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Abstract

Pseudo- H -type groups G, s form a class of step-two nilpotent Lie groups with a natu-
ral pseudo-Riemannian metric. In this paper the question of complete integrability in
the sense of Liouville is studied for the corresponding (pseudo-)Riemannian geodesic
flow. Via the isometry group of G, ; families of first integrals are constructed. A modi-
fication of these functions gives a set of dim G, s functionally independent smooth first
integrals in involution. The existence of a lattice L in G, s is guaranteed by recent work
of K. Furutani and I. Markina. The complete integrability of the pseudo-Riemannian
geodesic flow of the compact nilmanifold L\ G,  is proved under additional assump-
tions on the group G, .

Keywords Pseudo-Riemannian metric - Hamilton’s equation - Killing vector fields -
Pseudo- H -type nilmanifolds

Mathematics Subject Classification 53C30 - 22E25 - 37K10

Dedicated to the memory of Alexander Vasil’ev.

Wolfram Bauer: Partially supported by the DFG project BA 3793/6-1 in the framework of the SPP
Geometry at infinity. Daisuke Tarama: Partially supported by JSPS KAKENHI Grant Number
JP26870289.

B Daisuke Tarama
dtarama@fc.ritsumei.ac.jp

Wolfram Bauer
bauer @math.uni-hannover.de
Institut fiir Analysis, Leibniz Universitdt Hannover, Welfengarten 1, 30167 Hannover, Germany

Department of Mathematical Sciences, Ritsumeikan University, 1-1-1 Nojihigashi, Kusatsu,
Shiga 525-8577, Japan

) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s13324-018-0250-8&domain=pdf
http://orcid.org/0000-0001-8146-3645

494 W. Bauer, D. Tarama

1 Introduction

A classical aspect in the study of the geodesic flow of a complete smooth Riemannian
manifold (M, g) of dimension 7 is the question of the complete integrability in the
sense of Liouville. If one can find n smooth functions fi, ..., f, (first integrals)
on the cotangent bundle 7*M which are functionally independent and in involution
with respect to the natural Poisson structure, i.e. {f;, f;} = 0, then the level set
&~ !(c) = M, with a regular value ¢ € R” of the map

S=(fi.... f) :T"M - R"

forms a Lagrangian submanifold of 7*M. The geodesic flow preserves M, and,
from a physical point of view, ® represents a set of n conservation laws including the
Hamiltonian, or the kinetic energy. If M. is compact and connected then by the famous
Liouville-Arnol’d Theorem it is known to be diffeomorphic to a torus T = R" /Z".

In particular, the integrability of the geodesic flow of semi-simple Lie groups M =
G with a left-invariant metric has been studied intensively during the last decades
(see e.g. [8]). The corresponding problem in the case of nilpotent Lie groups G and
nilmanifolds (quotient of G by a lattice) seems to be less well understood, even if the
group is assumed to be of step-two. Besides the abstract proof [20] of the existence of
a maximal Poisson commuting ring of functions on general nilpotent Lie algebras, an
important source of information is [3] where the complete integrability for compact
nilmanifolds over step-two nilpotent Lie groups G with Lie algebra g of Heisenberg—
Reiter type (see Definition 5.1) is proved. On the other hand, the paper [4] gives
a negative result. Assume that g = v @ 3 is decomposed into the center 3 and its
orthogonal complement v with respect to a non-degenerate scalar product (-, -). Let
j(Z): v — vforall Z € 3 be defined through the relation:

(U, V].Z)={j()Uu,V),  forall U,V €v.

It j(Z) is invertible for all 0 # Z € 3, then g is called non-singular, cf [7, Lem. 1.8].
In [4] the notion of a step-two non-integrable Lie algebra g is defined. It is shown
that for any co-compact subgroup L of G and any left-invariant metric g on G the
geodesic flow of (L\G, g) is not completely integrable in the sense of Liouville. As
is known, a non-singular step-two nilpotent Lie algebra cannot be non-integrable. In
the present paper singular and non-singular Lie algebras are considered. In the former
cases complete integrability cannot be excluded by Butler’s result in [4].

More recently and in the case of the (2n + 1)-dimensional Heisenberg group Hy,,+1
a set of (2n + 1) Poisson commuting first integrals induced by the isometry group of
Hi,,4+1 has been constructed explicitly in [14]. In the present paper the analysis in
[14] is further generalized and some of the results in [3] are extended. Instead of the
Heisenberg group one considers the wider class of pseudo-H-type Lie groups G, ¢
which have been introduced and intensively studied in [5,9,10]. These groups form a
subclass of all step-two nilpotent Lie groups and are non-singular in the case s = 0. The
bracket relations of the corresponding Lie algebra are linked to a Clifford module action
of the Clifford algebra C¢, ; with non-negative integers (signature) r, s, cf [5,16]. In
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the case s > 0 these groups are naturally equipped with a pseudo-Riemannian metric
which induces a pseudo-Riemannian geodesic flow on the cotangent bundle. In this
framework a set of firstintegrals is explicitly constructed and the complete integrability
is proved.

