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Abstract

LetL = — édiv(A (x)-V)+V be adegenerate Schrodinger operator in R”, where w is
a weight of the Muckenhoupt class A, A(x) is areal and symmetric matrix depending

on x and satisfies

CloW)E)? < AWEE < Co(x)[E

for some positive constant C and all x, £ in R"”, and V is a nonnegative potential
belonging to a certain reverse Holder class with respect to the measure o (x)dx. By the
subordinative formula, various regularity estimates about the fractional heat semigroup
{e7"L"},. o are investigated, where L% denotes the fractional powers of L for a €
(0, 1). As an application, we obtain the boundedness on the weighted Morrey spaces
and BMO type spaces for some operator related to L.
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1 Introduction

Let
1
Lf(x) = —;div(A(x) VX)) + Vi)

be a degenerate Schrodinger operator on R”, where @ is a weight from the
Muckenhoupt class A;, which satisfies

(ﬁflgw(x)dx)(ﬁfgw_l(x)dx) <cC

for a fixed constant C and any ball B, A(x) = (a; j(x))1<i, j<n is a real symmetric
matrix such that for all n-dimensional vectors & € (&1, &, ..., &),

ClowEP < Y aij(0EE < Co)E,

I<i,j<n

and the nonnegative potential V belongs to the reverse Holder class with respect to
the measure du = w(x)dx.

Throughout this paper, we always assume that w satisfies both a doubling condition
and areverse doubling condition, i.e., there existtwonumbersvand y,0 < v <n < y,
such that for any ball B(x, r) and ¢ > 1, the following inequalities hold:

w(B(x,tr)) -
T w(Bx,r) ~

v tV

for some constants ¢ and C independent of the point x. When the inequality on the left
is satisfied we say w € RD,, while, if the other holds, we write w € D). Forw € D,,
a nonnegative potential V, which is locally integrable, belongs to the reverse Holder
class RH;(w) for some g > y /2 if there is a positive constant C such that

(Lf Vq(x)a)(x)dx)l/q < L/ V(x)w()dx
w(B) Jp ~ w(B) JB

forallballs BinR". Let §o = 2—y /q. In the whole paper, we maintain the assumption
and a definition of §.
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Due to the background of the quantum mechanics, in the fields of partial differen-
tial equations and mathematical physics, the Schrodinger type operator L, which is a
class of typical second-order differential operators, plays an important role. In recent
years, due to the rapid development of fields such as nanotechnology and condensed
matter physics, the study of the Schrodinger type operator L has also gained more and
more applications and attention. For example, the degenerate Schrodinger operator L
is often used in the study of new semiconductor devices and nanostructures such as
quantum dots. In addition, with the development of quantum computing and quan-
tum communication, the degenerate Schrodinger operator L has been studied more
and more deeply. Therefore, the study of degenerate Schrodinger operators L has
important theoretical and application values and has attracted the attention of some
mathematicians and physicists.

Specially, when V = 0, in order to study the behavior of nonnegative solutions of
the degenerate elliptic equation, Fabes et al. in [15] investigated the following second
order degenerate elliptic differential operator in divergence form

1
Lou = ——div(A - Vu).
w

Furthermore, Fabes et al. in [14] obtained the fundamental solution I'g of L in a ball.
It should be mentioned that if w € RD, with v > 2,

lx —yl?
Fo(x, y) = —————-.
o(B(x, [x —y])
For more information about L, we refer to [6-9] and the references therein.
For arbitrary degenerate Schrodinger operators L, {T,L},>0 = {e~'L},.( denotes
the heat semigroup generated by L with the integral kernels denoted by K- (-, -). Since
the potential V is non-negative, the following upper bound estimate holds:

0 < KF(x,y) <hi(x,y),

where 7, (-, -) denotes the kernels of the semigroup {S;};,~0 := {e 'L0};-¢ generated
by Lo on L%(d w). In [10], by a perturbation argument, Dziubanski further investi-
gated the regularity properties of K tL(~, -) and, as an application, the author obtained
the atomic characterization of the Hardy space related to L denoted by H Ll R").Asa
continuation of the previous result, Huang et al. [22] used the square functions gener-
ated by {e~'L}, ¢ to characterize H Ll (R™). Harboure et al. [ 19] studied the behavior of
operators associated with L on weighted Lebesgue spaces, weighted Morrey spaces
and BMO type spaces, respectively. For more results about degenerate Schrodinger
operators, we refer the reader to [4, 23-26] and the references therein.

In this paper, we will investigate the boundedness of several singular integrals
related to the fractional degenerate Schrodinger operator L%, o € (0, 1), on some
weighted function spaces. Under the assumption @ € (0, 1), in Sect. 3, we first analyze
the pointwise estimates and regularity properties of the fractional heat semigroups
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generated by L§ and L*:
{ {Sadi=0 = e M8)i0;
(T im0 =l Ym0

Denote by hq (-, -) and K OI; . (-, -) the integral kernels of Sy ; and T,
Precisely, for each ¢ > 0,

T, L | respectively.

Surf @) = [ o0 fOI00)dy:
Ty f () = /R Ko (6 ) f (@ ()dy.

For the Laplace operator —A, the fractional heat kernel related with —A, denoted by

hy. IA, is a convolution kernel and can be defined via the Fourier multiplier: h (S)

¢~ We can use the classical methods to estimate the regularity of ha, +- See
Lemma?2.1, Lemma2.2 and Remark 2.1 of [29]. For the case of degenerate Schrodinger
operators L, we can not define the fractional heat kernels related with L via the Fourier
transform. Hence, the methods of [29] are invalid.
Let .Z be a second-order differential operator. Unlike the case of the Laplace
operator, the fractional heat semigroup related with . is introduced via the following
formulation. For & € (0, 1), the fractional power of .Z, denoted by .#?, is defined as

LX) =

RN dt .
F(_a)/o (e ! f(x)—f(x))m, f e L*(R").

Then via the subordinative formula, the integral kernel K  of e 1L (cf. [17]) can
be expressed as

o
KZ (x,y) :=/0 n?($)K;Z (x,y)ds Vx,y e R", (1.1)
where 1 (-) is a non-negative continuous function on (0, 0o) satisfying

Jo n%(s)ds = 1;

ne(s) = ﬂ%n?(ﬁ)'

ne(s) S 5= Vs, t > 0; (1.2)
Joo s O‘(s)ds<oo r>0;

ny(s) =~ 1+ Vs > t1/* > 0.

In this paper, we use the subordinate formula (1.1) to introduce the fractional heat
kernels related with L. Using the identity (1.1) and the estimates about 4, (-, -) and
K} (-, ), we obtain the size and regularity estimates of ha (-, ) and K% (-, -). See
Propositions 3.4 and 3.5. By the regularity estimate obtained in Sect. 3, we can study
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the boundedness of some operators related to L% on the weighted Lebesgue spaces
L?(R", w) and the weighted Morrey spaces M IA, R", w).

The classical Morrey spaces M 2 (R™) have been studied extensively and used widely
in analysis, geometry, mathematical physics and other related fields, which were orig-
inally introduced by Morrey in [30] to investigate the local behavior of solutions of
second order elliptic partial differential equations. The advantage of using this func-
tional space lies in the fact that ones can obtain better regularity properties for solutions
of the boundary elliptic and parabolic equations in Morrey spaces. However, the regu-
larity results for many partial differential equations can be provided as applications of
the boundedness properties of several singular integral operators. By these interesting
applications, many mathematicians considered the boundedness properties of singular
integral operators in different kinds of functional spaces so called Morrey type spaces.
For more information about Morrey spaces and their applications, we refer the reader
to [1, 2, 27, 32] and the references therein.

In Sect. 4, motivated by [18, 36], we investigate the boundedness of some operators
related to L* on the weighted Lebesgue spaces L? (R", w) and the weighted Morrey
spaces M 1); (R", w). Using the boundedness of the maximal function M,,, we obtain the
LP(R", w)-boundedness and the M* (R" a))-boundedness for the semigroup maximal
operators S* = sup,. o So,; and T* = sup,_ o T’ L., respectively. See Theorem 4.2 and

Corollary 4.5. Denote by Iy g and I/ ﬂ the negative powers of L§ and L*, respectively.
Precisely,

Iopf(x):= /0 Sa,ff(x)rﬂ”%
o0 d
IV f(x) :=/0 Tal:tf(x)tﬂ/th

We show that I, g and 1) 4 are both bounded from M} (R", w) to M} (R", ) with

1 <p<Xt/afandl/s = 1/p—ap/A.See Theorem 4.7. Moreover, the operator Ioﬁﬂ
deserves special attention. In Theorem 4.8, we investigate some behaviours about the
mixed operators /- wp VO/2 and Vo2 L «p for 0 < 0 < af < v. We point out that, in

Theorem 4.8, the boundedness of /£ o V°/2 from M AR, w) to MHR", ) is based
on a very stringent assumption that V € RHy(w). Due to RHy (a)) C RH,(w) for
1 < g < o0, an interesting question is to investigate the boundedness of I, L V"/ Zon
weighted Morrey spaces when the potential V' belongs to R H, (w). For thlS purpose,
we introduce another class of weighted Morrey type spaces M ,,‘ A2 (R", w) defined in
Definition 4.13. Under the assumption that V € RH,(w) and the weight w satisfies
the lower-Ahlfors condition (4.5), we prove that the operators V /%] (f B and / (f B vor?

are bounded from M/7*/P(R", w) to M;(R”, ) when s and p satisfy suitable
conditions. See Theorems 4.14 and 4.15, respectively.

It is well-known that the 7'1 theorem plays a crucial role in the analysis of BM O-
boundedness of Calder6n-Zygmund singular integral operators. Recently, for the
Hermite operator H = —A + |x|2, in [3], Betancor et al. introduced a T'1 criterion
for Calderén-Zygmund operators related to H on the BMO type space BM Oy (R").
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Later, Ma et al. in [28] generalized the T'1 criterion to the case of Campanato type
spaces BM 0%(1[@”) related with £ = —A + V. Then in [5], Bui et al. extented the
T'1 theorem to make it applicable to a large class of generalized Calderén-Zygmund
type operators.

Therefore, at last, we obtain the boundedness of the maximal operator S* and I, g
on BM O type spaces. Besides, we also prove that /, g can be extended to a bounded

operator from M f‘ﬁ - (R", w) to BM O%(R", w). See Theorem 5.3. For the operators
related to L%, we use the T'1 theorem corresponding to BM Og (R", w) to obtain the
BM Og(R", w)-boundedness for T*, IaL, p and I(f’ ﬂV"/ 2 with @B > o. See Theorems
6.4, 6.6 and 6.7.

Remark 1.1 (i) When the matrix A(x) is the identity matrix and w = 1, the degenerate
Schrodinger operator L*, o« € (0, 1), comes back to the Schrodinger operator
LY = (=A + V). As far as we know, the result of this paper for boundedness
on Morrey spaces M[); (R", w) (cf. Theorems 4.7, 4.8, 4.11, 4.14 and 4.15) is also
new for £%. In particular, for the degenerate Schrodinger operator L, the results
of Theorems 4.11, 4.14 and 4.15 are also new when o« = 1. For the result on
BM O/‘f (R™, w), when L* comes back to L%, we can see that Theorem 6.4 comes
back to [36, Theorem 3]. Moreover, Theorems 6.6 and 6.7 are also new for £*.

