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Abstract

We develop the concept of operators in Hilbert spaces which are similar to their
adjoints via antiunitary operators, the latter being not necessarily involutive. We dis-
cuss extension theory, refined polar and singular-value decompositions, and antilinear
eigenfunction expansions. The study is motivated by physical symmetries in quantum
mechanics with non-self-adjoint operators.

Mathematics Subject Classification 47A15 - 47B28 - 47B35 - 81Q12

1 Introduction

A fundamental postulate of quantum mechanics says that physical observables are
represented by self-adjoint operators in Hilbert spaces. It does not mean that quantum
theory is free of non-self-adjoint operators. For instance, physical symmetries are rep-
resented by unitary and antiunitary operators. There are also quantum open systems
which are conveniently modelled by non-self-adjoint operators; more generally, the
latter arise in many other areas of physics where the time evolution is not conservative.
What is more, recent years have brought motivations for considering unconventional
representations of observables by possibly non-self-adjoint operators which are how-
ever similar to self-adjoint operators (see [2] for a mathematical overview).

To cover these more general circumstances in the recent developments of quantum
mechanics, the concept of linear operators H satisfying the complex-self-adjointness
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relation
H*=CHC™! (D)

with an antiunitary C was proposed in [3, 15, 16]. Here the physical meaning of C
is typically a time-reversal symmetry or its composition with the parity and charge
symmetries.

If C is involutive, i.e. C*> = I (so that c = (), then C is called conjugation and
the operators satisfying (1) are sometimes called C-self-adjoint (see [11, Sect. 1.4]
and [6, Sect. II1.5]). This class of operators represent a well studied area of functional
analysis, notably due to the highly influential works of Garcia and Putinar [9, 10] (see
also [18] and the excellent survey [8]).

However, it was pointed out in [15] that the involutive requirement about C is too
restrictive once the spin is taken into account. Indeed, the time-reversal operator for
fermionic systems modelled by the Pauli or Dirac operators is rather anti-involutive,
i.e. C* = —1I. To cover these and other circumstances, the more general identity (1)
was proposed in [15] (see also [16, Sect. 5.2.5.4]). Unfortunately, despite the prevailing
physical motivations, there seem to be no systematic theory of the general complex-
self-adjoint operators and the objective of this paper is precisely to initiate to fill in
this gap.

The organisation of this paper is as follows. In Sect. 2, we introduce the concept
of complex-symmetric and complex-self-adjoint operators and summarise their basic
properties. The extension theory for symmetric and complex-symmetric operators is
discussed in Sect. 3. We manage to go beyond the involutive approach of [6, Sect. I11.5]
in several directions, however, the question whether any C-symmetric operator admits
a C-self-adjoint extension remains open (unless C is involutive). In Sect. 4, we extend
the results of [10] about refined polar decompositions for C-self-adjoint operators
to the present general setting. In Sects. 5 and 6, we try to extend the results of
[10] about refined singular-value decompositions for compact C-self-adjoint operators
and antilinear eigenfunction expansions for C-self-adjoint operators with compact
resolvents, respectively. However, we manage to do so only under an extra hypothesis
about the simplicity of the singular values. In Sect. 7 we present an operator in the
spinorial Hilbert space L*(R; C?) which is complex-symmetric but for which there is
no obvious involutive conjugation. Further illustrations, including examples in model
spaces, are given in Sect. 8.

2 Definitions and basic properties

Let H be a complex separable Hilbert space; the norm and the inner product are
denoted by || - || and (-, -), respectively, and our convention is that the latter is linear in
the second component. A linear (respectively, antilinear) operator A in H is a function
which sends every vector ¥ in a (linear) subspace D(A) C H called the domain of A
to a vector Ay € H and satisfies the additivity condition A(¢ + ) = A¢ + Ay
for every ¢, ¥ € D(A) together with the homogeneity (respectively, antihomogeneity)
condition A(axyr) = oAy (respectively, A(ayr) = a Ay ) for every ¥ € D(A) and
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a € C.If D(A) = H, the operator A is said to be defined on H. We denote the range
and kernel of A by R(A) and N(A), respectively.

An operator A on H is said to be isometric if it preserves the norm: [|Ay || = ||y ||
for every ¥ € H. By the polarisation identity, it follows that (A¢, AY) = (¢, V)
(respectively, (A¢, AY) = (¢, ¢)) for every ¢, v € H, provided that A is linear
(respectively, antilinear). In either case, the adjoint of A coincides with the left inverse
of A. More specifically, in distinction to some recent papers (see, e.g., [5, 14]), we
use the same notation A* for the adjoint of any densely defined operator A: it satisfies
(¢, AYr) = (A*@, ) (respectively, (¢, Ayr) = (A*@, ), for every ¥ € D(A) and
¢ € D(A%), if A is linear (respectively, antilinear). Then the left-inverse property
for the isometric operator A precisely means that A*A = [, where I stands for
the identity operator on H. If, in addition, R(A) = H, then A is called unitary or
antiunitary depending on whether A is linear or antilinear, respectively. Then the
adjoint of A coincides with the right inverse of A too, i.e. AA* = I.In summary, A is
bijective as an operator on H onto H and A~! = A* if A is unitary or antiunitary.
Any unitary or antiunitary operator A is bounded and boundedly invertible, in fact
IAll=1=1(A""].

In the sequel, H stands for a generic linear operator in H.

Definition 1 We say that H is complex-symmetric with respect to C (or briefly C-
symmetric) if H is densely defined and there exists an antiunitary operator C in ‘H
such that the adjoint H* is an extension of CHC ™!, i.e. CHC™' ¢ H*.

We say that H is complex-self-adjoint with respect to C (or briefly C-self-adjoint)
if H is densely defined and there exists an antiunitary operator C in H such that
CHC '=H*

We say that H is complex-symmetric (respectively, complex-self-adjoint) if there
exists an antiunitary operator with respect to which it is complex-symmetric (respec-
tively, complex-self-adjoint).