Examples of step-two nilpotent Lie groups without a lattice (co-compact discrete
subgroup) have been constructed by P. Eberlein, cf [6]. However, due to the results
in [9], the existence of a lattice L in any pseudo- H-type group is guaranteed. Under
additional assumptions on the Lie algebra N, s of G, the complete integrability
is proved for the pseudo-Riemannian geodesic flow of the compact pseudo- H-type
nilmanifold L\G, s (Theorem 5.6). There is presented an example of a Lie algebra
N5 which is not of Heisenberg-Reiter type (which is assumed in [3]) and for which
the pseudo-Riemannian geodesic flow of the quotient L\ G, ; remains to be completely
Liouville integrable.

Different aspects of the complete integrability for compact nilmanifolds have been
studied by various authors. As examples, one can point out the question whether the
complete integrability of the geodesic flow is determined by the Laplace spectrum
(a negative answer is given in [19]) or the examples in [17] on the non-integrable
sub-Riemannian geodesic flow on Carnot groups of step larger than two.

The paper is organized as follows. In Sect. 2 the notations are fixed and the geometric
setting is explained. In particular, the notion of a pseudo-H-type group is recalled.
Via the isometry group of a step-two nilpotent Lie group G a family of (in general
not Poisson commuting) first integrals is derived for the pseudo-Riemannian geodesic
flow in Sect. 3. In general, one cannot select dim G first integrals in involution from this
family of functions. Section 4 contains the proof of the main result on the complete
integrability of the pseudo-Riemannian geodesic flow. In Sect. 5, under additional
assumptions on G, 4, sufficiently many first integrals are shown to descend from
G, s to the compact nilmanifold L\G, s and the complete integrability is proved. In
particular, these assumptions imply that the Lie algebra ;. s of G, s is of Heisenberg-
Reiter type. In case of the Riemannian geodesic flow this problem has been solved in
a more general framework in the work by Butler, cf [3]. However, there is also given a
nilmanifold L\ G, ; for which N, s is not of Heisenberg-Reiter type but the complete
integrability of the geodesic flow can be verified directly.

2 Notation and definitions

In this section, we fix the notation and explain some basic definitions of the Hamil-
tonian formalism of the geodesic flow of Lie groups equipped with a left-invariant
metric. The problem of complete integrability in the sense of Liouville is explained
for Hamiltonian systems on the tangent bundle of a Lie group. Then, we recall the basic
definition of the (pseudo-)H-type groups introduced by Kaplan [13] (and by Ciatti
[S]) as a generalization of Heisenberg groups. An explicit description of Hamilton’s
equations for the geodesic flow is given for the (pseudo-) H-type groups.

Let G = (G, %) be a Lie group with identity element eg and Lie algebra g. The
tangent and the cotangent bundle to G admit the left-actions by G through
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dLg : TG D TG 3 X > (dLg) X € TgupG C TG,

(Lg-1)" 1 T*"G DTG 36 > (Ly) § €T,,,G CT*G,
where ¢ € Gand Ly : G 5 p — g * p € G stands for the left-multiplication.
The tangent and the cotangent bundle of G are trivialized as TG = G x g and
T*G = G x g* through the left-trivializations

MTG DTG5 X (p.(dL,-1), X) € G xg,

AMT*GDOT,G3& (p, (L,J;E) € G xg".

Through these left-trivializations, left-invariant functions on TG and on T*G are
identified with the functions defined on g and on g*, respectively. Similarly, we identify
the elements ¥ € g = T,;G and n € g* = T, G with the left-invariant vector field
G>pr (dL P)ec Y € T,G C TG and with the left-invariant differential one-form
Gopr (Lp—l):G n € T,G C T*G, respectively.

We now take a non-degenerate scalar product! (-,-) on g. Through the left-
trivialization 7*G @ T*G = G x (g* ® g*), the scalar product (-, -) induces a
left-invariant (pseudo-)Riemannian metric on G which we denote by the same sym-
bol. We write the induced scalar product on 7,G as (-, -)p and set (-, ) = (-, )¢,
for simplicity. By means of the left-invariant (pseudo-)Riemannian metric (-, -) on
G, the cotangent bundle 7*G = G x g* can be identified with the tangent bundle
TG = G xg. Thisidentification is compatible totheoneg > ¥ + (Y, -) € g* between
the Lie algebra and its dual. We further have the induced (pseudo-)Riemannian metric
on TG = G x g described as

(u,v), W, vH)=(U.U)+(v,V'),

where (U, V), (U, V) e gxg = T,G x g = T(,,y) (T G). We will keep using these
identifications in the notation below. The gradient vector field grad F for F € C*° (T G)
is defined through

(grad(p,Y)F, (U, VH)=dF) .y, (U, V'), (1)

where (U, V') e g x g.