(ii) When L{ comes back to LJ = (—A)*, Theorems 5.3 and 5.5 are also new.
Moreover, in the non-degenerate case of @ = 1, we know that weak-L*(R") C
M?/S(R”) for any s > 1 (see [18, Lemma 4.1] with @ = 1). Therefore, Theo-
rem 5.3 recovers the boundedness of the modified classical fractional integral of
order a8 from weak-L"/*f (R™) into BM O or, more generally, from weak-L? into
BMOd(R") for p > n/(af) andd = o — p/n < 1 (see [18, Theorem?2.5] and
[16, Theorems 1.1 & 1.2]).

Throughout this article, we will use ¢ and C to denote the positive constants, which
are independent of main parameters and may be different at each occurrence. U >~ V
indicates that there is a constant C > 0 such that C~!'V < U < CV, whose right
inequality is also written as U < V. Similarly, one writes V = U for V > CU.

2 Preliminaries

To state our main results, the following auxiliary function plays a fundamental role.
It was introduced by Shen in [33] (see also [26]) and is defined as

72

m e Vx)wx)dx < 1}, xeR", (2.1

p(x) := sup {r >0:

where B(x, r) denotes a ball in R” centered at x and with radius r. It follows from [33]
that the auxiliary function p(-) determined by V € RH,(w) satisfies 0 < p(x) < o0
for any given x € R”". The following results concerning the critical radius function
(2.1) are well known.
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Lemma 2.1 ([26, Lemma 4]) There exist constants Coy > 1 and Ny > 0 such that for
any x and y in R",

P <29 (11— o)

.2
px) — @2

(14— ylp)

)No/(1+N0)
Co

It should be mentioned thatif V € RH,(w), it satisfies the doubling condition: for
everyx € R" andr > 0,

1
Vo (y)dy S

1
T Vv dy.
C()(B()C, 2}")) B(x,2r) C()(B()C, V)) Blx.r) ()’)w(}’) y

Lemma 2.2 ([26, Lemma 2]) Assume thatw € D,, V € RH,(w) withq > y /2. Then
foreveryO) <r < R < o0,y € R" we have

r2

r>2—y/q R?
w(B(y, 7)) JBy,n

V)wx)dx < (— SBOT o m V(0o (x)dx.

R

Lemma 2.3 ([10, Lemma 4.4]) Assume that V € RH,(w) with q > y /2. Then, for
any N > log, Co+ 1, there exists a constant Cy such that for any x € R" andr > 0,

1

w(B(x,r))
(L+r/pG)N re

/ V(yw(y)dy < Cy
B(x,r)

Definition2.4 Letl < p <00, w € Ay and 0 < A.

(1) For 1 < p < oo, the weighted Morrey space M IA, (R", ) is defined as the set of
all L?-locally integrable functions f on R" such that

P

w(B)

l/p
1l = sup / [f@Podx) < os.
B=B(x,r) B

(ii) For p = oo, define M2 (R", w) := L®([R", w).

It is easy to see that || f| M} R, 0) coincides with the standard L”-norm when v = 1
and A = n. More generally, if the weight w is Ahlfors of order A, i.e., P~ w(B(x,r)),
then MI);(R", w) = LP(R", w).

The weighted Lipschitz type spaces are defined as follows.

Definition 2.5 For 0 < d < 1, the space BM Od(]R", w) is defined as the set of all

functions f € L 110 (R, w) satisfying the following inequality: there exists a constant

C such that for any ball B = B(x, r),

1
m/B [ f(x) = flo(x)dx < C, (2.3)
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where fp stands for the average of f on B with respect to w(x)dx, that is, fp =
ﬁ fB f(Ow(y)dy. The norm || f || par0a is defined as the infimum of the constants
C such that (2.3) holds.

Recently, the function spaces related to Schrodinger operators are investigated exten-
sively. For L = — A+ V, the Hardy type spaces related to £, denoted by H é (R™), were
introduced by Dziubanski and Zienkiewicz [11, 12]. Using the theory of local Hardy
spaces, the authors also established the atomic characterization and the Riesz trans-
form characterization of H E(R”). Dziubanski et al. in [13] introduced the BM O type
space associated with £. Similarly to [11], Dziubarski [10] investigated the Hardy
space related to degenerate Schrodinger operators. For further information on this
topic, we refer the reader to [4, 22-24, 37, 38] and the references therein. Following
the idea of [13], the weighted Lipschitz type spaces related to degenerate Schrodinger
operators can be defined as follows.

Definition 2.6 For 0 < d < 1, the space BMOZ (R", w) is defined as the set of all
locally integrable functions f with respect to w (x)dx satisfying there exists a constant
C such that for any ball B = B(x, r),

1
m/B |f(x) = f(B, V)|lw(x)dx < C,
where

fB, r < p);

The infimum of the above constants C actually gives a norm.

Remark 2.7 (i) Itis well known that in (2.3) above the mean value fp can be equiva-
lently replaced by arbitrary constant c. For d = 0, BM O°(R", w) coincides with
the classical weighted BM O space for w € A (see [31]). Furthermore, if d > 0
and w is a doubling weight, all functions f € BM O%(R", w) satisfy

If(x) = fO] < Clx — yl4,

which indicates, for this case, the space BM 04 (R"*, w) coincides with integral
Lipschitz spaces with respect to the Lebesgue measure, but now just for a doubling
weight.

(i) When d > 0 and w is doubling, the functions in BM O‘Li (R™, w) can be described
by the following pointwise inequalities

() — f@I < Clx =y, |x—y| < px)

and

|f(x)] < Cp?(x).
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As a consequence, for d > 0 and a doubling weight w, the integral Lips-
chitz space BM OZ (R", w) defined above also coincides with the integral version
corresponding to = 1.

3 Regularity estimates of the fractional heat kernel

We first state several known estimates about /; and K ,L, which can be seen in [20].

Lemma 3.1 ([20, Theorem 2.4]) Assume that w € RD,, (D, (A2, 2 <v <.

(1) There exists a positive constant ¢ such that

1 2
0<h(x,y) < —————— ¢ y1/er,
o(B(x, /1))

@) If|x —z| < |x — y|/4, for some 0 <n <1,

lx — zl)n} e~ =y /et

e e, 3) = ez | S min {1, N AT

The following estimates about KtL(~, -y and A (-, +) — K,L(-, -) can be seen in [10, 23].

Lemma 3.2 Assumethatw € RD, (D, (A2, 2 < v <y andV satisfiesa RH;(w)
condition with g > y /2. Let 8o =2 — v /q.

(1) ([10, Theorem 2.2]) For each N > O there is a positive constant Cy such that

—x—yl?/et NN
0< KE(x, Cn— 1 '
<K (x,y) < Na)(B(x, \/}))( o(x) * ,0()’))

(ii) ([23, Proposition 3.2]) For any given 0 < § < min{n, 8o}, there exist two positive
constants Cy and c such that for every N > 0 and |x — z| < |x — y|/4,

L _ KL |x — z]\$ e lx—yP /et Ji N
ek (Z7y)|§CN< Vi >a)(B(x,\/;))(1 p(x) ,0()’)) :

Lemma 3.3 ([10, Proposition 5.1]) Assume that @ € RD, (D, (A2, 2 <v <y
and V satisfies a RH,(w) condition withq > y /2. Let 80 =2 — v /q.

(1) There exists a positive constant ¢ such that

ﬁ )50} e_|x_y|2/0t

|hz(x,y)—KzL(x,y)|§mi“[1’<p(x) w(B(x ﬁ))
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(ii) Forany given 0 < § < min{n, &}, |x —z| < |x — y|/4 and |x — z| < p(x), there
exists a positive constant ¢ such that

= 2| )a e—lv—yier

|(ht(x,y>—K,L(x,y»—(h,(z,y>—K,L(z,y)>|5(p(x) Tt

Below we will give the estimates for A4 (-, -) and K(i . (-, +), respectively.

Proposition 3.4 Let o € (0, 1). Assume thatw € RD, (D, (A2, 2 <v <y.

(i) Forx,y e R"andt > 0,

0<hg(x )<min[ ! ! ! }
= Rt lE Y S T (B, 1x — yD) 1x — 9122 w(B(x, 11722)) |”

which gives

0 S ha,t(x»y) 5

! t
w(B(x, VtVe4|x—y]?)) (tVeg|x—y2)e’

(ii) There exists some 0 < 11 < min{2«, n} such that for |x — z| < |x — y|/4,

|ha,l(-xv )’) - hO{,Z(Zv y)'

<|x —z|>m , { lHm/2e 1 }
—_— min 5 3
~ A\ 1/ w(B(x, |x — yD)|x — y[22tm " w(B(x, t1/29))

which gives

1 |[x—z|\m t
Bt (X, Y)=hai(z, )| S ( ) -
| a,t( y) a,t( ) w(B(x. t‘/°‘+|x—y|2)) 11/2a (tl/o‘+|x—y|2)“

Proof For (i), it can be deduced from (1.1), (1.2) and Lemma 3.1 that

ot
ha{,t(-xa y) S//(; S]_Hxhs(xv )’)ds

* ¢t 1 2
</ eI es g
~Joo s w(B(x, 5)

By the change of variable s = /¢

< [® t e—cle=yPP/@"eu) 1 /o
h k d
o, (X, ¥) N/O (tVey)+e o (B(x, t1/22y)) *

_ /°° P g,
0o o(B(x,t1/22u))

u, we get
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Letting |x — yI2/(t"%u) = r?, we have

oo —cr? 200—1
t
ha»l(xa )’) g/ c : 2 d}"
0o (B, |x—yl/r) lx —y[*

2(x 1 —cr2
=11+ D.
|x— Ix — y] / / AT

For I, since r > 1, the doubling condition of w can be utilized to derive

! _ 1 w(B(x,rlx —y|/r))
w(B(x, [x —yl/r))  o(B(x, |x —y])) o(B(x,|x — y|/r)
rY

< —7
~ o(B(x, |x — yD)

which further yields
-2 -2
< fhx =y PRy gmer gy < tlx —y|== ‘
o(Bx, [x —y)) Ji @ (B(x, |x —y]))
It remains to prove ;. Since 0 < r < 1 and w € RD,,, we have
w(B(x, |x —yl/r) Z r Yo (B(x, [x — y)),
which implies
-2 1 -2
1 < e —y[™™ r2a71+vefr2 r< tlx —y|= .
@(B(x, |x —yD) Jo o(B(x, |x —y])
Therefore, we obtain
1 t
hai (6, ) S 3.1

@(B(x, [x = yD) lx — |2

On the other hand, noting that

0 1 1
< [N - 1/«
hot,t(-xs y)N‘/O w(B(x,ﬁ)) t]/anl (S/l )dSs

we can apply the change of variables 7 = s5/¢!/ to get

00 1 1
hat(x,y) = / - n%(t)t'/%d
o 0 w(B(x, \/nl/a))tl/a !

- @@y d
/0 a)(B(x,«/rtl/“))nl(T) i
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1 00 1
= + IE———— Y/
(/o /1 >a)(B(x,\/rt1/a))nl(T) i

= I3+ 1.

