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Abstract

With the Hirota bilinear method and symbolic computation, we investigate the (3 +
1)-dimensional generalized Kadomtsev—Petviashvili equation. Based on its bilinear
form, the bilinear Bicklund transformation is constructed, which consists of four
equations and five free parameters. The Pfaffian, Wronskian and Grammian form
solutions are derived by using the properties of determinant. As an example, the
one-, two- and three-soliton solutions are constructed in the context of the Pfaffian,
Wronskian and Grammian forms. Moreover, the triangle function solutions are given
based on the Pfaffian form solution. A few particular solutions are plotted by choosing
the appropriate parameters.
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1 Introduction

With the development of nonlinear science, nonlinear evolution equations (NLEEs)
have become the frontier and hot topics of research, which are more and more closely
connected with other disciplines [1-4]. In the history of the natural science, there
are always unexpected surprises in interdisciplinary fields [5-9]. In physics, chemi-
cal reaction, microelectronics, biology and other fields, NLEEs are used to describe
dynamic models [5-7,10]. The study of NLEEs is helpful to solve many significant
natural science and engineering technology problems [9].

It is very important to find the exact solutions to NLEEs. The Hirota method is a
useful and direct method to construct the N-soliton solutions and Bicklund transfor-
mation (BT) [2,3,5-7,9] to NLEEs. NLEEs are firstly written in the Hirota bilinear
form, and the perturbation method is then used to solve the bilinear equation for
the exact solutions [3]. Recently, more and more types of solutions to NLEEs have
been found [11-14]. In addition to soliton solutions, there are also lump solutions and
interaction solutions, which can describe more different nonlinear phenomena [15,16].
Based on the Hirota bilinear form, the lump solutions [17] and interaction solutions [ 18]
can be directly obtained with symbolic computation.

If the N-soliton solutions are expressed as a Wronskian or Grammian determinant,
then the soliton equation can be transformed into a determinant identity, which is a
special case of Pfaffian identity, and the soliton equation can be cast into the sim-
ple Maya chart [3]. Some soliton equations have no determinant solution (here we
refer to determinant solution as Wronskian or Grammian determinant solution), but
have Pfaffian solution [1,19]. For example, Kadomtsev—Petviashvili (KP) equation
has the determinant solution of Wronskian and Grammian structure, while B-type
Kadomtsev—Petviashvili (BKP) equation has the Pfaffian solution without the deter-
minant solution [20].

In the process of constructing Wronskian and Grammian formulations, the Pliicker
relation and Jacobi identity for determinants are extremely critical [2,3]. First of all,
let us consider the product of the second-order determinant before introducing the
Pliicker relation
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where a; and b; (i = 0, 1, 2, 3) are arbitrary parameters. If each determinant is repre-
sented by its column vector in ¢; = (a;, b)T, then we have

lco 1] ez e3] — lez 3] |e1 e3| + |co 3] |c1 2] =0, (1)

which is the simplest case of the Pliicker relation. It can be generalized to the general
situation

I f1 fo--fndodil | fi for--fndads|l—|f1 f2 - fndodal|fi fore- fn di dsl
+1f1 far--fvdodsl|ft fare- fndi do]l =0, (2)
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where f; (i =1,2,--- , N)andd; (j =0, 1, 2, 3) are N-dimensional column vectors.
When the solutions to the soliton equations are expressed in Wronskian determinant,
the bilinear equations are finally reduced to this identity. Secondly, we introduce the
Jacobi identity for determinants

ool o[ Jel)-o e

where D |:’fﬂ iz } represents the (n — 2)-order determinant obtained by removing row

i, j and column m, n of n-order determinant D. When the solutions to the soliton
equations are expressed in Grammian determinant, the bilinear equations are finally
reduced to the Jacobi identity [3].

In this paper, we will study a (3 + 1)-dimensional generalized Kadomtsev—
Petviashvili equation, which reads

Uxxxy T 3”xxuy + 3”xuxy + Ccluy + oy = 0, “)

where ¢; # 0(i = 1, 2) are arbitrary real parameters and u is an analytic function
of the variables x, y, z and 7. As long as two arbitrary parameters in the equation are
assigned, the equation can be rewritten into different equations and applied in different
fields [1,19,27].

When ¢; = 2 and ¢; = —3, Eq. (4) reduces to the (34 1)-dimensional Jimbo-Miwa
equation [1]

Uyxxy + SUxxhy + 3uxttyy + 2y — 3uy; =0, 5)

which is the second equation in the KP integrable hierarchies and often used to
describe the propagation of three-dimensional nonlinear waves in physics. It is sim-
ilar to KP equation with Wronskian solutions and Grammian solutions [3]. The
(34 1)-dimensional Jimbo-Miwa equation has been studied by many methods, such as
multiple exponential function method [21], Hirota bilinear method [1,18,22] and Bell
polynomial method [2]. For example, BTs, Lax system, conservation laws and multi-
soliton solutions to Jimbo-Miwa equation have been studied with Bell-polynomials [2].

Whenc; = —1andc; = —1,Eq. (4) reduces to the (34 1)-dimensional generalized
shallow water equation [19]

Uyxxy + SUxxtty + 3uxltyy — Uy — Uy, = 0. (6)

Shallow water wave is a wave whose wavelength is more than ten times larger than
that of deep water. The shallow water wave equation is often used to model the flow
of fluids in the ocean and atmosphere [23-25]. This systematic model can predict the
areas ultimately affected by pollution, coastal erosion and polar ice cap melting [26].
In Ref. [19], Grammian solutions, Wronski-type and Gramm-type solutions are given
with the Hirota bilinear of Eq. (6).
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When ¢; = —1 and ¢; = —3, Eq. (4) reduces to the (3 4 1)-dimensional nonlinear
KP type equation [27]

Uyxxy + SUxyty + uxliyy — Uy — Uy, = 0. (7)

The linear superposition principle is given, and a method to construct the Hirota
bilinear equation with N-wave solutions is proposed [27]. Taking the nonlinear KP
type Eq. (7) as an example, the feasibility of this method is fully illustrated.