Through the identification of TG = G x g and T*G = G x g*, we have the
canonical one-form ® and the canonical symplectic form Q2 on 7G = G x g, induced
by those on 7*G. More precisely, we have at (p,Y) e G x g= TG

Op.y) (U, V) =(Y,U),
Q) (U, V), U, V) == (V.U +(V, U)+(v,[U,U]),

1 By a scalar product we mean a symmetric bilinear form on g which not necessarily needs to be positive-
definite.
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for (U, V), (U’, V') € g x g. (These formulae can be deduced from [1, Prop. 4.4.1].)
The Hamiltonian vector field E ¢ for the Hamiltonian F € C* (T G) is written as

Ergpy = (V. @'Y -U) eaxg,

where grad(, y)F' = (U, V) € g x g and (ady)T : g — g stands for the adjoint
operator of ady with respect to (-, -):

(@)U, U") = (U ady (U), U, U" €.
The Poisson bracket for F, F' € C*° (T G) is expressed as
{F.F'}(p.Y)=— (V.U )+ (V. U —(r.[V.V]).

where grad, y)F = (U, V), grad, y)F' = (U, V') € g x g.If F is left-invariant,
we have (EF)(p,y) = (V, (ady)T Y) € g x g. Hamilton’s equations are written as

= (de)eG U’

= (ad)T Y.

o o
9*‘|~< glg

Recall that the second equation is usually called Euler-Poincaré equation (cf [18,
Thm 6.6]). A smooth function f on the cotangentbundle T*G = G x g* is called a first
integral of the geodesic flow if it is constant along the integral curves of the geodesic
flow or, equivalently, if f Poisson commutes with the Hamiltonian. More generally, in
this paper we consider pseudo- H -type Lie groups G (cf Definition 2.2 below) which
are naturally equipped with a pseudo-Riemannian metric. In this setting we may form
the Hamiltonian and the induced (pseudo-Riemannian) geodesic flow with respect to
the pseudo-Riemannian metric, which is non-degenerate but not necessarily positive-
definite. In some of our results the notion of first integrals and complete integrability
is used in this more general framework. For completeness we mention the definition
of complete integrability in the sense of Liouville (cf [1, Def. 5.2.20]).

Definition 2.1 The Hamiltonian system (T*G = TG = G x g*, Q, F) is called com-
pletely integrable in the sense of Liouwville if there exist n functions Fi(= F),
F>, ..., F, in C*® (T G) which are functionally independent, i.e.

AFD)pyy s> @E) vy € Tip.yv) (TG)

are linearly independent for (p,Y) in an open dense subset of 7'G, and Poisson
commute: {Fi, Fj} =O0foralli,j=1,...,n, wheren =dimG. O

From now on, we assume that G is a connected, simply connected step-two nilpotent
Lie group. In this case, the corresponding Lie algebra g satisfies [g, g] C 3, where
3 C g is the center of the Lie algebra. Recall that, under such assumptions, the
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exponential mappingexp : g — G isadiffeomorphism. We denote by v the orthogonal
complement v = 3 C gto the center 3 with respect to the scalar product (-, -). Assume
that the restriction (-, -); of (-, -) to 3 is non-degenerate such that one has the orthogonal
direct sum decomposition g = v @ 3. In the following the restriction of (-, -) to v is
denoted by (-, -),. Given an element Y € g = v @ 3, its two components are denoted
byY,evandY; €3:Y =Y, +Y;.

In this case, one can associate a skew-symmetric linear operator j (Z) : v — v to
any element Z € 3 through the formula

([U.v].z)={j (@)U, V) 2

where U,V € v are arbitrary. The skew-symmetry of the Lie bracket implies the
skew-symmetry of the linear operator j (Z) with respect to (-, -),,.

Using the operator j, the canonical symplectic form on G x g = T G for a step-two
nilpotent Lie group G is written as

) (U V) (U V) = (U V) = (V. U') +(j (¥s) Uo. U's)

0’

for (U, V), (U, V') € g x g = T,G x g = T(,,y) (TG), while the Hamiltonian
vector field and Poisson bracket are given as

(ERpyy = (V.j(¥;) Vo —U) egxag,
(FoF) (o) = (V' U) = (V.0 = ( (8) Vo, V)
=(V.U)=(V.U) = (15, [Vo. V'u])

0

3)

59

where grad , y)F = (U, V), grad(, y)F' = (U, V') € g x g. In particular, for
left-invariant functions g, g’ € C*®° (T G), we have

(g8} (0. V) = ={j (¥3) Vo. Vo), = = {¥5. [Vo. V7u]); @)

where grad,, y)g = (0, V) and grad, y)g' = (0, V’). As an immediate result, if
g=g (Ya) depends only on the component ¥; € 3 in the center 3, then it Poisson
commutes with all left-invariant differentiable functions g’ = g’ (Y):

{s.8'} =—(r;.[0.vy]) =0. ©)

The Hamiltonian for the geodesic flow with respect to the left-invariant pseudo-
Riemannian metric (-, -) is given as

1
H(p,Y):E(Y,Y) where (p,Y) e G x g=TG.

The associated Hamiltonian vector field Ey is calculated at (p,Y) e G x g = TG
as

E)p.ry = (Y, (¥3) Yo) -
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We recall the notion of a pseudo- H-type nilpotent Lie algebra (group), cf [2,5,9].