Now we are in a position to show /3. By the fact that 0 < 7 < 1 and w € D,, we
obtain

I3 S Pt (ndr S

1 1 1
~ w(B(x,rl/ZW))/o ’ w(B(x, (172))"

For 14, since T > 1 and w € RD,,, we conclude that

¥ (ydr

1
I < _
* o (B(x, 11/22))

1 o0
~ w(B(x,rl/h))/] ‘

The above estimates imply that

1
< -
hat 0 3) S Sy (3.2)

Below we divide the range of 7'/2¢ into two cases.
Case 1: t1/2% < |x — y|. It follows from (3.1) that

1 t
w(B(x, |x = y]) |x — y|*

h()t,[(xa }’) SJ

< 1 t
~ w(Bx, Vil + |x — y|2) (11 4 |x — y2)e’

Case 2: t1/2% > |x — y|. By (3.2), we get

1 t

< -
ha,t(-xs y) ~ a)(B(x’ |_x - y|))t

< 1 1
~ B VT = yP) (=P

Hence, in any case, we have

1 ¢
hat(x,y) S .
o w(B(x, VI + |x — yP)) (/o + |x — yP)e

For (ii), by (1.1) and Lemma 3.1, we can get

s 5,3 = a9 = | [ ) (o) — oGz ) )|
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00 —clx—yl*/s _
< / t e (Ix zl)mds.
0o s wBx,/s)\ s

By changing variables, we have

_ _v|2 1/a
lx —z|\m [ e cl—yI /@) _a )
hart(x, ) —hat(z, )| < (—) u—drerm/2 gy,
Ve (6 7) = hat 2 I S t1/2« 0 w(B(x, 112« /u))

Let |x — y|?/(t"/*u) = r?. Then
1hai(x, y) — hat (2, ¥)I

(|x —Z|)"1 t1+n1/2ot (f1+fm> r2a—1+nle—cr2 J
= r
(172« ) —yPetm\ Jo 0y S o(B(x, |x — y|/r))

=11+ b.

For I, we know that

1 < rY
w(B(x,|x —yl|/r) ~ o(Bx, |x —y])

Therefore,

; <<|x—z|>m tltm/2e 1
2R \TRe) =y o(B(x, Ix — y))

It remains to prove I;. Since
w(B(x, |x = y|/r) Z r"o(B(x, |x — y)),

we can deduce that

; <<|x—z|>m pltm/2e 1
P \T2e ) e Zy et o(B(x, [x — yl)

Therefore, we obtain

_ I+n1/2a
s .30 = e o9 5 ()" —.
» W@ IS ) 23 o B, k=)

On the other hand, similarly to the proof of (i), we can also get

|x —z|\m 1
|hot,t(xs y) _hot,l(z’ I 5( 12 ) a)(B(x,tl/z"‘))‘
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Hence, in any case, we have

(Ix —z|/t!/2)m t
w(BGx, VI + x — y2)) @V/% 4+ |x — y|H)*’

|ha,t(x’ Y) - hd,t(zv Y)| 5

O

Similarly to Proposition 3.4, the following estimates of K aL , (-, ) can be deduced
from Lemma 3.2 and (1.1). So we omit the details.

Proposition 3.5 Assume that w € RD, (D, (A2 2 < v < y and V satisfies a
RH,(w) condition withq > y /2. Let 6o =2 — y/q.

(i) For each N > O, there is a positive constant Cy such that

0= K(i[(x, y)
[N/ 1 1 (e 1)

—N
: 1+ ,
X — Y2V w(B(x, [x — ) @(B(x, (177)) J(+ ot p(y>>

<Cn min{

which gives

Cn t1/2a [1/20(

e (155 T+ 5
w(B(x, Vil 4 1x — y2)) ¢/ + |x — y|?)® p(x) ()

0= Két(X.y) =<

(ii) For any given 0 < §' < min{2a, n, 8¢}, there exist two positive constants Cy and
c such that for every N > 0 and |x — z| < |x — y|/4,

KL ) = KL

Ix — z| & t1+N/a+8’/2a 1 1
= CN( 12 ) 1 2a12NF ’ 12
11/2e |x — y|22 2N+ (B (x, |x — y)) " @(B(x, t1/2%))

(/20 4120 _y
x(14+ + ) ,
( px)  p()

which gives

Cn t
KL (x,y) — KL, (z,y)| <
ot o @(B(x, 1o 4 [x — y?) @1/ + lx =y

tl/Za t1/2a

X(btcl/;mz'>6 (1 + p(x))iN(l + p(y))iN'

Similarly to the proofs of [36, Propositions 5 & 8], we obtain the following
proposition.

Proposition 3.6 Assume that w € RD, (D, (A2, 2 < v <y and V satisfying a
RH,(w) condition withq > y /2. Let 6o =2 —y/q.
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(i) e (e, ) = Kgy (x, )]
— 8 1 t
(Ix yl)O : e < ey
() 7 w(Bx, V1T 4 |x — y2)) (/% +|x — y2)e
(ﬂ)ﬁo 1 t 1 > =yl
e/ w(B(x, /1% + |x — y|2)) @/ +|x —y|2)* -

(ii) Forany given 0 < § < min{n, do}, |x — z| < |x — y|/4 and |x — z| < p(x),

|(hoi (x, ) — Ko (6, 9)) = (hat (2, ) — K& (2, )
t

< (Ix — zl) 1
YN o) ) w(Bx, I+ x — y2) (V4 |x = y2)*

4 Boundedness of the maximal operators and fractional integral
operators

In this section, motivated by [19], we apply Propositions 3.4 and 3.5 to prove the
boundedness of the maximal operator $* and 7* which are dominated by

G* f(x) :=sup

1 t
=0 /R W(B(x, /1o + |x — y|2)) (Vo +|x —y

The maximal function with respect to the measure w (x)dx is defined as

) FMw(y)dy.

M, f(x) := sup

d
sup (B)/ [f D w(y)dy.

When w is a doubling weight, M, is bounded on L? (R", w) for 1 < p < oo and is of
weak type (1,1) with respect to @ (x)dx. Then we also need the following fractional
maximal function M,""" which is defined by

MY f(x) := sup

xeB

(w/ |f(y)|y1a)(y)dy)

Lemma 4.1 ([35, Lemma 2.5]) Suppose that1 <y < p < Aoy, 1/s=1/p—o0o1 /XA
and w is doubling. Then

M2 flls@e,w) S HFIlLr@®e w)-

Theorem4.2 Letw € A2(\RD, (D, with2 <v < y.

(1) S* is bounded on LP (R", w) for 1 < p < oo and is of weak type (1,1) with respect
to w(x)dx.
(ii) IfV € RHy(w) for g > y /2, T* also has the above properties.
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Proof 1t is sufficient to prove that G* is dominated by M,,. Split

o0
G*f(x) = sup (Io + 1; Ik),

where
Iy = / t fo)dy
B2y (V% 4 |x — ¥ o(B(x, V1" + |x — y[2))
and
L= / fMo(y)dy
B(x 2k 120\ B(x, 26~ 1¢1/2a0) (¢1/% + |x — V)% w(B(x, V12 + |x — y2)

It is obvious that In < M,, f (x) and I;; < M,, f (x). The boundedness of M,, indicates
the desire results. O

Next we investigate the behaviors of the fractional integral operators I, g and [ O{‘ e
respectively. The kernels of I, g and I of p are given by

o0 2d
mﬂmw:/ QMyM/t

0

o0 dt
Kiﬂuay)::/, Koy (6, P12 ==

0

respectively.
Lemma4.3 Letw € Ay(\RD, (D), with2 <v < y.
1) ForO<af < v,

lx — |
0<Hyp(x,y) S ——————. 4.1
= Hap ) S TR G =) @

(ii) IfV € RHy(w) withq > y /2, then for 0 < af < v and any N > 0,

Ix — y|*f <1+ Ix—yl)—N

0<KLl,(x,y)<C
= Kalplry) = On o T =) p(x)

Proof For (i), taking 11/ = |x — y|?s, we apply Proposition 3.4 (i) to deduce that

Hop (x ></oo ! thr2 u
T e T =y (T P
o0 lx — y|aﬁ+2a goB/2+a—1 4
_A (B, /lx = yPs + x — y2)) (e = yI%6s + D)
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=1+ I,
where
1 1 Saﬁ/Z—Hx ds
I i=|x — yl“’s/ —;
0 w(B(x,|x —ylJ/1T+s) A +85)* s
B/2+
Iz_lx—)’IOlﬂ/Oo ! s/ aé,
w(B(x, |x — ylv/1+5) (L+5)* s
For I, it holds
|x _ y|0l,3 1 saﬁ/2+a71 |x _ y|0(/3

1 a+v/2ds = .
o(Bx, [x—=y)) Jo (1+5) o(B(x, |x —y])
For I, since @B < v, we obtain

x — y|f 00 1 s@B/2+a g
oBO,x—y) )i VTrs)r A+ s
lx — y|*f oosaﬁ/2—l—v/2ds
o(B(x, |x —y) Ji
lx — |
~ (B, [x —y)’

I

A

A

For (ii), by (i) of Proposition 3.5, we have

KL p(x.y) 5/00 1 :
' 0 o(B(x,]x — y2(s + D)) (Ix = yI2(s + 1)*

X(l T lx — y|\/E)_N|x _ y|(xﬂ+2asaﬂ/2+ad_s
p(x)

Note that

1+M><1+ 'x_y|)min{1,¢§},

px)y 7 p(x)

which can be deduced easily by considering s < 1 and s > 1. Applying the previous

inequality, we obtain, for o < v,

Ix — y|*f (1 M—yU*N
o(B(x,|x —y]) p(x)

1
X(/ 0B/ g /Oo Saﬁ/2+u¢f]fa7v/2ds>
0 1

K(iﬂ(-xv y) 5
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et (1 Ix—y|>*N_
~ w(B(x,|x —yl) p(x)

m}

It can be seen from Lemma 4.3 that, in order to investigate the behaviors of I, g
and / aL g We only need to study the following fractional operator

Japf(x) 1= f wf(y)w(y)dy-
’ B @(B(x, [x — y])

Now, we will study the boundedness of J, g on M;(R”, w). Firstly, we need the
following lemma about the maximal function M,,.

Lemma 4.4 ([19, Proposition 3]) Let w be a doubling weight. Then for any A > 0 and
1 < p < o0, the operator M, is bounded on M,k, R", w).

As a consequence of Lemma 4.4 and the pointwise inequalities 7* f(x) <
S*f(x) < M, f(x), we obtain more boundedness results for the maximal operators
T* and S*.

Corollary 4.5 Under the same assumptions of Theorem 4.2, the operators S* and T*
are bounded on M; R", w) forany . > 0and1 < p < oo.

Theorem 4.6 Let w be a doubling weight. Given B > 0, a € (0, 1) and ). > af, the
fractional operator Jy g is bounded from M; R™, w) to MSA R™", w)for1l < p < A/aB
and 1/s =1/p —aff/A

Proof Firstly, we claim that

Mo f LS 1F 1 oy (Moo f )PP/ 4.2)

In order to prove (4.2), we adopt the idea which is to get a kind of Hedberg’s inequality
involving the M;(R”, w)-norm as in [21]. Split [Jy g f (x)| < I1 + I, where

I= f o ey

B(x,R) @(B(x, |x — y])

C x — y|*P
L= _—_— dy.
? kX_;/B(x,ZkR)\B(x,ZklR) w(B(x, |x —y|) [f e )dy

For I, it holds

- jx — y|**
I = - dy < RaﬁMw .
, };/x_yzm B Oy £ R M)
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For I,, we also obtain

o0

_ y|eB
h=%" /| e S D0y

x—yl~2kR @(B(x, [x — y|)

e T

1 1-1/p
S PR —— / w(y)dy
CU(B(?C,ZkR))< [x—y|~2kR )

1/
[ roremay)
|x—y|~2kR

2k“ﬂR“ﬂw(B(x,2’<R))—1/"(/
|x—y|~2kR

~
Il
-

X
—~

1/
FOIomdy)

M2

S

x~
Il

< R fll @ -

By choosing R = (Mo f (X)/Ilf ll 3 g ) ™"/ We get

Vo pf OIS (Mo f D' PPHIFISEG, )

and

1— Py Bp/r
1o f g cen.p S W)= PP P 10 LFIGERGS -

It is easy to see that if € is such that es > 1, then || g€ ||M3(Rn’w) = ||g||;/[2s(Rn’w). Since
s(1 —aBp/r) = p, by the above facts, we obtain
Bp/r
o f gz . r S 1Mo f Mg, 1 13
Using Lemma 4.4, we can obtain the desired result. O

As a consequence, the following boundedness results for the negative powers of L
and L hold.

