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Abstract

In this paper we study a classical monotone and Lipschitz continuous variational
inequality in real Hilbert spaces. Two projection type methods, Mann and its viscosity
generalization are introduced with their strong convergence theorems. Our methods
generalize and extend some related results in the literature and their main advantages
are: the strong convergence and the adaptive step-size usage which avoids the need
to know apriori the Lipschitz constant of variational inequality associated operator.
Primary numerical experiments in finite and infinite dimensional spaces compare and
illustrate the behaviors of the proposed schemes.
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1 Introduction

In this paper, we study the classical Variational Inequality (VI) of Fichera [14,15] in
real Hilbert spaces. The VI is formulated as follows: Find a point x* € C such that

(Ax*, x —x*) >0 Vx € C, (1)

where C C H is a nonempty, closed and convex set of a real Hilbert space H and
A : H — H is a given mapping. We denote by VI(C, A) the solution set of the
VI (1).

Variational inequalities are fundamental problems which stand the core of diverse
applied fields such as in economics, engineering mechanics, transportation, and many
more, see for example, [2,3,20], just to name a few. In the last decades, many iterative
methods have been constructed for solving variational inequalities and their related
optimization problems, see for example the excellent book of Facchinei and Pang [13],
Konnov [20] and the many references therein.

The first simplest method for solving VIs, derived from optimization theory, is
known as the gradient method (GM). The iterative step of this method requires the
calculation of the orthogonal projection onto the feasible set of the VI, that is C,
per each iteration. Given the current iterate x,, the algorithm’s iterative step has the
following form.

Xp41 = Pc(xy, — TAXxy), (2)

1
where T € (0, —), L is the Lipschitz constant of A and P¢ denotes the metric pro-

jection onto C. It is shown that gradient method (2) convergence under Lipschitz
continuity and some restrictive monotonicity assumption, such as strong monotonic-
ity or inverse strongly monotone, see for example [18]. Korpelevich [21] (also Antipin
[1] independently) proposed a double-projection method, known as the extragradient
method (EM) which enable to obtain convergence in Euclidean spaces under Lipschitz
continuity and just monotonicity. Given the current iterate x,,, the algorithm’s iterative
step has the following form.

yn = Pc(xp — TAxp),
Xp1 = Pc(xy — TAyy),

3

where t and P¢ are as above. This method is studied intensively and extended and
improved in various ways, for example see, e.g. [6—10,25,26,31,34,35] and the refer-
ences therein.

Although the extragradient method converges under weaker monotonicity assump-
tion than the gradient method, it requires to calculate two projections onto C per each
iteration. So, in case that the set C is not “easy’ to project onto it, a minimum distance
subproblem has to be solved twice per each iteration in order to evaluate Pc, a fact
which might affect the applicability and computational complexity of the method.

In a direction to overcome this obstacle, Censor et al. [7-9] introduced the so-called
subgradient extragradient method (SEM). In this algorithm, the second projection onto



Two simple projection-type methods for solving variational. .. Page 3 of 23 0

C is replaced by an easy and constructible projection onto some super set which con-
tains C. Given the current iterate x,, the algorithm’s iterative step has the following
form.

yn = Pc(xp — TAxy),
T,={xe H| (x, —TtAXxy — Ypn, X — Yn) <0}, @)
Xp+1 = Pr, (Xn — TAyn),
where t € (0, 1/L).
Another method which uses only one projection onto C is projection and con-
traction method (PC) of He [17] (see also Sun [32]). In this method, the point y,, in
calculated in the same spirit of (3), but the next iterate x, is calculated via some

adaptive step size rules. Given the current iterate x,,, the algorithm’s iterative step has
the following form.

Yn = Pc(xp — 10 AXy),
and then the next iterate x,, 1 is generated via the following PC-algorithms:
Xn1 = Xp = Y1nd (X, Yn), )
where y € (0, 2), 7, € (0, 1/L) (or 7, is updated by some self-adaptive rule),
d(Xn, Yn) = Xn = Yn = Tu(Axp — Ayn),
and

(Xn — Yn, d(xp, yn))
ld (xn, yu) II?

Nn =

Recently, projection and contraction type methods for solving VIs have received
great attention by many authors, see, e.g., [4,11,12], just to name a few.

