Analysis and Mathematical Physics (2022) 12:11
https://doi.org/10.1007/s13324-021-00623-z

®

Check for
updates

Riesz bases of normalized reproducing kernels in Fock type
spaces

1

K. P. Isaev'® - R. S. Yulmukhametov'

Received: 12 May 2021 / Revised: 4 October 2021 / Accepted: 13 November 2021 /
Published online: 27 November 2021
© The Author(s), under exclusive licence to Springer Nature Switzerland AG 2021

Abstract

We describe some radial Fock type spaces which possess Riesz bases of normalized
reproducing kernels, the spaces F, of entire functions f such that fe™% e Ly(C),
where ¢(z) = ¢(|z]) is a radial subharmonic function. We prove that F, has Riesz
basis of normalized reproducing kernels for sufficiently regular ¥ (r) = ¢(e") such
that ¥/ (r) is bounded above.
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1 Introduction

We consider the radial weighted Fock spaces
1 _
Fo=1f€HO: IIfI*= Eflf(z)lze 2#Odm(z) < oo,
C

where dm(z) being planar Lebesgue measure, ¢ (z) being a radial subharmonic func-
tion. We assume that this space is not degenerate. It has a natural Hilbert space structure,
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the evaluations 8, : f — f(X) are continuous. Since the Hilbert spaces are self-dual, it
follows that each of these functionals is generated by an element & (z) = k(z, 1) € Fy
in the sense that

% / f@k(z, e Ddm(z) = f(0), for any f € Fyoand A € C.
C

The function k(z, ) is called the reproducing kernel of the space F,. Obviously,
I8,11* = k(r, ) == K(2), 1 eC.

The system {k(z, A j)}?o ; will be called an unconditional basis in the space F,, if it is

complete and for some C > 1 we have

2
1
7 2l PKG) < |3 ajk@ | < €Y laiPK @R,
J J J

for finite sequences {a;} of complex numbers. An unconditional basis {e;, j =
1,2, ...} becomes Riesz basis if and only if 0 < infy ||ex|| < sup; |lex]| < oo. Equiva-
lently, Riesz basis is a linear isomorphic image of an orthonormal basis in a separable
Hilbert space. We study the existence of Riesz bases of normalized reproducing kernels
{—k(z’)”j) }OO in F,

IKCADN] =1 ¢

The issue on existence and construction of Riesz bases of normalized reproducing
kernels is actively studied due to the fact, in particular, that this question is closely
related to such classical problems of complex analysis as the problem of interpola-
tion (see, for example, [1-3]) and the problem of representing by exponential series
(see, for example, [4]). Summing up the studies of this issue in various aspects, we
can say that Riesz bases are a rare phenomenon (see [1,3,5]). In [5], an unexpected
result was obtained, which stated the existence of Riesz bases of normalized repro-
ducing kernels in the Fock spaces F, with the weights ¢ = (In™ |zD* as o e (1;2].
Later, in paper [6], there was proved the existence of Riesz bases of normalized repro-
ducing kernels in the Fock spaces with radial weights of essentially more general
form. We prove that if ¢ is a radial function and the function ¥ (r) = ¢(e") satisfies
the conditions: lim, . ¥'(r) = o0, ¥” is a non-increasing positive function, and

|1p”/(r)| = O(Ip”(r)%), r — 00, then F,, has a Riesz basis of normalized reproduc-
ing kernels. In this paper, we prove a weaker sufficient condition for the existence
of a Riesz basis of normalized reproducing kernels in Fock spaces with radial and
sufficiently regular weights.
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2 Notation, definitions, preliminaries, and statements of results

Definition 1 A convex function v is called regular if there exist a number ¢ > 1 and
a function y (x) 1 +o0 such that

v//(x) 1
SU//(y)Eq as |x—)’|§]/(x) U//_(_x), x,y€R+.

Conditions of this kind are used to find the asymptotic of the Laplace integrals.
In this paper we prove (see Theorem 3) that if ¢ is radial subharmonic function, the
function ¥ (x) = @(e*) is regular, and

Q| =

sup ¥ (x) < o0,
x>0

then the space F, has a Riesz basis of normalized reproducing kernels.