Remark 1 Since we allow for the concise notations “C-symmetric” and “C-self-
adjoint”, it is important to emphasise that our definition generalises the usual concepts
of just involutive antiunitary C (see [11, Sect. .4] and [6, Sect. II1.5] for the traditional
references); in this special case, C is called conjugation. Occasionally, we shall use
the same terminology in the present more general setting when C is not necessarily
involutive.

At the same time, we warn the reader that the same notation is used in the theory of
Krein spaces where C is a linear involution (see, e.g., [1]). Even more confusingly, in
physics literature, the property of H being “C-symmetric” (with C unitary or antiu-
nitary) occasionally means the commutation relation [C, H] = 0 (which precisely
means CH = HC). We refer to [16, Sect. 5.2.5] for an overview of these different
notions.

The C-self-adjointness of H particularly requires that C : D(H) — D(H™) is a
bijection. Obviously, H is C-self-adjoint, if, and only if, H* is C~!-self-adjoint.
If C is antiunitary, it is easily seen that

(¢, Cy) = (¥, C'p) 2)
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for every ¢, ¢ € H. Furthermore, for any densely defined linear operator H, it is
easily shown that
(CHC™Y*=cCcH*C™'. 3)

It follows that H is C-symmetric if, and only if, H ¢ C"'H*C = (C"'HC)* and
this implies that H is closable, the closure being also C-symmetric. At the same time,
by the closedness of the adjoint, any complex-self-adjoint operator is automatically
closed.

Recall that the spectrum o (H) of any closed linear operator H in H is the set of those
complex numbers A for which H — Al : D(H) — 'H is not bijective. The resolvent
set is the complement p (H) := C\ o (H). The point spectrum o, (H) of H is the set
of eigenvalues of H (i.e. the operator H — A[ is not injective). For the surjectivity,
one says that . € o (H) belongs to the continuous spectrum o.(H) (respectively,
residual spectrum o (H)) of H if A ¢ op,(H) and the closure of the range R(H — A1)
equals H (respectively, the closure is a proper subset of H). If H is densely defined,
then N(H*) = R(H)1, where L denotes the orthogonal complement; consequently,
one has the general characterisation

or(H) = {i ¢ op(H) : % € 0p(H")} . 4)

It is well known that the residual spectrum of any self-adjoint operator is empty. It
turns out that the same holds true for complex-self-adjoint operators. In the context of
applications in quantum mechanics, this simple observation goes back to [3] and [15]
in the involutive and the general case, respectively.

Proposition 1 Let H be a linear operator which is complex-self-adjoint. Then
o(H)=09.

Proof Let H satisfy (1) with some antiunitary operator C. Then X is an eigenvalue of H
(with eigenvector ¥ € D(H)) if, and only if, A is an eigenvalue of H* (with eigenvector
Cyr € D(H™)). So the absence of elements in the residual spectrum follows from the
general formula (4). O

3 Extension theory

The nullity (respectively, deficiency) of a linear operator H in H is nul(H) :=
dim N(H) (respectively, def(H) := codim R(H)). Recall that the codimension of
a subspace H' C 'H is defined as the dimension of the quotient space H/H'. If H' is
closed, then codim 1’ = dim ', where L denotes the orthogonal complement.

If H is closed, it is well known (see, e.g., [6, Thm. II1.2.3]) that def(H — A[) is
constant in each connected component of the exterior of the numerical range of H.
In particular, if H is symmetric (i.e. H is densely defined and H C H*), then the
deficiency indices:

M4 (H) := def(H — AI), reCri={AeC:30s0}
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are well defined and constant. By extension theory of symmetric operators (see, e.g.,
[6, Sect. 111.4]), a symmetric operator H admits a self-adjoint extension if, and only
if, my(H) = m_(H); H is self-adjoint if, and only if, m (H) = 0 = m_(H).

There are well-known examples of symmetric operators which do not admit
any self-adjoint extension. It is interesting that these pathological situations can be
excluded for operators admitting an antiunitary symmetry in the sense of the follow-
ing definition.

Definition 2 We say that H is real with respect to C (or briefly C-real) if there exists
an antiunitary operator C in  such that CHC~! = H.

Remark 2 The definition is an extension of the terminology of [6, Thm. II1.5.1] to not
necessarily involutive operators C. In physical terms, the present general notion is
equivalent to the commutation relation [C, H] = 0 (¢f: Remark 1).

The following theorem is an extension of [6, Thm. II1.5.3], where the symmetry C
was assumed to be involutive.

Theorem 1 Let H be a closed symmetric operator which is C-real. Then my(H) =
m_(H). Consequently, H admits a self-adjoint extension.

Proof Since H is C-real, it follows from (3) that also the adjoint H* is C-real. Note
also that the range R(H — A[I) is closed for A € C.. Consequently,

H/R(H +il) ZR(H +il)* =N(H* —il)
=N(CHC™Hh* =il
=N(CH*C™' —iI)
=N(C(H*+ilC™h)
=CN(H* +il).

Since my(H) = dimN(H* i) and C is a bijection, we have m (H) = m_(H).O
We now turn to complex-symmetric operators. The following simple observation

is an extension of [6, Lem. III.5.4], where the operator is assumed to be complex-
symmetric/complex-self-adjoint with respect to (involutive) conjugations.

Lemma 1 Let H be a closed complex-symmetric operator. Then, for any A € C,
N(H —AI) c CTIN(H* = A1), 5)
50
nul(H — AI) < nul(H* = X1).

If H is complex-self-adjoint, the inclusion and the inequality become equalities.
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Proof If H is C-symmetric, then H C Cc~'H*C, so for f e D(H)

(H=—A)f =0 (CT'H'C—A)f=0
— C Y H*—ADCf =0
— (H*—=ADCf =0
— feC'NH*—AI).