In addition, Wronskian and Grammian solutions to another (3 4 1)-dimensional
generalized KP equation are given [28], and the Pfaffianized systems for another
KP equation is constructed [29], including Wronski-type Pfaffian and Gramm-type
Pfaffian solutions. Moreover, the bilinear BT for another KP equation has been con-
structed [30], which consists of six bilinear equations and includes nine arbitrary
parameters.

Under the Cole-Hopf transformation

u=2(Inf)y, ®
the bilinear form of Eq. (4) is written as

(DIDy +c1DyD; + 2D Do) f - f
= (fxxxy +C1fyt +efi)f — 3fxxyfx + 3fxyfxx
_fyfxxx_leyft_c2fxfz=0v ©)]

where Di Dy, DyD; and D, D, are the Hirota bilinear operators [3] defined by
DYDYDID] (f - 8)
(a aN (o  aN o aN /s a8\
\ox oy dy ay 9z 07 ar ot

x flx,y,z,0)g(x",y', 2/, 1)

X'=x,y'=y,7/=z,'=t

In this paper, we will construct a bilinear BT for Eq. (9) and give the Pfaffian,
Wronskian and Grammian form solutions. In Sect. 2, by using the exchange formula,
a bilinear BT will be constructed, which is composed of four equations and includes
five arbitrary parameters. Based on the BT, the specific traveling wave solutions will
be obtained. In Sect. 3, we will use Pfaffian technology to construct the N-soliton
solutions, and prove that the bilinear equation is equivalent to Pfaffian identity. In
Sect. 4, the Wronskian type N-soliton solutions will be derived, and it will be proved
that bilinear Eq. (9) is equivalent to the Pliicker relation. In Sect. 5, the Grammian type
N-soliton solutions will be obtained, and it will be proved that the bilinear equation is
equivalent to the Jacobi identity. Moreover, some specific solutions in each form will
be plotted and analyzed.
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2 Bilinear BT and exponential wave solutions
2.1 Bilinear BT

If one solution to Eq. (9) is given, another new solution can be obtained through a
BT [31]. In order to obtain the bilinear BT of Eq. (9), we consider

P:=[(DDy + c1DyD; + 2D D) f'- f1f°
— fPUDIDy + c1DyD; + 2D D) f - f1, (10)
where it is supposed that f” is another solution to Eq. (9). It can be observed that when
P = 0, f satisfies Eq. (9) if and only if f” satisfies Eq. (9) too. In the following, we
can derive a series of bilinear equations from P = 0 with respect to the dependent
variables f and f’, which will lead to a BT.

Based on the exchange formula, we have the following identities for Hiorta opera-
tors

(DIDyf' - f)f* = (DIDyf - /) =3Dc(DIDyf" - ) ff — Dy(Dif - f)
ff =3Dy(DIf - f) - (Dxf' f) = 3D (D3 f' - f) - (Dyf - 1), (11)
(DyDyf' - f)f* = (DyDif - ) f* =2Dy(Dif'- £) - ff, (12)
(DD f" [ f> = (DyD.f - ) f? =2D(D.f" - f)- ff. (13)

As a matter of fact, by applying the above three identities Eqgs. (11), (12) and (13),
Eq. (10) can be rewritten as

P=3D(D;Dyf - f)- ff = Dy(D}f"- f)- ff =3Dy(Dif"- f)- (Dxf'- f)
—3Dy(Dif" ) (Dyf' - f)+2c1Dy(Dy f' - f) - ff +22Dx(D.f" - f) - ff'
= D,[(3D2Dy +2c2D, + 20Dy +22) f' - f1- ff'
— DD} —2¢1D; +23) f - f1- ff
—3Dy[(D} = ki + 24D f' f1- (D f - f)
—3D[(D7 — A1 +AsDy) f' - f1-(Dyf' - f), (14)

where A; (i = 1, 2, 3,4, 5) are some arbitrary parameters. Itis concluded that a bilinear
BT associated with Eq. (9) can be constructed as

Bif' - f=@D2Dy+2c2D, + 21Dy + 1) f - f =0,
Bof'- f = (D} —2c1Di+23)f - f =0,

Bsf'- f = (D2 =i +xDo)f - f =0,

Bif' - f =(Di— A +isDy)f - f.

15)



4 Page6of24 X.-J.Heetal.

Obviously, through the above identities obtained from the exchange formula, a
direct bilinear BT is constructed for Eq. (9). When ¢; = 2 and ¢; = —3, Eq. (15) can
be reduced to a bilinear BT of the (3 + 1)-dimensional Jimbo-Miwa equation, which
is consistent with the result obtained by using Bell polynomial in Ref. [2].