Since the SEM and PC algorithms originally introduced in Euclidean spaces, a nat-
ural question which was studied is how to extend the method to infinite dimensional
spaces and obtain strong convergence. In 2012, Censor et al. [8] proposed two subgra-
dient extragradient variants, which converge strongly in real Hilbert spaces. One of
the SEM variant has the following form. Given the current iterate x,,, the next iterate
Xp+1 18 calculated via the following.

yn = Pc(xn — TAxp),

Ty ={xeH|{xn —TAXy — Yu,x — yn) < 0},
Zn = dpXy + (1 — an)PT,, (xp — TAyn),
Ch={weH||zpn —wl = llx, —wl},
On={weH|{xy—w,xo—x) =0},

Xp+1 = Pc,ng,x0, ¥n > 0.

(6)
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Inspired by the results in [8], Kraikaew and Saejung [22] combined the subgradient
extragradient method and the Halpern-type method and propose the so-called Halpern
subgradient extragradient method.Given the current iterate x,, the next iterate x,
is calculated via the following.

yn = Pc(xp — TAxy),
T,={xe H|(xp —TAXy — Yn, X — yn) < 0}, @
n = Pr, (xp — TAyn),

Xpr1 = OpXo + (1 —an)zn, Yn >0,

where t € (0, %), {an} C (0, 1), limyo00y = 0, Y 02 &ty = +00 and xg € H.
Similar to (6) of Censor et al. [8], (7) converges strongly to a specific point p =
Pyip(c,a)Xo-

Another two very recent and related (viscosity type methods) which are also used
as comparison with our methods in Sect. 4 are Shehu and Iyiola [30, Algorithm 3.1]
and Thong and Hieu [33, Algorithm 3].

The setting of Shehu and Iyiola [30, Algorithm 3.1] is as follows. Given p, u €
(0, 1) and let {a,, };2, C (0, 1), f a contraction and choose an arbitrary starting point
x1 € H. Given the current iterate x,,, calculate.

yn = Pc(xp — AnAxp),
where A, = pl, and [, is the smallest nonnegative integer / such that
Anllxn = yaull = pellrpr, (xa) I
where r,, (x,) := x, — Pc(x, — pl, Ax,). Construct the set 7}, as in (4) and compute
Zn = Pr,(xp — Ay Ayn),
and calculate the next iterate as follows.
Xng1 = o [ (xn) + (1 — an)zn. (®)

The setting of Thong and Hieu [33, Algorithm 3] is as follows. Given p € [0, 1),
w,l e (0,1)and y > 0.Let {e,}>>, C (0, 1), f acontraction and choose an arbitrary
starting point x; € H. Given the current iterate x,,, calculate.

Yn = Pc(xp — AnAxp),
where A, is chosen to be the largest A € {y, yl, yI2, - - -} satisfying

AMAx, — Ayl < wllxn — yall
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Calculate the next iterate as follows.

Xpp1 =y f(x0) + (1 — )z, 9

where z, = yu — Ap(Ay, — Axp).

Motivated and inspired by the above results and the ongoing research in these direc-
tions, we suggest two modified projection-type methods, Man-type [27] and viscosity
type [28], for solving monotone and Lipschitz continuous variational inequalities
which converge strongly in real Hilbert spaces and does not require the knowledge of
the Lipschitz constant of A a-priori.

The paper is organized as follows. We first recall some basic definitions and results
in Sect. 2. Our algorithms are presented and analysed in Sect. 3. In Sect. 4 we present
some numerical experiments which demonstrate the algorithms performances as well
as provide a preliminary computational overview by comparing it with some related
algorithms. Final remarks and conclusions are given in Sect. 5.

2 Preliminaries

Let H be a real Hilbert space and C be a nonempty, closed and convex subset of
H. The weak convergence of {x,};° to x is denoted by x,—x as n — oo, while
the strong convergence of {x,};° | to x is written as x, — x as n — oo. For each
x,y € Hand @ € R, we have

lx -+ yI% < x> +2(y, x + ). (10)
lax + (1 —a)yl? = alx|> + A —a)Iy|* —a(l —a)llx —yI*. (1)

lax + By + yzll* = allx|® + BllyI? + ylizlI* — aBllx — y|?
—aylx —zI* = Bylly — zI? (12)

forall x,y,z € Handforalle, B,y € [0; I]witha+ 8+ y = 1.
Definition 2.1 Let 7 : H — H be an operator. Then

1. the operator T is called L-Lipschitz continuous with L > 0 if
ITx =Tyl < Lllx =yl Vx,yeH. (13)
if L = 1 then the operator T is called nonexpansive andif L € (0, 1), T is
called contraction.
2. T is called monotone if
(Tx —Ty,x —y)>0 Vx,y e H. (14)

3. the fixed point set of T, denoted by Fix(T) is defined as follows.