Thus, (5) holds. If H is C-self-adjoint, then H = C'H*C,s0 f € D(H) if, and only
if, Cf € D(H*), therefore we have equality in (5). O

Before we proceed further, let us recall (see, e.g., [6, Def. I11.2.5]) that the field of
regularity TI(H) of H is defined as the set of complex points A for which there exist
positive constants k, such that |(H — A || > k; ||y || for all € D(H). If H is
closed, then IT(H) coincides with the set of points A for which R(H — A1) is closed
and nul(H — AI) = 0. In this case, A +— def(H — AI) is constant in any connected
component of TT(H).

Now we are in a position to state the following generalisation of [6, Thm. IIL.5.5].

Theorem 2 A closed C-symmetric operator is C-self-adjoint if, and only if, def(H —
Al) = 0 for some, and hence all, ). € TI(H).

Proof If H is complex-self-adjoint and A € TI(H), then R(H — A[I) is closed and
Lemma 1 implies

def(H — A1) = nul(H* — A1) = nul(H — AI) =0.

Conversely, suppose that def(H —AI) = Oforsome A € I[1(H). ThenR(H —AI) =
‘H and .
RICHC ' —AI)=R(C(H —A)C™H) =H. 6)

If CHC~! # H*, there exists a non-zero ¥ € D(H*) \ D(CHC™"). From (6),
(H* =2y = (CHC™' —D)¢

for some ¢ € D(CHC_12 and since CHC__1 C H* wehave (H* —AI)( — ) = 0.
Thatis,  —¢ € N(H*—1I). ButN(H* —XI) = R(H —AI)" = {0} and consequently
V¥ = ¢ € D(CHC™!), contradicting the hypothesis that CHC ™! # H*. O

Now, following [6, Sect. I11.5.2], given a C-symmetric operator H, we define A :=
H and B := C~'HC. Then, for every v € D(A) = D(H) and ¢ € D(B) =
C~!D(H), one has
(¢, AY) = (¢, CT'H*CY) = (H*Cy, Cp) = (Cyr, HC) = (B, V),

where the second and last equalities employ (2). Hence, A and B are adjoint to each
other. Also if A € T1(A) and ¢ € D(B),

1B =2yl =IC™ (H = ADCYIl =k ICyll =k v,
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sothat A € TI(B). Then the theory of extensions of closed operators (see [6, Sect. IT1.3])
yields the general formulae

D(B*) = D(A)+N((A* — XI)(B* — AI)),
D(A*) = D(B)+N((B* — AI)(A* — 1))

Moreover, if def(A — AT) and def(B — A1) are finite, then
dim(D(B*)/D(A)) = dim(D(A*)/D(B)) = def(A — A1) + def(B — A1) .
In our case, if A € TT1(H), then
def(A — A1) = nul(H* — A1)
=nul(C~Y(H* = 21)C)
=nul(C"'H*C = AI)

= def((C™'H*C)* — AI)
= def(B — ).

We therefore obtain the following generalisation of [6, Thm. II1.5.6].

Theorem 3 Let H be a closed C-symmetric operator with I1(H) # &. Then, for any
A e II(H),

D(C™'H*C) = D(H)+N((H* — A)(CT'H*C — AD)).
Ifdef(H — A1) < oo,
dim(D(C™'H*C)/D(H)) = 2def(H — AI).

An immediate consequence of this theorem is the following generalisation of [6,
Thm. II1.5.7].

Corollary 1 If H is a closed complex-symmetric operator, then A +— def(H — A1) is
constant on T1(H).

We leave as an open problem whether any C-symmetric operator has a C-self-
adjoint extension. This is well known to hold if C is involutive (see [6, Thm. II1.5.8]).
However, the proof of [6, Thm. II1.5.8] does not seem to extend to the general situation
of the present paper.

4 Refined polar decomposition

Following [12, Sect. V.2.2], we first extend the notion of isometric operators introduced
above. We say that a (linear or antilinear) operator A defined on H is partially isometric
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if there exists a closed subspace M C H such that |Ay|| = ||y || for ¥ € M while
Ay = O0foryy € M. The closed subspaces M and M’ := AM are called the initial
and final sets of A, respectively. Then we say that a partially isometric operator A is
partially unitary or partially antiunitary depending on whether A is linear or antilinear,
respectively.

It is well known (see, e.g., [12, Sect. VI.2.7]) that any densely defined, closed
linear operator H in H admits a unique polar decomposition H = U|H|, where
|H| := (H*H)'/? is non-negative and U is partially unitary with the initial set R(|H|)
and the final set R(H). One has D(|H|) = D(H) and N(|H|) = N(H). At the same
time, the polar decomposition of the adjoint reads H* = |H|U*.

The following refinement shows that if H is complex-self-adjoint, then U is also
complex-self-adjoint (with respect to the same antiunitary operator C). Furthermore,
U is a composition of another partially antiunitary operator commuting with H and
the inverse of the original antiunitary operator. In the case of involutive antiunitary
operators C, the result is due to [10, Thm. 2 & Thm. 9] and [10, Thm. 9]. If H is
unbounded, however, it is assumed as an extra hypothesis in [10, Thm. 9] that zero is
in the resolvent set of H. In our version of the theorem below, C does not need to be
involutive and H can be unbounded without any further properties.

Theorem 4 Let H be a linear operator which is C-self-adjoint. Then
H=C"JIH|, (7)

where J is a partially antiunitary operator with the initial set R(|H|) and the final set
R(|H ), which commutes with |H |.

Before proving the theorem, let us argue that the result indeed implies that the
partially unitary map from the polar decomposition of H is complex-self-adjoint.

Corollary 2 Let H be a linear operator which is C-self-adjoint. If H = U|H| is its
polar decomposition, then U is C-self-adjoint, too.

