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Abstract

Conservation laws of the Hunter—Saxton equation for liquid crystal are constructed by
using multipliers. Based on the obtained conservation laws, we construct a tree of par-
tial differential equations systems nonlocally related to the Hunter—Saxton equation.
Many new local and nonlocal symmetries for these systems are found. The equivalence
transformations of two potential systems are obtained. A symmetry-based method is
employed to construct nonlocally related inverse potential systems. The symmetry-
based method does not rely on the existence of conservation laws for the original
equation.
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1 Introduction

The nonlinear partial differential equations (PDEs) are useful in analyzing nonlinear
phenomena in engineering and scientific problems. In the past decades, many effec-
tive methods for investigating properties of PDEs have been developed, such as the
bilinear method [1-4], Riemann—Biacklund method [5-7], inverse scattering method
[8,9] algebraic geometry method [10-12] and Fokas method [13,14]. Symmetry anal-
ysis method is one of the most effective method for analyzing PDEs [15-20]. Any
symmetry transforms the solutions of a PDE to the solutions of the same equation.
On the basis of the symmetry theory, one can construct conservation laws of PDEs.
Many method for deriving conservation laws of PDEs have been developed, such as
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Noether’s approach [21-23] direct method [24-27], Ibragimovs method [28,29] and
the mixed method [30]. The direct method is able to find all conservation laws for
any given system of PDEs. In contrast, Noether’s method is limited to variational
systems, while Ibragimov’s method and the mixed method are merely special cases
of the multiplier method [31-33]. The problem of finding all conservation laws for
a given PDEs is equivalent to the problem of finding all infinitesimal symmetries.
Therefore, there is no need to derive conservation laws with the aid of special methods
[33]. Once a PDE’s conservation laws are constructed, the nonlocally related systems
of this PDE can be established [25]. The nonlocally related systems are equivalent
to the given PDE system [34]. Nonlocally related systems play an important role in
finding the nonlocal symmetries and nonlocal conservation laws [35-38]. However,
the conservation law-based method for constructing nonlocally related systems is not
valid to the equation that has no nontrivial local conservation laws. It is notable that
Bluman et al. proposed a symmetry-based method to find nonlocally related PDE sys-
tems [39]. Each point symmetry can yield a nonlocally related PDE system (inverse
potential system). The symmetry-based method can also be used to construct trees of
nonlocally related PDE system.

In the paper [40], based on the polynomial recursion formalism, Hou et al. derive
the HS hierarchy. The first equation of this hierarchy is written as

U, t,u) =0 tyy +4uyttyy + 2uttyyy = 0. (1)

This equation is an important physical model which can be used to describe the prop-
agation of weakly nonlinear orientation waves in a massive nematic liquid crystal
director field. The liquid crystal state is a distinct phase of matter observed between
the solid and liquid states. The director field of the liquid crystal is usually floating
[41]. Equation (1) is useful in studying the dynamics of director field since it can be
used to model crucial point for nematic liquid crystals. Eq. (1) is Hunter—Saxton (HS)
equation. HS equation is a short-wave limit of the Camassa—Holm equation [42]. This
paper aims at constructing conservation laws and nonlocally related PDE systems of
this equation.

This paper is organized as follows. In Sect. 2, the conservation laws of HS equa-
tion are constructed by using direct method. The conservation law-based method is
employed to find the nonlocally related PDE systems of Eq. (1). Many new local and
nonlocal symmetries for these systems are found. In Sect. 3, the equivalence trans-
formations of two potential systems are investigated. In Sect. 4, the inverse potential
systems arising from each Lie point symmetries are presented. A tree of inverse poten-
tial systems of Eq. (1) is also constructed. Finally, some conclusions are given in the
last section.

