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Abstract

In this paper we study a Dirichlet double phase problem with a parametric superlinear
right-hand side that has subcritical growth. Under very general assumptions on the
data, we prove the existence of at least two nontrivial bounded weak solutions to such
problem by using variational methods and critical point theory. In contrast to other
works we do not need to suppose the Ambrosetti-Rabinowitz condition.
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1 Introduction
In this paper we consider the following Dirichlet double phase problem

—div (|Vul? 2V + n()|Vul!™*Vu) = Af (x,u)  inQ,

1.1
u:o OHBQ, ( )
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where @ € RY, N > 2, is a bounded domain with Lipschitz boundary 9€2,

l<p<N,p<gqg<prand0 < u() € L®(Q) with p* = z\jva’)‘ > 0isa
parameter and f: Q x R — R is a Carathéodory function that satisffes subcritical
growth and a certain behavior at +o0.

The operator involved is the so-called double phase operator defined by
di p—2 q—2 LL'H
iv (|Vu| Vu + n(x)|Vu| Vu) foru € Wy '"(2) (1.2)

with W&’H(Q) being an appropriate Musielak-Orlicz Sobolev space, see its Definition
in Sect. 2. It is clear that (1.2) reduces to the p-Laplacian if © = 0 and to the (g, p)-
Laplacian if infg u > puo > 0. Moreover, the double phase operator is related to the
two-phase integral functional J : W(}’H(Q) — R given by

J(u):/ (|Vu|p+u(x)|Vu|q) dx. (1.3)
Q

Zhikov [24] was the first who introduced and studied functionals of type (1.3) whose
integrands change their ellipticity according to a point in order to provide models for
strongly anisotropic materials. It is clear that the integrand of (1.3) has unbalanced
growth. The main characteristic of (1.3) is the change of ellipticity on the set where
the weight function is zero, that is, on the set {x € Q : u(x) = 0}. In other words, the
energy density of (1.3) exhibits ellipticity in the gradient of order g on the points x
where 1 (x) is positive and of order p on the points x where u(x) vanishes. We also
refer to the book of Zhikov-Kozlov-Oleinik [25]. Functionals of the form (1.3) have
been studied by several authors with respect to regularity of local minimizers, see, for
example, the works of Baroni-Colombo-Mingione [1-3], Colombo-Mingione [9, 10]
and for nonautonomous integrals, the recent work of De Filippis-Mingione [12].

The main objective of our work is to apply an abstract critical point theorem to
problem (1.1) in order to get two nontrivial bounded weak solutions with different
energy sign. In addition, we give a precise interval to which the solutions belong.
Our paper can be seen as an extension of a work of the first two authors recently
published in [22]. The differences to [22] are twofold: First, in [22] the operator is
the well-known (g, p)-Laplacian and so the function space is a usual Sobolev space.
Second, we are able to weaken the assumptions on f in our paper. Indeed, in contrast
to [22] and lots of other works in this direction we do not need to assume that f fulfills
the usual Ambrosetti—-Rabinowitz condition, which says, that there exist i > ¢ and
M > 0 such that

0<iF(x,s) < f(x,s)s (AR)

for a.a.x € Q and for all |s| > M. Instead of (AR) we suppose that the primitive of
f is g-superlinear at 00 (see (H2)(ii)) and we have another behavior near oo, see
(H2)(iii). Both conditions are weaker than (AR) and they also imply that f is (g — 1)-
superlinear at £00. Note that we do not need any behavior of f or its primitive near
the origin, see Theorem 3.4.
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The abstract critical point theorem we used is due to Bonanno-D’Agui [4, see
Theorem 2.1 and Remark 2.2] and was applied in the same paper to the p-Laplace
problem

—Apu=Af(x,u) in 2, (1.4)
u=20 on 082,
in order to get two nontrivial solutions of (1.4).