Proof By Theorem 4, one has U = C~!J. The complex-self-adjointness of H, iden-
tity (7) and the commutativity of |H| and J imply H* = CHC™' = J|H|C™! =
|H|JC~! = |H|U*. From this and the uniqueness of the polar decomposition of H*,
we deduce that U* = JC~! = CUC™!, which is the desired claim. |

The “hidden symmetry” J shares the same involutive properties as the “obvious
symmetry” C.

Corollary 3 Assume the hypotheses and notations of Theorem 4. If C is involutive
(respectively, anti-involutive), then the restriction of J on R(|H|) is involutive (respec-
tively, anti-involutive).

Proof As in the proof of the previous corollary, one has U* = JC~! where
U:=ClJ. Consequently, for every ¥ € R(|H|), one has J2y = U*CCUy =
+U*Uy = £, where the plus (respectively, minus) sign holds if C is involutive
(respectively, anti-involutive). O
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Now we proceed with the proof of Theorem 4.

Proof of Theorem 4 We extend the proof of [10, Thm. 2] to the case of C being not
necessarily involutive. Write the polar decomposition H = U|H| and note that the
complex-self-adjointness of H implies

H=C"'"H*C =Cc7"|H|U*C = c”'(U*U)|H|U*C = (C"'U*C) (CT'U|H|U*C) .
———— —
=W =:A
®)
Here the last but one equality employs that U*Uy =  for every ¢ € R(|H]), the
initial set of U.

First, we observe that W is partially isometric. Indeed, using that W* = C~'UC,
it is easily seen that WW*W = C~'U*UU*C = W, so the desired property holds
due to the criterion [12, Prob. V.2.6]. Second, we claim that A is non-negative. Indeed,
using (2), one has (Y, Ay) = (UIH|U*Cyr, Cy) = (U*Cyr, |H|U*C) for every
Y € D(H), so the desired property follows by the non-negativity of |H|. Then the
strategy of the proof is to show that the initial set of W coincides with the initial set
of U. By the uniqueness of the polar decomposition of H, it will allow us to conclude
that

W=U ad A=|H|. )

To show that the initial set of W coincides with the initial set of U, it is enough to
prove that N(W) = N(U) = N(H). Obviously, N(W) = N(U*C). At the same time,
N(A) = N(U|H|U*C) = N(|H|U*C) = N(U*C) , where the last two equalities hold
due to the facts that U and U™ have W as their initial and final sets, respectively,
and the last equality also employs that | H| is self-adjoint. Hence, N(W) = N(A). It
remains to show that N(A) = N(H). The inclusion N(A) C N(H) is clear from (8).
Conversely, if ¥ € N(H), then (8) implies that ¥ € N(A) or Ay € N(W). But
the latter is impossible unless Ayr = 0, because of the previously established fact
N(W) = N(A) and the self-adjointness of A. In summary, we have proved (9).

The first equality of (9) shows that U is C-self-adjoint. Moreover, defining J :=
CU, one has J = U*C. It follows that J is partially antiunitary with R(| H|) being
both the initial and the final set. As a consequence of the second equality of (9) and
the formula J~! = C~'U, one has |H| = J~!|H|J. Hence, J|H| = |H|J, so J
commutes with |H|. O

5 Refined singular-value decomposition

We now turn to compact operators. Before stating and proving the refined singular-
value decomposition, we establish an elementary result.

Lemma2 Let m € N* := N\ {0}. Let £ be an m-dimensional subspace of H, let J
be an antiunitary operator on £ and assume that £ is invariant under J. There exists
an orthonormal basis (¢1, ..., ¢u) of € which is fixed by J, i.e. Jp; = ¢; for every
j €{l,..., m}, provided one of the following conditions hold:

(i) J is involutive;
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(ii) m = 1.

Proof The situation (i) is well known (see, e.g., [9, Lem. 1]), so we only prove (ii).
Let ¢ € & be such that ||| = 1. Since £ = span(y/) in invariant under isometric J,
there exists « € R such that Jy = /1. Let us define ¢ := /Py, where f € Ris to
be chosen by requiring J¢ = ¢. An obvious solution is given by g := «/2. O

Remark 3 The conclusion of Lemma 2 does not hold for a general non-involutive
antiunitary J unless the extra hypothesis (ii) is assumed. Indeed, since £ is invariant
under the isometry J, it is easily seen that, if (, ..., ¥,,) is an orthonormal basis
of &, then (Jy,..., Jy,) is one, too. Hence, there exist complex numbers a i
with j, k € {1,..., m} such that Jy; = Z'}Ll ajky; and the matrix A := (aji) is
unitary. In fact, ajx = (¥, Jyx). Let B := (bjx) be another unitary matrix and set
¢ = > bjk¥j. Then the requirement J¢; = ¢; for every j € {1,...,m} is
equivalent to the matrix identity

B*AB =1, (10)

where I denotes the identity matrix in C"*". Using the unitarity of B, (10) is equiva-
lentto AB = B. Since BT = B* = B~! = (det B)~!(cof B)T, where cof B denotes
the cofactor matrix of B, it follows that (10) is equivalent to

Acof B = (det B)B. (11)

If m = 2, then (11) can be written as the homogeneous system

—detB —ap 0 ar b11 0
ajp —detB —ay 0 bia 0
0 —ar)y —detB ap by |O
an 0 —ap; —detB b 0

A necessary condition to guarantee the existence of a non-trivial solution is that the
determinant of the square matrix equals zero:

(det A)? + (det B)* — (det B)? 2ajjaxn —aly —a3;) =0.
Using that (10) implies (det B)2 = det A, the last condition reads
det A (a1p —a21)* =0,

whence ajp = ap). Using the antiunitarity of J (c¢f. (2)), this symmetry requirement
is equivalent to (Y1, JYn) = (Y1, J -1 Y2), which cannot be guaranteed in general
unless J~! = J.

