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Abstract

In this paper, a generalized nonlinear Camassa—Holm equation with time- and space-
dependent coefficients is considered. We show that the control of the higher order
dispersive term is possible by using an adequate weight function to define the energy.
The existence and uniqueness of solutions are obtained via a standard Picard iterative
method, so that there is no loss of regularity of the solution with respect to the initial
condition in some appropriate Sobolev space.

Mathematics Subject Classification 35C07 - 47G30 - 35L05 - 35A01

1 Introduction
1.1 Presentation of the problem

In this paper, we study the Cauchy problem for the general nonlinear higher order
Camassa—Holm-type equation:

(1 —mdD)u;, +ar (t, x, wuy + ax(t, X, u, uy)iyy
+az(t, x, Wiyxx + ag(t, Xyxxx +ast, X)uxyxxx = f

for (t,x) e (0, T] xR

)
ult:O =u-,

(1.1

where u = u(t, x), from [0, 7] x R into R, is the unknown function of the problem,
m > 0and ag;, 1 <i <35, are real-valued smooth given functions where their exact
regularities will be precised later. This equation covers several important unidirectional
models for the water waves problems at different regimes which take into account the
variations of the bottom. We have in view in particular the example of the Camassa—
Holm equation (see [1,2]), which is more nonlinear then the KdV equation (see for
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instance [3—-8]). However, the most prominent example that we have in mind is the
Kawahara-type approximation (see [9,10]), in which case the coefficient as does not
vanish. The presence of the fifth order derivative term is very important, so that the
equation describes both nonlinear and dispersive effects as does the Camassa—Holm
equation in the case of special tension surface values for the development of models
for water waves problem was initiated in order to gain insight into wave breaking (see
[11,12]).

Looking for solutions of (1.1) plays an important and significant role in the study of
unidirectional limits for water wave problems with variable depth and topographies.
To our knowledge the problem (1.1) has not been analyzed previously. In the present
paper, we prove the local well-posedness of the initial value problem (1.1) by a standard
Picard iterative scheme and the use of adequate energy estimates under a condition of
nondegeneracy of the higher dispersive coefficient as.

1.2 Notations and main result

In the following, C denotes any nonnegative constant different than zero whose exact
expression is of no importance. The notation a < b means that a < Cy b.

We denote by C (11, A2, ...) a nonnegative constant depending on the parameters
A1, A2,...and whose dependence on the A ; is always assumed to be nondecreasing.

For any s € R, we denote [s] the integer part of s.

Let p be any constant with 1 < p < oo and denote L? = L?(R) the space of all
Lebesgue-measurable functions f with the standard norm

1/p
I = (/R If(x)lpdx) < .

The real inner product of any two functions f] and f> in the Hilbert space L?(R) is
denoted by

(fi. f2) = /R Fi(n) fo()dx,

The space L* = L*(R) consists of all essentially bounded and Lebesgue-measurable
functions f with the norm

| flree = sup|f(x)| < oo.

We denote by WH°(R) = {f, s.t. f,9,f € L®(R)} endowed with its canonical
norm.

For any real constant s > 0, H® = H®(R) denotes the Sobolev space of all
tempered distributions f with the norm | f|gs = |[A® f|;2 < oo, where A is the
pseudo-differential operator A = (1 — 3)%)]/ 2. For any two functions u = u(t, x) and
v(t, x) defined on [0, T) x R with T > 0, we denote the inner product, the L?-norm
and especially the L?-norm, as well as the Sobolev norm, with respect to the spatial
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variable x, by (u, v) = (u(z, -), v(t, ), luler = lu(t, )|rr, ||z = |u(t,-)|;2 and
lulgs = |u(t, )| gs, respectively.