Finally we would like to mention related works dealing with multiplicity results
for (p, g)-Laplacians or double phase problems via different methods, like truncation
techniques, comparison principles, critical point theory, Nehari manifold treatment
and so on. We refer to the papers of Bonanno-D’ Agui-Livrea [5] (general nonhomoge-
neous operators), Bonanno-D’ Agui-Winkert [6] (nondifferentiable functions), Chinni-
Sciammetta-Tornatore [7] (anisotropic (p, g)-equations), Colasuonno-Squassina [8]
(double phase eigenvalue problems), Gasifiski-Winkert [ 14, 15] (convection and super-
linear problems), Liu-Dai [17] (Nehari manifold treatment), Papageorgiou-Winkert
[20] (subdiffusive and equidiffusive (p, ¢)-equations), Perera-Squassina [21] (Morse
theory for double phase problems), see also the references therein.

The paper is organized as follows. In Sect. 2 we recall some facts about Musielak-
Orlicz Sobolev spaces and state the abstract critical point theorem mentioned above,
see Theorem 2.4. Then, in Sect.3 we formulate our hypotheses, state and prove our
main result, see Theorem 3.4 and we consider some consequences for special cases of
(1.1), see Corollaries 3.5 and 3.6, especially when f is nonnegative and independent
of x.

2 Preliminaries

In this section we recall some preliminary facts and tools which are needed in the
sequel. To thisend, let 2 C RY, N > 2be abounded domain with Lipschitz boundary
0. For 1 <r < oo we denote by L"(2) and L" (£2; RY) the usual Lebesgue spaces
equipped with the norm || - ||, and for 1 < r < oo, W1/ () and WOI’V(Q) stand for the
Sobolev spaces endowed with the norms || - |1 and || - [|1,-,0 = ||V - ||, respectively.

Let 1 < p < oo. From the Sobolev embedding theorem we know that for any
¢ € [1, p*] we have the continuous embedding Wé P(Q) = LY(Q) with best constant
ce > 0, that is,

llelle < cellVullp, forallu e W(}’p(Q). 2.1

It is clear that the embedding in (2.1) is compact if £ < p*. Suppose that £ < p*.
Then, from Holder’s inequality and (2.1), we obtain

*—¢

=t
cp < cpr| Q2] P (2.2)

with |Q| being the Lebesgue measure of € in RV,
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Let

R := sup dist(x, 0€2). 2.3)

xeQ

Then we can find an element x¢ € €2 such that the ball with center x( and radius R > 0
belongs to €2, that is,

B(xg, R) C . 2.4)
We set
N
= B0, R)| = ———— RV 25)
WR = 0, = .
ra+%)
and
oop (2N =1 1
K ::Mmax{—, ”M”m}. (2.6)
(szq) Q|7 RP" R4

In the following we use the subsequent assumptions:

HI) 1 < p<N,p<gq < p and0 < u(-) € L*®(Q), where p* is the critical

Sobolev exponent to p given by p* = NN—fp.

Let M(S2) be the space of all measurable functions u: € — R and let H: Q x
[0, o0) — [0, 00) be the nonlinear function defined by
H(x,t) =tP + u(x)e?.
Then, the Musielak-Orlicz space LM(Q) is defined by
LT(Q) = {u e M(Q) : pp(u) < 400}

equipped with the Luxemburg norm

lulle = inf {7 >0 1 ppe (2) =1},

T
where the modular function p, is given by

P (u) IZ/QH(x,Iul)dxng(lulp+u(X)|M|q)dx- 2.7

Furthermore, we define the seminormed space

L?L(Q) = {u e M(Q) : / w(x)|ul?dx < +oo},
Q
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which is endowed with the seminorm

1
lullg., = (/Q w(x)|uld dx)q .