Let H be a compact linear operator on H. Recall that the eigenvalues of the self-
adjoint operator |H| are called the singular values of H. They will be denoted by
o1, 02, ...,arranged sothato; > o7 > - - - > 0, and repeated according to multiplicity.
With the convention that o is defined to be zero for all sufficiently large j if H (and
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hence |H|) is of finite rank, we see that in all cases, u; — 0 as j — oo. Itis well
known that H and H™* have the same singular values (cf. [6, Thm. I1.5.7]).

In the case of involutive antiunitary operators, the following result is due to [10,
Thm. 3].

Theorem 5 Let H be a compact linear operator on H which is C-self-adjoint. Assume
that all the non-zero singular values oj of H have multiplicity one or that C is invo-
lutive. There exist orthonormal eigenvectors ¢ of |H| corresponding to the non-zero
eigenvalues oj such that

H=Y 0;C""¢;j(¢;.) and H*=Y) o0;¢;(C '¢;.). (12

j=1 j=1

Proof 1t is well known (see, e.g., [6, Thm. I1.5.7]) that any compact linear operator H
on H and its adjoint H* admit the decompositions

H=Y o0& ;. and H*=Z<fﬂﬁj(€jw>v (13)

j=1

where ¥ are orthonormal eigenvectors of |H | corresponding to the eigenvalues o

and §; := o' Hl/r] (0j # 0). The series in (13) are finite if H is of finite rank. Using
Theorem 4, We get

gi=C"1y;.

Moreover, since J commutes with |H|, it follows that J; is an eigenvector of |H|,
too.

Since H is compact, the mutually orthogonal eigenspaces &, of | H| corresponding
to the distinct non-zero eigenvalues u,, are finite dimensional, say of dimension m,,.
Relabelling the terms in the known decompositions (13), we may write

mp

H= ZﬂnZC J¥nk (Jug.-)  and Zunank(C Tk )
n=1 n=1

where (Y1, ..., ¥ m,) is an orthonormal basis of £,. On each spectral subspace &,
of |H|, J restricts to an antiunitary operator and J&, = &,. By Lemma 2, there exists
another orthonormal basis (¢, 1, - . . , §n.m,) of &, which is fixed by J. Consequently,

H = Zunznc $nk ($nk,)  and H*=Zuni¢n,k(c—l¢n,k,-).
n=1

n=1 k=1

The desired representation (12) follows upon a suitable relabelling of terms. O
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Remark 4 1f H is C-self-adjoint, then H* is C~!-self-adjoint. Therefore one also has
the alternative decomposition

00
H*:Zajcnj (T]j,~), (14)
j=1

where 1 ; are orthonormal eigenvectors of | H*| corresponding to the non-zero eigenval-
ues o (recall that H and H* have the same singular values). The second decomposition
of (12) is consistent with (14). Indeed, from the formula |H*| = U|H|U* (cf. [12,
Eq. (V1.2.25)]), where U is the partially unitary operator from the polar decomposi-
tion of H, it is clear that ¢; is an eigenvector of |H| if, and only if, n; := U¢; is an
eigenvector of |H*|. However, in our case, n; = C -1y p; =C _1¢A,~, where the last
equality holds because ¢; has been fixed by J in the proof of Theorem 5.

6 Antilinear eigenfunction expansions

There is no spectral-type theorem for complex-self-adjoint operators in general. In
fact, there are well known examples of complex-self-adjoint operators with compact
resolvent and empty spectrum (see, e.g., [17, Sect. VIL.A]). Nevertheless, even for such
pathological operators, there is always a canonically associated antilinear eigenvalue
problem which has a complete set of mutually orthogonal eigenfunctions. This is the
message of the following result, which is due to [10, Thm. 7] in the case of involutive
antiunitary operators.

Theorem 6 Let H be a C-self-adjoint linear operator in an infinite-dimensional 'H.
Assume that H has a compact resolvent R(z) := (H — zI)~" for some complex
number z. Furthermore, assume that all the singular values of R(z) have multiplicity
one or that C is involutive. There exists an orthonormal basis (1 j j’o: 1 of H consisting
of solutions of the antilinear eigenvalue problem

(H—z)Yj =21;C¥j, (15)

where (A j)?il is an increasing sequence of positive numbers tending to +00.

Proof First of all, notice that 7z belongs to the resolvent set of the adjoint H* and
R(z)* = (H* — zI)~! is a compact operator on 7, too. Indeed, since the residual
spectrum of H is empty (cf. Proposition 1), z ¢ o, (H™*) and the operator H* — Z1 is
invertible. Since H* is also complex-self-adjoint, its residual spectrum is empty, too,
so R(H* — zI) is dense in H. Since R(H* — zI) is closed if, and only if, R(H — zI)
is closed (cf. [6, Thm. 1.3.7]) and z belongs to the resolvent set of H, it follows that
actually R(H* — zI) = 'H. Hence, R(z)* is defined on H. This fact enables us to
conclude that R(z) is C-self-adjoint:

CR)C'=CH -z 'c"(H* —znhcc " H* -z~ = R(»)*.
N——

H—zI
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Now, by Theorem 5 applied to R(z), there exists an orthonormal basis (¢ j)?i | of H
(composed of eigenvectors of |R(z)|) such that

R@)$p; =0;C"'¢;. (16)

where o; are the singular values of R(z). Recall that (o j);?‘;l is a decreasing sequence

of positive numbers such that o; — 0 as j — oo. Since each C ) ; belongs to
R(R(z)) = D(H), we apply H — zI to both sides of (16) and the desired result (15)
follows with 3.; := o' and ¥ := C~'¢;. o

Corollary 4 Under the hypotheses of Theorem 6,

R 1
IRl =

This corollary is a useful tool for the study of pseudospectral properties of complex-
self-adjoint operators. Recall that, given any positive number ¢, the pseudospectrum
os(H) of a closed linear operator H is the union of its spectrum o (H) and all the
complex numbers z such that |R(z)| > ™.