Fix(T) :={x € H| Tx = x}. (15)
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For every point x € H, there exists a unique nearest point in C, denoted by Pcx
such that |x — Pcx|| < ||x — y|| Vy € C. Pc¢ is called the metric projection of H onto
C. It is known that Pc is nonexpansive.

Lemma 2.1 [16] Let C be a nonempty closed convex subset of a real Hilbert space H .
Givenx € Handz € C. Thenz = Pcx < (x —z,z—y) >0 Vy e C.

Lemma 2.2 [16] Let C be a closed and convex subset in a real Hilbert space H,
x € H. Then

i) [|Pcx — Pcy|l? < (Pcx — Pcy,x —y)Vy € C;
ii) [[Pcx — ylI> < llx — y|I> — lx — Pex|* ¥y € C;
i) ((I — Pc)x — (I — Po)y,x —y) > |(I — Pc)x — (I — Pc)y||> Vy € C.

For properties of the metric projection, the interested reader could be referred to
Section 3 in [16].
The following Lemmas are useful for the convergence of our proposed methods.

Lemma 2.3 [22] Let A : H — H be a monotone and L-Lipschitz continuous mapping
onC.LetS = Pc(I —1A), where T > 0. If {x,,} is a sequence in H satisfying x,—q
and x, — Sx, — O thengq € VI(C, A) = Fix(S).

Lemma 2.4 [24] Let {a,} be a sequence of nonnegative real numbers such that there
exists a subsequence {an; } of {an} suchthata,; < an;+1forall j € N. Then there exists
a nondecreasing sequence {my} of N such that limy_, oo my = 00 and the following
properties are satisfied by all (sufficiently large) number k € N:

Ay < A1 and ag < Q41

In fact, my is the largest number n in the set {1,2, - -- , k} such that a, < a,41.

The next technical lemma is very useful and used by many authors, for example
Liu [23] and Xu [36]. Furthermore, a variant of Lemma 2.5 has already been used by
Reich in [29].

Lemma 2.5 Let {a,} be sequence of nonnegative real numbers such that:
ant1 < (1 —ay)ay + apby,

where {a,} C (0, 1) and {b,} is a sequence such that

a) > 0o = 00;

b)limsup,_, ., b, < 0.

Then limy,_, o a, = 0.

3 Main results

In this section we introduce our two modified projection-type methods for solving VIs.
For the convergence analysis of the methods, we assume the following conditions.
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Condition 3.1 The VI (1) associated operator A : H — H is monotone and L-
Lipschitz continuous on H.

Condition 3.2 The solution set of the VI (1) is nonempty, thatis VI(C, A) # .

Condition 3.3 Let {«,} and {8,} be two real sequences in (0, 1) such that {8,} C
(a,b) C (0,1 — ay) forsome a > 0,b > 0 and

o0
lim o, =0, E oy = 00.
n— oo ]

n=

3.1 Mann-type projection algorithm

Algorithm 3.1

Initialization: Given . > 0,1 € (0,1),u € (0,1),y € (0,2). Let xo € H be
arbitrary

Iterative Steps: Given the current iterate x,, calculate x,11 as follows:

Step 1. Compute
Yn = Pc(xp — 12 Axp),
where T, is chosen to be the largest T € {A, Al, M2, ...} satisfying
T[[Axy — Aynll = plixn — yall- (16)

If x, = yy then stop and yy, is a solution of VI(C, A). Otherwise
Step 2. Compute
in = Xp — ]/nndna

where
dp =Xy — yp — T (Ax, — Ayp),

and 5
I, — yall
=0 —-p)——F
" AR
Step 3. Compute
Xn+1 = (I —ay — Bu)xn + Buza.

Setn :=n+ 1 and go to Step 1.

We start the analysis of the algorithm’s convergence by proving the validity of the
stopping criterion.
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Lemma 3.1 Assume that Conditions 3.1-3.2 hold. The Armijo-like search rule (16) is
well defined and

Proof See e.g., Lemma 3.1 in [33]. O

Lemma 3.2 Let {d,} be a sequence generated by Algorithm 3.1. Then d,, = 0 if and
only if xn = yn.