2 Nonlocally related systems

Consider a k-order system of PDEs R, [u] with n independent variables x =

(x!,x2,...,x") and m dependent variables u = (u', u?, ..., u™)
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Ra[u]=Ra(x,u,u(1),...,u(k))=O, a=1,2,...,m, 2)

where u ) is kth-order derivative. A local divergence-type conservation law of the
PDE system (2) is a divergence expression of the form

D;®' [u] = D\ @' [u] + - - + D, ®" [u] 3)

in terms of total derivative operators holding on solutions of (2). There exists a set of
conservation law multipliers

Aa[u]=Aa<x,u,8u,...,8lu>, a=1,2,...m, 4)
such that
D;®' [u] = Ay [u] Ry [u] (5)

holds for arbitrary u. _
For any divergence expression D; @' [u], one has

E,; (DiCIDi [u])EO, j=1.2...m, 6)

where E,; = 3% - Dia_zf +--+ (DD, - D,'Sﬁ + --- is Euler operator
. i i-is
with respect to u”/.

A set of local multipliers A (x, w,du, ..., o u) yields a divergence expression for

PDE system (2) if and only if
E,; (Aa (x,u,au,...,a’u) Ro (x,u,au,...,aku>) =0, j=1.2...m (7)

holds for arbitrary u [16].
Consider the conservation law multipliers A[u] = A (¢, x, u) to HS equation. Then

Ey (A (x,t,u) (Uyxy + Aty + 2unyyey)) = 0. ()

Splitting with Eq. (8) respect to third derivatives of u yields the following determining
system

—Auy =0, =27, =0,

—Apxx — 2ulyox =0,

—6ulNyy — Ny —2A5 =0, &)
—6u Ay — Ay — 40 xu =0,

—OuNxxy — 2A¢xu — 2A5x = 0.

The solution of the determining system (9) is given by

A, tu,ue, i) =xF @) +u(=2F @) +c)+G@), (10)
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Table 1 Conservation laws of HS equation

CL Multipliers Conservation laws

P! [u] = uuyy + %u)%,

O [u] = 2uluyy — usuy

of [ul=6 (1) uxx

O [u] = 2G () uuxy + G () u? — G (1) ux

O [u] = —F () u2 + F' (1) ux — 2F (6) uriyx + xF' () ttxx
V3 A =xF (1) — 2uF (1) O [u] = —4F (1) uPtuyy + xF' (1) u? +2F (1) upity

—xF" O uy — F' () ur +2F () xunxy

Vi A=u

V2 A=G®)

where ¢ is an arbitrary constant and G(¢) and F (¢) are arbitrary differential functions
about . The solution yields three local conservation laws multipliers

WD) A=u, 2 A=G(@®), B) A=xF (t)—2uF (). (11)
Each multiplier determines a corresponding flux as Table 1 by using direct method

with the aid of GeM [43,44].
The three conservation laws in Table 1 result in the following potential systems

_ 12
UVy {x,t,u,01) = 0 {le—uuxerzuzx, "
Vi = UrUyx — 214 Uxx,
v2x = G (1) gy,
UV 7l7 9 =O: 13
> {x,t,u, v} {UZZ = — (2g () un ey + G (1) I,t/% —G o ux) ’ (13)

UVi{x,t,u, vz} =

Viy = —F (O ul + F' () uy — 2F (6) bty + xF' () thyx,
0: 1 vy = — (—4F () Puyx +xF' () u? + 2F (1) uguy (14)
—xF" () uy — F (t) g + 2F' (1) xuuyy) .

The three conservation laws in Table 1 yield up to 2°> — 1 = 7 nonlocally related PDE
systems. Therefore, the following theorem can be established.

Theorem 1 For the Hunter—Saxton equation, the set of locally inequivalent potential
systems arising from multipliers depending on x, t and u is established by the following
systems:

o Three potential systems (12), (13) and (14) involving single potentials.

o Three couplets UV Vo {x,t,u, vy, v} [(12), (13)], UV V3 {x,¢t,u, vy, v3} [(12),
(D] and UVL V3 {x, t, u, va, v3} [(13), (14)].

e One triplet UV Vo V3 {x,t, u, vy, vz, v3} [(12), (13), (14)].