Definition 2.2 The step-two nilpotent Lie algebra g equipped with the non-degenerate
scalar product (-, -) is called pseudo-H -type (nilpotent) Lie algebra, if the operator
Jj 13— so(v, (-, -),) satisfies the orthogonality condition

(J@D V. j@)V'), =(Z.2Z); - (V. V')s. (6)
for all V, V' € v, Z € 3. The corresponding connected, simply connected step-two
nilpotent Lie group G is called pseudo- H-type (nilpotent) Lie group. O

Here g = v @ 3 may be singular or non-singular and the Clifford relations
JDHZ) +J(ZNj(2) = =2(Z, Z');idy (N

hold, where Z, Z’ € 3. Hence the map j extends to the Clifford algebra C£(3, (-, -) 3)
of 3 with respect to the inner product (-, -);. It defines a Clifford representation

J €L, (- +)3) — End(v),

which, for simplicity, we assume to be minimal admissible, i.e. a module, which
attains the minimal dimension, among the C£(3, (-, -);)-modules satisfying the skew-
symmetry condition (j (Z) V, V'), = —(V.j(Z) V'), (cf [9, p.980]). It is known
that a minimal admissible C£(3, (-, -);)-module is either irreducible or double of an
irreducible module (cf [5]). The dimension of v is even and we denote it by dim v =
2m. With (r, s) being the signature of (-, -);, the Clifford algebra Cﬂ(g, (- -)3) is
isomorphic to C¢, ; generated by R = (R"*S, (., ~)m), where

r s
2 2
(z,2)ps = E zy — E gy
i=1 j=1

for z = (z1,...,2r45) € R" 5 as a consequence of the universality of Clifford
algebras (cf [16, Prop. 1.1]). We use the following notation (cf [10, §§2.3, Def. 1]).

Definition 2.3 For an admissible C¢, ;-module v with the representation
Jj:Cl,s — End(v),

the pseudo- H-type Lie algebra v @ R™* whose Lie bracket [-,-] : v x b = R is
defined through (2) where Z € R"*, U, V € v, is denoted by NV, ; (v). If v is minimal
admissible, we write ;. ;. We denote the connected, simply connected pseudo- H -type
Lie group corresponding to NV; 5 by G, .

Note that NV, ; and G, ; are unique up to isomorphisms (see [10, §6] for the details).
If (-, -); is positive-definite, i.e. if s = 0, then the Lie algebra g = v @ 3 is called of
H-type. Such Lie algebras were first considered in [11,12].
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3 Construction of first integrals

In the present section we construct a family F of first integrals on step-two nilpotent Lie
groups G with a left-invariant Riemannian metric and induced by Killing vector fields.
More precisely, F is obtained as the range of an injective Lie algebra homomorphism
on the semi-direct product £ x, g where ¢ is the Lie algebra of the isotropy group
of G. A priori, the elements in F do not Poisson commute and it may not even be
possible to choose a subset S C F of |S| = dim G Poisson commuting first integrals
in F. However, under further assumptions on G and by modifying the construction
below we prove the complete integrability of the geodesic flow in Sect. 4. We remark
that the functions constructed in this section define first integrals even if the scalar
product on G is not positive-definite. In particular, we obtain first integrals of the
pseudo-Riemannian geodesic flow for pseudo-H -type groups G, .

Recall that a vector field X* on G is called Killing vector field if it induces a flow of
continuous isometries on G. Shortly, Lx+g = 0 where g is the (pseudo-Riemannian)
metric on G and L+ the Lie derivative of X*. Lemma 3.1 serves as a source of first
integrals:

Lemma 3.1 Let X™ be a Killing vector field on G. Then the function
Fx«(p,Y) := (X*, Y)p, where Y € T,G

is a first integral of the geodesic flow. Here we write (-, -)¢ 1= g, (-, -).

Proof We fix a geodesic y(¢) on G and by V we denote the Levi-Civita connection.
Then

i(X*o @), 7' ), =(Vyry X oy®, v ®),, + (X 0y®), Vyyy' @)
dt Y Y v = y'(t) Y Y 0 Y s V')V 0)

=0
= <V)//(f)X* o )/(t), y/(t)>y([)

From Lx+g = 0 we have (VyX* o y(1), Z),y = —(Y,VzX* 0 y(1))y () for all
Y,Z € T, )G. In particular, choosing Y = Z = y’(r) in the above equation gives:

d ,
X oy @,y ), =0.

Therefore Fx= is constant along the integral curves of the geodesic flow. O

Lemma 3.1 serves a motivation for the derivation of the explicit first integrals below.
We will not explicitly make use of it since all Poisson brackets between the functions
constructed below via Killing vector fields are collected in Proposition 3.8 and follow
by a direct calculation. Let g = v @ 3 be the decomposition of g from Sect. 2. For
the moment we do not assume that the non-degenerate scalar product (-, -) on g is
positive-definite. Choose bases [ X1, ..., Xo,] of v and [Zy, ..., Z,] of 3 with

(Xi, Xin)o = £68; v and  (Zy, Zy); = £ 7. ()
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If these conditions are satisfied, we call [ X1, ..., Xon]and [Zy, ..., Z4] orthonormal
for brevity. Expanding elements Y € g with respect to the above basis

2m d
Y=Y xiXi+ Y wZi  (x.z€R),

defines coordinates (xp, ..., Xo;,) € R2" =y and (z1,...,2q) € RY = 3 and gives
an identification g = R2m+d.
Throughout this section we assume that j(Z;) is invertibleonv for £ =1, ...,d.