Theorem4.7 Let w € A>(\RD, (D, for some2 < v < y. Given B > 0 and
o € (0, 1). For any A such that o < A < v, we have

() Iy,p is bounded from M;(R”,a)) to M?‘(R",a)) for1l < p < XaBand 1/s =

1/p—ap/r.
(ii) Further, for V. € RH, with g > y/2, It wp is bounded from MA(]R” w) to

MA(R" w)forl <p<taBandl/s =1/p —aB/A.

Then we focus on the mixed operators - o p V°/2 In this point, we assume V &
RHx(w), i.e., there is a positive constant C such that for any ball B,

igg wx) < % Vuw)wm)du.
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For 1 < g < +o00, we know that RHy (w) C RH,(w) (see [34]). Under this stronger
condition that V € RHx (w), we can prove that the boundedness of IO{" ﬁV”/ 2 and
their adjoint operators are the same.

Theorem 4.8 Assume that w € Ay (\RD, (| D, for some v > 2 and V € RHxo(w).
Let o € (0,1), B > 0and 0 > O such that 0 < o < aff < v. For any A with
aff —o <A<,

@) ILﬁV"/2 and V"/zlLﬁ are bounded from M)‘(R” ) to M)‘(]R” w) for 1 <
p<Aif@p—o)andl/s =1/p — (af _U)/)\.

(ii) I(f’ V2 and V"/zloﬁ are bounded from M’} J)(R”, ) to Mé‘o R", w) =

WACTES
L.
(iii) IO{‘ﬁV"/2 and V"/Qlof"ﬂ are bounded on LP (R", w) when aff = o and 1 < p <
0.

Proof We first prove (i). For 0 < af8 < v, using (ii) of Lemma 4.3, the kernel Koll‘g
of ID[L’/S V°/2 is dominated by

Ix — y|*# (1 lx —

N
a/2
SBa ot ) Vo

L,
K, g (x,») S

Since V € RHy(w), taking the ball B(y, p(y)) in the definition of p(-), we easily
get V(y) < p~2(y). Moreover, by Lemma 2.1, we also have

N
P S (14 1 = yl/pw)

Then we can deduce that

) < |x —yI“ﬁp“’(X)( |x —yl)*W*No")

K57 (x, 43
@OV S B = yD) p(x) =

Let ¢ > o. A direct computation derives

R R - e 1 (i x — y|)—<N—Noo)
w(B(x,]x = y) p°(x) p(x)
jx — y|Pe (1 x — Yl )*W*NO”*“)
@(B(x. |x — y]) p(x)
x =y

~ oBx, |lx -y’

Kyd (e, y) S

A

_ylap—o
which gives I, Vo2 f(x) S Jup—o f(X) = [ %u—n» f(y)w(y)dy. There-
fore, (i) can be deduced from Theorem 4.6.
It remains to prove (ii). From (4.3), we can write

1LV f(x)
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_ yjap —o - —(N—=Noo)
5/ x = yI“p <x>(1+|x y') Ol )y
R

" w(B(x lx — y)) 0(x)
lx — y|*p=7 (x) Ix — y|\—(N—Noo)
1 d
Z f(x 2%pxy) @(B(x, |x —y|))< + 0(x) ) [f Mo (y)dy
k af—o
< Z ok (1 4 ky=N+dgr _(ZPEOVTTT ) lody.

Pt o(B(x,2Kp(x)) JBx.2kpx))

4.4)

where N is any positive number, so we can take N > Nyo. Since aff > o and
p = A/(af — o), for each k, we apply Holder’s inequality to obtain

o(B(x,2kp(x)) Jp(x.25p(x))
(2 p(x))*P—o o)
~ w(B(x, 2 p(x)))@B—o)/% (/B(x,zkp(x)) [ f ()] w(y)dy

Sf

| f M (y)dy

)(Ot/.‘FU)/)L

Inserting this estimate into (4.4), we conclude that (ii) holds since the series is
convergent.

(iii) When o8 = o, we can deduce that I p VeBI2 f(x) < M, f(x). Therefore, the
desire results can be deduced from the properties of M,,.

Finally, all the statements about the adjoint operators are immediate once we notice
that their kernels are also bounded by the right hand side of (4.3). O

Remark 4.9 In the above proofs, by (4.3), we can also get

lx — y|*f= lx — y[\—N
Kbeow S (1+ )

o(B(x, |x —y]) p(x)

Therefore, based on Lemma 4.3, we would expect the operators / aL 8 Vo2 foraf > o

to behave as I
slightly better

—(p— However, Theorem 4.8 (ii) reveals that mixed operators are

Definition 4.10 If there exists a positive number A such that for some constant C
independent of x,

cr’ <w(B(x,r)), 4.5)

one says that the measure w (x)dx is lower-Ahlfors.

Theorem 4.11 Assume that o € D, (\RD, for2 < v < y, w is doubling and
V € RHy;(w) withqg > y /2. Leta € (0,1) and B > 0 such that0 <o < af < v. If
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w satisfies (4.5), then
1LV )| < MEP= @) £ (),

where (2q /o)’ is the conjugate of 2q /o

Proof Let r = p(x). Since w satisfies (4.5), by Lemma 4.3 and Holder’s inequality,
we have

15V f )|

+00 konap

1 (2%r)

S VU/Z d
Nk—X:oo/;klrflx—yISZkr (1 + 257 /p ()N w(B(x, 2kr)) WIf Wl (dy

+o00 k. yap

2% 1 /2
S q
~ k;m (1 + 25N o (B(x, 2kr)) [(/‘x_y‘ﬁkr V(y) w(y)dy)
’ 1/2q/0)
(2q/0) d
«( /|x7y|52kr FOICT) w(y)dy) ]

- *f 2kr)b 1
N (29N w(B(x, 2k @hmo)/x

; /2 aB—0,2q/0)

X(w(B(x,zkr)) eyl <2k Vo) M (N
+00 k. No
2%r) 1 02 4f—0.(2q/0)

<
- kgoo (142598 <w<B<x, 261) Jpyi<2tr VoIedy) MG (NG

For k > 1, since V(y)w(y)dy is a doubling measure and w € RD,,, we get
(24r)? (2r)?
— Vyeydy S Cj—rp—r—
@ (B(x,2°r)) JBx,2kr) w(B(x,2°r)) JBx,r
< @,

V(o (y)dy

where kg = 2 — v + log, Co. For k < 0, Lemma 2.2 implies that
(zkr)Z 2

)2 i Ra— V(y)oy)dy
o (B(x,2kr)) Jp(x 2kr

Vyeoydy S (E (B, 1) Jpeen

< @9Hrri.

Taking N large enough, we deduce that

1L, (VO f)@)| S MePmo@alo) f(x),
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By Theorem 4.11 and the duality, we can obtain the following result.

Corollary 412 Assume that € D, (\RD, for2 < v < y, w is doubling and
V € RHy(w) withqg > y/2. Let0 <o <aff <v, 1 >0,1 < p < +o0 and o
satisfy (4.5).

(i) Forl < (2q/o) <p < aﬁ)\—o and1/s =1/p — (aff — o) /A,

sV Flls o) S I ILr@nw)-
(i) Forl <s <2q/oandl/s =1/p — (@B —0o)/A,
IV LL g s oy S 1L Lr @ w)-
Definition 4.13 Let1 < p < oo, w € Aj and A1, A > 0. The weighted Morrey space

M;l’)‘z (R"*, w) is defined as the set of all L”-locally integrable functions f on R”
such that

1/p
= p d ) .
112 oo B:S;‘&,)<w<3)h fB [f@IPo@dx) " < oo

Theorem 4.14 Let w be a Ay-weight such that @ € RD, () D, with v > 2 and
V € RH ;(w) withq > y/2. Let 0 < 0 < aff < v. For any . > 0 such that
af <A <v,1<s<2q/oandl/s =1/p — (aB — o)/’ Then if o satisfies (4.5),
we have

||VU/21Lﬂf|| M/P A/P(Rn w) ~ ||f||M)L(R” w)

Proof Picking any xoy € R” and r > 0, we write f(x) = fo(x) + Zﬁl fi(x), where

Jo(x) := XB(xo,2r) f (X);
Ji(X) 1= X B (xg 21410\ B(xg,2ir) S (X)-

Hence, we have

o0
S
(/ VPRI fP o) < lo+ Yk
B(xo,r) i=1
where

Iy

1/s
([ Wik perewds)
B(x0,r)

1/s
L e— 0/2
I = (/B(W) VI fi (Ol a)(x)dx)
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For Iy, by Corollary 4.12 (ii), we get

w(B(x,r))’
Iy < —IIfIIMA(Rn oy 0 =5/p

For I;, using Holder’s inequality, the facts that V € RH,(w) and w satisfies (4.5), we
deduce from Lemma 4.3 that

IS f V2 (x)w(x)
B(xq,r)

‘ / Q)| f ()l (y)dy
B(xo, 2+ m\B(xg.27r) (1 + 21/ p(x0) N/ Nt Doy (B (xo, |x0 — y1))
1 (zir)saﬂ s
<
S U127 ooV TNt o (B(xg, 20)° ( fB o f@)o)dy)

os/2
X</B(xo,r) V)l w(x)dx).