Corollary 5 Under the hypotheses of Theorem 6, if .| > ¢, then z € o.(H).

7 Toy model: spinorial Hilbert space

In this section we introduce a one-parameric family of generically non-self-adjoint
operators which are complex-self-adjoint with respect to an antiunitary operator, but
the latter cannot be chosen, in any obvious way, to be involutive. Our motivation is
the anti-involutive time-reversal operator for fermionic systems.

We begin with the self-adjoint one-dimensional Pauli operator in the Hilbert space
H := L*(R; C?) defined by

Ho = p* 0 D(Ho) 1= W22(R: C2
0-.-= O p2 ) 0) = ( ) )v

where py := —i¢’ with D(p) := WI2(R) is the (self-adjoint) momentum operator
in L2(R). It is well known that Hy is self-adjoint and o (Hp) = [0, +00). Physically,
H)y represents the quantum Hamiltonian of a non-relativistic spin % particle on a line.

Obviously, Hyp is complex-self-adjoint with respect to a variety of antiunitary oper-
ators on H, for instance,

Ky =1, C):=01K, Cyr:=—ionK, Cz :=03K,

01 0—i 10
"1:(10)’ ”2:(1' 0)’ "3::(0—1>’

where
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are the Pauli matrices. Here K, C, C3 are involutive, while C; is anti-involutive.
For the Schrédinger equation generated by the scalar Hamiltonian p? in L?(R), the
time-reversal operator is represented by the complex conjugation K. For the Pauli
equation, however, it is rather C, (or its multiple) which plays the role of the time-
reversal operator (see, e.g., [19, Sect. 3]).

Now, let us consider the off-diagonal perturbation

_(0p — w2 02
Vy 1= (ap 0), D(V) =W (R;C),

where « is a real parameter. For every o € R, it is easy to see that V,, is relatively
bounded with respect to Hy with the relative bound less than one (actually, the bound
can be chosen arbitrarily small). Consequently, H, := Hy + V, with its natural
domain D(H,) = D(Hp) N D(V,) = W22(R; C?) is closed. H, is not self-adjoint
unless « = 1. Indeed,

2
HY = (1; O;é’) . D(HY) = D(H,) = W>2(R; C?).

It is straightforward to check that Hy is not Cj-self-adjoint, irrespectively of the
value of «r. At the same time, H,, is not complex-self-adjoint with respect to K (respec-
tively, C3), unless @« = —1 (respectively, « = 1). However, H, is C»-self-adjoint, for
every o € R. What is more, there is no obvious conjugation with respect to which H,
is complex-self-adjoint, unless o« = 1.

Proposition 2 Let o € R\ {£1}. There exists no antiunitary operator of multiplication
by a constant matrix C satisfying C*> = I and H} =CH,C -1

Proof By contradiction, let us assume that there exists an antiunitary operator of mul-
tiplication by a constant matrix C satisfying C> = I and H} = CH,C~!. Writing
C = AK, where K is the complex conjugation, it follows that A is necessarily a
unitary matrix of multiplication, say

arl a2
A= . ai,an,ax,an €C.
asi an

Hence, it is enough to show that the equations
H;A = AKH.K, AAT =1 and AA=1 (17)

cannot be satisfied simultaneously. From the last two equations of (17), we particularly
deduce that ajp = az;. Then, using p = —p, the first equation of (17) reads

2 2
_ (aup” —apap —anp+anp

(a11p2 +apap 6112172 +anap _
annp? —anap —app +anp?)

anp+ a12P2 app+ a22P2
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From the equations on the diagonal we deduce a2 = 0, while the off-diagonal equa-
tions yield axoa = —aj; and aj] = —aap;y. Taking the absolute value and using that
lai1| = 1 = |aaa|, it follows that |o| = 1. O

We leave as an open problem whether H, admits a more refined involutive antiu-
nitary operator with respect to which it is complex-self-adjoint.
Using the Fourier transform, the spectrum of H, can be computed explicitly:

o
-, if >0,
o (Hy) = [ 7 +oo) it o>
[LeC: M =0 A IS =|a|Rr} if a<O.

It is interesting that the spectrum is purely real for all non-negative « despite the fact
that the operator H, is self-adjoint only if @ = 1. Since the reality of the spectrum is
usually associated with some symmetries, let us mention that Hy is “P C-symmetric”,
i.e. [Hy, PC3] = 0, with P := o1. When a = 0, there is an abrupt transition to a
parabolic curve which converges to the imaginary axis as « — —o0.

Pseudospectral properties of H, as well as perturbations by matrix-valued potentials
should constitute an interesting area of a future research.

8 Further examples

The objective of this last section is to collect other examples of complex-self-adjoint
operators with no obvious involutive conjugations, in a different Hilbert-space setting.
We refer to [7] for more details on the present functional setup.

In what follows, L2(T) =: L? denotes the Lebesgue space of all complex-valued,
square-integrable functions on the unit circle T. The Hardy space H>(D) =: H_% of
the unit disk D is defined by

H>(D) :={feL*: f(n)=0 for n <0},
where f (n) is the n'™ Fourier coefficient of f € L?. We also introduce
H2 :=zH2 ={feL®: f(n)=0 for n > 0}.

Wehave L? = H 42_ @ H?2 . The orthogonal projections from L2 to Hi will be denoted by
P*. By L™ we denote the space of all complex-valued, essentially bounded functions
on T. By H* we denote the space of all functions analytic and bounded on D, identified
with a closed subspace of L*°.

Given an inner function (i.e. y € H*® and |y| = 1 a.e. on T), we associate to it the
model space

K, =H>oyH*={ff €H}: yfr=[f €H}.
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If y; is another inner function such that y/y; € H®, we say that y| divides y (we
write y; < y) and we can decompose

Ky =Ky @ 1Ky, -

In each model space K, we can define a natural involutive conjugation C,, given
by
Cyf=vyif (18)

forevery f € K,,.