Definition 2 The function v(y) = sup(xy — v(x)), y € R, is the Young conjugate of
X

the convex function v.

Definition 3 Let v be a continuous function, and

d(v,y,r)= inf{ max  |v(t) —I(t)|, [ is a linear function } .
1 tely—r;y+r]

We set
p1(v,y, p) =sup{r: d(v,y,r) < p}

for a positive number p.
This characteristic was introduced in [7].
Definition 4 Let v be a convex function on R, and p be a positive number. We let

x4+t
p2(v,x, p) =supyt>0: /}v;(f)—v;(x)ldtsfv ,

xX—t
where v/, is the right derivative of v.
This characteristic was introduced in [8]. It was proved in [7] (see Lemma 3) that
p1(v, y, p) = p2(v, y,2p) ey
for convex function v.

In what follows we shall make use of the following notations. For positive functions
A, B, the writing A(x) < B(x), x € X, means that for some constants C, ¢ > 0 and
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for all x € X the estimates cB(x) < A(x) < CB(x) hold. The symbol A(x) < B(x),
x € X, (A(x) = B(x), x € X), means the existence of a constant C > 0 such that
A(x) < CB(x) (B(x) = CA(x)).

We denote [x] the floor function (the integer part of x).

3 A sufficient condition for the existence of Riesz bases in general
Hilbert spaces

In this section, we consider a sufficient condition for the existence of Riesz bases of
normalized reproducing kernels in general Hilbert spaces of entire functions. Let H
be a radial functional Hilbert space of entire functions satisfying the division property,
ie.

L. all evaluation functionals é; : f — f(z) are continuous;
2. if F € H,then ||F|| = || F(ze'¥)| for any ¢ € R;
3. if F € H, F(z9) = 0, then F(2)(z — 20) ' € H.

The functional property of the space implies that it admits a reproducing kernel
k(z, 1).

It was proved in [9] (see Theorem A) that if H is a radial functional Hilbert space
satisfying the division property, admitting a Riesz basis of normalized reproducing
kernels, and monomials are complete in H, then there exists a convex sequence u(n),
n € N U {0}, such that ||z]|* < “, n € N U {0}. The convexity of {u(n)} means

un+1)+umn—1)—2u(n) >0, nelN.

If u(r) be a convex piecewise linear function with integer non-negative breakpoints,
and u(t) = u(0) as ¢+ < 0, then the convexity condition can be written in a more
compact form

u (n+1) —uL(n) = 0.

In what follows, we assume that u(n) = In||z"||, n € N U {0}, is a convex sequence,
u(0) = 0, and u(t) is a piecewise linear function, u(r) = 0 as ¢ < 0. The following
theorem was proved in [10] (see Theorem 2).

Theorem A [fthe system of monomials {z"*, n € N U {0}} is complete in a radial func-
tional Hilbert space H satisfying the division property, and the function u satisfies the
condition

sup(iy (x + 1) =W/, (x)) < N < o0, )

x>0

then the space H possesses Riesz bases of normalized reproducing kernels.
Let us prove following lemmas.

Lemma 1 For the convex piecewise linear function u(t), t € R, condition (2) is equiv-
alent to
inf po (i, x, 1) > 0. 3)
x>1
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Proof Without loss of generality we can suppose that N > 1 in (2). The monotonicity
of the function #’, (x) implies that if (2) holds, then

x+ﬁ
/ ', () — ', (x)|dT < 1.
1

X—IN

By definition of p; (i, x, 1) this means that
(,x,1) > ! >1
x, ) > —, x> 1.
p2(U N

Thus (3) holds.
Conversely, let
o2, x, 1) >28 >0, x> 1.

By definition of p, (i, x, 1) we have

28
/(ﬁ;(x +0)—u (x)dr <1, x > 1,
)

and therefore,

~ ~ 1
ug_(x +6) — ug_(x) < 3 x> 1.