2.2 Kink wave solutions

In order to obtain another new solution f’ through the BT, f = 1 is taken as a solution
to Eq. (9), which is corresponding to the solution # = 2(Inf), = 0 to Eq. (4). The
four bilinear equations of the BT reduce to the following partial differential equations

3f)éxy + Zczfz/ + Zk]f): +rf =0,
fixx = 2c1fl +23f =0,

fix =M f Frafi =0, (o
fox =M f +2sfy =0.
We take into account of a class of exponential wave solutions
[/ =14 gekxtiyimz=ot (17)

where ¢, k, I, m and w are all constants. Taking A1 = Ay = A3 = 0 in Eq. (16), we
obtain

3k21 K3 N P k2 a18)
m=——, w=——, = —K, = ——.
26 2¢ > /

As a result, the exponential wave solution to the bilinear Eq. (9) is derived
fl=1+¢e, (19)

2 3 .
where & = kx + 1y — %z Zlet’ and e, k and [ are all arbitrary constants. Further,

the corresponding solution to Eq. (4) is

2eket

u= 2(1nf/)x = m,

(20)

which is a kink wave solution. By selecting the appropriate parameters, this kink wave
solution is plotted in Fig. 1.

3 Pfaffian solutions

In this section, we will use Pfaffian to express the soliton solutions to Eq. (9) and prove
that the bilinear form is equivalent to the Pfaffian identity. The N-order Pfaffian fy
associated with the N-soliton solutions can be expressed as



Backlund transformation, Pfaffian, Wronskian and Grammian... Page70f24 4

Fig.1 Plot of the kink wave

solution via Eq. (20) with 2.57
cr=c=-1l,z=1,1t=3, ]
k=1,l=2ande =4 =
1.5
v
17
0.5
o
.‘.
fn=(01,2,...,2N), 21

where the entries are defined by

@, j) = cij +/ Dyoi - ¢jdx = cij +/ GixPj — idj xdx. (22)

It should be pointed out that each ¢;; (1 < i,j < 2N) is constant and satisfies
¢ij = —cji,and ¢;’s are the functions of the scaled space coordinates x, y, z and time
coordinate 7, which satisfy the linear partial differential equations

X 3 ) X
Giy=k [ ¢idx, ¢i:=——koix——kb [ ¢idx,
&) 2
1
¢i,t = _a ¢i,xxx +b ¢i,xs (23)
while k # 0 and b are arbitrary parameters. In addition, the lower limit of the above

integral is x = £00, in order to make the value of the integrand converge to 0 when
X =400 0orx = —oQ.

Theorem 1 If ¢; s satisfy the linear differential condition Eq. (23), then the Pfaffian
fn defined by Eq. (21) solves Eq. (9), and the solution to Eq. (4) can be obtained as
u = 2(In fy)s.

Proof Based on the condition Eq. (23), the derivative of the entries (i, j) with respect
to independent variables x, y, z and ¢ can be easily calculated as

d
a(i’ 7 =¢ix¢j — ¢i¢jx = (do,d1,1, ),

a X
@(lﬂ J)= / GixyPj + PixPjy — iyPjx — Gidjxydx
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:k[¢i (/ ¢jdx) - (/ ¢idx> ¢j] =k (d-1,do, 1, j),

a X
g(i’ J = / GixzPj + DixPjz — Pijx — Pidjxzdx

3k * x
= K ) — i) — kb [qs,» (/ o, dx) - (/ " dx) ¢,»]
2 2

3k L c ..
=2 (do. dy.i. j) — —kb (d_1.do. i, j).
2 2

8 X
g(i, 5= / GixtPj + Pix®jr — GiiPjx — Pidjxrdx

1
= —al:dh',xxxd’j = @iPjxxx — 2(PixxPjx —¢i,x¢j,xx)]
+0b (@ixdj — Gidj.x)
1
== [(do, d3, 1, j) —2(d1,da, i, )1+ b (do, dy, i, j),

where the new Pfaffian entries are defined by
X aﬂ
(d-1,i) = [ ¢idx, (dy,i)= qu,-, dn,dy) =0, (m,n=-1,0,1,2,3).
(24)

For convenience, fy is abbreviated as fy = (1,2,...,2N) = (e). Then by using
differential rules for Pfaffian as in Ref. [3] and the derivative formula of Pfaffian entries
(i, j), itis not difficult to get the derivative of fy as

fnax = (do,dy, @),
SN xx = (do, da, e),
INxxx = (d1, da, @) + (do, d3, @),
fny =k (d_1,do,e),
fNxy =k (d-1,d1, ),
fNxxy =k [(do, dy1, @) + (d_1,d2, )],
SN xxxy =k [2(do, d2, @) + (d—1,d3, ) + (d_1,do, di, d2, )],

3k c
fN,Z = - (d()?dl’.)__kb (d—17d05 .)a
2 Cl
3k c
fuwe === (do.da. &) = —kb (d_1.dy. e),
2 Cl
1
fN,t = _a [(dO’d3a.)_2(d15d27.)]+b (d07d17.)7

k
fN,yt = _a [(d—17 d37 .) - (d()v d25 .) - z(d—lv dO, dls d27 .)]
+kb (d—1,d1, o).
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By means of the above results, we derive

(fxxxy Tt fyr +cafer) f = 3k(d-1, do, dy, da, e)(e),

=3 fexyfx — [ySexx —c1fyfi — cafx fo = —3k(d_1,dp, ®)(dy, d2, @)
— 3k(do, d1, @)(d—1, d2, e),

3fxyfxx =3k(d-1,dy, e)(dp, d>, ),

and further get

(D3Dy + c1DyDy + 2Dy D;) fy - fv = 3k[(d—1, do, dy, da, ®)(e)

- (dfla dOa .)(dla d27 .) + (d,l, d]’ .)(d()v d2’ .) - (d()’ d15 .)(d717 d25 .)] =0.
(25)

As a matter of fact, the equality is exactly the Pfaffian identity. Hence, it is evident
that f is the solution to Eq. (9), and the proof is completed. O

Equivalently, the bilinear form of Eq. (9) can be represented by the following Maya
chart

di do di d:  di do di d:
O|0|0O O] x
—-10O]0O X 0|0
+10O O X O O
- 1O O x| 100 =0

When b is taken as zero in Eq. (23), we derive the following differential system

x 3 1
b1y = k f Bidx, fio= -k bie Bu=—o b 20

In this case, the bilinear form of Eq. (9) is still transformed into Pfaffian identity
similarly.