Proof Indeed, we will prove that
(I = llxp = yull < lldull <= A+ @) llxn — yull. (17)

We have

ldull = lIXp — yn — T (Axy — Ayn) |l
= Nlxn — yull = Tl Axy — Ayull

> Nlxn = yull = pllxn — yull
=1 =wWlxn — yall (18)

and it is also easy to see that
ldnll < (I + p)lxn — yall. 19)
Combining (18) and (19) we obtain
A=W lxn = yull = lldnll = (T + ) [lxn — yall.

It implies from (17) that d,, = O if and only if x,, = y,. O

Remark 3.1 From Lemma 3.2 we show that if d, = 0 then stop and y, is a solution of
VI(C, A).

Lemma 3.3 Assume that Conditions 3.1 and 3.2 hold. Let {z,,} be a sequence generated
by Algorithm 3.1. Then

2 —
Y lxn = zal® ¥p € VI(C. A). (20)

Iz = PI? < 0 — pI* —
Proof Using (16) we have

(xn — p,dn) = Xy — Yn, dn) + (yn — P, dn)
= (Xp — Yns Xn — Yn — Tn(Axp — Ayp)) +(Yn — P, Xn — Yn
— Ty (Axy — Ayn))
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= [lxn = Yull* = T(Xn — Y. Axy — Ayy)
+ = Ps Xn — Yn — T (Axn — Ayn))
> [lxn = yull* = Tullxn = yullllAxy — Ayl
+ (Yn — Py Xn — Yn — tn(Axy — Ayn))
> (%0 = yull* = ptllxn = yall®
+ (Yn — Py Xn — Yn — Tn(Axp — Ayn)). (21)
On the other hand, since y, = Pc(x, — 1,Ax,) we get
(Xn — Yn — TWAXn, yn — p) 2 0, (22)
By the monotonicity of A and p € VI(C, A) we have
(Ayn, yn — p) = (Ap, yn — p) = 0. (23)
Adding (22) and (23) we get
(¥n = PsXn — Yn — (Axy — Ayy)) 2 0 (24)
Combining (21) and (24) we get
(@ = podn) = (1= w)|lxn — yull*. (25)
On the other hand, we have
Izn = pI* = llxa = ynadn — plI?
= [lxa — pII* = 2y 10 (X0 — p.dn) + y202lldn ). (26)

It implies from (25) and (26) that

lzn — pI* < X0 — plI* = 2y 1m0 (1 — llx0 — YaullI* + ¥ 02 I dy|I>.

Since n, = (1 — ) , it implies that ||x,, — y,

[EAR

0 — yull? 2 = Tullda
1—n

lzn — pI* < llxn — pI* = 2y n2ldnll* + y2nilldn|I*

= lxn — pI* = ¥ 2 = Y) Inndall?
2—vy
= llxn — plI* — Tnynndnnz

lxn — znll”

2
= llxn = plI” =

. Thus
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Lemma 3.4 Assume that Conditions 3.1-3.2 hold and let the sequence {x,} be gener-
ated by Algorithm 3.1. Then

1+ p)?
e AW 27
X — yull” < [ —M)J/]2 lxn — zull" (27)
Proof We have
1w — 3l = —— a2 = —— 2
S MU B
: I & (28)
= —|[xn — zall”.
m(l—pwy2 "
On the other hand, from (17) we get
lxn =yl _ 1—p
=0 —-w > ,
n I~ (4 w2
thus,
1 1 2
— < a+w? (29)
Nn I—p
It implies from (28) and (29) that
1+ p)?
e Ut
X — yull” < [(1— M)J/]2 lxn — znll”
O

Theorem 3.1 Assume that Conditions 3.1-3.3 hold. Then any sequence {x, } generated
by Algorithm 3.1 converges strongly to p € VI(C, A), where ||p|l = min{||z|| : z €
VI(C, A)}.

Proof Thanks to Lemma 3.3 we get
Izn — pll < llxa — pIl Vn. (30)

Claim 1. We prove that the sequence {x,} is bounded. We have

X1 — pll = 1 — oy — Bu)xn + Buzn — pll
= [[(1 —an — Bu)(xn — p) + Bu(zn — p) —anpll
<A =y = Bu)xn — p) + Bu(zn — Pl + ol pll. (31)

On the other hand, using (30) we get

I(1—aty — B)n — P) + Bulzn — DI
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= (1 —ay — B)?llxn — PI* +2(1 — &y — Bu) Buldn — Py 20 — P)

+ BEllzn — pII?
< (1 =0y — B)*Ixn — pI* +2(1 — &y — B)Bullzn — pllllxn — pll
+ BEllzn — pII?