Then by Lemma 2.3, we obtain

5 < 1 (2r)sef
C 207/ p(xg)) NS/ Mot D w(B(xo 2r))*

X[<~/B( 2itp) |f()’)|pa)(y)dy> (B (xo, 2ir))1*1/P]S
x0,21+1r

X(/ |V(X)Iqw(x)dx)as/zqw(B(xo, r))l—os/2
B(xo.r)

3 : en (/ Foromy)”
~ U+ 20/ p o) VTNt (B (xg, 27577 \ Jpigaivny 0 0 O

os/2
X (B(xo.r)( =

. 1) 11
Y42/ pxo) Mt @iy MR )

R —— \% d
Bl Jaugr | O 0)

where 0 < Ny < (Ns/(No+1) — (logy Co+ l)so/2and 1/s =1/p — (af —0)/A.
Since 0 > 1 and w satisfies (4.5),

2
”VU/ ﬁf” As/ps/p(R,, )

A(@ 1) 1

< s + s
~ ||f||M},(Rn,w) Z w(B(xo,r))9 1 (1 +2’r/p(x0))Ns/(NO+1)2M ”f”M;;(R",w)

5 ”f”A;Wﬁ(R",w)'
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Then similarly to the proof of Theorem 4.14, we can also get

Theorem 4.15 Let w be a Aj-weight such that o € RD, (D, with v > 2 and
V € RH;(w),q > y/2. Let0 < o < af <v. Forany A > 0 such thataff < X <,
2q/2q —o0) <p <A/(@B—oc)and1/s =1/p — (@B — o)/’ Then if w satisfies
(4.5), we have

1156V Fllygpstnsio o oy S 1 Iagy e -

Proof For any ball B(xg,r), we can decompose f as follows: f(x) = fo(x) +
Y22, fi(x), where

So(x) == XB(xg,2r) (X) f (x);
filx) = Xg(xo,ziﬂr)\g(xo,zir)(X)f(x)~

Similarly to the proof of Theorem 4.14, we have

1/s °
(f gV f ol owdx) < o+ Y 1
B(xg,r) i=1
where
L ys0/2 s I/s
Iy := (/ |Ia/3V fo(x)|‘a)(x)dx) ;
B(xo.r)
L v,6/2 s 1/s
I; := (/ |Ia’ﬂV f,-(x)|‘a)(x)dx)
B(xo,r)

For Iy, by Corollary 4.12 (i), we get

w(B(x, 1))’

For I;, using Holder’s inequality, the facts that V € RH, (w) and w satisfies (4.5), we
deduce from Lemma 4.3 that

< / / QI If IV Ao (y)dy rw(x)dx
" B | BGo 2t B, 2ir) (1 271/ p(xo))N/ N0+ D (B (xg, |xo — y1))
1 2r)*f w(B(xg, 1)) s
< a/2
~ (U 21/ p o) N/ Mo+D o (B(xg, 201))° (/;(Xo’zir) LIV DI w(y)dy>
1 Q'r)**Pw(B(xo, r)) 1/p
< »
~ (14 201/ p(xo)NS/MNotD) o (B(xg, 2ir)) [<-/B(xo.2fr) [ f I w(y)dy)

(p—1/ps
([ worrerega) T
B(x0,2'r)
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Then by Lemma 2.3, we obtain

1 Qi) *Pw(B(xo, 1)) s/p
s < »
= (14 207/ p(x0))Ns/MNot+D) 4y (B(xq, 21r))5/P (/B(xo’zir)lf(y)l a)(y)dy)

1 s(p—1)/p
x(——————— IV ()72 CP=D) g (y)d
<a)(B(x07 2'r)) B(x0,2'r) Y Y y)

1 Q2'r)*Pw(B(xo, 1)) / s
S i n p d
~ (1 + 208/ p(x0)) NS/ NotD) o (B (xg, 2i7))S/P ( B(xo’zir)lf(y)l w(y) y)

1 % d so /2
(B0 Jug V)

i AL S
S A2 p o)V 2ir)h T M)

where 0 < N2 < (Ns/(No+1) — (logy Co+ 1)so/2and 1/s =1/p — (¢ — o) /A.
Noting that 6 > 1 and w satisfies (4.5), we obtain
1z gV £

As/p S/P(Rn )

RYCE)

S I My o +Z S Boa T A5 oG M e

~ ”f”Mﬁ(R",w)

5 Boundedness of $* and H, g

In this section, we will investigate the boundedness of operators related to Ly on
Lipschitz type spaces. For this purpose, we first recall the maximal semigroup operator
S* defined as

S* f(x) := sup

t>0

[ hasten for00ds)

Theorem 5.1 Let w be a weight in Ay (\RD, with v > 2. Assume that 0 < 11 <
min{2«, n}and n € (0, 1). The maximal operator S* is bounded on BM 00 R, w) =
BMOYR", w) (L™ forany 0 < d < n;.

Proof We consider only the case d > 0; the case d = 0 is just the boundedness on
L contained in Theorem 4.2.

Assume that f € BM Og(R”, ). As we said, $* f (x) is finite a.e. x € R". Then
for x,z € R",

S*f () = 5 £@)] = sup| /R (has(x.) = has @ V) oG)dy|. (5.1)

t>0
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It should be noted that Sy ;1(x) = S,/ 1(z). In fact, it follows from [20, Theorem 2.1]
and [10, Section 3] that

/ B, w()dy = 1.
]Rn

By (1.1), we obtain

/ e (6, Yw(y)dy = / @) / s (x, W)y )ds = f i (s)ds = 1.
R" 0 R 0

Then we deduce that S, ;1 = 1 forany ¢ > 0, which implies that Sy ;1(x) = S4./1(2).
We conclude that the above integral in the right side of (5.1) is zero when f is constant.
Therefore, we may replace f(y) by the difference f(y) — f(x) inside the integral.

Then | S* £ (x) — S*f(z)) < I, + I, where

I :=sup / (ha,t (x, y) = ha (2, Y)(f () —
t>0 B(x,4|x—z])

n=supl (s (6. ) — bt G V) — F@D ()],
t>0 (B(x,4|x—z]))¢

For I, it is easy to see that I} < I, + I1 2, where
11,1 :=sup

f ha,t (x, y)(f (y) —
t>0 B(x,4|x—z])

na=sw| [ G 0) - feNemd].
B(x,4|x—z|)

t>0

The methods proving /1,1 and I > are similar. We now observe that B(x, 4|x —z|) C
B(z,5|x —z|). By f € BMO?(R", ), we obtain

t>0

I S fllgpodlx — 21 SUP/ Bt (6, VoM dy Sl yoalx — zI%.
B(x,4x—z|)

For I, it is obvious that if y € (B(x, 4|x — z|))¢ then |x — z| < |x — y|/4. By the
proof of (ii) of Proposition 3.4, we obtain

Ve (2, ) — g ( >|<('X‘Z‘)'“ n e ! }
N — N ~ min s .
et W YT Rar e Y 1172 o (B(x, [x — yD)Ix — yPH1 w(B(x, 11/2%))

If|x —y| < t1/2¢ then

Ix — 2|
|h0l,t(x’ y) _hot,t(zv )’)| 5 a)(B(x, |)C _y|))<|x _y|)
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If |x — y| > t1/2¢ then

lx —z|"|x — y|*
o(B(x, |x — y)|x — y[>tm

|ha,t(x7 )’) - ha,l(zv Y)| SJ

B 1 Ix — z|\m
B w(B(x,Ix—yl))(lx—y|> '

From the above arguments, we have

Vo (5. ¥) — a2 )] < ! e = 2l
A X Y) = Na 2, V) S < ) .
o o w(B(x, |x — yD) \Jx — yl
Using f € BM O?(R", w) again, then

|x — y|d=m

——————w((y)dy
k1B (x, [x—zD\2X B(x, lx—z)) @ (B(x, [x — ¥]))

o0

B S lpyorls =z Y [
k=2"2
o0

k d—
S Upmodlx — 2™ Y (@25 x —zh*=m.
k=2

Since d < 71, the convergence of the above sum derives the desired estimate. Finally,
using [|S* flloo < Il flloo again, we complete the proof of the theorem. O
Now we turn our attention to the fractional operators I, g. It should be mentioned that
in order to deal with these operators acting on functions in M ; R"*, w) with p > A/afB
orin BM 04 (R", w), we need not only the kernel size for 0 < «f < v in Lemma 4.3
but also the smoothness of Hy g.

Lemma5.2 Let w be a weight in Ay (\RD, with v > 2. Assume that 0 < n; <
min{2«, n} and n € (0, 1). Then for |x — z| < |x — y|/4, we have

M—d)m lx — y|*f

. 52
x—y) @BG k- ©-2)

|Hop(x, ) — Hap (e, 01 5 (

Proof To estimate the left hand side above, it only needs to consider

o g dt
/(; |h0t,l(-x9y)_ha,l(zs )’)|l 7

Using (ii) of Proposition 3.4, we deduce

|ha,t(x»y)_ha,t(z»y)|t : =J1+ /2,
0

where

/ |x —z[\m . tm/2e 1 g dt
J1 = (7) m1n{ ) }t 5
r<lx—ypa \ 1172 w(B(x, [x = yD)lx = y[2tm " w(B(x, 11/2)) t
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and

/‘ [x —z|\m . ltm/2e 1 ﬂ/zdt

Jr = ( ) mm{ R }t —

o lx—yf2e \ 11/29 w(B(x, |x —y)Ix — y|?+m " w(B(x, 11/2)) t
For J,, we have

. IR
Vasix—yp @(B(x, [x — y|) /2 t

lx — y|*f (M—d)m
~ B, x—y) \x—y|l/

For J;, we obtain

h 5/ : (o) e
iy @ (B, v — y)lx =y [y = y]

lx — y|*f (M—d)m
~ B, lx —y) \x—y|l/

O

Below we will state and prove several novel results for the operator I, g. Firstly, we
are going to modify our operator such that it makes sense for all functions in M ; R", w)
with A/aB < p < A/(af — n1)T, which means A /o < p < oo when a8 < 17 and
Alaf < p < A/(af — n1), otherwise. In fact, our definition works on functions in
the large spaces M?ﬂ 7d(]R”, w) forany 0 < d < af and d < n. It is obvious that
these spaces contain any of the aforementioned ones since, by Holder’s inequality,

M;‘(R", w) C Mf/p (R", w) and d = af — A/ p satisfies the above conditions for
Aap < p < A/(af — n1)T. Then, we introduce the following operator

P 06 5= [ (Hap5,3) = H 0,30 x) F o)y

for f e M ‘lxﬂ - (R*, w) and By = B(0, 1). Secondly, we notice that the right hand

side gives a locally integrable function. Clearly, it will be enough to show integrability
in balls B(0, R) with R > 2. In fact, we split Hy g f (x) = I1(x) + I>(x), where

L) = /B Hop(x. ) f (Do (0)dy:
1) = [ (o) = Hup(©. ) fI0)dy.

Using the Fubini theorem and Lemma 4.3, we obtain

[ e s [ron( [ B ae o
B(0,R) ~ Js B(y,2R) @(B(x,|x — y|))
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due to the fact B(0, R) C B(y, 2R).Itiseasytoseethat B(y, [x—y|) € B(x,2|x—y|)
and w € A, imply that

o(B(y, |x —y)) < o(B(x,2|x —y|)) S o(Bx, |x —y)).

The right side of the above inequality is bounded by

0
lx — y|*#
E - d d
/Bl O = /;ijlx—y|<2j+lR w(B(x, |x —}’|))w(X) ety

O . .
2 R)*Pw(B(y, 2/ 1R
5/3 ror| 3 ERTeB0 D) wnay
1 j:—OO

w(B(y,2/R))

< R,

where the above quantity is finite due to the fact that f is locally integrable with respect
to the weight w.
Regarding to I>(x), we observe that |I2(x)| < I, 1(x) + I2.2(x) + I2,3(x), where

1) = / Ho (v DI Do (0)dy;
B(0,2R)

Da(x) = / Ha 50, )1 F ) o0dy:
B(0,2R)\Bi

I 3(x) = /B(O oy |Ho,p(x, y) — Ha, g0, YIIf (M) (y)dy.

The local integrability of /> 1 (x) follows as for /1 (x). Regarding to /> 2(x), we notice
that Hy g(0, y) S #«Oﬁil)) fory € B(0, 2R)\B; and then I» »(x) is a finite constant.
For I 3(x), sincex € B(0, R)and y € B(0,2R)“, |y|/2 > |x|. We apply Lemma 5.2
and f € Mf’ﬁ_d(R”, w) to get

< ly|ef—m 4
L3(x) S x| '/ —————|f (Mo (y)dy
B0.2R) @(B(0, |y])
s k pyeB—ni
(2*R)
< lx™ E —_—— | f Mo (y)dy
= @(B(, 2KR)) Jp(0.2k+1R)
o0
S e Y 2RI f e
k=1

since d < 1 the series converges and /3 3(x) is also a locally integrable function with
respect to the weight w. ~

Then we will establish continuity properties of our modified operator H, g in the
following theorem.
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Theorem 5.3 Let w be weight in Ay(\RD, with v > 2. Assume that 0 < n; <
min{2«, n} and n € (0, 1). Then, for 0 < aff < v, the operatorH .8 maps continu-

ously Maﬂ d( , w) into BM O (R", w) for any given d with0 < d < min{n;, «B}.
Fi urthermore Ha g.f coincides with Iy g f as functions in BM O%(R", w) when f is
also compactly supported.