8.1 Example 1

Let y, a, B be inner functions, with y = . Then K,, admits two orthogonal decom-
positions,

K, =Ky ®aKg, K, =Kg® Ky .
Consequently, every function f € K, admits two representations
f=hlaetafrp, [f=lp+Bfre.

with fi¢, f2.0 € Ko and f1 g, f2,p € K.
Let £ € R and define the antilinear operator Cy g on K, by setting, for every

fekK,,

Cap(f) = Cap(fra+afop) =€ Cpfap+PCafia.
where Cg(p) = Bz¢ for ¢ € Kg and Cy(¢) = azg for ¢ € K, according to (18).
Proposition 3 One has, for every f € K,

Cap()=Chs(fip+Bfra) =Cafra+eaCpfip.

Proof Let us abbreviate C, g =: C. Forany f, g € K, with f = fi o + af2 g and
g = 81, + Bg2.a> One has

(8. Cf) = (81,8 + B0 Cfia +afop)) = (81,5 + B2 € Cpfop+ BCafia)-
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Since e’*Cp fo.p € KgLBH? and BCq f1,o € BHZ LK g, we get

(8, Cf) = (81,8, ¢ Cp f2.p) + (B&2.0» BCu f1.0)
= ("% 81,5, Cp fr.p) + (82.0» Car f1.0)
= (fop. Cole % g1.9)) + (fr.a, Cag2.a)
= (fop,€°Cpg1.p) + (fl.a» Cag20)
= (afrp. @e'“Cpgip) + (fa. Caga)
= (fla + o fop, Cagra + e Cpgip)
=(f.C"9),

as required by the adjoint of an antilinear operator. O
Proposition 4 C, g is antiunitary.
Proof For every f € K, one has (again abbreviating Co g =: C)

C*Cf = C*C(fra +afrp) = C*(€Cpfop+BCafia)

= Co(Ca fi,a) + €5 aCp(e* Cp fop)
= flatafrpg=f.

Analogously, one can show that CC* f = f. O

Remark 5 It « = B, we have Cy o (fl.o + @ f2,0) = €S fr.4 +afiq and
Clo(fiatafra) =€ fia+ae™ fry.

Ifes = 1,then Cia = [ and it turns out that Cy 4 is the usual (involutive) conjugation
C,2 on K2, see (18). On the other hand, if ¢’ = —1, then we have Cia = —/, with
Coz,af = _CafZ,a + acotfl,op

As an example of an operator on a model space K> which is Cy ,-self-adjoint, but
not C,2-self-adjoint, consider the case e = —1,a := 72 and the operator H defined
on K 4 (the space of polynomials of degree not greater than 3) by (with respect to the
standard basis of K 4)

ain app a3 0
a1 axn 0 —aps
a3y 0 ax ap
0 —az ax an

where a i with j, k € {1, 2, 3} are complex numbers. Then (abbreviating Cy o =: C)

CHC '= —-CHC = H*.
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8.2 Example 2

Let C be the antilinear operator defined on L? by

z— 74z

2Z%+ ! f(z)+f(—z)_zf(z)—f(—z).

f(=2) =1z 5 3

Cf =

Proposition5 C* = —C.

Proof For every f, g € L?, one has

8@ +g(=2) 8@ —gl=z) [+ _f@)—-[f(=D
2 2 < 2 ‘ 2 '

Noting that

s@+80 | TO+IED 0 s@-gC0 | TO-TCD
2 2 2 2

we get
. CP) — (g(z) ~#n) IO +2f(—z)>

(2@ 480 fO - D
2 ’ 2

_ (8@ =80 fO+ /D
N 2 ’ 2

_(,8@+80 fO-FED
2 ’ 2

A f@O+ (D)  gk)—g(—2)
= 2 < 2

(@ - f(=D) _gk) +g(=2)
2 < 2

A f@+ f(=2) _g(R) —g(=2)
= 2 < 2

(@D @ +eD)
2 ’ 2

_ (mh .80 -8(D @ +(D)

2 B ):(f,—Cg),
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so the desired claim follows by the definition of the adjoint of an antilinear operator.
]

It is straightforward to verify the following claims.
Proposition 6 C is antiunitary and C* = —1I.

It is perhaps less obvious that the Hardy space H}L is left invariant by C.
Proposition7 C(H?) = H3.

Proof The claim follows from the observation that for f € H_% with f(z) = ap +
aiz + axz> +aszz’ + ... wehave that Cf(z) = —ay + aoz — a3z +az> +... 0O

Remark 6 The usual conjugation in H_% is given by (cf. [4, 13])

Cr)=f@,
so that for f(z) = ap+aiz +arzi+... wehavethaté‘f(z) =ao+az+az2+...
Corollary 6 CP* = P*C.

From Proposition 7, the restriction C| H? is an anti-involutive conjugation on H2,
which we will also denote by C.

Proposition 8 If 6 is an inner function such that
0(z) =0(-2) =0(2) (19)

forall z € D, then C(Kg) = Kg and Cy := C|k, defines an anti-involutive conjuga-
tion on Kp.

Proof We have that f| € Ky if,andonlyif, f; € H? and0 f = f_ where f_ € H>.
Let f be any element of Ky. Then

0 f+(2) = f-(2) <= 0D f+ () = [~ @)
—=0:) [0 =,@)
= 0(=2) f1(-2) = f-(-)
= 0) f1(=2) = f-(-2).

Consequently,

0Cof(2) =0(2) (Z [+@+ [+ : f+(@) — f+(—2)>

2 2

_ @O+ @ - (D)
z -z €

= H?
2 2 -

Therefore C(Ky) C Ky and since C2 = —I we have also Ky C C(Kp). O
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Remark 7 1t follows that C|g, is also an anti-involutive conjugation on Ky if 6 satis-
fies (19).