A tree of nonlocally related PDE system for the Hunter—Saxton equation is presented
in Fig. 1. In what follows, we shall investigate the Lie point and nonlocal symmetries
of the nonlocally related PDE systems. On the basis of the Lie symmetry analysis, the
Lie point symmetries of UVy are given
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Fig.1 A tree of nonlocally
related PDE system for the

Hunter—Saxton equation /\

Table 2 Point symmetry classification of the potential system U V;

G (@) No. Point symmetries
. bl
Arbitrary 2 Yi=—, h=
dx v
Y 9 Y. 9 Y ta 9
= —, = —, =t— —Uu—
T o0 2T 0w 2T Iz
! 4 —lull’l(l)—l‘u‘f'i P P
Yp=thh(t) —+ —M= — —vpy—
4 @5t ‘ oy
9 P P 1¢ (—2ut°‘+1 + (o — 1)ta) 9
Y= — Yo=—,Y5=1“—+ - —
a1l 4 ! o 2 5 3 a2 2 qu
Yo =t— —u— -1 —
6 =15 ~ug, T Dugs
Y 9 Y. 9 Y- +
= —, = —, = — V) ——
o 4 Yoo 2T an T T e T e

9
Yy = —2¢' — + Qu—1)el —
8 Co taumhen

=2 x,= 0 x,= 0
l_at’a z_aax’ ;_Bvl’
X4 = —t— —x— +v]—, (15)

ot 0x o]

9
Xs =12 4oy
SE Ty T

The symmetry classification of system UV, and UV3 are given by Tables 2 and 3
respectively. Table 4 presents the symmetry classification of other potential systems of
the tree of nonlocally related system (Fig. 1).

Theorem 2 If F = e the symmetry Z 1 of the system U V1 V3 is the nonlocal symmetry
of the system U V.
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Proof For the Lie point symmetry Z,

gl (x,t,u, vy, v3) = 2e!, E2(x,t,u, v, v3) = 2xe,
n'(x, tu,vr,v3) = xel, n? (x, 1, u, vy, v3) = v3, (16)

n (e, t,u, v1, v3) = xe?.

Then

2 2 2 2
9! g2 an' an?
— ) +t{—) +t|l—) +|=—) =1>0.
<8v3) <8v3 ov3 Jdvs ~
So the symmetry Zj is the nonlocal symmetry of the system U V. O

Remark 1 We can conclude that Z;; and Z|, are the nonlocal symmetries of system
UV; when F = In (¢) as the same analysis as Theorem 2. In addition, Z;s is the
nonlocal symmetry of UV; and Z7 is the nonlocal symmetry of U V3. Z3; is the
nonlocal symmetry of the system U V| and U V| V,. Z»; is the nonlocal symmetry of
the system UV;, UV V> and UV, V3. Finally, Z»3 is the nonlocal symmetry of the
system UV3 and UV, V3 when G = ¢! and F = c.

Remark 2 In this section, three local conservation laws of the Hunter—Saxton equa-
tion are constructed by limiting the multipliers to lowest-order. This class will
miss some conservation laws. For the HS equation, the three-order multiplier
A, tu, Uy, Uy, Uxxy) 1S XF' (t) — 2uF (t) + ciu + G (t) + c24/uxx. The term
J/txx will yield new conservation laws by using the direct method. However, the ,/u
is not a continuous function. It cannot split the flux continuously. For the multiplier
A (X, 1, U, Uy, Uy, U, Uxxxxs Uxxxxx)s it Will appear new term -2 — % u‘%“‘z .
(uxx)2 ()2
It is also hard to determine the conserved densities. Thus we don’t consider the high-
order multiplier in this paper.