Let us take into account of some special solutions to Eq. (9). We introduce the
solution to the linear partial differential system Eq. (23) as follows

i £ = T N S PO S
¢l_e ’ El_plx—i_kpj y czkplZ Clpit—i_gia 1—1,2,...,2N, (27)
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where p; and éio are free parameters. Three specific examples of soliton solutions to
Eq. (4) will be given.

Case 1 Taking N = 1 in Eq. (21), we can obtain the one-soliton solution. By choosing
cia =1, ¢; = €5 (j = 1,2), and taking 11 = & + & + 81 with &’ = FLP2 we
rewrite f] as

f1—(12)_1_|_ P2 e g,
P1+P2

Therefore, the one-soliton solution can be derived as

2(p1 + p2)e™
I +emn

= (p1+ p2) + (p1 + p2) tanh (). 28)

u=2(Inf), =

Case 2 Taking N = 2 in Eq. (21), we can obtain the two-soliton solution. Choosing
cn=cu=1lcyn=cu=c3=cnu=0and¢; = eg-/'(j =1,2,3,4), we have

HL=(01,2,3,4)=(,2)3,4 - (1,3)2,4 + (1,4(2,3)

<1 N — P $1+§2> (1 + P3s — p4 §3+$4>
p1+ p2 p3+ pa
(Pl P3 €1+€3> (pz P4 Ez+€4)
P1+Dp3 P2+ pa
+ (Pl P4 §1+§4) <M6§2+S3>
P11+ p4 P2+ p3
=14 4" +b12e’7‘+”2,
where ) =& +& + 81, m =& + &4 + 8, €1 = B2 o0 = PAPE gpg

p1+p2 p3tpa

_ (p1 — p3)(p1 — p4)(p2 — p3)(p2 — pa)
(p1+ p3)(p1+ pa)(p2+ p3)(p2+ pa)’

It is not difficult to find that the form of two-soliton solution is consistent with that
obtained by perturbation method.

Case 3 Taking N = 3 in Eq. (21), we can obtain the three-soliton solution. Choosing
cl2 = ¢33 = cs6 = 1, therest of ¢;j = 0(i, j = 1,2,...,6),and ¢; = €5 (j =
1,2,...,6), we have

f3=(1,2,3,4,5,6)
=(1,2)3,4,5,6) — (1,3)(2,4,5,6) + (1,4)(2, 3,5, 6)
—(1,5)(2,3,4,6) + (1,6)(2,3,4,5)
=(1,2)(3,4)(5,6) — (1,2)(3,5)(4,6) + (1,2)(3,6)(4, 5)
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Ty xS,

(a) (b)

Fig. 2 Soliton solutions to Eq. (4) with c; = ¢p = —1,z = 1 and r = 1 a one-soliton solution: p; = 2,

p2 =1, %‘? = Eg = 0, k = 1; b two-soliton solution: p; =5, pp =3, p3 =2, pg = 1, ‘g{) = 520 =

Eg) = Sf‘) = 0, k = 1; c three-soliton solution: py =5, pp =3, p3 =2, p4s =1, ps =3, pg = 2,
=g =6=6=6=5=0k=2

—(1,3)(2,4)(5,6) + (1,3)(2,5)(4, 6)
—(1,3)(2,6)(4,5) 4+ (1,4)(2,3)(5,6)
—(1,4)(2,5)3,6)+ (1,4)(2,6)(3,5)
—(1,5)(2,3)(4,6) + (1,5)(2,4)(3, 6)
—(1,5)(2,6)(3,4) + (1,6)(2,3)(4,5)
—(1,6)(2,4)(3,5 + (1,6)(2,53,4)
=14+ 4" 4+ blzenl+n2 + b13e"1+’73

+ b23e™ T 4 biaby3byse TR,
where

D5 — D6 (p1 — p5)(p1 — pe)(p2 — p5)(p2 — Pe)
m =&+ &+ 8,2 = 22 b3 = ,
D5 + D6 (p1+ ps)(p1 + pe)(p2 + ps)(p2 + pe)
_ (p3 — p3)(p3 — pe)(p4 — p5)(ps — pe)

—(p3+ ps)(p3 + pe)(pa + ps)(pa+ pe)

As an example, by selecting the appropriate parameters, the one-, two- and three-
soliton solutions are plotted in Fig. 2.

The above solutions are also kink soliton solutions to Eq. (4). In Fig. 2a, the one-
soliton can also be observed as a kink soliton. When p; + p; is greater than zero, u
is non-singular, and it is easy to see that the maximum value of u is 2(p; + p») and
the minimum value is O via Eq. (28). In Fig. 2b and ¢, we also show two-soliton and
three-soliton solutions. Not only all solitons have kink shapes, but also the interaction
between solitons belongs to elastic collision, that is, the soliton shape and velocity are
kept unchange before and after the collision.