Recall that the latter condition is fulfilled for a non-singular nilpotent Lie algebra in
the sense of [7, Def. 1.4]. Even in the case of a pseudo- H -type Lie algebra A, ; where
s > 0 (and therefore NV, ; is not non-singular) the invertibility of j(Z,) follows from
the relations (8) and (7).

The left-multiplication on G by exp(—tX;) and exp(—tZ;) induces flows on
G. Hence we obtain vector fields X l.(r) on G which—being defined by a left-
multiplication—are right-invariant. In the case where (-, -) is positive-definite we can
interpret X i(r) as Killing vector fields. Since G is of step-two, the Baker—Campbell—
Hausdorff formula implies for given p = exp(W) € G:

t
exp (—1X;) * p =exp (—er- +W - 5[X,-, W]) )

Let f € C*(G), then Xl.(r) acts as:

[X,-(r)f](p) - d f(eXp(— 1X;) *p)

dr

dr

f(exp(—tX,- +W— %[X,-, W])). ©)

t=0

Expanding the Lie bracket [X;, W] € 3 with respect to the basis [Z1, ..., Z4] gives:

d d
{[xi, w, Zz (j(ZoX;, Wn)
[X;:, W] Zy.
’ 21: (Z1, Ze) Z Ze.Ze)
Moreover, Zér) = % and (9) leads to the following differential expressions of X ;r):
e 1i U@ZoXiWol 3 0 o o)
S = — s r1=1,...,2m).
! 2 (Z¢, Zyg) azg

=1

We replace the left-multiplication by exp(—zX;) in (9) by a right-multiplication with
the element exp(#X;). Similarly one obtains left-invariant vector fields X; and Z,
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which in the standard way are identified with the basis elements of b and 3, respectively.
We do not change the notation and simply write:

d
1 Z)Xi, Wy) 9
- _EZ J( ) n) (11

= (ZeZy dz¢
Comparing (10) and (11) and using Lemma 3.1 implies:

Proposition 3.2 In terms of the left-invariant vector fields X; and Z, the Killing vector
fields X l-(r) at p = exp(W) € G can be expressed as:

d
(r) _ J(ZZ)XI, Wn)
X;"(p)=—(dL (  + ZE e 2 Z ). (12)

Let (p,Y) e TG =G x g. Asetof dim G = 2m + d first integrals is obtained by

Fyo(p.¥) = (X" (p), (dLp),,, Y), = (Xi, i)W —Y), i=1,...2m,
Fz,(p,Y) =(Zs,Y), e=1,....d.

Proof FXl_m is obtained by inserting (12) into (Xi(r)(p), (de)EG Y)p. O

For the moment let us assume that G carries a Riemannian metric, i.e. the scalar
product (-, -) on g s positive-definite. We can extend the construction in Proposition 3.2
by replacing the left-translation on G by the full isometry group /(G) of G. Then
Lemma 3.1 can be applied and induces an enlarged class of first integrals. As is well-
known /(G) is obtained as a semi-direct product of G (acting by left-multiplication)
with the isotropy subgroup K of I(G) which is identified with

—{@. 7)€ 06, (.19 x 0. (1)) : TIDT™ = j (@(2)), Z €5},

(see [15,21] for details). Here O (3, (-, -);) and O (v, (-, -)») denote the isometries of 3
and v, respectively.

Lemma3.3 Let U,V € gand (P, T) € K. Then, we have the following relations:

(@ T7'j(2)T = j(®~1(2)) forall Z € 3,
(b) [TU,, TV,y] = ®[U, V1.

Proof We only show (b). For any Z € 3 we have

(z,@U, V1) = (@' Z,[U, V]) = (07 Z, [Uy, Vo1) = (j (@' Z)Us, Vs,
(Z,[TUs, TV,)) = (J(D)T Uy, TVy) = (T j(Z)T Uy, Vs).

Since Z was chosen arbitrarily and (-, -); is non-degenerate on 3, (a) implies (b). O
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We summarize the above statements in the next proposition.
Proposition 3.4 (see [15,21]) The isometry group I (G) of G is given by the semi-direct
product 1(G) = K X G. The Lie algebra t of K is identified with

b= {(A, B) € 50(3, (-, -);) x s0(v, (-, -)o) : Bj(Z) — j(Z)B = j(AZ), Z € 5}~
(13)
Here so0(E) denotes the skew-symmetric operators on a scalar product space E.