Remark 3 The obtained nonlocally related systems of theorem 1 are not exhaustive. It
is a fact that linear combinations of the starting conservation laws may yield additional
systems [45]. The most general form of potential system can be written as

UVi{x,t,u,v}=0:
e = ¢ (Uttax + 5u2) + 2 (G (1) txx)
o3 (=F @) u2 + F () uy — 2F () uttx + xF' (1) tx)
v = 1 (uetty — 20Puxy) + 2 (—2G (O uuey — G O u + G (1) uy)
—c3 (—4.7-" ) ulur, + xF (1) u)zc +2F (t) usuy
—xF" (O)ux — F (t) ug + 2F (1) xunyy) .

Together with the potential systems in Theorem 1, they exhaust all possible inequiv-
alent potential systems.
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Table 3 Point symmetry classification of the potential system U V3

F (1) No. Point symmetries
Arbit 2w w A
roitrar = —, =X— u— vy —
) L au T 0 T T B
. s owi W D
= =X— u—
L au T 0 T T By
W- t8 + 0 =2t 9 + 0
= X — p— p—
3T T ax " ou
W tl(t)a+(l(t)+2)a+(+x)a+x8
= n —_— X (In —_— — ) — —_—
3 at 0x " 2t u 2t vz
B 15 W O w 8+3+vaWta+(52)a(ﬂ 1)a
=—, =x—+u— —, =t— - Dx——B-Du—
.87 L= oy T T e T By T ox u
4Py +2zﬂ—‘ 9, pp-2?
7= g2 ax B Bu 3v;
3
Wg—Ztﬁ—+2,th/3 18—+,3(,371)xt‘3 2 _ +,32(/3 1)xt2ﬂ*38—
v3
. 3 3
e 5 W1=7’ W2=x—+u—+ 3
av3 a ou 31)3
Wo= o —xl—ul W mae L g g2t
9= 51 =gy ~Ug Wio =gy 261 e v3
Wi =él 7xe’[—+1 i+1 9
=3 ax 2 ou 2 8v3

3 Equivalence transformations of potential systems UV> and UV;

An equivalence transformation transforms an equation that has arbitrary functions
to an equation preserving the same differential structure but with different arbitrary
functions [46,47]. We shall use Lie’s infinitesimal criterion to derive the equivalence
transformations of potential systems U V> and U V3. For the system (13), the equiva-
lence transformation is obtained by seeking an infinitesimal operator of the Lie algebra

d
+¢3—. (17)

3
E=rg g_+; ga aG

The one-parameter group of equivalence transformation is given by

f :t+£t(t,x,u,v2)+0( )

¥ =x+est,x,u,m)+0 (e )

i :u—}—e;l(t,x,u,vz)—i-O(ezg (18)
Uy = vy + e (t,x,u,v2) + O (¢7),

G =G+et(t,x,u,12,9) + 0 (¢7),

where ¢ is the group parameter. The equivalence transformation operator (17) leaves
not only the invariance of (13) but also the invariance of Gy = G, = G,, = 0. Then the
invariance criterion yields an overdetermined system for 7, &, ¢!, ¢% and ¢3. Solving
this system one has following operators
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Table 4 Point symmetry classification of the potential system UV V,, UV V3, UV, V3 and UV V) V3