< (1 =0y — B)*Ixn — pI> +2(1 — &y — B)Bullxn — plI> + B211x0 — pII?

= (1 =)l — pII*.
This implies that

(A —an = B)xn — p) + Bn(zn — P = (1 —an)llxy — pll Vn. (32)
From (31) and (32) we get

[Xn41 — pll = (T —an)llxy — pll +anlpll
= max{|lx, — pl [pll}

< --- =max{llxo — pll. llpll}-

That is, the sequence {x,} is bounded and {z,} is also.
Claim 2. We show that

i

20 — zall® < X0 — PI* = Ixns1 — pI* + anllpll®. (33)

2
Bn
Indeed, using (12) we have

%11 = PI* = I1(1 = atw — B)xn + Buzn — pII?
=11 = ot — Bu)Cxn — P) + Bulzn — P) + an(—p)|1?
= (1= an = B)lxa — PII* + Bullzn — PI” + i pll* = Bl
— atp — B)llxn — zall?
— an(1 — an — B 01> — ctuBullzall®

< (1 =0y — B)llxn — pI* + Bullzn — pI* + anllpl?, (34)

which, together Lemma 3.3 we obtain

%01 — I < (1 —ay — B llxw — plI* + Bullxy — plI*

2—y
— Bu %2 — zall* + anll pII?
2—vy
=1 —a)lxa — plI* = Ba 12 — zall* + anll pII?
2 2—y 2 2
< ||xn _P” _,Bn ”xn _Zn” +an||p|| . (3%
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Therefore, we get

2_
po—r

122 — zall* < X0 — PI? = X1 — pII* + anll plI*.
Claim 3. We show that

01 — plI* < (1 — a)llxn — plI* + cul2B2 X0 — zullIXns1 — Pl
+2(p, p — xnt1)]. (36)

Indeed, setting £, = (1 — By)x, + Bnzn. We have

ltn — pll = (1 = Bn) (xn — P) + Bu(zn — P
= (I = Bu)llxn = pll + Bullzn — Pl
= (I =B)llxn = pll + Bullxn — pll
= [lxn — plI (37)

and

ltn — xull = Bullxn — znll- (38)

Using (37) and (38) we get

st = P17 = 11 = @ = Ba)xn + Bazn — pII’
= (1 = B)xn + Buzn — anxn — plI>
= (1 = en)(tn = p) = n(n = 1) = ctnpI?
< (1= a)?lltw = pI* = 20en (¥ — 1) + @0 P, Xni1 = p)
= (L= a)?lltn = pII* + 200 (6n — tn, p = Xn+1) + 20 (P, p = Xn1)
< (1 =an)llts — plI* + 200 llx0 = talll X041 — Pll + 20 (p. p — Xnt1)
< (1= an)lxa = pI* + anl2Bullxn — zallllxas1 — pl
+2(p, p — Xn41)].
Claim 4. Now, we will show that the sequence {||x, — pl*} converges to zero by
considering two possible cases on the sequence {||x, — p||*}.

Case 1: There exists an N € N such that ||x, .1 — p||> < |lx, — p||* foralln > N.
This implies that lim,  ||x, — plI? exists. It implies from Claim 2 that

lim |lx, — zull = 0,
n—o0
which, together with Lemma 3.4, we get

lim |lx, — yall = 0.
n—00
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We also have
lxn+1 — xull < aullxull + Bullxy — zull — 0asn — oo.

Since {x,} is bounded we assume that there exists a subsequence {x;,} of {x,} such
that x,,, —~¢ and

limsup(p, p —x,) = lim (p, p —xn;) = (p, p — q).
j—o0

n—o0

)
Wwwwwé%MML%ﬁsmSkmﬂm—WWﬂm—%@wmﬂww%0
by Lemma 2.3 we getqg € VI(C, A).