The Musielak-Orlicz Sobolev space W-71() is defined by
wiHQ) = {u e L"(Q) : |Vu| e LH(Q)]
equipped with the norm
lulli, 7 = IVully + llully,

where ||Vull = || |Vul|l3. The completion of C§°(£2) in WiH(Q) is denoted by
WO1 ’H(Q). We know that LH(Q), WI*H(Q) and W(} ’H(SZ) are reflexive Banach spaces
and we can equip the space WO1 H (£2) with the equivalent norm

lull = IVulln,

see Proposition 2.18(ii) of Crespo-Blanco-Gasinski-Harjulehto-Winkert [11].
The norm || - ||7¢ and the modular function py; are related as follows, see Liu-Dai
[17, Proposition 2.1].

Proposition 2.1 Let (HI) be satisfied, let y € LM™(Q) and let p be defined by (2.7).
Then the following hold:

(i) Ify # O, then ||yliy¢ =  if and only if py((3) = 1;

@11) |lyllg < 1 (resp.> 1, = 1) if and only if p(y) < 1 (resp. > 1, =1);
(i) If Iyl < 1, then |lylg, < pr(y) < IlyI15ys
(V) If Iyl > 1, then Iy, < pn(y) < Iyl3

™) Iyl = 0 ifand only if pr(y) = O;
vi) |yl — oo if and only if pr(y) — +oo.

We have the following embedding results for the spaces LH(Q) and Wé’H(Q), see
[11, Proposition 2.16].

Proposition 2.2 Let (H1) be satisfied. Then the following embeddings hold:

@) LH(Q) — L"(R2) and WOI’H(Q) — Wol’r(SZ) are continuous forallr € [1, p];
(i) WOI’H(Q) — L"() is continuous for all r € [1, p*];
(iii) WOI’H(Q) — L"() is compact for all r € [1, p*);
iv) LH(Q) — LZ(Q) is continuous;
(v) L1(Q) — LY(Q) is continuous.

Let A: WOI’H(Q) — WOI’H(Q)* be the nonlinear map defined by

(A(u), ¢) :=/ (IVu|P 72V + p(x)|Vul9™*Vu) - Vo dx (2.8)
Q
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forallu, ¢ € WO1 ’H(Q), where (-, -) is the duality pairing between WOI’H(Q) and its

dual space Wé’H(Q)*. The operator A: Wé’H(Q) — WOI’H(Q)* has the following
properties, see Liu-Dai [17].

Proposition 2.3 Let hypotheses (H1) be satisfied. Then, the operator A defined in (2.8)
is bounded, continuous, strictly monotone and of type (Sy), that is,

up—u in Wy H(Q) and limsup (Auy, u, —u) <0,

n—0o0

imply u, — u in WS’H(Q).

We refer to the books of Harjulehto-Histo [16], Musielak [18] and the papers
of Colasuonno-Squassina [8], Crespo-Blanco-Gasinski-Harjulehto-Winkert [11] and
Liu-Dai [17] for more information about Musielak-Orlicz Sobolev spaces and double
phase operators.

Let X be a Banach space and X* its topological dual space. Given ¢ € C!(X) we
say that ¢ satisfies the Cerami-condition (C-condition for short), if every sequence
{xn}neny € X such that {¢(u,)},>1 € R is bounded and

(1 + Ixullx) @' (xp) = 0 in X* asn — oo,

admits a strongly convergent subsequence.
The following theorem is used in our proofs and can be found in the paper of
Bonanno-D’Agui [4, see Theorem 2.1 and Remark 2.2].

Theorem 2.4 Let X be a real Banach space and let ®, V: X — R be two functionals
of class C! such that ir)}f O (u) = &(0) = W(0) = 0. Assume that there are r € R and

i€ X,with0 < ®(@t) < r, such that

Supue@”(]foo,r]) \I](M) \I-’(ﬂ)

) 2.9
y Y6 29)
and, for each
T S |
‘Ij(u) Supu€¢71(]_oo’,]) \I/(M)

the functional I, = ® — AV satisfies the C-condition and it is unbounded from below.
Moreover, ® is supposed to be coercive.