Potential g, F

No. Point symmetries

systems
ad ad d
uviv, Arbitrary 3 2\ =—, 2y =—, Z3=—
ax vy vy
d d d Gl
g=1" 4 Z1, Zy, 23, Z4 = —t— +u— +2U17+(1—0l)l)27
ar ' du Jv dvy
G=e¢' 4 7y, Z», 73, Z i+ 2
= 1 25 3 5= a1 231)2
ad
Uuviva Arbitrary 2 Zr, Zg = —
av3
d d d d
F=1F 3 Zy, Ze, Z7=—t— +u— +2v1—+(2 ,B)v3—
at ou v v3
Zy, Zg, Z 9 + 9 Z 8 + 0 +v +v
s Zgy Zg = — +uv3—, — tu— —
_ 2 0 8 T s 0 T e T T B T P s
F=e 5 P P 5
Z10 = 2¢' — + 2xel — = 1 —
10 e o + 2xe’ ™ + xe! 0u+v36v + xe P
d d d
23, 26,211:—t5+ o +2v1d + Qv +2v3) 3U3
F=In() 4 3 P P 3
Zip=t— +2x— v —
2= R T T P g,
) ad
Zy, Z¢, Z13 = YR Zis = f1(=2cv; —v3) —
t V3
d d d d
F=c 7 Z]5=f2(2cvl+vq) ,Zie=t—+2x— +u—
\ 3 1 at ax au
Z]7=72ta 72xa—+2v1a—+( 26v]+v3)—
UV, Vs Arbitrary 2 Z3, Zg
o p C 9 9
G=tY F=tFP 3 73, Z¢, Z1g=—t—F+u—+1—-a)v— +2—-pB)vz—
ar | du 3y 3
d ) )
G=F=e¢ 3 73, Zs Zi9= - +va— +v3—
ot dvp vz
UViV,V3  Arbitrary 3 Zs, 73, Zg
5 Zy, 73, Ze
=% =tP 4 d d d d
g=rtr Zo =t bt (@ g+ @ P
Jat du v u3
Zy, Zs, Z21 = f3(2cv) +v3)8f
G=e¢l,F=c 5 P U1 P
Zyp = fa 2cvy + v3) Zz3 f5 2cvy +v3) e
E 9 E 9 E
1= 2=, 3=,
ot 5 ax vy
Ey=v— + Q (19)
vy 0G’
0 0 0
Es=—t—+u——g¢g

3t ou  9G

where G = G (¢) is arbitrary function. Thus the five-parameter equivalence group
associated with above five generators is given by
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Ei:i=t4a, x=x,l=u, h=v1, G=G,

Ey:f=t, X=x+4ay, i=u, vp=n1y, Q:g,

Ey:i=t f=x,d=u th=w+a, G=G, (20)
Ey:ft=t, x=x, i =u, v =e™ vy, Q:e“4g,

Es: i=e %t X=x, ii =eSu, i =12, G =e %G.

Therefore, the following theorem is established.

Theorem 3 Any transformation of the form

f=a+e t, X=ar+x, i=e%u,

Uy = a3+ ey, G =e"TBG,

where ay, . . ., as are arbitrary constants, maps the potential systems UV, (13) to the
PDE system with same form

{172)z=g~(f)~ﬁﬁ, i i
by = — (26 (7) dies + G (7) a2 — G (7) iz

Then we can obtain the equivalence transformation theorem for the potential system
U V3 (14) similar to the process of the derivation of Theorem 3.

Theorem 4 Any transformation of the form

At

=a; + e—tl3+a4+ast’ ¥ = e—as+2a4+a5x’ 0= e%uy,
v =ay +eBvy, F=eSF,

where a1, . .., as are arbitrary constants, maps the potential systems U V3 (14) to the
PDE system with same form

4 Inverse potential systems arising from Lie point symmetries
In this section, a symmetry-based method is employed to construct inverse potential

systems of HS equation. The symmetry group will be generated by the vector field of
the form

1 0 ) 0 0
X=& (t,x,u) —+& (t,x,u) —+n, x,u) —, (2D
ot 0x u
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then X (21) must satisfy Lie’s symmetry condition
prX(A)la=o =0, (22)

where A = uyys + 4uxyy + 2uttyy, = 0. The Lie symmetry condition yields an
overdetermined system of partial differential equations about €', &2 and n

Nex =0, 7y =0, gtlt = 21y,
Nw =0, Nyu =0, Exl =0,

%_3 = %_zl + Ny, ";:[2 = _2’/”]“ + 2777
g0=0. & =0.