In the following we write expyx : € — K and expg : g — G for the exponential
maps of £ and g, respectively. Let r; : K — O3, (-,-);) and 7wy : K — O(v, (-, -)p)
denote the projections onto the first and second component of K. Fix k = (A, B) € ¢
and define a family of maps px s : G — G depending on a real parameter s € R by

pk,x(expG(U)) ‘= eXpg ((JT5 o expg (sk))Ué + (nn o epr(sk))Un), (14)

where U € g (recall that exp is a diffeomorphism). Then:

Proposition 3.5 For each k € ¢ the map s — pi s is a one-parameter group of
isometries of G. In other words: it is the flow of a Killing vector field on G.

Proof We show that p; s : G — G defines a homomorphism. Let U, V € g and recall
that expgs (U) * expg (V) = expg (U + V 4 [U, V]/2). Note that:

prs (X0 (L)) * prs (expG (V) = expg ( (5 0 exp (sh) (U + V)

1
+(mo 0 expy (sK)) (Uy + Vo) + E[(nn o expy (sk)) Uy, (7o o epr(sk))VU])
~ 1.

We compare this expression with

pr.s(expg (U) * expg(V)) = expg ((n;5 o expg (sk))(U; + V;)

1
(0 0 eXPk (55)) (U + Vi) + 5 (5 0 expie (sK)) U V]) —1I1.

Now Lemma 3.3, (b) shows that I = I1.
We show that p := pi s is an isometry of G, which means that for each p € G the
map

d(Lp(p)fl opoLp) g— g

€G

is isometric on g. Since p is a homomorphism, we have with p, p’ € G:

Lyy-1©00 L) = Loyt 0 p(p 5 p) = Lyt (0(0) 5 p(0)) = p(p).
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From the definition of p, note that

_ [ w3 0expg (sk) 0
(dp)eg = < 0 Ty 0 expg (sk) |-

Since the matrices on the diagonal are isometries of 3 and v, respectively, it follows
that (dp)e,; is an isometry of g. A direct calculation show that s +— pi ¢ defines a
homomorphism on (R, +). In particular, px s is bijective since px o = Id. O

Letk = (A, B) € £. Proposition 3.5 allows to calculate a corresponding Killing vector

field X Z which induces the flow (px s)s on G. From the Baker—Campbell-Hausdorff
formula we have:

1
expg(U + V) = expg(U) expg (V — E[U’ V]), forall U,V e€g

and therefore |
(dexpg )y, (V) = dLexpG(Un)<V —5[Us. V])~

Let p = expg (W) € G, then:

d
Xi(p) = |  prs(p)
s=0
=% . expg ((713 o epr(sk))Wa) expg ((nn oexpg (Sk))Wu)

I
= dLexpg 0y ALexpg ) (BWo = 5 [We. BWS])
+ dLexpg (Wo) ALexpg (W) (AW;)

=dL,(BW, - %[Wn, BWo] + AW, ).

This calculation leads to another family of first integral of the geodesic flow.

Proposition 3.6 The Killing vector field on G corresponding to k = (A, B) € ¢
evaluated at the point p = expg (W) € G is given by:

1
X;(p)=dL, (BWU —E[WU,BWD]+AW3). (15)
According to Lemma 3.1, X induces a first integral Fy:: TG =Gxg— R

1
Fx:(p.Y) = (X{(p). (dL,),. Y) = (BW — 5 W BW]+ AW, Y>, (16)

where we have extended A and B from 3 and v to g = v @ 3 by zero, respectively.
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Next we present the Poisson brackets between two first integrals F X} and F X, in
Proposition 3.6. According to the identifications in Sect. 2 we need to determine the
gradient of F' X7 which is defined through (1). With p = exp5 (W) € G the differential
of Fy applied to (U, V) e g x g = T(p,v)(T G) has the form:

d

de

Fx: (p % expg (eU), Y + ev)
0

€=l

d €
ELO Fx; (expg (W + €U + Sy + ev)
=(Bw - %[W, BW]+ AW, V)
1 1 1
+ (BU + AU + S AW, U] = E[WD, BU,| — E[Un» BWy], Y>-

Using ((W, U], Z) = (j(Z;)Wy, U) for all W,U, Z € g and comparing with (1)
shows:

I, Ly . .
grad, v, Fx: = (— BY — AY = S (AY)W + 5<BJ(Y3)W + ](YZ,)BW),

BW — %[W, BW]+AW).

Since (A, B) € twe canuse Bj(Y;) = j(Y;) B+ j(AY;) to simplify the expression.
Lemma3.7 Letk=(A,B) €t (p,Y) e TG =G x g, andexpg W = p. Then:

. 1
grad, y)Fx: = (—BYU + j(Y;)BW, — AY;, BW, — E[Wu, BW,] + AW3> )

(17)
Fori=1,...,2m, we have

gradq v Fyo = (= (Y;) Xio =X; + W, Xi1 ). (18)

Formula (18) can be proved by similar calculations applying (1) and Proposition 3.2.
Based on Lemma 3.7 and (3) we obtain the Poisson brackets between the above first
integrals. Let k = (A, B) , k' = (A/, B/) € tand by [k, k’] = ([A A/] , [B, B/])
denote the Lie bracket in &.