Let N = [%] + 1. Taking into account that %, is an increasing function, we get

>| =

N-—1
W+ 1) = (x) < Y@, (x +k8§+8) =W, (x +8) < — < N*, x>0,
k=0

that is, (2) holds. O

Lemma 2 Condition (3) is equivalent to the boundness of the function p>(u,t, 1) on
RJ,_.'

sup p2(u, t, 1) < oo.

t>0

Proof Let pp(u,t,1) < N, t € Ry, for some constant N > 0. Without loss of
generality we can suppose that N is integer. By definition of pa(u, ¢, 1) this means

that
t+N

/ iy (y) =y (Dldy = 1, 1 € Ry
t—N

Hence, since u/_‘_(y) is a monotonic function, we have

1
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or

1
ul (n+2N) —u' (n) > N € N.

It was proved in [11] (see Lemma 2) that the the Young conjugate # is also piecewise
linear with breakpoints x, = u/, (n — 1) = u(n) — u(n — 1), and the derivative ', is
the function with unite jumps at the points x,. Thus, the last estimate can be written
as

1
X —x, > —, neN.
n+2N n_2N

This means that the quantity of jumps of %/, on an interval which length is less than

ﬁ does not exceed 2N. Since there are unit jumps, we find that for ¢ < ﬁ

ﬁf’_(x +¢) —'ﬁ;(x) <2N, x > 1.

Put ¢ = ﬁ Then

t+e
- - 4
/ i/ (x) =0/ (1)|dx < 2N -2¢ = 5 < 1, t > 1.

t—e

Hence,

1
w,t,1) > —, t > 1.
o2 (u )_SN >

Conversely, let for some ¢ > 0

p2(i,t,1) = 2e, t > 1.

Then
x+2¢ x+2e
f i, (y) =, (x)|dy < / [d', (y) —u, (x)|dy < 1.
x+e x—2¢

Hence, for any x > 1

~ ~ 1
u/+(x +e) - (x) < -

Put N = [%].Then
Wy (x+¢e)—u (x) <N+1,
or
u (n+N+1)—u' (n) >e, neNU{0}.

Thus,
n+2(N+1)

lu'y (x) —u (n)|dx = e(N +1) > 1.

n+N+1
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Hence,
pu,n, 1) <2N + 2.

It was proved in [7] (see Lemmas 3 and 4) that the function p(u, x, 1) satisfies
Lipschitz condition

lp2(u, x, 1) — po(u, y, DI < [x —y|, x,y € R.

Therefore,
p2(u,t,1) <2N +3, t e Ry.

Now we can reformulate Theorem A in the following form.

Theorem 1 [f the system of monomials {z", n € N U {0}} is complete in a radial func-
tional Hilbert space H satisfying the division property, and the function u satisfies the
condition

sup p2(u, t, 1) < oo,

x>0

then the space H possesses Riesz bases of normalized reproducing kernels.

4 A sufficient condition for the existence of Riesz bases in radial
weighted Fock spaces in terms of conjugate function

Let us turn to Fock spaces with radial weight ¢. Let ¥ (x) = ¢(e*) and
o
Q21 (D) / R0 W gy e R..
—0oQ

Then uy(¢) is a convex function on R, coinciding with the function u(¢) at the points
t € NU {0}, in particular,
u1(t) <u(t), t € Ry.

Let us extend u to the entire axis, setting u;(f) = 0,7 € R_.

Lemma 3 We have the relation

p2(uvt»1)f max ,02(’417'5,1)4‘27 tER-I—v
li—|<3

p(uy,t,1) < max po(u,7,1)+2, 1 € Ry,

[t—7|<5

Proof Let

max pa(ui,t,1) =M.
li—7|<%
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Let us suppose that for a natural number n, satisfying |n — | < %, the following

inequality holds
,mw,n, 1) > [M]+1.

Then, setting k = [M] + 1, we have

n+k
W' () =y ()ldr < 1,

that is
un+k)y+umn—k)y—2umn) < 1.