Then, for each A € A, the functional I, admits at least two nontrivial critical points
uy1, ur2 € X such that I (uy 1) <0 < L (uy 2).
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3 Main result

In this section we formulate and prove our main results concerning the existence of
nontrivial bounded weak solutions to problem (1.1). First, we state the hypotheses on
the nonlinearity f: Q2 x R — R. We suppose the following conditions:

(H2) f: Q2 xR — RisaCarathéodory function satisfying the following conditions:

(i) There exist £ € (g, p*) and constants «1, k; > 0 such that
| £, )] < K1+ Kals|!

fora.a.x € Qand forall s € R;
(ii) If F(x,s) = [y f(x,1)dt, then

. F(x,s)
lim =
s—+o00 |s|q

uniformly for a.a.x € Q;
(iii) There exists

N *
CG((E—P)—,P>
p

—gF
0 < ¢o < liminf L& 95 —4F&.5)

s—+00 |S|§

such that

uniformly for a.a.x € Q.

Remark 3.1 Note that (H2)(ii) and (H2)(iii) imply that

fx,s) _

s—Fo0 |59 2s
uniformly for a.a.x € Q.

Remark 3.2 Due to Remark 3.1 we know that f(x, -) is (¢ — 1)-superlinear at +o0.
Our conditions are weaker than the Ambrosetti—-Rabinowitz condition (AR-condition
for short). Indeed, instead of the AR-condition, we suppose hypotheses (H2)(ii) and
(H2)(iii) which are less restrictive. Consider the function

sy — {|s|ﬁ12s ifls| <1,

Is|9=2s In(|s|) + |s|P2"2s if 1 < |s],

where | < 81 < pand 1 < f» < ¢, then we see that f satisfies (H2) but fails to
satisfy the AR-condition.
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The energy functional /) : WOI’H(Q) — Rof (1.1) is given by
! p 1 q
L) = —[IVullp + =IVullg =2 | F(x,u)dx
p q Q

forall u € W(} ’H(Q). It is clear that I;, € C! and the critical points of I, are the weak

solutions of (1.1). Next, we introduce the functionals ¢, W : WOl ’H(Q) — R defined
by

1 1
q>(u)=;||w||§+§||wng,ﬂ and \Il(u):f F(x,u)dx 3.1)
Q

forall u € W(} ’H(Q). We have that I, = ® (1) — AW («) and all these functionals are
of class C!, where their derivatives are given by

(I (), ) =f (|Vu|P*2Vu +M(x)|W|q*2Vu) Vudx — x/ F(x, wvdx,
Q Q

(@' (), v)= f

<|Vu|”_2Vu + u(x)|Vu|q_2Vu) -Vudx,
Q

(‘V(u),v):/ f(x, w)vdx
Q

forall u, v e Wy H(Q).
First, we obtain the following proposition.

Proposition 3.3 Ler hypotheses (HI) and (H2) be satisfied. Then the functional
I: WOI’H(Q) — R satisfies the C-condition.

Proof Let {u,},eny C Wol’H(Q) be a sequence such that

|1 ()| <cy forsomecy > 0andforalln € N, 3.2)

(1 + lunll) I; (up) — 0 in WOI’H(Q)* asn — 00. (3.3)
From (3.3) we get

enllhl
‘(A(un), h) — )»/Qf(x, un)th‘ < T+ lunl 34

forall h € Wo"(Q) with &, — 0F. Choosing h = u, € W, () in (3.4) gives

—IVunllpy = IV G0 + /\f fx up)u, dx < &, (3.5
Q
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for all n € N. From (3.2) we have