Proof Using the above arguments, we know that ﬁa, g f is alocally integrable function

and hence it is finite a.e.. Moreover, from a similar argument, it follows that for any
given ball B = B(xg, r), setting B = 2B, we conclude that

an = [ (Hupo, 5 = Hop O ) ) f o0y

is a finite constant. More precisely, take a ball B* = B(xo, R) with R large enough
such that 2B; | J B C B*, for example we may choose R = 2(|xo| + r + 1). Then

ap < Ji+ L+ J3,
where
J = / He 500, I f ()@ (5)dy;
B*\B

= / Ha (0, )1 f 0 0(0dy:
B*\ B

Bim [ 0,9 = Hop O I l)dy.

For J; and J3, it follows that the kernel is bounded since 2r < |xo — y| < R in J; and
2 <|y| < |xo| 4+ R in J;. Therefore, the finiteness of J; and J, can be deduced from
the local integrability of f. Regarding J3, it is easy to see that |[xg — y| > R > 2|xg|.
By Lemma 5.2 and similarly to the proof of I, 3, we have, for f € M ;1,3 —d R", w),

n pef—n
J3 S ”f”M;’ﬁ*d(Rn,w)'xM 'R I <« 0.
Therefore, we show that for any ball B, ﬁa,ﬂf(x) = G1(x) + G2(x) + ag, where

Gi(x) = /g Ho (v, ) f (o (3)dy;

Ga(x) = /;}C(Ha,ﬁ(x’ y) = Ho p(x0, ) f (Y (y)dy.

We are now in a position to show that ﬁa,ﬂf(x) belongs to BM 04 (R", w). We fix
a ball B = B(xg, r) and use the above expression for that specific ball. For G, we
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integrate G1(x) over B. Similarly to the above arguments of /1, we obtain

/B G @)dx S 7o /B OOy S 1 f Ly g 7 @ (B).

Next, in order to calculate the oscillation over B of the remaining terms, we may
subtract a constant, for example ap. Therefore, we only need to control the integral of
|G2(x)]|. In this manner, applying Lemma 5.2 again, we obtain

— y|aB-n
el Ixo—x|'71/ o | f ()l (dy
Be C()(B(-x()’ |-x0 - y|))
lxo — y|*f=m
X — X m / ( )w( )d
| ol ]; 2k+1B\2k B w(B(xg, |x0—y|))|f Vlw(y)dy

d
S./ ”f”M?ﬁ*d(Rn’w)r

due to |x — y| =~ |xo — y| and w (B (xg, |x0 — ¥|)) =~ w(B(x, |x — y|)). Averaging
with respect to wdx deduces the desired estimate. Finally, notice that if f is compactly
supported, we may take a ball B large enough so that G5 is zero, which implies that

Flap ) = [ Hup(eo ) )0 0)dy +a,

and hence 7—701, g.f(x) equals to Iy g f as functions in BM 0% (R", w). This completes
the proof of Theorem 5.3. O

Remark 5.4 When « = 1 and w = 1, Theorem 5.3 comes back to [19], which implies
the boundedness of the modified classical fractional integral of order 8 from weak-
L"/# into BM O or, more generally, from weak-L? into BM O¢ for p > n/f and
d=p—p/n<]l.

In what follows, we study the behavior of I, g on the spaces BM O0%(R", w). Via
the proof of Theorem 5.1, we have

0 d
| ([ s xe9) = hestoe 0y )2 =0,
0 R t

Now, if we take the absolute value inside and reverse the order of integration, it is easy
to check that the iterated integral is finite. More precisely,

L

dt
et (6, 3) = hes 0. |2 ) (0)dy < 1+ 1o,
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where

s, ) = o, 9|2 )y

00
1A 22/ ([
B(x,2|x—xg|) 0

'S}
I 22/ (/
B(x,2|x—xq|)¢ 0

For I, in view of Lemma 4.3, we obtain

s e, ) — o, )| 2 Yo )ay.

I < / Hy g(x, y)w(y)dy +/ Hy g(x0, y)o(y)dy < C.
B(x,2x—xo|) B(x0,3]x—x0])

For I, using Lemma 5.2, we can deduce that if we assume o8 < 11,

lx — y|*P=m

I < |x — xo|™ f ———w(y)dy < oo.
B(x,2lx—xol)¢ @(B(x,|x —y|))

Therefore, the order of integration can be reversed to obtain

An [Hop(x, y) = Hy,p(x0, V)] (y)dy =0, (5.3)

and the integral is finite if we assume o« < 5. Then, given a function f €
BMO? R*, w), 0 < d < n1, for some fixed xg, we define the following operator

Flap 06 i= [ UHapx,3) = Ha o, 907 0I0 0.

Theorem 5.5 Let w be a weight in Ay (| RD, with v > 2. Assume that 0 < 11 <
min{2«, n} and n € (0, 1). Then, for 0 < af < n1, the operator 'F{a,ﬁ maps con-
tinuously BM O4(R", ) into BMO*+4(R" w) for any given d > 0 such that
0 < aB +d < ny. Furthermore, when f is compactly supported, Ha g f coincides
with I p f as functions in BM O**T4(R", w).

Proof Atfirst, it should be noted that (5.3) allows us to substitute f(y) by f(y)—c into
the integral. Therefore, the definition is independent of the member of the equivalence
class.

Secondly, we check that for f € BM 04 (R™", w) with 0 < a8 +d < n1, it defines
a locally integrable function, in fact, it is locally bounded. Then given a ball B and
J € Z, adding and subtracting intermediate averages, we obtain

1
P! fz » |f@lo@)dx < || flgpoic(i, dr® +1 £z, (5.4)

where for d > 0 is either ¢(j, d) = 2/¢ when j > 0 and ¢(j,d) = ¢ for j < 0 or
c(j,d) = j when d = 0. Then we show that the integral in the definition converges
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absolutely for any pair x and xo. Take B = B(x, r) with r = 2|x — x¢|. We split the
integral as

/W | Ha (6, ) — Hop G DI F Oy = T + I,
where
I = fB | Ha (5, ) — Hog p (00 911 F Do)y
I = fB | Hoop (5. ) — Hap(x0. DI F o).
Furthermore, we write 17 as Iy < I1 1 + I1 2, where
Iy = /B He (v, I )0 ()l
o= /B He (0, )1 f 9]0 ()dy.

By Lemma 4.3 and (5.4), we have

1
(27 B)

Iy Srofy 20 / 1 fDle()dy.
<0 2JB

< e =50l (I saoalx =301’ +1£15)-

The proof of I;  is similar to that of /; 1, and so is omitted. Noting that | f|p(x,2|x—xo))
is a continuous function of x that is also true for the above function and so our original
integral is a locally bounded function.

For I, in view of Lemma 5.2 and (5.4), we obtain

jx — y[Fm
L S lx = x| / — | f (M@ (dy
]2(:) 2i+1p\2ig @(B(x, [x — y]))
: 1
<x—xol™) (@7 |x — xo)*FM . / M| (y)d
Jx = xol ; =D s | Oy
< bx = 0l (113 2te—so) + 1 = 501 Fllgagoa Y o(j d)2/@F),

j>0

and the sum is convergent because of o + d < 7.

Therefore, we have proved that Ha, g f is well defined and it is finite for any x.
Moreover, it is independent of the choice of xg. If we take any another point x1 in the
definition of ﬂa, 6 the absolute convergence of the integral implies that the difference
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between the two possible definitions is

/Rn(Ha,ﬁ(m, ¥) — Hy g(x0, ¥)) f (Mo (y)dy,

which gives a finite constant.

Finally, we consider the continuity result. Let x and z be two points and set B =
B(x,2|x — z]). Using (5.3), we can replace f by f — fp in the definition of the
operator. So we obtain

fR Hap(x, ¥) — Ho g (e DILFO) — faloO)dy = Jy + Ja,
where

J = /B |Ha,p(x. ) = Hap o OISO = falo()dy;

Jr = fB |Hy g(x,y) — Ho gz, DIF () — fBlo(y)dy.

Since | f — fg| < |f = foipl + 2=y | foip — foi-15], we get the estimate

1
(27 B)

/2..3 1 () = fBlo@dx < c(j, ) fllgmodlx —zI, (5.5)

where for d > 0 is either ¢(j, d) = 2/¢ when j > 0 and ¢(j,d) = ¢ for j < 0 or
c(j,d) = j when d = 0. Then for Ji, since B C B(z, 3|x — z|), we can also get
J1 < Ji1 + Ji2, where

m :=/ Ha s e OIS O) — falo(dy:
B(x,2|x—z])

T = / Ho sz DIFO) — Frlo()dy.
B(z,3|x—z])

Since the proof of Jj 7 is similar to that of J; 1, we only need to prove J; ;. By Lemma
4.3 and (5.5), we obtain

1
(2] B)

T S =2y 2
Jj=0

S e =2 fllparoa ) e, )27 < oo,
Jj=<0

f{ |f () = fele(y)dy
2JB
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For J,, we may apply the smoothness and use (5.5) again as above. In this way, we
obtain

B Sl = 2P flpagoa 2P,
j>0

and the series is convergent since o +d < n1. O

6 Regularity results for operators related to L

In this section, we will consider the case of the degenerate Schrodinger operator and the
aim of this section is to analyze the behavior of the maximal operator of the semigroup,
the fractional integration as well as the mixed operators / aL 8 Vo/2 associated with L.

Lemma 6.1 ([19, Lemma 4]) Let w be a doubling weight and f € BM Og R™, w).
(1) For any critical ball B = B(xg, p(x9)) and k > 0,

1
pRTY /2 L, MO0y < 1F Isumogetk d)p(xo)

with c(k,d) = k whend = 0 and c(k,d) = c when 0 <d < 1.
(ii) For any subcritical ball B = B(xg, r) withr < p(xo) and k > 0,

1
w(2¥B) /sz [ f(y) = flo(y)dy < ||f||BMO/c)lCl(k, d)r?

witha(k,d) = k whend = 0 and a(k,d) = 2 when 0 < d < 1.

Given a doubling weight w, a critical radius function p and an index ¢ > 0, we
consider a class of operators called «fB-Schrodinger-Calderén-Zygmund operators
with respect to the measure w (x)dx (see [28] and [19]). We distinguish the following
two cases.

Case 1: aff > 0. T is an integral operator with respect to the measure w(x)dx,
given by a kernel K (-, -) that satisfies the following conditions.

(1) For any N > O there is a constant C such that

lx — y|*# (1 Ix — y|>—N

K (x, )l SCNw(B(x,pc—yI)) px)

(i1) There exists some 0 < § < 1 such that for |[x — z| < |x — y|/2,

lx — z| )5 lx — y|*P

IK(x,y) — Kz, )| < (|x —y|/) w(B(x, |x —y])’
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Case 2: af = 0. T is alinear bounded operator on L? (R", w) for 1 < p < oo, which
has an associated kernel K (-, -) in the sense that, for any L? (R", w)-function with
compact support

Tf(x) = /R KO0y, x € supp(f)-

Furthermore, K satisfies conditions (i) and (ii) above with a8 = 0.