Proposition 3.8 By FXgr) and Fz, fori =1,...,2m, £ = 1,...,d, we denote the
first integrals in Proposlition 3.2. Let

g:TG=Gxg—R

be a left-invariant differentiable function with grad g(p,Y) = (0, V). With p =
expg (W) we have:
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@ {Fxy, Fx:} = Fka,k/]’

(b) {Fx:, FXI_('»}(P, Y) = (BX;, j(Y;)Wy — Yo) = Fgxyon (p. Y),
(@) FX}”’ FX[<;~>}(P, V) =(Xi, Xy1.Y)= Fix; x,1(p, Y),

@ {Fxz, g}(p,Y) = (Yo, BVg) +(¥;, AV)),

@ {Fx:. Fz,}(p,Y) = (Y;, AZ¢) = Fiazy(p, V),

() Fxl.(’)’ gj(p.Y) =0.

e i, o, i,

In particular, the Hamiltonian H of the geodesic flow Poisson commutes with F X}
as well as with FX(V) wherei =1,...,2mand Fz,, £ =1,...,d.
i

Proof The formulae in (a)—(f) follow by a direct calculation. We only show the
short proof of the last statement which directly follows from Lemma 3.1. Recall that
grad H(p,Y) = (0, Y) and therefore (d) implies:

(Fx:. H) = (Yo, BYy) + (Y;, AY,).
Since A and B are skew-symmetric the Poisson bracket vanishes. O
Combining the statements in Propositions 3.2 and 3.6 we assign first integrals of the
geodesic flow to arbitrary elements of the semi-direct product £ X, g.

Denote by Der(g) the Lie algebra of derivations on g. A Lie algebra homomorphism
is obtained by:

¢ — Der(g) : (A, B) — [gaU=U3+UU > AU, + BU, eg], (19)
i.e. by a direct calculation using j(AZ) = Bj(Z) — j(Z)B for all Z € 3 one finds:
(A, B)[U, W] =[U,t(A, W] + [t(A,. B)U, W], U,W €g.

Recall that via the map t we can form the semi-direct product ¢ x, g retaining the
brackets in £ and g and satisfying:

[(A,B), U] =7(A, B)(U) where (A,B)et, U e€ag. (20)

We use the notation in Proposition 3.2. Consider ¥ : ¢ @ g — C*°(T G) defined by

2m d

W(k,U):=Fxr+ Y aiFyo+ Y biFz,. k=(AB)et 1)
i=1 ' =1

with U = lefl a; X; + ZZ:] byZy. Theorem 3.9 below extends Theorem 3.6. in
[14].
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Theorem 3.9 The map WV in (21) defines an injective Lie algebra homomorphism
Vit g (CUT6) {-]). (22)

Moreover, functions in the range of \V are first integrals of the geodesic flow.

Proof To prove the first statement we apply Proposition 3.8. For i,i’ = 1,...,2m
and? =1,...,d and k, k' € & we have:

([, 0). 0. Xn]) = (z(0(XD) = W(BX) = Figyy0 = {Fxp. Fyo},
U([k,0). 0, 20)]) = W(c()(Z0) = W(AZ)) = Faz, = {Fx;. Fz,),
\Ij([k’ k/]) = FXE(k’k,] = {FX;’ FX;:/}’

\IJ([XI', Xi/]) = F[Xi,X,v/] = {FX,-(r)’ FXI(;)}

Hence (22) defines a Lie algebra homomorphism. It remains to prove the injectivity
of W. Assume that for all (p,Y) € G x g:

2m d
Wk, U)p.Y)=Fx:(p.Y)+ Y aiFyo(p.Y)+ Y biFz,(p.¥Y)=0. (23)
i=1 ' =1

Choose p = exp(Zy) and Y = Z, with £ € {1, ..., d}. Proposition 3.2 shows:
Fz,(p, Z0) =(Zy, Ze) =80y and  Fyo(p, Zo) = —(Xi, Ze) = 0.

Proposition 3.6 implies that FX: (p,Ze) = (AZy,Zg); = 0, since A is skew-
symmetric. Therefore all the coefficients by in (23) must vanish.

Now we consider (23) at points (p, Zy) where £ € {1,...,d}and p = exp(W) € G
is arbitrary. Using again Propositions 3.2 and 3.6 shows:

2m
1
0= <—5[Wn, BWol+ AW, Zz> +Yalxij@ow). @4
3 i=1

Choosing W = Z, forr =1, ...,d gives (AZ,, Zy); = 0 and therefore A = 0. In
particular, it follows for all Z € 3:

0=j(AZ) = Bj(Z) - j(Z)B. (25)

If we replace W, by t W, with r € R, then the first term on the right of (24) is of
quadratic order in ¢t whereas the second summand is of linear order. Therefore:

2m
0= <ZaiX,-,j(Zg)Wn> forall Wy € v, (26)

i=1
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0=([Wo, BWo]. Ze) = ( (Z) W, BWo) = =(BJ (Z)Wa, Wo).  @D)

First we use (26). Since j(Z;) is assumed to be invertible on v we have 212;"1 a;X;i =0
showing that @; = 0 fori =1, ..., 2m and therefore U = 0.