Let E be a given normed space we denote L°°([0, T'); E) the space of functions
such that u(z, -) is controlled in E, uniformly for ¢ € [0, T'):

lullpo,7);6) = ess sup |u(t,)|g < oo.
1€[0.7)

Let E be a given normed space we denote C ([0, T); E) the space of functions such
that u(¢, -) is controlled in E, uniformly for ¢ € [0, T):

lullLooqo,r):6) = sup |u(t,)|g < oo.
1€[0.T)

Let X be a given space, we denote C ([0, T'); X) the space of functions such that u(z, -)
isin X.

Finally, CK(R), i > 1 denote the space of k-times continuously differentiable
functions over R,

For any closed operator T defined on a Banach space X of functions, the commutator
[T, f]1is defined by [T, flg = T(fg) — fT(g) with f, g and fg belonging to the
domain of 7. The same notation is used for f as an operator mapping the domain of
T into itself.

Actually, we admit without proof this lemma that presents some properties for the
commutator operator.

If f € Fand g € G, F and G being two Banach spaces, the notation | f|r < |glc
means that | f|r < C|g|¢ for some constant C which does not depend on f nor g.

Here, S(R) denotes the Schwartz space of rapidly decaying functions, and for any
distribution f € S'(R), we write fFourier transform on S’ (R).

/V\E use the classical notation f(D) to denote the Fourier multiplier, namely,
FDu) = fFORE).

We use the condensed notation
As = By + (Cs) oy, (1.2)
to say that Ay = By if s < sp and Ay = Bs + C; if s > 0.

1.3 Product and commutator estimates in Sobolev spaces

Let us recall here some product as well as commutator estimates in Sobolev spaces,
used throughout the present paper (see [11]).

Lemma 1.1 (product estimates) Let s > 0, one has Vf, g € H*(R) [ L*(R), one
has

Lfglus S 1S el g ls +1f lus 1 g lre.
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If s > so > 1/2, one deduces thanks to continuous embedding of Sobolev spaces,

| fely S| f

HA' g H.)' .

More generally, fors > Oandso > 1/2,onehasVf € H'(R) [ H*(R), g € H*(R),

| fg

Hx§|f H | 8 Hs+<|f sl 8 H‘0>s>s0'

Let F € C*®(R) be a smooth function such that F(0) = 0. If g € H*(R) (| L*(R)
with s > 0, one has F(g) € H*(R) and

| F(g)

HS = C(|g|LoosF)|g HS®

We know recall commutator estimate, mainly due to the Kato—Ponce [13], and recently
improved by Lannes [11] (see Theorems 3 and 6):

Lemma 1.2 (commutator estimates)
Foranys > 0,and d; f, g € L*(R) H*~(R), one has

[ [A°, flg |L2 S loxf |HH| 8 |L°0 + o f |L°0| 8 |HH'
Thanks to continuous embedding of Sobolev spaces, one has for s > so+ 1, so > %,
| [A% flg |L2 < |ocf |HH| 8 |HH'
More generally, for any s > 0 and so > 1/2, 3, f, g € H®(R) (| H*~'(R), one has

| [As,f]g |L2 5 | oy f |H»f0

8 |HS71 +<| aXf |HS*1| 4 |H‘V0)s>so+1 )

We conclude this section with the following remark Also, let us remark these contin-
uous embedding.

Remark 1.1 Lets > %, then:

o H¥(R) — W!I®(R)
o H I(R) — L®(R)
o H'(R) — H* '(R).

Moreover, we define the following operators for s > 0: A;, = (1 — maf)% and its
inverse A,,* such that the Fourier Transform is given as following:

o —

A ) = (1 +med)~3q.

Finally, we will study the local well-posedness of the initial value problem (1.1) in
H’ (R) endowed with canonical norm.
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1.4 Main results

Let us now state our main result:
Theorem 1.1 Lets > % and f € C([0, T]; H*(R)). We suppose that:

e ay,ar, az are smooth mappings such that ay, az in C([0, T], CMH(RZ)) and ay

in C([0, T], CBII(R3)).

o aj € C([0, T]; Ht'(R)), d;a4 € L0, T, L®(R)),

e as € C(0,T],L®°(R)), dyas € C(0,T]: HT2(R)), with da5 € L*®

(0, T; L®°(R)),

o F(t,x) := fox Z—‘S‘dy € C([0, T]; L (R)) and 9; F € L°°(0, T; L*°(R)),
Assume moreover that there is a positive constant c¢; > 0 such that ¢; <
las(t, x)| Y (¢, x) € [0, T] x R. Then for all u® € HS(R), there exist a time T* > 0
and a unique solution u to (1.1)

in C([0, T*]; H*(R)).