After giving this definition, similarly to the arguments in [19], we conclude that 7 is
well defined for functions in BM 0;" (R™, w). Notice that in both cases, either o8 > 0
or ¢ff = 0, we may apply the operator T to f = 1 since it belongs to BMOS R", w),
no matter what p is. Then we also have

Proposition 6.2 Let w be a doubling weight and p be a critical radius function. Assume
that 8y =2 —y/q, n € (0,1) and 0 < §' < min{2a, n, 8o}. Suppose T is an af-
Schrodinger-Calderon-Zygmund operator with respect to w (x)dx that further satisfies
the following T 1-condition:

There exist € > 0 and a constant C such that for any ball B = B(xg, r) with

r < p(xop),

;/|T1()—(T1) lo(x)d <C( r )6
rBw(B) Jp Bl =5 o)/

Then T is bounded from BMOg(R”, w) into BM 0g+aﬂ R", w) forany 0 <d < €
and such that 0 < af +d < §'.

Remark 6.3 The above result can be also stated in the vector valued setting. Assume
that we have a linear operator acting on functions defined on R” and taking values in a
Banach space X and it satisfies all the conditions with absolute value replaced by the
X-norm, then the conclusion also holds. In [36], for the non-degenerate Schrédinger
case, the authors have proved the BM Og-boundedness of the maximal operator and
square functions in the vector valued setting.

In what follows, we may look at 7* as the L°°-norm of the vector valued operator
Tf = {Taftf},>0. So by Theorem 4.2, we can get the boundedness of 7 from L?

into L% with X = L. Moreover, we have

Theorem 6.4 Let @ be an As-weight such that w € RD, (D, withv > 2 and
V € RH,(w) with q > y /2. Assume that 6o =2 —y/q and n € (0, 1).

(1) Forany N > 0, there exists a constant Cy such that

Cn (1 |X—Y|)_N

HK‘QZ(X’ Y) HX = w(B(x, |x —yl|)) p(x)

(ii) For |x — y|/4 > |x — z] and any 0 < &' < §; = min{2«, 7, 8o},

Ix—zl)ﬁ/ 1

KL o - KE | 5 ( :
| wr &V S\ =51 0BG, 1k -y
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(iii) The operator T* is bounded on BMO%YP(R", w) forany 0 < d < 6.

Proof For (i), using Proposition 3.5 (i), we know that

KL, (x, )
t1+N/ot 1

A2e _y
X — Y22 o (B(x. [x — ) @(Blx, 1172%)) J(+ M> ‘

< CNmin[

Ifr1/2¢ > |x —y),

3 Cx (120 N
KL, (x, )] < a)(B(x,tl/z‘”))<l + p(x))
- Cn (1 |x —}’|)_N
= (B, [x — y)) o) )

If 12 < Jx — y,

ll+N/ot 1

/20 _n
N (1 + )
[x — y1222N @ (B(x, |x — y|) p(x)

KL, (x,y) = C

< Cn ( t/2 )2°'+N(|x—y| Ix—yl)*N
T (B, [x —yD) NMx —yl 1172 p(x)
— y|\-N
< Cn (] | x yl) ‘
w(B(x, |x — y[) p(x)
For (ii), by Proposition 3.5 (ii), we can get
KL, = KE G|
< . {t1+N/(1|x_Z|6/ 1 1 (|X_Z|>8,}
< min v ,
lx — y|2e 2N+ w(B(x, |x — y]) " @(B(x, t1/2) \ 1/2«
If t1/2% > |x — y|,
1 lx —z|\¢
Ky () — Ky (z,y)‘i ( ) :
) ! o (B(x, |x —y)) \|x — |
If 1729 < |x — y],
1 |x_y|2a+2N|x_Z|8’

KL X, _KL Z, ‘< 7
Ko ) K0 S Sy e

< 1 (|x—z|)5/'
~ o(B(x, lx —yD)) \x -y

For (iii), we only need to check the T 1-condition. Let B = B(xo, r) with r < p(xp)
and x, z € B. Denote by B, the ball B(xp,20(xp)). Let ® B, be a smooth function
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with support in 2B, and such that ®Bp = 1lon By, 0 < ®Bp < 1. The triangle

inequality gives sup,_ [T,5,1(x) — Tantl(z)‘ <I+1I+1II, where

= sup ((T.f, — Sa.)O®p, (x) — (TF, — Su.t)Op,
>0
11 :=sup Sa,tGBp(x) — Sa,,®Bp
>0
1= sup [T (1= ©3,)(0) = T 1 —08,)()|
>

For I, write I < Iy + I, where

I := sup / | (o, ) = KL, 9)) = (i (2, 9) = KL (2 y) |0y

t>0J2B

Bimsup [ (b (x03) = KD = (@) = KE oD 00y,
>0 J2B,\2B

We further divide the term I} as I} < Ij; + Iz, where

I = sup/
t>0J2B

I = supf
t>0 J2B

Since the proof of 1, is similar to the case of 11, we only give the proof of I11. Using
Proposition 3.6 (i), we consider the following two cases.

If t1/2% < |x — y|, then t1/2* < |x — y| < 3r and p(x) =~ p(xg) for x,z € B.
Therefore, we obtain

has(, ) = Kby (6, )]0 ()dy;

hat(z.y) — KL\ (2, y)‘w(y)dy

] / Ix—yl 1 t w()d
! p(x) w(B(x,,/tl/a+|x—y|2))(tl/“+|x—y|2)“ ey

o(y)dy

< ( ) / 1 t
M Xp(x0)/  Jre w(B(x, V17 + [x — y[2)) (V% 4 |x — [P
<,0(x0)>

If 1/2% > |x — y|, we need to discuss the following two cases:
Case 1: r > /2% We have

Lo 1/2a 1 " 4
e /23 (p(x)) w(B(x, /1o + |x — y|2)) (/% + |x — ylz)“w(y) Y

o(y)dy

< ( r )50/ 1 t
M Xop(x0)/ Jrr w(B(x, VI + [x — y[2)) (/0 4 |x — y 2
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<G

1/2a

Case 2: r < t'/7*. Using the reverse doubling condition, we obtain

/20
I <
”N/ <p(x)) w(B(x,\/t 1/"‘+|x— 2)) o)dy

(1/2a 1
< (p(xo)> /23 w(B(x,r»(er) @0y

S ( ’ )50
p(x0)
since 3() < V.

For I, applying Proposition 3.6 (ii) with 0 < § < min{n, §p}, we obtain

roo\d tw(y)dy ro\S
L5 (o) : 5 < (o)
px0)/ JaB,\28 w(B(x, \/tl/“ +x — y2)) @/ 4 |x — y[2)* ™ X p(xo)
Since 0 < § < &g, combining the above estimates derives I < (r/p (x0))°.

Next, we estimate the term 7 /. From Theorem 5.1, we obtain the following stronger
inequality:

Sup [S.r £ () = St F (| S Nl pproalx — z1%.

t>0
Since Op , belongs to BM 04(R", ®) and it is also a bounded function, then
115 1x = 21’108, ppos-

It is easy to see that ||®Bp Il pp o8 approximates c/,o‘S (x0). Then 11 < (r/p(xo))‘s.
For 111, we apply the smoothness inequality of this theorem to get

I11 < |x — z|5'/ lx — y|‘5';w(y)dy
~ BS o (B(x, [x —y]))
'S} —&
’ |x - y|
“ |x — Z|5 / B—a)()’)dy
21 /2 0oy <lvo—yl <24+ p(xg) @ (B(X, [X — D))

< (%)5 = C(pgco))é‘

Then we conclude that when 8 =0 and € = &/,

L L ")
Ta,zl(x) — Ta’tl(z)‘a)(z)dza)(X)dX S (,O(XO)) ’
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where 0 < 8’ < §; = min{2a, 1, 8y}. O

Remark 6.5 1t should be mentioned that, generally, we obtain an estimate on
BMOS‘ép(R",w) for 7 f. Nevertheless, as it is easy to see that ||T*f||BM0;f <

T .
I f”BMO;‘g/,

Now we deal with the operator 0’; g

Theorem 6.6 Let w be an A-weight such that @ € RD, () D, with v > 2 and
V € RH,(w) withq > y /2. Assume that 6o =2 —y/q and n € (0, 1).

(1) Forany N > 0, there exists a constant Cy such that

lx — y|® (1 lx — yl)—N

KL (x, c
1Ko p(x. ¥l = NoB(x, [x = y)) p(x)

(ii) For |x — y|/4 > |x — z| and any 0 < &' < §; = min{2a«, 7, 8o},

Ix —z )3’ lx — y|*f

L _ gL <
|Ky p(x, ) Ka,ﬂ(Z’Y)|~(|x_y| o(B(x,|x —y))

(iii) The operator IaL,ﬂ is bounded from BMO;’ (R™, w) into BMOgﬂer(R", w) for
anyd > 0 such that0 < af +d < §;.

Proof For (i), the desired result can be seen from Lemma 4.3. For (ii), according to
Proposition 3.5, we can get

|Kig(x, ) — Kb (2, )|

L L g2 dt
< A Ky (x,y) — Ky (2, 0t e

o0
S [ min , ,
0 |x — y|22 2V o (B(x, |x — y])) " w(B(x, t1/22))

plANfe gy 1 1 lx — zI\3') ppndt
<l1/2a> 4 T

Then for |x — z| < |x — y|/4, we can processes as in the proof of Lemma 5.2 with §’
instead of 1 to obtain

u—nf’ lx — |

L _ KL <
|Kw3(x,y) Ka’ﬂ(Z7y)|N(|x_y| a)(B(x,|x—y|))

For (iii), we only need to check the 7'1-condition. We further assume that ¢ < §;
and pick 8’ such that o < 8’ < 81. Let B = B(xq, r) withr < p(xo) and x, z € B.