Since the functions u and u; coincide at integer points, then

uin+k)+ui(n—=k)—2ui(n) < 1.

Hence,
n+k
/|wo;ay—wo;mmn<1,
n—k
and

ppuy,n,1)y>k=[M]+1>M.

The resulting contradiction means that
p2(u,n, 1) <[M]+1<M+1, neN.
Since the function p»(u, ¢, 1) satisfies the Lipschitz condition, we have
p2(u,t,1) < po(u, [t], D)+t —[t]l <M +2, 1 € Ry

The second relation is proved in a similar way. O

Lemma 4 Ifthe function J is regular and q is the constant in the regularity condition,
then for sufficiently large numbers t € R the following inequalities hold

1 ~ q
~— <11 < [=—.
qy’ (1) Y (1)
Proof Let py = \/%, then due to regularity "
//t

1 Y@

- < vy < g for [t — x| = po.
g  Y"x)
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Hence, by the mean value theorem for any x such that |[x — ¢| < pyp we have

19/ (1) — ¥/ ()| = " ()t — x| = —¢" (Ot — x].

Q| =

Therefore, if y () > ¢, then

t+po
f 19 (x) — ¥/ (1) |dx >

=po

1~ 1
—¥" (g = —y(1) > L.
q q

Hence, ,02(1/7, t, 1) := p < pp. By definition of the function ,02(@, t, 1) we have

t+p

f 1 (x) — ' ()ldx = 1,
t—p

and

—1 -1
( max J”(»c)) <p? s( min J’/m) :

[t—x|<p lt—x|<p

From this and the regularity of the function 1; we obtain the assertion of the lemma
for ¢ such that y (¢) > g. O

Lemma5 If the function IZ is regular, then for some constant m > 1 we have

1 ~ ~
n—1,02(1ﬂ, t+1,1) <pp(up,t, 1) <mpa(P,t +1,1), 1 € Ry.

The left estimate holds without the regularity condition.

Proof 1. Let us prove the left inequality. By Theorem 2(a) in [7] we have

R,.

o0 ~
29 (y+1)
L2000 _ / L2020 g o E ye
. p1(¥,y+ 1,1

That is, 5
20 (y+1)—u1(y))
6—2(1 < e _

<<
pr(¥,y+1.1)

a y € Ry,

for some a > 0, and

~ 1 ~
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Take an arbitrary point 7 € Ry and denote p; (¥, + 1,1) = p;. Leta € (0; l).

2
There is a linear function /(x) such that

max [V (x) — 1(x)] < 1.
x€[t+1—apy;t+1+ap;]

For the linear function /1 (x) = I(x) — %ln 01 we have

max [y (x) =L (x + 1)
xelt—apr;t+apr]

~ 1 ~
< max ul(x)—w(x—l—l)+—lnp1(¢,x+l,l)‘
xe[t—apy;t+oapi] 2

~ 1 t+1,1
+ max |¢(x +1) —I(x+ 1)| + - max In M
xe[t—apy;t+ap;] 2 xe[t—apr;t+ap;] pl(lﬁ x+1,1)
1 1,1
<a+14= max In M )
xe[t—api:t+ap] pl(tp t+1,1)

The function pg(u, x, p) satisfies the Lipschitz condition too (see Lemma 4 in [7]),
therefore, if |x — ¢| < apy, then

o1, x + 1, 1) = p1(, t + 1, D] <ap (Y, 1+ 1, 1)

or ~
‘,Ol(l/f,x+1,1) ’ 1
p1(Y,t+1,1) 2
Hence,
1 1,1 1 1
- In M _—max|ln(1—|—s)|<—ln2<—.
2 xelt—aprittapl | pr(Y,t+ 1, 1) [ T 2 9<] 2

Continuing estimate (4), we obtain

3
max lui(x) —lLhx+ 1| <a+ —,
x€[t—apy;t+ap;] 2

and by that,
3 ~
Pl <u11t1a+§>2apl(W7t+lvl)a IER—Fv

or taking into account the arbitrariness of o € (O; %), we get

3 1 ~
L1 (Ml,t,a“r‘ E) = EPI(WJ‘F 17 1)7 re R"r
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By (1) we get
1 ~
p2(ur,t,2a +3) = Epz(llf, t+1,2), 1t eRy.

