(l 4 n)
1 B i
(veatren ) s
(1 4+ n)log(l +n) (1 4+ n)log(1 + n)

is a strictly decreasing function on N. Therefore, since

HO = > 4 a(a+ 181+ la+iB) (—— +2)+2v2 | —— 42
~ log2 * at log2 1 +log2

2
\/[(a e ip1)+ 2181+ o+ i8] (35053 +4) + 3i0ga

from (4.9), we obtain

G(n) < gH(n) < gH(l), neN,
hence the inequality (4.8) leads to
[Yal < Ca, Byn~ ' log(1 +n), forn > 1,

where C(«, B) =e/2 - H(1) is given by (3.1).
Since the Koebe function k € B(«, B) and the logarithmic coefficients satisfies the
relation |y,| = 1/n, n € N, it follows the exponent —1 is the best possible. O

Remark 1 In particular, if we take 8 = 0 in Theorem 3.1 then we get the result of [16,
Theorem 1].

Concluding remarks

In this paper, we extend we extend Theorem 1 of [16] for the classes of Bazilevi¢
functions B(«, B) by using a new technique based on a consequence of Millin’s and
of the other two previous results.

Thus, we obtained an estimate of an integral given by Lemma 3.3 which we used to
prove our main theorem. The proof of this lemma uses the Parseval-Gutzmer formula
which allows us to obtain an estimate for the upper bounds of the modules of the
logarithmic coefficients y,, (f) if f € B(a, 8), « > 0 and 8 € R. For the case 8 = 0,
this theorem reduces to the result of [16].

Our result could be used for some further studies connected with logarithmic coeffi-
cient estimations for some subclasses or for the classes of Bazilevi¢ functions B(«, ).
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An interesting open problem is to find the smallest constant C(«, 8) such that the
inequality of Theorem 1 holds for all f € B(«, ) andn € N.
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