Then we can write | I 41(x) — Ioiﬁl(z)‘ <[ +11+111, where

1= |Uky = lap©5,00 = ULy — Lp)Os, @)
I §O5, () — 1 sOp, (2)
111 = |1}, (1 = ©3,)(x) = I, (1 = 03,)(2)|

3

11 .=

3



70 Page 42 of 50 Z.Wangetal.

For I, we denote Di g A8 the kernel of the operator / aL g~ lap- Then we have

/ ‘Doﬁﬁ(x’ ) = Dg 4(, y)‘w(y)dy =1+ D,
2B,
where

I o= /2 |DEx 1) = DE s, y|wdy;
B

b= [ |DEsen - D g n]woidy.
2B,\2B
For I, we can write I} < Ij1 + 112, where

I ::/ ‘Dé,ﬂ(x,y)‘w(y)dy;
2B

hoi= [ Dk s fotiay.
2B

Since the proofs of /11 and I, are similar, we only give the proof of /;;. Firstly observe
that

oo
1Dk ., ) </O [KE ) = haa e |2 = 1

where

|2a

[KE ) = s |2

lx—=y
I; ZZ/
0
o0
Iy ZZ/
|x—y2

For I3, by Proposition 3.6 (ii) with 0 < § < min{n, do} and the fact that p (x) =~ p(xp),
we obtain

dt
Ky (6 9) = e (x| P2

L < |x y|(S /xyza 1 tB12d¢
3 ) /o 1/ 2\a
«/ o4 t +

< =yl /"‘ ey t#2d
~ p(x0)w(B(x, |x —yD) Jo (Ve 4+ |x — y[D)V2 (e + |x — )
x — yPrer

p(x0)°w(B(x, |x — yI))
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and

1 00 Ix — y|v tB/2+6/2a g4

Iy S
p (0w (B(x, |x = yD) Jp—ypa @M + 1x = y|2)V/2 @1/@ + |x — y[H)e

lx — y|8+aﬂ /oo 1 du
~ poYwo(Bx, |x —yD) Ji w0 u
|x _ y|5+ozﬁ
~ p(xoYo(B(x, [x —y])’

where we have used the fact that v > af + 8 since v > 2, a8 <8 < land§ < 1.
Therefore, we get

1 — yl|aB+s )
I3 5 / bl wdy < raﬁ( ! ) :
p(x0)° Jap @(B(x, [x — y])) p(xo)

where the last inequality follows by splitting the integral domain into the annulus
27kB\ 2=%*+D B and using the doubling property of w.
For I, by Proposition 3.6 (ii) and p(x) =~ p(xp), we obtain

‘Doﬁﬂ(x,y) - Dof,,s(z,y)’

o0 dt
< /0 (K30 = B 30) = (KL 230 = Bz |2

< P12t

(Ix — zl)fS /°° 1 1
YN p@o)/ Joo w(BGx, VI x — y[2)) @V |x — y?)e

<( r )5 lx — y*°
~ \p(x0)/ @(Bx,|x —y])

Then

ro\8 |x — y|*f ro\8—af
I < - 7 dv < af
2 <,0(X0)) /23,, o B x— S <P(X0)> '

For 11, we use Theorem 5.5 for d = § — af, that certainly satisfies «f +d < n, and
with f = ©p,. Notice that ® g, is smooth and compactly supported, so Hq gOp, =
1y 3Op,. Therefore,

r S—ap
11 < |x —z)°© ap S0 x“ﬂ_5<( ) re,
S I"1©8, I gy os—es < 77 p(x0) ~ e

For 111, we use the smoothness of the kernel K 01; 8 in this theorem to obtain

! — Olﬂ—ts/ ! ! 6/_05/3
g - [ e wtdy e ()
5 @ (B, [x —3D) en)
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Combining all the estimates and having in mind that » < p(xp), we have

)3 _aﬂrﬂlﬂ

L L
IEg10 — IEg10)| 5 (= e

for any o < 8’ < 8.
So fore =8 — aB, af < 8 < §;, and we have

1
r*fw?(B) /B/B

Finally, we can deduce the desired result from Proposition 6.2. O

1hs1(0) = 151 @ |o@dzodx S (= e ))8_0"3.

For the operator / O{‘ P V°/2 we assume that V satisfies R Hoo (@), which implies that
V() <0720,

Theorem 6.7 Let w be an Ajz-weight such that o € RD, withv > 2 and V €
RHy (w). Given af and o with af > o > 0. Assume that n € (0, 1).

(1) Forany N > 0, there exists a constant Cy such that

lx — y|*P= (L¥M—ﬂ)w

L.o L a/2
Kop 06 9) = Ko 0, VEEQ) = Oy e — p(x)

(ii) For|x — y|/4 > |x — z| and any 0 < §' < §; = min{2a, n},

L,o L,o |)C _Zl & |x—y|0t'ﬁ_(I
KEg oo - K@l s () -
*p “p Ix —yl/ w(Bx,|x —yl)

(iii) The operator ILl3 V°/2 is bounded from BMOd(]R" ) into BMOd+aﬁ TR, w)
forany 0 <d <o suchthat0 <d +aff — o < §y.

Proof For (i), when @ > o, in view of (4.3), multiplying and dividing by |x — y|?
and using the decay, we have

v — y|ePe x — Y[\~

KL§ (x.3) = K p(e, V() = Cy (1 )
p @F o(B(x,|x — y]) p(x)

For (ii), we want to use the smoothness of K © o« p but we first need an improved version

of Theorem 6.6 (ii), involving decay at 1nﬁn1ty Notice that for any pair of numbers u

and v, we have |u — v| < (Ju| + |[v])?|u — v|'~? for any fixed 0 < 6 < 1. In our case,

setu = Koﬁﬁ(x, y)and v = Koﬁﬂ(z, y). We recall that, by Lemma 4.3(ii),

lz — y|*P

|z — I
1
VolBG, |z—y|)>( 50 )

0<Kisz.y)<C
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for any positive N and our aim is to check that we may replace z by x on the right
hand side provided |x — z| < 1/2|x — y|, so u and v have the same bound. To do
so observe that in such case |[x — y| =~ |z — y| and the doubling property of w gives
w(B(x, |x—y|)) ~ w(B(z, |z—y|)).Besides, from (2.2) and using |x —z| < 1/2|x—y|
again, we get

1 > 1 ( |x —y|>*N0/(No+l)
p(z) ~ px) p(x)

So multiplying by |z — y| and adding the inequality 1 > (1 4 b=

p(x)

—No/(No+1)
) , we

have

-yl e = YN N/t 2= ¥l = YNyt
1 > (1 1 .
(1+55) 2 (+250) o U om)

Then

() =055

with N = N — NNy /(No + 1), which derives the desired result.
Therefore, inserting the estimates for |u# — v| and |u| + |v|, we obtain

Ix—ZI)S’(l—” e — y|*P (1 Ix—yl)—“’
| :

KL , — KL , <
apx.y) — Ky p(z y)‘ N <|x —y w(B(x, |x — y])) p(x)

Since Theorem 6.6 (ii) is valid for any 8’ < 81, by choosing 6 small enough and N
sufficiently large, we get

L L e —z[\&  x =y lx — yI\=N
Kt ~Kise| 2 () Smammm (o) @)

for any 0 < 8’ < §;. Using the previous arguments, we easily obtain the smoothness
Lo - - . .
for K|, g in view of the inequality

Kyig (x,y) — K;g<z,y)) < ‘Ka{ﬁ(x,y) _ [(aL’ﬁ(Z,y)‘Vﬂ/Z(y)

and

c/2 < -0 < —o lx — y[\No <y y|—O |x — y|\Noto
VM £ 00077 S @ (145 SR S ey (14 5 )
(6.2)
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Therefore, choosing N = Ny + o, it follows from the last three inequalities that

_ 8 _ y|aB—o
X zl) lx — yl 6.3)

L,o L,o |
Ky g (x,y) — K, 5 (z, ‘5(
ap @)= Kep @IS GBG =)

for0 < & < 4.
For (iii), we need to check the T 1-condition. Let B = B(xq, r) withr < p(x) and
X, z € B. Then we have

1EgVoP1@) — VTP < T4 11,
where

’

1= |1 (V7P s ) = 15V x5p) (@)

Il .= /
(5B)°

We first estimate /. Notice that in the proof of Theorem 5.3, we just use the size and
smoothness of the kernel and the doubling property of the weight. Therefore, a more
general result could be obtained for an integral operator with kernel satisfying (5.2)

and (4.1). So Ioﬁ p can be extended to a bounded operator from M fﬂ - (R", w) into

KLf oy = KLF @ w)|oGdy.

BM O%(R", w) for d < min{ap, 81} since its kernel satisfies the appropriate size and
smoothness estimates (see Lemma 4.3(ii) and Theorem 6.6(ii)). Moreover, V /2 X5B

is a function in M ‘fﬁ - (R", w) and is compactly supported. In fact, if we take any ball
QO = B(xy,s), then

sap—d _ _,o(Q5B)
yo/2 dv < s¥b—d o=l 1777
>0) 0 WM xsp(Mo(y)dy S s 0(x0) ©(0)

Assume Q (5B # @. If s < 5r, we control the above quantity by cr®~?p(xo) ™7,
having in mind that p(y) =~ p(xo) for y € 5B. Otherwise, |x; — xo| < 2s and also
Q C B = B(xp,3s) C 50. Since w is doubling and v-reverse doubling, so we have

w(Q) = w(B) > (s/r)’»(B) 2 (s/1)**w(B),

which, together with the obvious inequality w(Q () 5B) < w(5B), gives the bound
r®f=d p(x0)~® when 5r < s. In a word, we conclude that ||VG/2XSB”Maﬁ—d <
1

rP =4 p(xo) 7.
Thus we obtain a similar conclusion to Theorem 5.3 for

HE 5 (f)(x) = /R (Ko p(r,3) = Ko g0, ) x50 (H M0 ()dy.
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By analogy with the conclusion of Theorem 5.3, we can see that
1L g (Vo xs)(x) = HE (Vo2 x58) (x).
Going back to the estimate for 7, it follows that
I <201E 5 (Vo ysp) ()] = 2HE 4 (VO x5B) (x).

Similarly to the discussion of Theorem 5.3, we split ﬁé ﬁ(V“/2X5B)(x) that
L (Vo2 x55)(x) = G1(x) + G2(x) + ap. where

Gi(x) = / KL (v, (VO xsm) (o ()dy:
B(xq,2r)

Gax) = /B kgt ) = Kl o ) ) (e
x0,2r)¢

ap = fR (KL 5 (c0, 1) X 2 — K2 50, x50 (VI x5 (0o ().

For ap, similarly to the proof in Theorem 5.3, we know that ap is a finite constant.
For G1(x), since x € B(xg,r) and y € B(xg, 2r), we have |x — y| < 3r. By Lemma
4.3, we obtain

1G1(x)] sf |KE (e DNV xs58) (D) ()dy
B(x,3r)

— y|b
< X — vl

_— o/2
- /B(x,Sr) w(B(x, |x —y|) (Ve xs8) (W (y)dy
(27 )P

0
< B — w(y)d
Nj;w /2 P - v LA SR L

d 2
S VIR Xl yori an

Therefore, we only need to control the integral of |G, (x)|, whose proof is the same
as the one in Theorem 5.3. By (6.1), we obtain

lxo — y|®P=?
(VO xs58)(9)|w(y)dy

1G2(0)| < Ixo —x|‘3’/
B(xo,2r)¢ @(B(xo, [x0 — y1))

< o/2 d
~ ”V XSB”M?ﬂid(R",a))r .
In conclusion, we deduce that

r o
d < rB=d 5 (x0) " r? < rozﬁf(r( ) _

ISV x5l upa —
M, 0(x0)

®"0)"
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For 11, we may use the smoothness of the kernel due to the fact that in our situation
|x —y| > 4r > 2|x — z|, but instead of (6.3) we will use a somehow stronger variant,
namely,

1 /lx—zl\  |x—y[*
K-(x, y) —KL’"(z,y)‘ < ( ) ,
“p «p p(x0)° \|x —y|/ w(B(x, |x — y]))

which can be seen from (6.1) and (6.2) just stopping before the last inequality and
using that, in our case, p(x) =~ p(xp). Plugging that estimate into /I, we obtain

< Ix —z|¥ / lx — y|ef=? w(y)dy
~ p(x0)° Jipye o(B(x, [x —y])

Since the integral in bounded by Cr*# = we get

B
1< L < rﬂlﬁ—U(L>a’
p(x0)? p(x0)

which is the same estimate that we obtain for the first term.

In this way we have shown that T 1-condition holds with ¢ = o. Collecting esti-
mates, we have proved that / aL P V°/2is an (af — o')-Schrodinger-Calderén-Zygmund
operator with respect to wdx and has the smoothness of order 8’ for any 0 < §' < §;.
Therefore, an application of Proposition 6.2 gives the desired result. O
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