It is worth noting that Pfaffian can not only express the soliton solutions, but also
different types of solutions according to different assumptions of ¢; (29), such as the
rational solution, hyperbola function solution and triangle function solution. Accord-
ingly, we consider another solution in the Pfaffian that satisfies the linear partial
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(b)

Fig.3 The triangle function solution to Eq. (9) (a) and the periodic solutions to Eq. (4) (b) withc] = ¢ =
—Lk=1,p=2,pr=1Lt=1landz=1

differential system as follows

_ 3 1 .
¢i =cosb;, 0; = pix —kp; ly_c_kPiZ+C_P,'3t+9,'(), i=1,2,...,2N,
2 1
(29)

where p; and 91.0 are free parameters. The specific example of periodic solutions to
Eq. (4) in the Pfaffian will be given. Taking N = 1 in Eq. (21) and choosing c12 = 2,
@1 = cos by, ¢2 = cos b, we have

A= (2)=1 +/ b1162 — drdox dx

pP1— P2
=1+ ————cos [—(m + p2)x +
2(p1 + p2)

P11+ p2 3
—ky + —k(p1+ p2)z
P1p2 2

1
—E(P% + P%)t + 9?]

p1r—Dp2

P+ D2 3
——— % _cos |:—(p1 + po)x — —ky + —k(p1 — p2)z
pPip2 2

2(p1 — p2)

1
_Z(”? — pt +93} :

which leads to periodic solutions to Eq. (4) via u = 2(In f1)x.

As an example, by selecting the appropriate parameters, the periodic solutions to
Eq. (4) is plotted in Fig. 3. In Fig. 3, we can observe clearly that the solution f to
Eq. (9) and the solution u to Eq. (4) are periodic waves, and their minimum positive
period are both 2.
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4 Wronskian solutions

We firstly construct the Wronskian determinant solution to Eq. (9), and then prove
that the bilinear form of Eq. (9) can be transformed into the Pliicker relation (2). It is
assumed that the N-soliton solutions are expressed in the form of N-order Wronskian
determinant as

0 1 -1
O
o5 ¢ T .
W(p1, ¢2,....0Nn) = | ) . .| =IN=1] (30)
.0 1. ' ;1
P R

Whereqbl.(m)(i =1,2,...,N, m=0,1,..., N — 1) are defined by

" i
(m) _ !
¢ = e (€20
The function ¢; satisfies the linear partial differential equations
3 2
¢i,y = V‘pi,xx» ¢i,z = _ay ¢i,xxx,h ¢i,t = C_ ¢i,XXX7 (32)
1

where y # 0 is an arbitrary parameter.

According to the properties of the determinant, the derivative of fy to x is equal
to the sum of N determinants that remain unchanged for the other columns. However,
some determinants are zero because they have two identical columns. In the computa-
tion of the derivatives of f, only the number of derivatives in the column is changed,
and the row is not affected. This is the advantage of using Wronskian determinant to
express fn.

Theorem 2 If ¢; s satisfy the linear differential conditions in Eq. (32), then the Wron-

skian determinant fy = |N — 1| defined by Eq. (30) is the solution to Eq. (9) and the
solution to Eq. (4) can be obtained as u = 2(In fy ).

Proof Based on the conditions in Eq. (32) and the properties of the determinant, the
derivatives of fy with respect to the independent variables x, y, z, and ¢ can be easily
calculated as

fyx=IN=2,N|,

fyax =IN—2,N+1]+|N—3,N—1,N|

Fyae = IN-2N+2| 42N -3, N— LN+ 1| +|N—4,N—2,N—1,N|,
fuy =v(N=2,N+1|—IN—3,N—1,NJ,

fy = 7N =2,N+2|—|N —4,N =2, N — 1, N),

fNaxy =Y(N—=2,N+3|+|N—=3,N—1,N +2|
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“IN—4N-2N—1,N+1—|N—5N—3,N—2,N —1,N]),
FNoxry = V(N —2.N +4| 42N -3, N — 1N +3|+|N —3, N, N +2|

“IN—4,N—-2,N,N+1|—=2I[N—5,N—=3,N—2,N—1,N + 1]

~IN—6,N—4,N—3,N—2,N—1,NJ|),

I =—%V(|N/—\2,N+3|—|N/—\3,N—1,N+2|
+IN—4,N—-2,N—1,N+1]|
“IN—5,N—3,N—2,N—1,N]),

Iz =—%V(IIV/—\Z,N+4|—|]V/—\3,N,N+2|+\m,N—2,N,N+1|
“IN—6,N—4,N—3,N—2,N—1,NJ),

fvg = %(|N/—\2,N+2|—|N/—\3,N—1,N+1|+|17—\4,N—2,N—1,N|),

Fuge = —%y(lﬁ,N+4|+lm,N,N+2|—|N/—\3,N—1,N+3|
“IN—4,N—-2,N,N+1|+|N—-5N—-3,N—2,N—1,N+1]
“IN—6,N—4,N—3,N—2,N—1,N)|). (33)

By means of the above results and substitute them into Eq. (9), we derive

(fxxxy Tt fyr +cafe) f
—6y(N —3,N,N+2|—|N—4,N—2,N,N+ 1N — 1],
=3 fxxySx + 3 fay fax — fySoxx —c1fy fr — 2 fx [z
—6y(—|IN —2,N||N —3,N — 1, N +2]
+IN—2,N|IN—4,N—2,N—1,N +1]
+IN—2,N+2[N —3,N —1,N|
“IN—2,N+2|IN—4,N —2,N — 1, N]),

and further get
(D3Dy + c1DyDy + 2Dy D,) fy - fv = 6y (W) + Wa) =0, (34)
where

Wy =|N—3,N,N+2]|N—1|—|N—2,N||N —3,N —1,N +2|
+IN—2,N+2|[N —3,N —1,N|,
Wa=—|N—4,N—2,N,N+1||[N — 1|
4N —2,N|IN—4,N—2,N—1,N +1]
“IN—2,N+2|IN—4,N—2,N—1,N|.
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In fact, these two equalities are exactly the Pliicker relation (2) of determinant and a
special case of Pfaffian identity. Hence, it is evident that fj is the solution to Eq. (9).