For example, if 6 := z* and f+ (@) = ap+aiz + @mz* + a3z’ € K4, where
ap, ai, az, a3 are complex numbers, then Cfy(z) = —a; + apz — a3t + @ e
K 4. (Comparing with the conjugation C2 2 on K4, defined in Sect. 8.1, we have
Cpo2f1(z) = —az —arz + aiz? + doz3.) An operator H defined on K 4 is C-self-
adjoint if it is defined by a complex matrix of the form

air 0 aizas
0 a1 ax3anx
azy —ayg asz 0
—ay; a;3 0 as

H =

As an example of an operator on Hi which is C-self-adjoint (denoting C| = 0),

one can consider the following natural generalisation of Toeplitz operators (defined,
foro € L™, as Ty, : HJZr — HJZF, T, f+ = PTofy), with g1, ¢p € L™:

f+@) + f+(=2) f+(Z)—f+(—Z)>

Torpo (f4):= P (901(2) f +¢2(2) 5

_pt (M f+@) + M f+(—Z)> :

) 2
Tor.pp * Hy — HY,

We shall occasionally abbreviate Ty, o, =: T
Proposition9 Ty, ,, = 0if, and only if, o1 = @2 = 0.

Proof We have Ty, ,, = 0if, and only if, N(T, ,) = +, ie, forany fi € H

o1(2) f+(2) +2f+(—Z) + @) f+(2) —2f+(—Z) c

In particular, this must hold for any even function f, € H Taking fy = 1, this
implies that ¢; € H?; taking f, = z*" withn € N, we conclude that ¢ € (zz)” H?
for all n € N and, therefore, ¢; = 0. Analogously, taking f to be any odd function
in H}L, we conclude that ¢ = 0. O

Corollary 7 For ¢y, @2, @1, @2 € L, we have
Tor00 =150 <= (@1 =01 AN p2=¢2).

Proposition 10 We have, for every f, € HZ,

I (=Pt (sm Q+00@ [, (), ACD 0D (_Z))‘
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Proof For any f., g+ € H2, we have

(4. Tf) = (g+<z>, pt (M frio) 22020 f+(—z)>>

2
- (g+<z>, #1@) + ¢2(2) f+(z)> + (g+<z>, $1@) — ¢2(2) f+(—z))

2 2

= <—<p1(z) —; ¢2(2) g+(2), f+(z)> + (—(pl @) ;(pZ(Z) g+(2), f+(—z)>

912 +2(2)
B 2

g+(2), f+(Z)>

+ (W g4 (—2). f+(z)>

_ <P+ 91 + 9

2 g+(2), f+(Z))

N ( pt w g+ (=2), f+(z)) :

which establishes the desired claim. O

Proposition 11 We have CTWWC_1 if, and only if,

‘Pl P2

—2¢1(2) +292(2) = 2¢1(2) —292(2) and Z1(2) +2¢2(2) = z291(—2) +2¢2(-2) .
(20)

Proof On the one hand, we have

TCf) = P{‘“w t (Z N f+<—‘z>)
+ & © QW(Z) ( Sy ) ) Z)) ]

1 7 =~ ——
=3 pt [(—Zwl (2) + 202(2) f+ () + Zo1(2) + 202(2)) f+(—2)].

On the other hand, we have

A [M ot + B~ CD m_z)}

_prc |:‘P1 O+ (), 0 —eCD

f+(—Z)i|
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_ P+|:Z ; < ((01 (@) -;§02(Z) m_l_ p1(=2) ; ©2(—2) m)
+Z_;Z (¢l(_Z) '; 02(—2) m+ ¢1(2) ; ©2(2) m) ]

: ) _—

Consequently, taking Corollary 7 into account, we have TC = CT* if, and only
if, (20) holds. O

Remark 8 Condition (20) is particularly satisfied if

p1(z) —e1(=2) @12 —¢1(=2)
z B z ’

01(2) = ¢2(z)  and

8.3 Example 3

Let D, with j € {1, 2, 3, 4}, be antilinear operators on a Hilbert space H and consider
the antilinear operator defined on H @ H (which we identify with ) by

. (D1 D2
cm (2).

We have
D¥ D%
c* = ( 1 s) .
D} Dj
Consequently,
D]Dik + D2D>2k =1,
cc*=1 — D3D; + DyD} =1,
D\D3 + D,D; =0,
and

DiDy+ DiDs =1,
c'C=1 D3D,+ DDy =1,
DDy + DiDs = 0.

Involutive conjugations of this form for H := HJZr were studied in [5, 14]. Here we
allow for a more abstract setting as well as for not necessarily involutive conjugations.
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In particular, C will be antinunitary and anti-involutive if, and only if]

Dy = —D7, DyDs - D} =1,
D4=—DZ, and D;Dz—DA%:I,
D; = —D;, DiDy+ DDy =0.

For example, if D is antiunitary and anti-involutive, then

1 (-—D D
Cii=—
J2\D D
is also antiunitary and anti-involutive. Another example is given with D; = 0 = Dy,
D, antiunitary and involutive, and D3 = — D3 = — D;; then

C_L 0 D
2T a\=Dy 0

is an anti-involutive conjugation on H @ H.

Proposition 12 For any operator p on 'H such that Dyp Dy = — p*, we have that

2
p-ap
T, := , xR,
. (p p2>

is Co-self-adjoint.

Proof We have
1 _ (0 D)\ (p*ap\(0 —D;
CleG = (—Dz 0 ) (P p2> <Dz 0

_ ( Dyp*D, —szDz)
—aDypDy Dyp?Dy

B (ap* ) = e

which establishes the desired result. O

Remark 9 The example of Proposition 12 is of the type of the toy model considered
in Sect. 7, except that in the former only bounded operators are considered.
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