Remark 1.2 There is no restriction on the signs of the coefficients a; and a4; this means
that our result handles also the case of the anti-diffusive terms, in which case these
terms are controlled by dispersion.

2 Proof of the main results

Before we start the proof, we give the following useful lemma:

Lemma 2.1 Let m > 0, s > O then the linear operator
A,Zn: HSTX(R) — HS(R) is well defined, continuous, one-to-one and onto. If we
suppose that u = A;szor f € H*(R) then:

1

lulgsv2 < —=I|flus if 0 <m <1 2.1
m

[ulgste < |flps if m=>1. (2.2)

Moreover,
$ =2 $=2 40 0 As—2
AN A" =ANTA, = A, N7,

where Agl: H*(R) — H*(R) is linear continuous one-to-one and onto operator
defined by

A u(®) = (1 + (1 +me) ),
with

1
|AS |5 s <max (—, 1), (2.3)

(A%~ s s <max (m, 1). (2.4)
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Proof We have [ A2 f||HA+2 11+ DA 4+ mE2) ™' fll2. I m > 1, then

1+ még?>1+¢&%and 11:22 < 1, therefore

1A+ EHT A+ me) = 1A+ D20+ 1A +me)) " fl 2
<11+ €D fllo.

T Szgl—i—(l em) 1 o> then

If0 <m < 1, we have 11++52 =14+0—-—m)

1
1A fllgsez < — I fllas

Now we have

IAS Fllas = IN2A,2 fllms = 1A, £l gsee < max(l, —)ufum
and
IS fllas = 11+ mEHA + 7N+ 622 fll 2.

Ifm > 1,then (1+m&2)(1+EH =14 m— )ﬁgz < m, therefore

1A~ fllas < mllf s
If0O<m<1,(1+m&>)(1 4>~ <1, then

I Fllas < If llas.
Finally [(A9) =" fllgs < max(1, m)| f| s

We will start the proof of Theorem 1.1 by studying a linearized problem associated
to (1.1). O

2.1 Linear analysis
For any smooth enough v, we define the “linearized” operator:

L, d) = A28, +ai(t, x, v)dy + az(t, x, v, v,)9>

+ as(t, x, v)ag + a4(t, )c)a;1 + as(t, x)8§.
and the following initial value problem:

{ L, du = f, (2.5)

— 0
U,_og=u".
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Equation (2.5) is a linear equation which can be solved by a standard method (see [14])
in any time interval in which its coefficients are defined and regular enough. We first
establish some precise energy-type estimates of the solution. We define the “energy”
norm,

ES(u)* = [wA*ul3,,

where w is a weight function that will be chosen later. For the moment, we just require
that there exists two positive numbers w1, w» such that for all (¢, x) in (0, T] x R,

w; < w(t, x) < wy,

so that E*(u) is uniformly equivalent to the standard H®-norm. Differentiating
%e_}"ES (u)? with respect to time, one gets using (2.5)

1 A
S UM E @) = =T E ) = (Ap A @), wA'u)
—(A%As_z(aguxx), sz“u) — (A?nAs_z(awxxx), szSu)
_(Aﬁ)nAX72(a4uxxxx)v szsu)
_(A?nAX_Z(aSI/txxxxx)a w2ASu)
0
(A

AN T2 F wASu) + (ww, ASu, ASu).