Hence, by Lemma 2 in [7] we obtain the lower estimate with the constant m =
2(2a + 3).
2. Let ¢ be a regular function. It is convenient to write the regularity condition in

the form
1 ¥+ 1
— <= <gq, k- y <@, [,
q Y'(y+1D Y (x +1)

where y1(x) = y(x 4+ 1). By Theorem 2(a) in [7] we have

2V O+

L yeRy,
W,y +1,1)

o
L200) / L2020 g
—00

that is, for some b > 0 we have

2 (y+D)—u1 ()
2 < e

2b
< —=———=<¢e", yeRy, 5)
2,y +1,1)

or
- 1 -
‘Ilf(y+ D —ui(y) — Elnpz(w,y +1, 1)' <b, yeR,.

By Lemma 4 we have

lg///(yﬂ) @i+l [P0+ D

1
ANTC+D) @yt - NTa+rn

and by the regularity of 1/7 we get

_ @+l
T Wy + 1)

IA

3
q_f

3 1
qz, lt—yl < Vl(f)‘/m-

Takeapoints € Ry sothaty;(t) > 3,/q(b+Ing+1) and denote ,02(% t+1,1) = po.
Let ¢ = Ingq. Then by the last estimate and by (5) we obtain

¢ 2T < 2TOHD=3 =) < 20+ 1y < y(p)

1
v+ 1)
or

~ 1
YO+ D =gnp—u()) =bte =yl =y (6)

1
Y1)
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Suppose that N
p1(ui, t,1) = 3q(b+c+ Dpa(r, 1 + 1, 1).

Then there is a linear function /(x) such that
ur(x) =10l < 1, [x —1] < 3¢(b + ¢+ D, 1+ 1, 1).

By Lemma 4 we have

@) — I = 1, 1 —1] < 3/gb + e+ 1>\/%‘

Therefore, by (6), taking into account the choice of ¢, for the linear function /1 (x) =
I(x) + % In p2, we obtain

~ ~ 1
W +1) —hix)| = ‘xlf(x +1) =2 —ix)

=<

+ui(x) —Ilx)| <b+c+1

~ 1
vx+1) - zlnpz —uy(x)

for |x —t| <3/glb+c+1) Hence,

~—L
v+’

@it LbtetD)=3/Gb+ct1) |~
101 ’ ) c — q c J”(f—i—l),
1 ~
3«/‘_1(b+c+1)‘/msz(lﬂ,t+l,2(b+c+l)).

Then by Lemma 4 we get

and by (1),

3b+c+ Do, t+1,1) < po(f, 1+ 1,2(b + ¢ + 1)).
Hence, by Lemma 2 in [7] we obtain
3btctDpa, t41,1) < po(F, t+1,2(b4+c+1)) < 2(b+c+Dpa(, 141, 1)

or
3~ ~
St + L1 < p(t+ 1)

Since pz({; ,t+1,1) > 0, we obtain a contradiction. Thus,

prur,t,1) <3qb+c+ Do, t +1,1).
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Taking into account (1) again, for # such that y(¢) > 3,/q(b + ¢ + 1) we have

paui. 1) < paui,1,2) = pr(ur. 1. 1) <3/q(b+c+ Dpp(¥, 1t + 1, 1).

Since the functions py(u1, ¢, 1) and pz(a, t, 1) are continuous, this implies the esti-
mate N
p2(ur,t,1) < App (Y, 1+ 1, 1), t € Ry,

for some constant A > 0. O
Lemmas 3-5 imply the following theorem.

Theorem 2 If IZ is a regular function, and J” () satisfies the condition
inf ¥ (t) > 0,
t>0

then the Fock space with the weight ¥ (In |z]) possesses Riesz bases of normalized
reproducing kernels.