Since g € VI(C, A) and ||p|| = min{||z|| : z € VI(C, A)}, thatis p = Py, 4)0
we obtain

limsup(p, p —x,) = (p. p —q) < 0.

n—00

By X441 — xull — O we get

limsup(p, p — xp+1) < 0.
n—oo

Therefore by Claim 3 and Lemma 2.5 we get lim,,_, o ||x, — p||*> = 0, thatis x, — p.
Case 2: There exists a subsequence {||x,; — pI?} of {|x, — plI?} such that llxn; —

rlI? < X041 — plI? for all j € N. In this case, it follows from Lemma 2.4 that
there exists a nondecreasing sequence {m} of N such that limj_, o, m; = 0o and the
following inequalities hold for all k € N:

Im, — I < X1 — plI? and llxx — plI* < xme+1 — pII* (39)
Since {8,} C (a, b) and Claim 2, we have

2—y -y

2 2
a ”xmk — Zmy, I~ < ﬂmk ”xmk — Zmy Il

2 2 2
< xm = P17 = Xmer1 = PI" 4 am I Pl

< amllpl?.
Therefore, we get
Hm (X = 2o |l = 0. (40)
As proved in the first case, we obtain

IXm+1 — Xy [l = O
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and

limsup(p, p — xm;+1) < 0.
k—o00

Since Claim 3 we have

[%mes1 — PI> < (1 = am) 1 Xm, — pI?
+ & 2By 1Xmg. = Zmg X1 =PI+ 2(ps P = Xmy1)]
< (1 = am) 1Xm+1 — pII*

+ Uy, [2.3mk ”xmk — Imy ” ”xmk-i-l - P” + 2<p7 P — xmk-i-l)]-
This implies that
lxk = pI* < X1 — PIZ < 2B 1%me — 2 N Xmge1 — U+ 2(p. P = Xm1).

Therefore, we obtain limsup;_, o |[xx — pll < O, that is xy — p. The proof is
completed. O

3.2 Viscosity projection type algorithm

In this section, we propose our viscosity projection type algorithm for solving varia-
tional inequalities, with the usage of a p-contraction f : H — H.

Algorithm 3.2

Initialization: Given . > 0,1 € (0,1),u € (0,1),y € (0,2). Let xo € H be
arbitrary

Iterative Steps: Given the current iterate x,,, calculate the next iterate x, 11 as follows:

Step 1. Compute
Yn = Pc(xp — 1 AXp),
where T, is chosen to be the largest T € {A, Al, M2, ...} satisfying
T[|Axy — Aynll = lixn — yall. (4D

If x, = yy then stop and yy, is a solution of VI(C, A). Otherwise
Step 2. Compute
in = Xp — ]/nndna

where

2
”xn —Vn ”

M = (1= o) ,
! ldn 2
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and
dy = Xp — Yn — T (Axy — Ayn).

Step 3. Compute
Xn+1 = oy [ (xn) + (1 — ap)zn.

Setn :=n+ 1 and go to Step 1.

Theorem 3.2 Assume that Conditions 3.1-3.2 hold and given a p-contraction f :
H — H. Assume that {«,} is a real sequence in (0, 1) such that

o0
lim o, =0, E oy = 00.
n—oo

n=1

Then any sequence {x,} generated by Algorithm 3.2 converges strongly to an element
p € VI(C, A), where p = Pyjc,a) o f(p).

Proof Claim 1. We prove that the {x,} is bounded. Indeed, According to Lemma 3.3
we have

lzn =PIl = llxn — Pl (42)

Using (42) we obtain

xn+1 — pll = llan f (xn) + (1 — an)zn — pll
= llan(f(xn) = p) + (1 —an)(zn — Pl
<anllf(xn) = pl+ 1 —an)lze — pll
<anllf(xn) = fF(PI +anllf(p) = pll+ (1 —an)llzn — pl
<anplxn — pl+anllf(p) — pll + (I —a)llxn — pll

<0 —an(1 = )y — pll a1 — p) 2L
< maxlx, — g, =LY,
o {”xo o M@ =l }

L—p

This implies that the sequence {x,} is bounded. Consequently, { f (x,)}, {y,} and {z,}
are bounded.
Claim 2. We show that

2—vy

(1 —ay) 22 — zall* < X0 — PIZ = X1 — I + anll £ () — pII%.
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Indeed, using (11) and Lemma 3.3 we have

IxXns1 =PI = Nl (f ) = p) + (1 — @) zn — PP
= aull £ ) = pIIF + (1 —an)llzn — pI* — (1 — ap) | f (xn) — zall?
< ol fxn) = pI?+ (1 —an)llza — plI?
< ol fxn) = pI* 4 (1 — ) lxa — pII?