+

We now turn to estimating the different terms of the r.h.s of the previous identity by
using the needed estimates provided from Sect. 1.3

o Estimate of (A*2(ajuy), AYw?Au). By the Cauchy-Schwarz inequality and
the Sect. 1.3 on the composite functions we have

1
(A (aru), Apw* A*u)| < —lai(t, x,v) — a(t, x, 0)| o2 X
m

lay (, x, 0ty | gro—t [ w? ASul 2
< Cm™ar, vllgs, lwlLe) E* (u)?, 2.6)

e Estimate of (AS™%(azuyy), AQw?A¥u). Similarly as the above estimation, we have
(AT (agur), AGw? A'u)| < Com™ " an, [[vll s, [wlie) ES (u)?.

eEstimate of (AS_Z(agu”x), A% szsu). Since we have more than s derivative on
u, we remark that one can write:

A3Uyyy = Bf(a38xu) — 8§a38xu — 2a38§u,
then

A T2 (@3100) = AT (a30,u)) — A2 (02a3d,u) — 2A° (9,302 u).
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Now use the identity A> = 1 — 83 to get that

A T2 (02 (azdcu)) = A T2((1 — A% (a3dyu))
= A "2(a30,u) — A*(azdcu)
= A7 2(a30,u) — [A®, a3)0yu — a3 A*o.u,

then we obtain:

(A“z(a3uxxx), A%szsu)
= (AS_Z(agaxu), A%szsu) - ([AS, az]0yu, A?nszSu)
— (a3 A deu, AQw*A'u) — (A 2(32azdcu), ADw?Atu)
— Z(A‘Y_2(8xa38fu), A,(L szSu).

By integration by parts, the third term of the last equality becomes:

(a3AS3xu, A%wQASu) = (E)x(A(,)nwzcg), (A‘Yu)z),

1
2
Now by Cauchy Schwarz we have:
1 S
_(”a?yaxu”HszE (u)
m
+||8xa3 ”H»V—l ||8xu||H.v—l ES (M)
Fllwasllw oo E ()
+l102azdcull s ES () + llazdZull s E* (u))

-1 2
< Cim™ ", a3, [vllas, lwllyre) E* (u)”.

(A (@3ua00), Apw’ A'u)| <

e Estimate of ([As_z, a4]8;‘u, A%szsu) + (a4A5_28?u, A%szSu) :

ag N 7200 = ag ASTE1 — AD0%u = ag (A2 — A u
= ag N 20U — ag NS 9u,

then:
(as N 2%u, A w? ASu) = (as N 20%2u, AQw? A'u) — (asA*d2u, A w? A'u)
By Cauchy Schwarz, the first term of the last equality is controlled by:

1
[(as A 7282u, AQw? A¥u)| < n—1|a4A3_283u|LzEs(u) < Cm~ ", |ag| =) E* ()2
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(asA*02u, AQw?Asu) = —(as AQw?, (3, A*u)?) + Q1, where
1Q1] < Cm. s, |wlyree, |9xas] L) E (u)*.
Now, using the first order Poisson brackets : (see [15] for more details)
[A72 ag) = —(s — 2)dx (as) A’ 20y,
we get:
(A2, ag)0tu, AS w? ASu) = (s — 2)(0x (ag) A* By, A w2 ASu) + 0,
Where
1021 < Cm, s, [wlyeo, las] o) ES ).

Now, by integration by parts we have:

(s =2

S (B (O (a) Ay w?) Au, Au),

(s — 2) (D (ag) A*dyu, AS W ASu) = —

then
[([AS2, as)dfu, ADw>A*u)| < COm, s, |wly2eo, laa| gss) ES (u)*.
e Estimate of ([A*72, as]03u, AQw?A%u) + (asAS233u, AQw?Asu) :

asAs_zaiu =asA72(1 — Az)agu = a5AS_23$u — asAsafu =
as N 723,u — asA°dyu — a5AS8;’u.

Therefore,

(as A 723u, A w?ASu) = (as A" 2dcu, ASw? A'u) — (asASdeu, AQw? A¥u)—
(asA*33u, ADw?Asu).