Solving this system, one can get

gl = et + o3 + [ 28" (1)dt,
E=@+c)xta+ (28 Ox+2f 1)dt, (23)
n=g Ox+cu+f1).

where c1, ¢2, ¢3 and ¢4 are arbitrary constants and f (¢) and g (¢) are arbitrary differen-
tial functions. Hence the infinitesimal symmetries of (1) form the infinite dimensional
Lie algebra L spanned by the following vector fields

X 0 X 0 X 0 n 0

= —, = —, = X— M_,

! o, 23 ax 3 ox ' ou

X4y =t— —, X5=2f () — "(t) —, 24
4 8t+xax 5 f()3x+f()au (24)

0
Xe=2g(t) — +2g () x— ") x—.
6 g()at+ g()xax+g()xau

4.1 Inverse potential system from X;

For the symmetry X, it maps into the canonical form P = % by introducing canonical
coordinates

r=x,
s=u, (25)
v(r,s) =t.

At the same time, the Eq. (1) is mapped to an invertibly equivalent equation

l2svrvszvs2, — 18svsvr2vs,vm — 6sv53v”v,,
—6svrvs3v5r,+6sv,3vszs + 6svs2vrvssv,, + 6sv52v,2vmr
— 2505 vasss + 2svarrr + 8vS2vr2vsr (26)
—4vsvass — 4v,v§vrr — 2v3vs2r + 6V, V3V Vss + vasr,
— 3v3vfy — vszvssvrr — 2vrv3vm, + vxva”s =0.

Introducing the new variable ¢ = v, and ¥ = v;, one can obtain the locally related
intermediate system
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¢ = v,

W = Vg,

12522 — 18sYd>Y s — 659 Y, — 659U Yy + 65932
+65Y2PYrs e + 65U P — 25Y Y 27)

+ 259y + 8P — AP — dpyYi P, — 2972
+6U Y Yy + Y3y — 3022 — YUy
=209 Y + Y = 0.

Eliminating v from the system (27), one obtains an inverse potential system (IP;) of
Eq. (1)

¢s = I/fr,
125¢y 27 — 18sYd> Y, s — 659 Y, — 65U Yy,
05O YT + Y 2Py + 6592 s — 259 Vs 28)

+2s9 gy, + 8Y 2P Y, — Ay Sy, — Ay, — 292y
+6U s + Y3y — 302Y2 — YUy
— 2092 + Y Py, = 0.

Due to the inverse potential system (28) is nonlocally related to the intermediate
system (27), the inverse potential system (28) is nonlocally related to Eq.(1). The
transformation (25) establishes a one-to-one mapping between the solutions of (28)
and (1). As the process of construction of the nonlocally related system by using
symmetry X1, one can construct the nonlocally related systems, which are based on
X5 to Xg.

4.2 Inverse potential system from X>

For the symmetry X, it maps into the canonical form P = % by introducing canonical
coordinates

r=t,
s=u, (29)
v(r,s) = x.

At the same time, the Eq. (1) is mapped to an invertibly equivalent equation
V2055, — 305U, Vgg 4 30,027 — 65027 — 0,05 Vg5 + 2505 V555 + dugugs = 0 (30)

Introducing the new variable ¢ = v, and ¥ = vy, one can obtain the locally related
intermediate system

¢ = vy,
v =y, (31

v?vssr — 305V, V55 + 3vrvszs — 6svfs — Uy UgUggs + 285VUsVsss + 45055 = 0.
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Eliminating v from the system (31), one obtains an inverse potential system (/P>) of
Eq.()

¢s == Wr’ (32)
Vg — 3UYeUs + 30Y2 — 652 — @Yy + 25Uy + 4y = 0.

4.3 Inverse potential system from X3

For the symmetry X3, it maps into the canonical form P = % by introducing canonical
coordinates

r=t,
u

s =—, (33)
X

v(r,s) = x.

At the same time, the Eq. (1) is mapped to an invertibly equivalent equation

4 2 2 2 2 2
250 — v”vs3 + Uss Uy — 45UV + U Vsr Uss — Vg Vggr — 30, U5, + OSUL
+ U, Vg Usgs — 28 Vg Usgs + 4vs3 — 4vsv,, = 0. (34)

Introducing the new variable ¢ = v, and ¥ = vy, one can obtain the locally related
intermediate system

¢ =,

1# = Vg,

250t — Y3 + oU U — sy 43U W — Y — 3gY2 + 6s
+ QUYL — 25U s + Y3 — Ay = 0.