2—vy
— (1 — an)Ba [

2—y

< anll f(xn) = pI* + l1xn — plII* = (1 — ) 22 — 2zl

This implies that

2—y
(1 —ay) 2 — zall> < 0 — PI = X1 — pI* + anll £ () — pII>.
Claim 3. We show that
2 2 2
e = pI” = (1= (L= plam)xn = pI* + (1= plan. 7=/ ()

— Dy Xpg1 — P)-

Indeed, using (10) and (42) we have

2011 — PI* = llow f () + (1 — ap)zn — pII?
= llo (f (xn) = F(P) + (1 = e (zn — p) +an(f(p) — DI
< ot (f (xn) = £(P) + (1 — an)(zn — p)II?
+ 20, (f(p) — P, Xn+1 — P)
< anll f () — F(PI*+ (1 —an)llza — pII?
+ 20, (f(P) — Py Xn+1 — P)
< applxn — plI* + (1 = o) llxn — plI* + 20 (£ (P) — P, Xnt1 — D)
= (1= (1= paw)lxy — pI* + (1 — p)ay

2
-1—<f(p) — P, Xnt1 — P)- (43)
—-p

Claim 4. Now, we will show that the sequence {||x, — p||*} converges to zero by
considering two possible cases on the sequence {||x, — p||*}.

Case 1: There exists an N € N such that ||x,, 11 — plI? < |lxn — pl|* foralln > N.
This implies that lim,—  |[X, — p|1? exists.

Since the Claim 2 and lim,,—, o &, = 0 we get

lim |lx, —z,ll =0, (44)
n— oo
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and by Lemma 3.4
lim ||x, — yull = 0. (45)
n—0oo
We also have
lxnr1 — xull = llen f(x0) + (1 — o)z — X4
< apll f(xn) — xnll + (1 —an)llzn — xull = 0. (46)

Since the sequence {x,} is bounded, it implies that there exists a subsequence {x;, } of
{x, } that weak convergence to some z € H such that

lim sup(f(p) — p,xp — p) = klip;o(f(p) — Dy Xpp — D)
= (f(p) —p.z—p). 47

From (45) and Lemma 2.3 we have z € VI(C, A).
By the definition of p and z € VI(C, A) we have

limsup(f(p) — p,xu — p) = (f(p) —p,z—p) <0. (48)

n— oo

which, together with (46) and (47) we get

lim SUP(f(P) — P, Xpt1 — p) <lim SuP(f(P) — Py Xntl — Xn)

n—oQo n—o00

+ lim sup{f(p) — p, xn — p)
n—o0

=(f(p)—p,z—p) <0. (49)

Using Lemma 2.5, (49) and Claim 3 we obtain x,, — p.

Case 2. There exists a subsequence {||x,; — P12} of {|lxx — plI*} such that llxn; —
rlI? < X041 — plI? for all j € N. In this case, it follows from Lemma 2.4 that
there exists a nondecreasing sequence {my} of N such that limj_, o, m; = oo and the
following inequalities hold for all k € N:

IxXmg = 21 < [Xms1 — I (50)
and
lxi — pI* < llxm, — pII%. (51)
According to Claim 2 we get

2—y

2 2 2
(' —am;) 1Xme = 2m I < My = PI™ = X1 — Pl
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+ & |1 f Gomy) — pII?
< L f ) — PP

We obtain
im |l — 2, |l = 0,
k— 00

and by Lemma 3.4 we get
lim ”xmk - ymk” =0.
k— 00

Using the same arguments as in the proof of Case 1, we obtain

lim sup(f(p) — p, Xmy+1 — p) < 0.

k— 00

Thanks to Claim 3, we have

Ime1 — plI? < (1 — (1 — p)amkﬂlxmk - pl?

+d = p)m.T— f(p) P> Xm+1 = P),

together with (50), we deduce that

I2me1 — pII* < (1 —(1— )amk>nxmk+1 - pl?

+(1 ,O)Olmk 1— f(p) s Xmyp+1 — D).
This follows that
2 2
IXm+1 = pI° < m(f(p) — P Xm+1 = D)

Combining (51), (54) and (56) we get

limsup [|lxx — pll <0,

k— o0

that is x; — p. The proof is completed.