The first two terms can be easily controlled by E*(1)? as above. Now,
1
(a583Asu, A%sz‘Yu) =—3 (83(a5A31w2)Asu, A‘Yu)
3
—E(af(sz&as)Asaxu, A'u)

3
—5(8X(A21w2a5)ASu, A*3Zu).
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By integration by parts, we obtain

3
=3 (ag(Agiwzas)Asu, A* Bxu)

3
+§(ax(a5A&w2), (A*d,u)?).

3
—E(ax (A(,L wras)Au, A afu)
Now:
[A°72, as10)u = {A*72, as}rdju + Q307u,
where {-, -}» stands for the second order Poisson brackets,
' 1
(A7, ashy = —(s = 2)3x(as) A" "0, + S5 — 20 (as) A"
—(s — 4)(s — 2)8%(as) A %92

and Q3 is an operator of order s — 5 that can be controlled by the general commutator
estimates (see [15]). We thus get

1(Q383u, AQw? A¥u)| < C(m, |das]| 1) ES ().
We now use the fact that H! (R) is continuously embedded in L*°(R) to get

[([582(as) A — (s — 4)(s — 2)82(as) A*092107u, AQw? A'u)]

< C(m, s, [0cas| o1, [wlyroo) E* ().
This leads to the expression
(1A%, as103u, AQw? A u) = —(s — 2)(3x(as) A*dZu, ADw? A*u) + Qu,

where |Qy4| < C(m, s, [Wlyi., |as|ys+1) E? (u)2. Remarking now, by integration by
parts

— (s — 2) (3 (as) A*3Fu, ADw?ASu) = (s — 2)(0x (3 (as) ADw ) A dyu, A*u)
+(s — 2)(3x(az) AQw?, (A*Bxu)?).
(2.7)

We now choose w such that

—(s = 2)(d (as) A w?, (A*d,u)?) + %(ax(asz\};wz), (A*9u)?)

+(as A w2, (8, A*u)?) = 0; (2.8)
m
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25—
6

. 0v—1 (77) 1 * as . .
therefore, if we take w = (4A,,) (|a5| exp(—g —dy)) we easily obtain
0 4as
(2.8). Finally, one has

(IA*2, as183u, ADw? A u) + (asdd A*2u, ADw? A'u)

1
= Q4+ (s — 2)(3x (3 (@s) A wH) A dyu, A*u) — E(aﬁ(%z\ng)z\m, Afu)
3 3
—5(8f(a5A21w2)A38xu, Au) + z(af(asAﬁ)nw%Asaxu, A'u);
therefore,

I([A*2, as192u, ASw? ASu) + (asdd A 2u, Adw?Atu))|

< C(s.m, |das| 1) E* (1)
e Estimate of (w,AS 2y, A?n wA*® u): Using the Cauchy-Schwarz inequality we obtain
[(weASu, wA*u)| < C(m, |wy|roe, wlre) ES (u)?.
Gathering the information provided by the above estimates, since one has
(A2, AP AW = () E ).

If we assemble the previous estimates and using Gronwall’s lemma we obtain the
following estimate:

e)»t at (e—)»t ES (M)Z) < (C(ES‘ (U)) _ )\.)EY (M)Z + 2EY (f)EY (M)

Taking A = A7 large enough (how large depends on sup, ¢ 71 C (E* (v(¢)) for the first
term of the right hand side of the above inequality to be negative for all # € [0, T'], we
deduce that

t
ES(u@)) < T ES W) +2 / AT ES (£(¢))dr .
0

2.2 Proof of the theorem

Thanks to this energy estimate, we classically conclude (see e.g. [16]) the existence
of a time

T = T*(E* ")) > 0,
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and a unique solution u € C([0, T*]; H*(R)) N C' ([0, T*]; H*73(R)) to (1.1) as the
limit of the iterative scheme

LW, dHu"t! = £,
up=u’, and VneN, { n(+1 _)uo !
=0 — :
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