O
W1 and W, can be represented by the following Maya charts
N-2 N-1 N N#2  N-2 N-1 N N+2 N-3 N-1 N N+l N-3 N-1 N N+l
[o[o] T J«x[ I Iofo]  -[ofo] [ Jx[[ o]0
~[o[ fo[ ][ [o] [o]  +[of [o] Jx[ [o] [O]
+[o[ T Jo]x[Jo[o] J=o —[o] [ [o]x| [o]o] |=o
1w (2) W,

The linear partial differential system in Eq. (32) enjoys the solution in the form

. 3 2
¢i = +ef, & =lix+ylly— ayl?z + al?t +&. 6 =kix + ykly

3 2
— —vkiz+ =kt 4+, (35)
1) c
where [;, k;, 51.0 and g‘io (i=1,2,..., N)are free parameters. Some specific examples

of solution to Eq. (4) will be given.

Case 1 Taking N = 1 in Eq. (30), we can obtain the one-soliton solution. Let ¢; =
&1 + 1 we have

fi= W) =¢1 =€ + e,

which leads to the one-soliton solution to Eq. (4) as

lle‘fl—i—k]e{l &1 -0

u=2Inf1), =2 el (Ih + k1) + (I1 — ky) tanh (36)

Case 2 Taking N = 2 in Eq. (30), we can obtain the two-soliton solution. Taking
d1 = €51 + €% and ¢y = €52 + €82, we have

b1 d1.x
= W(p, ) = .
2 (@1, ¢2) 62 dre
- (e$1 +e€1)(lze¥z + kpef?) — (lle$1 +kleZ')(e& + %)
ky =1 ¢ by —ki ¢ h—1 -
= (ko — k1)eb1 02 [ 1 §1—-41 §r—0 §1+6—01—0 ,
(ka e +k2—kle +k2—kle +k2—kle

which results in the two-soliton solution to Eq. (4) viau = 2(Inf>)x.
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Case 3 Taking N = 3 in Eq. (30), we can obtain the three-soliton solution. Let
1 = e + €81, o = €52 + €% and ¢3 = € + %, then

¢l ¢l,x ¢l,xx
HB=W@d1,02,3) = |¢2 ¢2x  P2xx
3 ¢3,x ¢)3,xx

(kp — 1) (k3 —11) o
(ky — k) (k1 — k3)
k —b)ks — 1) o o n s —k)ky —13) ey
(k1 — k2) (k3 — k2) (k3 — k2) (k1 — k3)
(ll - 12)(k3 - 12)(11 - k?)) e§]+{:2_§1_§2
(k1 — k2) (k3 — ko) (k1 — k3)
= k)3 — k) s = 13) 454
(k1 — ko) (k3 — ko) (k1 — k3)
ki — L) Us =)kt —13) 4505
(k1 — ko) (k3 — ko) (k1 — k3)
(h — 1)Uz — b)Y —13) 651+Ez+é‘3—C1—£z—C3:|
(k1 — ko) (k3 — ko) (k1 — k3) '

= (k1 — ko) (ks — ko) (k1 — k3)ef1 15216 |:1 +

which gives rise to the three-soliton solution to Eq. (4) via u = 2(In f3),.

Through taking N = 4in Eq. (30), the solution f; to Eq. (9) can be derived similarly,
and further the four-soliton solution to Eq. (4) can be computed. As an example, by
selecting the appropriate parameters, the one-, two-, three- and four-soliton solutions
are plotted in Fig. 4.

In Fig. 4a, the one-soliton can be observed to be also a kink soliton. It is easy to
compute in Eq. (36) that the maximum value of u is (I; + k1) + |[1 — k1| and the
minimum value is (I; + k1) — |l1 — k1. In Fig. 4, we also show two-, three- and
four-soliton solutions, which can be seen in Fig. 4b—d, respectively. The two-soliton
solution is two parallel kink solitons and the three-soliton and four-soliton solutions are
the oblique kink solitons. The interaction between solitons belongs to elastic collision,
that is, the soliton shape and velocity are kept unchange before and after the collision.

5 Grammian solutions

In the previous section, it has been proved that if the solution f is expressed as a
Wronskian determinant, then the bilinear Eq. (9) becomes the Pliicker relation. In
this section, we will consider another type of representation of f, and prove that, in
this case, the bilinear Eq. (9) can be transformed into another determinant identity,
namely, Jacobi identity. It is assumed that the N-soliton solution is defined in the form
of N-order Grammian determinant

X
Sy =det(aij)i<i,j<n, aij = cij +f iy dx, 37
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© )

Fig. 4 Soliton solutions to Eq. (4) with ¢y = ¢y = —1,z = 1,t = 1 and y = | a one-soliton solution:
Ih =2k = 1 & = ¢ = 0; b two-soliton solution: /] = 2,1 =3, k; = L ky =2, &) = &) =
¢ = ¢ = 0; ¢ three-soliton solution: [} = 1,1 = —1.2,13 = 0.2, k; = 1.6, k» = —1.8, k3 = 0.6,
£ =) = &) = ¢V = ¢) = ¢ = 0: d four-soliton solution: I; = 1,1, = 04,13 = 1.8, 14 = —1,
ki =15Jk = =02,k =2k =—1.560 =0 =0 =60 = (0 =0 = (0 =0 =0

where ¢;; is constant, and ¢; and v; are the functions of the scaled space coordinate
X, y, z and the time coordinate ¢ satisfying the linear partial differential equations