%IIVMnllﬁ + IVl — ?»/ qF(x,up)dx < gcy. (3.6)
Q
Adding (3.5) and (3.6) and recalling that p < g, we derive
kf (f (s un) un — qF (x,up)) dx < c2 (3.7
Q

for some ¢» > 0 and for all » € N.
Hypotheses (H2)(i) and (H2)(iii) imply that we can find ¢3 € (0, {p) and c4 > 0
such that
calsl® —e4 < f(x,s)s —qF(x,s) 3.8)
fora.a.x € Q and for all s € R. Using (3.8) in (3.7) leads to
||u,,||§ < c¢5 forsome cs > 0 and forall n € N.
Hence

{n}peny S LE(R) is bounded. (3.9)

Note that p < N. From hypothesis (H2)(iii) it is clear that we may assume that
¢ < £ < p*. Then we can find ¢ € (0, 1) such that

-t (3.10)

Using the interpolation inequality (see Papageorgiou-Winkert [19, p. 116]), we have
lunlle = IIMnllé_t llup |l foralln € N.
This combined with (3.9) and Proposition 2.2(ii) results in

lunll’ < c6 llunl’® foralln € N (3.11)

with some c¢ > 0. Testing (3.4) with h = u,, € W(}’H(SZ) we obtain
IVun b + 1IVunllé 0 — xf f(x,up)u,dx < e, foralln € N.
Q
From Proposition 2.1(iii), (iv) and (H2)(i) as well as (3.11) we arrive at

min {”un”p’ ”Mn”q} = )h/ S up)uy dx + &, < deq [1 + ”un”te] +eée (3.12)
Q
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for some ¢7 > 0 and for all » € N.
From (3.10) and (H2)(iii) it follows

P —10) Np(t —¢) Np(t —1¢)
t=— = < v =P <4q.
p*—¢ Np—N¢+<¢p Np—N;+(—p),p
(3.13)
Then, from (3.12) and (3.13) we obtain that
1I'H .
{Untnen € Wy '"(2) is bounded.
Hence there exists a subsequence, not relabeled, such that

Up—u in WOI’H(Q) and u, — u in LE(Q). (3.14)

Ifweuseh =u, —u € WOI’H(SZ) in (3.4), pass to the limit as » — oo and use
(3.14), we obtain

lim (A(uy,), u, —u) =0.

n—o0

The (S4)-property of A (see Proposition 2.3) implies that u,, — u in W(}’H(Q). This
shows that 7, satisfies the C-condition. O

Now we are ready to formulate our main existence result.

Theorem 3.4 Let hypotheses (HI), (H2) be satisfied and let &, 1 > 0 be two constants
with & > n such that

F(x,s) >0 fora. ax € Qandforalls € [0, n], (3.15)

/ F(x,n)dx
1 B(xo,g)
14194 n? +nd

EP 4 %g‘f—P < (3.16)

where k1, k2, £, R and K are given in (H2)(i), (2.3) and (2.6), respectively. Then, for
each

A
£

K|Q|» P 4q 1 1
LeA = |$2]7" nf +n

P ’ 7 K2
Pep / Faeopde PopelQAN waglor+ 2gtor
R
B xo,j)

’

problem (1.1) has at least two nontrivial bounded weak solutions u; , v) € W(} ’H(Q)
such that I) (uy) < 0 < L (vy).
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Proof Let ® and W be as given in (3.1). First we see that ¥ and & fulfill all the required
regularity properties in Theorem 2.4. Indeed, ® is coercive due to Proposition 2.1(iv)
and the functional 7, is unbounded from below because of (H2)(ii). Also we see that

inf W) = ¥(0) = 0).
uew, (@)

It is clear that the interval A is nonempty due to assumption (3.16). Hence, we can
fix A € A and we set

P

11"
oD
p Cp

&7, (3.17)

r =

where ¢« is the best constant of the embedding Wé P(Q) — LP : (2). Next, we define
the function

0 ifx € Q\ B (x0, R),

i 2

i(x) = EH(R— x = xol) if B (x0. R) \ B (x0. &), (3.18)
n ifxeB(xo,g),

where xg € Qissuchthat B(xg, R) C €2, see (2.4). Itiseasy toseethatu € Wé’H(Q).
Step 10 < () <r
Using the representations of wg in (2.5) and R in (2.6) we obtain
D (1)
1 1
= —|Valy + = lIvall
p Pty q.1