5 A sufficient condition for the existence of Riesz bases in radial
weighted Fock spaces in terms of weight

In this section we will prove the final theorem.

Theorem 3 If ' is a regular function, and

sup "' (¢) < o0,
t>0

then the Fock space with the weight (In |z|) possesses Riesz bases of normalized
reproducing kernels.

Let us first prove a lemma.

Lemma6 Let v € C2(R) be a convex indefinitely increasing function which is not
linear on Ry. If v is a regular function, then the conjugate function v is also regular
on some interval (a; +00).

Proof By hypothesis of the lemma, v’ is strictly increasing, and we have

VE@) =1, V@O @O =1, 1R %)
Letx, =x =+ % };E,x&) and t = v/(x), t+ = v'(x+). Let us note that

lim #4(x) = 4o0. (8)

X—+00
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By regularity of v, for some x* € [x_; x] we have
e —t-=v"(x") (g —x2) = &v v (x).
q

Lett = % (tx +1t_). Then y = ¥'(t) € [x_; x4+ ], and since f_ > 0, T > %t.h then
by (8) we get

lim t(x) = +oo0. ©)]
X—>+00
If
ool < X
2g2/v"(7)
then by (7) we get

v |<QW<V“W

thatis s € [r_; ;] and V'(s) € [x_; x4 ]. Hence, by (7) we obtain

7@ V@) [1]
s V@@ Lg

V(X(gr)) .By
2¢2

(9), the set of such t contains some interval (a; +00). On this interval, the regularity

condition will also hold with the increasing function

Thus, v satisfies the regularity condition at the points 7 (x) with the function

1
yo(t) = — inf y (x(2)).
ij >7

O

By Lemma 6 and by (7) we obtain that if the hypothesis of Theorem 3 is satisfied then
the function 1/; is regular and inf,~ ¢ w (t) > 0. Then by Theorem 2, the Fock space
with the weight ¥ (In |z]) possesses Riesz bases of normalized reproducing kernels.

Corollary 1 fy € C?>and0 < " (t) < 1, t € R, then the Fock space with the weight
Y (In |A]) possesses Riesz bases of normalized reproducing kernels.

Proof In this case, the conditions of Theorem 3 are satisfied in an obvious way. O
Corollary 2 Ifyr € C3, Y/ (x) is unlimited and

0<vy"(t) — 0, t — o0,

") = 0" @), t — o0,

then the Fock space with the weight v (In|A|) possesses Riesz bases of normalized
reproducing kernels.
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Proof By (7) we obtain that
U (x) —> 00, x —> 00,
and for some M > 0 we have
- w///(t)
Iny" (¥ (1)) | = <M, teR. 10
[(In ™ (4 (2))) ] ‘W(I) =< (10)

Hence, by mean value theorem we have
' (%” <x>)
In| =
v (y)

y(x) = inf Iny”(y), x > 0.
y=x

§M|x_y|9 x7y€R+'

Let

Then y (x) 1 400 as x — +00, and y (x) < In " (x). Put

C = su y(x)

P )
x>0 /Y (x)

then C < oo. If

then |x — y| < C. Hence, by (10) we have

‘m (M) <M|x—y| <MC.
Y (y)

Thus, {E(x) is regular with ¢ = ¢M€. By Lemma 6 v/ (x) is regular too. By Theo-
rem 3 the Fock space with the weight ¥ (In |A|) possesses Riesz bases of normalized

reproducing kernels.

m}

Note that the Corollaries 1 and 2 are close to [6, Theorem 1.2]. It proved the exis-
tence of unconditional bases provided that the nonincreasing function " (¢) satisfies

the condition

" ol=0(¥"03), 1 — oo

Monotonicity implies the existence of a limit

im Y (1) = o.
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If Yo > 0, then the condition of the Corollary 1 is satisfied and the other conditions

of Theorem 1.2 are not needed. If ¥y = 0, then we get the situation of the Corollary

2 without monotonicity and with a weaker condition for .
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