3 2
d)i,y = y¢i,xx’ ¢i,z =—-——Y ¢i,xxxx» ¢i,t = — ¢i,xx)n
I cl

3 2
I/fi,y = _yv/i,xx’ 1//i,z = ay ¢)l',xxxm l/fi,t = a ¢i,xxx- (38)

Theorem 3 If ¢; and v satisfy the linear differential conditions in Eq. (38), then the
Grammian determinant fy = det(a;j)1<; j<n defined by Eq. (37) is the solution to
Eq. (9), and u = 2(Infn)x leads to the solution to Eq. (4).
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Proof In order to prove that fy satisfies Eq. (9), the derivatives of fy need to be
calculated. First of all, we express fx as Pfaffian

IN=00,2,...,N,N*, ...,2% 1%) = (e), (39)

where (i, j*) = a;; and (i, j) = (i*, j*) = 0. To express the derivatives of the entries
(i, j*) with Pfaffian, the new Pfaffian entries are introduced

a" . a"
axn¢l'1 (d::v.]):ax_nsz

(dmvd;lk) = (d:rlv ]*) = (dl’lv l) = Ov (mrn = 05 172’ 374) (40)

(dna l*) =

Based on the conditions in Eq. (38), it is not difficult to get

d

aal'j :(plW/ = (d(),d()k,l', ]*)a

a X
5% =/ GiyVj + i,y dx
= y(d)l‘,xl/fj - ¢i1/fj,x) = V[(dO, diks i’ ]*) - (dl’ dg, i’ ]*)]7
8 X
—ajj =/ i Y+ i dx

3
_Ey(d)i,xxij - ¢iwj,xxx - d)i,xij,x +¢i,ij,xx)
= _ay[(d()’ d;s i, ]*) - (d3a dgs i, ]*) - (dlv dika i, ]*) + (dZ, diks i, ]*)]7
9 X
i = [+ 000 d

2 2 £ ok
= a((pi,xij - ¢i,x1/fj,x + ¢i1[fj,xx) = a[(d()s dz, i,j")
_(dh T9ls]*)+(d2»d(>;vl».]*)]

Through using the properties of the Pfaffian, the derivatives of the f with respect to
independent variables x, y, z and ¢ can be easily calculated as

IN.x = (do. dj, e),
IN.xx = (d1,dj, ) + (do,df, e),
INxxx = (do, diy, @) +2(dy, df, ) + (dy, d5 . e),
In,y = vI(dy. df, e) — (dy,dj, e)],
fN,xy = y[(do, d;, o) — (da, df)k» o],
IN.xxy = vI(d1.d5, @) + (do. d3, ) — (d3,d(j, ®) — (da, df, ®)],
SN xxxy = v[2(d1, d3, @) + (dy, dy, ®) — (dy, dij, @) — 2(d3, dy, ®)
+ (do, dak, dy, dik, e) — (do, df)k, dy, dik, o),
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3
SNz = —gy[(do,d; o) — (d3,dj,e) — (d1,d5, ) + (dr, df, )],

3

Nz = —gy[(do,dff, o) — (ds, dj,e) — (do,dj,dy,d5, ®) — (do, d, dar, df, ®)],

2 * * k

fN,l = a[(dovdzs .) - (dl’dl ’ .) + (dZ’dO’ .)]v

2 * * * ES

SNyt = a)/[(do,d4, o) + (d3,di,e) — (d],d3,e) — (dy,d, e)
+ (do, diy, dy, dy, @) — (dp, djj, do, df , @)]. (41)
By means of the above results, we derive

(frexxy + ¢t fyr 2 frz) f = 6y[(do. dy, dy, d5, @) — (do, dgj, da, df, ®)](e),
- 3fxxyfx + 3fxyfxx - fyfxxx - leyft —afifz
= 6y[—(d, d;, e)(dp, df)k, o) + (dr, dik, e)(dp, df)k, o) + (dp, dik, o)(dy, df)k, °)
— (d2,dgy, @) (do, df , )],

and further obtain
(DDy +c1DyD; + 2D Dy) fy - fv = 6y (G1 + Ga) =0, (42)
with
G1 = (do,dj, dy,d5, e)(e) — (d1,d5, ®)(do, djy, ®) + (do, d5, ®)(d, d, ®)
= (do, dj, d1, d3, e)(e) — (do, dyy, ®)(d1, d3, @) — (do, d5, ®)(dyy, di, e),

G2 = _(d(), d(>)kﬂ d2v dikv .)(.) + (d2» dikv .)(dOv dgv .) - (dzv dgv .)(d07 ikv .)
= —(do, dy, d2, d}, ®)(e) + (d2, df , ®)(do, dj, ®) + (do, d , ®)(dyy, d2, ®).