1 20\’ 1 2n\?
= — — ] dx+ — ux) | —|) dx
P B(xo,R)\B(xo,g) R q B(xo,R)\B(xo,g) R

() ()] [ - e (5]

1 2N 1 1
_(np+nQ) WR - max{ ”M”oo}

= )
~p 2N RP’ R4
L
K|
<——— " +n7).
pcp*

(3.19)
From the definition of r and (3.19) we see that we have to show that

K (n” + nq) < &P, (3.20)
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Assume (3.20) is not true, so let us suppose that
K (n” +n?) = g". (3.21)

From the growth condition of f in (H2)(i) we derive that

KD K
/ F(x,n)dx < f (/cm + —nf) dx < (K117 + —nﬁ) Q. (3.22)
B(xo,g) B<x0,§) 14 [
Using (3.21) and (3.22) along with & > 1 we have that

Cf + 78 g+ FET|QI(an+ Fnf)
&r T KMmP+n?) T KL (P +n9)

F(x,n)dx
) /B(xo,g) |

K| (nP +n9)

K
KiE'P + 7252_” =

This is a contradiction to (3.16). Therefore, (3.20) holds, so we have shown that
0<d) <r.

Step 2 We need to verify the validity of condition (2.9) for r and # defined in (3.17)
and (3.18), respectively.

The representation of r in (3.17) gives

1

clopr\?

g:( P . (3.23)
[S2] P*

From the growth condition in (H2)(i), (2.2) and (3.23) we derive that

SUP,cp—1(]—o0,r]) V(1)
r
SUP co—1 (—oo.rp (K1 llullt 4+ S [ullf)

~

*

pr-1 -t
SUPy cdp—1 (]—00,r]) <K16p*|9| P IIWIIer%Cf,*IQI r* IIWIIf,>

IA

s} 1 K2 L rot £
- iicps|QL T (pr)? + TFe, Q0 T (pr)r

r
1-p t=p

P - P
*— c .pr\ ? c «pr\ ?
=pc§*|§2|% /q(ppp) +Q<—ppp>
[olk t\jepr

K
= pehielf (g~ + &) (3.24)




Bounded weak solutions to superlinear Dirichlet double phase problems Page 130f18 23

On the other hand, using (3.15), we get that

\IJ(L?):/ F (x,u) dx
Q
:/ F(x,z—n(R—|x—xo|)> dx
B R\B(x0.%) R
+ / F(x,n)dx
B(xo,g)

F(x,n)dx.
Z/B(XO,R) (x, ) dx

2

(3.25)
Combining (3.24), (3.16), (3.19) and (3.25) gives

SUPy -1 (1—co,r)) ¥ (1)
r

p K
< pen el g~ + 2]

F(x,n)dx
1 ~/;<x0,§>
K| n? +nd

2
< pc£*|Q|N

,n)d
'/B<xo’ )F(x n) dx

K|Q|»
—l‘,c;'; P +n9)
p*

Y@
T o

fs| vl

¥

This proves Step 2.

From Steps 1 and 2 and Proposition 3.3 we see that all the conditions in Theorem
2.4 are satisfied and so we conclude that problem (1.1) has at least two nontrivial weak
solutions u;,, v) € Wé’H(Q) such that ) (u;) < 0 < I, (v;). From Gasiniski-Winkert
[13, Theorem 3.1] we know that u;, vy € L®(Q). O

Let us now consider the special case when f is nonnegative and independent of x.
We suppose the following conditions:

(H3) f: R — Ris acontinuous function with f(s) > 0 for all s € R satisfying the
following conditions:

(l) There exist £ € (q, p*) and constants K1,K2 > 0 such that
f(S) =K1 K2|S|[ !

forall s € R;



23 Page140f 18 A. Sciammetta et al.

(ii) If F(s) = [, f(t)dz, then

(iii) There exists

N
p

0 < ¢o < liminf L5 4FE)

§—>00 s¢

such that

The next result is a consequence of Theorem 3.4.