4 Numerical illustrations

(52)

(53)

(54)

(55)

(56)

(57)

In this section we present two numerical experiments which demonstrate the perfor-
mances of our Mann-type and viscosity-type projection algorithm (Algorithms 3.1 and
3.2) in finite and infinite dimensional spaces. In both experiments the parameters are
chosenas A =7.55,1=0.5, p =0.85and y = 1.99, ax = 1/k, Br = (k — 1) /2k.
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Table 1 Algorithm 3.1 with different Cases

x1(1) No. of Iterations CPU time
&0 [sin(=31) + cos(—101)] 13 0.0625
s [ - e_’:| 13 0.078125

||33n+1 - ﬂﬂnHz

0 2 4 6 8 10 12 14
Number of iterations

Fig. 1 x1(t) = gy [sin(=31) + cos(~101)]

1
Example 1 Suppose that H = L2([0, 1]) with norm |x|| := (fol |x(t)|2dt)2 and

inner product (x, y) := fol x(t)y@®)dt, Vx,ye H.LetC :={x € H | ||x] <1} be
the unit ball. Define operator A : C — H by (Ax)(¢#) = max(0, x(¢)). Then it can be
easily verified that A is 2-Lipschitz continuous and monotone on C (see [19]). With
these given C and A, the set of solution to the variational inequality is {0} # @. It is
known that, see for example [5]

x
Pe(x) = { Ixl2” if |x|l;2 > 1,
X, if”x”Lz <1,

We implement our algorithm with different starting point x(¢). We choose the
stopping criterion ||x,+1 — x,|| < & with & = 10739, The results are presented in
Table 1 and Figs. 1 and 2.

Example 2 In this example we consider a nonlinear variational inequality with A :
R™ — R™ which is defined as Ax = Mx + Fx + g, with M an m x m symmetric
semi-definite matrix, ¢ is a vector in R” and Fx is the proximal mapping of the
function g(x) = §|lx[|* ie.,
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Hxn-H - xn‘ |2

0 2 4 6 8 10 12 14
Number of iterations

Fig.2 x1(1) = sk [z2 - e*’]

[ylI*
4

1
Fx:argmin{ +§||y—XI|2|y€Rm}~

The feasible set is a polyhedral convex set, given by C = {x € R™ | Ox < b}, where
Q € R™™ and b € R!. In this case, A is monotone and Lipschitz continuous with
L = ||M|| + 1. All the entries of Q, M, g are generated randomly in (—2, 2) and b
in (0, 1), m = 100, r = 10 and we choose the stopping criterion ||x,, — y,|| < & with
e = 1073, The starting point is xo = (1,1, ..., 1) € R™. The projections onto C
and the evaluation of F are computed by using the MATLAB solvers fmincon. For
comparison we choose two very recent viscosity type methods, Shehu and Iyiola [30,
Algorithm 3.1] and Thong and Hieu [33, Algorithm 3]. In all algorithms we take the
contractions f(x) = x/2. The numerical results are showed in Fig. 3 with respect to
the logarithmic scale. In Fig. 4 we illustrate the performances of Algorithm 3.2 for
different choices of the contraction f(x) = 0.9x, 0.75x, 0.5x, 0.25x.

5 Conclusions

In this paper we proposed two projection-type methods, Mann and viscosity schemes
methods [27,28] for solving variational inequalities in real Hilbert spaces. Both algo-
rithms converge strongly under monotonicity and Lipschitz continuity of the VI
associated mapping A. The algorithms require the calculation of only one projec-
tion onto the VI's feasible set C per each iteration and by using the projection and
contraction technique there is no need to know the Lipschitz constant of A in advance.
These two properties emphasize the applicability and advantages over several exist-
ing results in the literature. Numerical experiments in finite and infinite dimensional
spaces compare and illustrate the performance of the our new schemes.
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5
—%— Our algorithm Alg. 3.1
—©O©— Shehu and lyiola Alg. 3.1
0r Thong and Hieu Alg. 3
N 5 -
=
=
|
s -10 1
B
=
ESRT-
-20
25 I I I I I
0 10 20 30 40 50

No. iterations

Fig.3 Comparison between Algorithm 3.2 and [30, Algorithm 3.1] and [33, Algorithm 3]

4 -
—%—— Algorithm 3.1 with f(x)=0.5x
26 —©— Algorithm 3.1 with f(x)=0.25x
Algorithm 3.1 with f(x)=0.75x
Algorithm 3.1 with f(x)=0.9
oFf
.
s
S 5+
|
<
] 4 +
>
S
~
6
8
-10

No. iterations

Fig. 4 The performances of Algorithm 3.2 for different choices of the contraction f(x) =
0.9x,0.75x, 0.5x, 0.25x
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