As a matter of fact, these two equalities are exactly the Jacobi identity (3) of determi-
nant and a special case of Pfaffian identity. Hence, it is evident that fy is the solution
to Eq. (9). O

G and G5 can be represented by the following Maya charts

dy dy d, d; dy dy d; d; do dp dp di do dp dp dj
lofofofo]x[ T T T ] -lofofofolx| [ | [ ]
-o[o] T Ix[ [ [ofo]  +[o]o] [ Jx[ | [o]o]
-lo] T [o]*[_Jofof J=o +[o] [ [0]x| [o]o]| |=°
M G, (2) Gy

The linear partial differential system in Eq. (38) have the solutions in the form

o Zesia wi :e{i9
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3 2
& =lix+yly = —yliz+ i+ 8,
3
G =kix — yky + —yk4z + kgt + ¢, (43)

where [;, k;, Sio and g“l.o (i=1,2,..., N) are free parameters. Some specific examples
of soliton solutions to Eq. (4) will be given.

Case 1 Taking N = 1 in Eq. (39), we can obtain the one-soliton solution. Choosing
ci1 =1, ¢1 = €51 and Y| = €%, we have

=1 =1+ esten (44)

I+ Kk

which leads to the one-soliton solution to Eq. (4) as

u = 2(In f1)x
2651101

= (1 + k1) + (Iy + ky) tanh [%(51 +¢1+1n I _:_kl)].

(45)

14+ me%‘wc

Case 2 Taking N = 2 in Eq. (39), we can obtain the two-soliton solution. Choosing
cn=cn=1Lcnp=c01=04¢; = i, Y= e%i(j =1,2), we have

1+ _e§1+§1 _1_ &+
Hh=0225 1= IR e
T le$2+4“1 1+ s 2t
1 1
=14 — St it (46)
Iy + ki b+ ko
+ U = )k — k) Lttt
(1 + k) + k)l + ko)1 + k2)

which results in the two-soliton solution to Eq. (4) viau = 2(In f3),.

Case 3 Taking N = 3 in Eq. (39), we can obtain the three-soliton solution. Choosing
ci1 =cp =c33 =1, therestof¢;; =0(, j =1,2,3),and ¢; = ébi, Y= ebi(j =
1,2, 3), we have

fr=(1,2,3,3%2% 1%
1+ _e¥1+€1 Weél-ﬂz

1tk3
ot 3 £+ 1 et
lz+k| e52 1t 1 + e 2+8 o 5218

5t +5 eS3+§z

&+41
Ltk € +l3+k2

=14+ el + e + e’ +b12€m+n2 +b136771+713

4 b23erlz+ﬂ3 + b12b13b236"1+”2+”3,
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(d)

Fig. 5 Soliton solutions to Eq. (4) withc; = ¢y = —1,z = 1,¢t = 1 and y = 1 a one-soliton solution:
Iy =2, =3,k =1,k =2, &) = ¢} = 0: b two-soliton solution: /| = 2,1 =3,k = 1, kr =2,
g9 = &) = ¢ = ¢) = 0; ¢ three-soliton solution: 1] = 1,1, = 04,13 = 1.8, 14 = 1.4,k = L5,
ko = —0.6,k3 =2, kg = 1.2, §? = Eg = Sg = {? = {8 = {é) = 0; d four-soliton solution: /] = 2,
h=35L=4k=Lk=22k=3§=0=0==00=0=0=¢=0

where
) 1
m=&+8+8, m=&E+0+8, m=&6+5+8, &i=—r)
li + K
and
(1 = L)kt — k2) (I1 = 13)(k1 — k3) (lp = 13) (ko — k3)
= by=——"———, by=

T htk)btk) T Gtk Grk) DT bt k)t k)’

which gives rise to the three-soliton solution to Eq. (4) via u = 2(In f3) .
Through taking N = 41in Eq. (39), the solution f4 to Eq. (9) can be derived similarly,
and further the four-soliton solution to Eq. (4) can be computed. As an example, by
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selecting the appropriate parameters, the one-, two-, three- and four-soliton solutions
are plotted in Fig. 5.

The above solutions in the Grammian form are also the kink solitons. In Fig. 5a,
the one-soliton can be observed to be a kink soliton. When /; + k; greater than zero,
u in Eq. (45) is non-singular, and its maximum value is 2(/] + k1), and the minimum
value is 0. In Fig. 5, we also show two-, three- and four-soliton solutions, where the
two- and three-soliton are both the parallel kink solitons, and the four-soliton is the
oblique kink soliton. The interaction between solitons belongs to elastic collision, that
is, the soliton shape and velocity are kept unchanged before and after the collision.

6 Conclusions

In this paper, we have investigated the (3 4 1)-dimensional generalized Kadomtsev—
Petviashvili equation [see Eq. (4)], which contains two variable-coefficients ¢ and
c2. We can obtain the (3 + 1)-dimensional generalized shallow water wave equation
and the (3 4 1)-dimensional Jimbo-Miwa equation through choosing the appropriate
coefficients in Eq. (4). Based on the Hirota bilinear form, the bilinear BT has been
constructed, which consists of four bilinear equations and five free parameters. In
addition, a specific exponential wave solution has been given through the bilinear BT.

The N-soliton solutions to Eq. (4) have been obtained in the Pfaffian form, and
reduced into Pfaffian identity. As a special case, the one-, two- and three-soliton solu-
tions have been shown and analyzed in Fig. 2. It is worth noting that Pfaffian can
not only give soliton solutions, but also solve different types of solutions according
to different assumptions of ¢; (29), such as the rational solution, hyperbola function
solution and triangle function solution. We have shown the solution in the form of
triangle function solution in Pfaffian and plotted it in Fig. 3. From the properties of
Pfaffian and determinant, we have derived the N-soliton solutions in Wronskian and
Grammian forms, where bilinear Eq. (9) can be reduced into Jacobi and Pliicker iden-
tities, respectively. One-, two-, three- and four-soliton solutions have been obtained
and analyzed in Figs. 4 and 5.
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