Eliminating v from the system (35), one obtains an inverse potential system (/P3) of
Eq.(1)

¢S = wrv
259t — Yy + oU P — sy + YW — U — 30¥2 + 6592 (36)
+PYYL — 25U Py + AU — Ay = 0.

4.4 Inverse potential system from X,

For the symmetry X4, it maps into the canonical form P = % by introducing canonical
coordinates

” (37)

v(r,s) =In(x).
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Equation (1) is mapped to an invertibly equivalent equation

—6sr3vrv3vsrr + 6sr3v§vrzvmr — 2sr3vxvam~ — 24sr2vrv3’vsr
+12sr2v52vr2vsx — 3r2vrvszvr,vss + 6sr2vszvrrvss
+9r2vsvr2vssvs, + 12sr2vrv3vm — 6sr2vsvr2vm
+18rsvrv32vss + 12rvgv, Uss Usr
— 18rsvgvgsv5, — OFSVs U, Vg5 — 6sr3v3vsrvr, + 12sr3vrv3vfr
—2rv3v”v,, + 18rsv, vszs —4rv, vszvss,

+ 6srv52vssr + ersvrzvms — 12rvsv, v + 2sr3v?vrrr + 6sr3vf vszs
—4r3v,vs3v,, + 12sr2v;‘vrr + 8r3vs2v3vsr

—4r3vsvr3vss + 3r2v3vsrvr, — 6r2vrvs2v32r
+12sr2v32v§, + 3r2vrv3vsrr — 6sr2v3vsrr (38)
+ 18sr2vrzvfs — 3r2v3v3vmr + rzvsvasss + 12rsvrv;L + Srvrv§’vsr

+16r2vrvx2vsr — 18srv§’vsr — 4rvs2vr2vss

—12r2vsvr2v“ + 6sr3vrv32vssvrr — 18sr3vsvr2vssvsr

—365r2V,V, Vg5 Vsr — 4v3 — vam

—4dugvgg — 31),113Y — 2v,v;t + 4sv?’ + 3v3vsr

+6s vfs + Vg Uy Vggs — 28VsVsgs + 2F vs Vgrr — 6rvr2vszs

— 12rvrvs3 + 8rvs2v5r — 31),1)321)55 + 6sv§vss + 305 Vg Vg

—rzv;‘vrrr — 3r2vr3v523 — 8r2vr2v§’ — 4rvar,

—4r2v3v,, — 4rv2v? = 0.
Introducing the new variable ¢ = v, and ¥ = v, and eliminating v from the locally
related intermediate system, one obtains the inverse potential system (I/P4)

¢s = Wr,

—65P3pY 3 Yrr + 6573 Y20, — 253U PP
—24sr2¢ Y3y + 125129y 29> s — 3r2p Yy’
+65r2Y 2@ s + 2P oYYy + 125729 Y g,
—65r2Y > Yrss + 1875y + 12r Y drs
—18rsyisry — 6VSW¢%S — 65731#31##%
+125r3 Y Y2 — 2r Y + 18rspy — drdr s,
+657Y 2 sy + 2r Y d> sy — 12rY s + 25730y,
+65r3¢3 Y2 — ar3gyi, + 12512y,
8RO — AP Y + 32y Yy — r2 YRy
H2sr 2202 4+ 329y Y — 6512y e
+18sr2¢2 Y2 — 3r2y gy, + 2y Yy, + 12rspyt
+8rp Y3y, + 16r2p Y2y, — 18sryy,
—4ry 29y, — 12129 2P + 6573y Y g,
—18sr3 Y ¢y ¥, — 36sr2 Y sy — 4y — Y,
— 4y — 39Y2 — 209 + syt + 3y Y, + Gsy2
Y Py — 25U gy + 23 Y, — 6ro?yl
—12r¢ Y3 + 8ry 2y, — 3oy, + 65y
+3Y Yy — r2 Yty — 3r2g3yl — 8r2¢ Y3 — dryte,
—4r2 3¢, — dryy = 0.