Corollary 3.5 Let hypotheses (H1), (H3) be satisfied and let &, 1 > 0 be two constants
with & > n such that

wr _ F@)
2VKIQI P+ 04

€' P + %ge—p - (3.26)

where k1, k2, £, R and K are given in (H3)(i), (2.3) and (2.6), respectively. Then, for
each

P
INK|QIPF  nP + 1 |
(,()RPCZ* Fn) ' pc§*|§2|% K E1-P 4 %SZ—P

re AN =

problem (1.1) has at least two nontrivial bounded weak solutions u; , v) € WO1 ’H(Q)
such that I (uy) < 0 < I, (vy) and uy, vy > 0.

Proof We are going to apply Theorem 3.4. First, we point out that, since f is non-
negative, we have F(t) > 0 for all r € R. So (3.15) is satisfied. In addition, we know
that

w

N
T2 RN R
—F(n) = F(n), 3.27
| N () N () (3.27)

F(pdx = ————
/B(XO,I;) e r(

+3)

see (2.5). From (3.27) and (3.26) we see that (3.16) is fulfilled as well. Then, applying
Theorem 3.4, for each

*‘T‘

INKIQIT  pP 44 1 1

AEAN = , .
WRPChe F(n) pc§*|§2|% K1 E1-P + %th’—p
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problem (1.1) has at least two nontrivial bounded weak solutions u;, v, € WO1 ’H(Q)
such that I, (uy) < 0 < I, (vy). Testing the corresponding weak formulation with
—u, € W(}’H(Q) and —v, € W(}’H(Q), respectively, shows that both are nonnega-
tive, so u;, v; > 0. O

We get another result for nonnegative functions f: R — R.

Corollary 3.6 Let hypotheses (HI1), (H3) be satisfied and suppose that

. F(1)
lim sup —— = +o00. (3.28)
t—0t tP
Then, for each
ALEA 0 :
€Ay = |0, ——— - supg_g ,
pepeilf T gt 4 et

problem (1.1) has at least two nonnegative, nontrivial bounded weak solutions u;,, v
e W TH(Q) such that I (u;) < 0 < L (vy).

Proof Let A € A be fixed. Then we can find £ > 0 such that

1 1

A< > I3 .
pepl QN wglor 4 et

On the other hand condition (3.28) implies that

. F(n)
lim sup = 400
ot P+l

Hence, we can find a number 5 € (0, &) such that

I @rpC  F()
- < . .
hooNgQe 1P

Then the assertion of the theorem follows from Corollary 3.5. O

Finally, we want to give a concrete example for a function which fits in our setting.

Example3.7 Let p =3, N =4andqg =4,then 1 < p < Nand p < g < p* =12.
1

32
Let =B (0, 3%) C R*. Then ’B (O, 3%) = 7712. We consider the function

f&) =0 +03[A4In(1+1)+1] fort > 0.
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Then we have
F(s) = fs f(@®)dr = /S (1 +t)3 [4In(1+¢1)+1]de = (1 +s)4ln(1 + ).
0 0

For each

the problem

—div <|Vu|p_2Vu + \/xz +y2 472+ w2|Vu|q_2Vu> =Af(u) inQ,
u=2~0 on 092,

admits at least two nonnegative, nontrivial bounded weak solutions.

1
Indeed, if we put k] = 15, ko =20, ¢ =5and & = (%) * we observe that (H3)

and (3.28) are satisfied. Moreover, due to Talenti [23], one has that

s LG
Cpr < n_%4—%2% % = (5 _352.7[3 ’
This gives
1 1 _2.5%.7i
ZACTES TN

Then, the assertion follows from Corollary 3.6.
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