(39)



2324 Z.Zhao

4.5 Inverse potential system from X5

When f (t) = ¢ for X5, canonical coordinates induced by X5 are given by

r=t,
B 1 x
S—”—gff (40)
v(r s):—f
' 21t

Transformation (40) maps Eq. (1) to the equation

2 2 2
TV Vsgr — FUrUsUsgs + 370, Vs, — 31 Us Vs Ugs + SUsVsgs — 3505, + 20505 = 0.
41)

which is invertibly related to Eq. (1). Introducing the new variable ¢ = v, and ¢ = vy
and eliminating v from the locally related intermediate system, one obtains the inverse
potential system (/Ps)

(bs = Wr»

P — O + 30U = 3rUv s+ s, — 3592+ 299, = 0. )
4.6 Inverse potential system from Xg
When g () = e’ for Xg, canonical coordinates induced by X¢ are given by
r=—In(x)+1,
s = —%x + u, (43)
v(r,s) = —Ee_’.

Transformation (43) maps Eq. (1) to the equation

(IZSvast — 36svxv,2vsrvss + 12svS2v,2v5s + 12svrv§vssvrr

+24sv, 0202, — 245030, v,
— 12sv3v” Vpp — 4svsv,3v‘m + 1251)3v,2vssr + 8sv?’v,

—12sv,vs3vs,r + 12sv,rv? + 4sv?vrrrs 44)
— 8v5vr3vm + l6vs2va5r — 81)?1)r2 — 81),1)531)”) e’

+3v3v323 — 6V U Vgg Vs + vrvszvss + vszvmvrr

+ 2vS2v32r — vg’vsr — vsvrzvsss + ZU,USZUSW — vsvsrr =0.

Introducing the new variable ¢ = v, and ¥ = v, and eliminating v from the locally
related intermediate system, one obtains the inverse potential system (/P¢)
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Fig.2 A tree of inverse potential
systems for the Hunter—Saxton

equation
=] & |m»
¢S = Wr’
(125> Y2 =365 9> W, Yy +1259 2 s + 12590 s by 424592 Y2 =245
— 12593 ¢ — A5 gy + 1259207, 45)

+8sytp — 1250y, + 1259,y + dsyrt ey,
— 8y Y +16Y 297, —8Y3§2—8p Y3 ¢y ) € +3* Y2 —6Y p Y Y+ Y
+ U2 e + 20207 — Y3 — Y s + 200 Y5 — Y = 0.

Remark 4 The inverse potential system [P, IP;, IP3, IP4, IPs and IPg play an impor-
tant role in analyzing HS equation, which are all equivalent to the HS equation. The
relationship between the solutions of inverse potential system and HS equation is one-
to-one. All the inverse potential systems are nonlocally related to HS equation. Figure 2
presents a tree of inverse potential systems arising from Lie point symmetries, which
further extend the tree of nonlocally related systems (see Fig. 1) form conservation
law-based method.

5 Conclusions

In this paper Lie symmetry analysis method is performed on the HS equation. The
direct method is used to derive local conservation laws of the HS equation. The nonlo-
cally related PDE systems of HS equation are constructed with the aid of conservation
law-based method. Based on the symmetry classification of the potential systems, we
obtain many new local and nonlocal symmetries. A tree of nonlocally related PDE sys-
tem for HS equation is presented in Fig. 1. Two equivalence transformation theorems
of the potential systems are established. In order to extend the tree we established
a tree of the inverse potential systems (Fig.2) by using a symmetry-based method.
The results of this paper are helpful for further analysis of the properties of the HS
equation.
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