From (25) together with the skew-symmetry of B and j(Z) we see that Bj(Z)
is symmetric with respect to (-, -). Now (27), the polarization identity, and the non-
degeneracy of (-, -) show that Bj(Z;) = 0 which (by invertibility of j(Z,)) implies
that B = 0. We conclude that k = (A, B) = 0 showing the injectivity of W. O

Remark 3.10 In calculating the functions F' x; in Proposition 3.6 we have assumed that
the metric (-, -) on g is positive-definite. In this case ¢ is defined as the Lie algebra
of the isotropy group K of I(G). However, in the more general setting where (-, -) is
only assumed to be a non-degenerate bilinear form (e.g. g = N, ¢ the Lie algebra of
a pseudo- H-type group G = G, 5 with s > 0) we can use the right hand side of (13)
as the definition of €. The functions F' Xx; are then defined by the expression (16). A
direct calculation shows that the Poisson bracket relations in Proposition 3.8 remain
true and also Theorem 3.9 holds in this more general setting.

4 Statement and proof of the main result

In this section, we prove the complete integrability of the (pseudo-)Riemannian
geodesic flow of G for the left-invariant (pseudo-)Riemannian metric (-, -). Moti-
vated by the first integrals F 0> i =1,...,2m, constructed in Sect. 3, we introduce

the function F, € C*®° (T G) defined through

2m

Fu(p.Y) =Y ai (¥;) Fyo(p.Y), (p.Y)eGxg=TG,

i=1

associated with an arbitrary differentiable mapping « : 3 — v. Here, o; € C* (3)
2m

is the coefficients of the linear combination « (Y;) = Zoz,- (Y;) X; in the basis
i=1

[X1,..., Xom] of v. Then, F, Poisson commutes with any left-invariant function
g € C®(TG),i.e. {Fy, g} = 0, and hence with the Hamiltonian H. This can be
proved easily by Leibniz rule of Poisson bracket, (5), and Proposition 3.8.

Proposition 4.1 If o, B : 3 — v are differentiable mappings, we have

{Fa. Fg} (0. 1) = (j (V) e (¥;) . B (Y5)) = (¥;. [ (¥;) . B (¥5)])- (28)
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2m 2m
Proof In view of the linear combinations o = Z o X, B = Z Bir X, we have

i=1 i'=1

2m

Z o; (Y3) Bir (¥;) {Fxf”’ FX.(,”} (P, Y)

i,i'=1

{Fa. Fp} (p.Y)

2m

= 2« (V) B (V) (7 () Xi, Xir) = (j (¥s) e (¥3) . B (V) ),

i,i'=1

by Proposition 3.8. O

Now, we construct the first integrals for the geodesic flow concretely, choosing an
appropriate set of first integrals F,. The key idea in the construction of a sufficient
number of first integrals is based on the normalization of the operator j(Z), Z € ;.
We consider the case of pseudo-H -type Lie groups, where we assume that the scalar
product (-, -) is not positive-definite. Then, we address the case of H-type Lie groups.

Complete integrability of pseudo- H -type Lie groups. We consider the complete
integrability of the geodesic flow of pseudo- H -type nilpotent Lie groups. Assuming
that the scalar product (-, -), is not positive-definite, we see that (-, -),, is neutral in the
sense that the signature of (-, -),, is (m, m) (cf [9, Prop. 2.1, p. 984]). Thus, we can take

an orthonormal basis (according to the notation in (8)) [X1, ..., X2, ] of v such that
S, ifii'=1,...,m,
(Xiin’>U: _Si,i/a ifl.,l./:m_{_l’“_’zm’ (29)
0, otherwise.

Now, we fix Z € 3 and suppose that (Z, Z); # 0. We show that m is even and that,
for Z in an open dense subset of 3, we can construct a suitable basis [w1, ..., wa,] of
v, such that (wq, wq/>U =0ifqg #q’,

J (@ wyio1 =/[{Z. Z) w2,

; 22
J(Z)wy = |(Z,Z)é|w2’_1’
1 ifi=1,...,m/2,
woji—1, Waj— = 30
( 2i—1 2i l)n :_1 ifi=1+m/2,...,m, ( )
(Z,7),

(wai, woi)y = W (wai—1, W2i—1)y »
1 L5

fori=1,...,m.

If (Z,Z); > 0, the matrix representation of j (Z) with respect to the basis
[wi, ..., wy,], which satisfies (30), is

(Z,Z);diag(S2,..., 52), where 5= <(1) _01)’
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and if (Z, Z) 5 < 0, the one with respect to the basis

[U)], W3, ..., Wy—1, Wp+2, Wntd, ..., W2y, W2, W4,

s W, Wint1, W43, -0 me—l]»

which satisfies (30), is

—(z,2), <Eom Eom>

where E,, is the m X m unit matrix.
The existence of the basis [wy, ..., wy,] of v satisfying (30) can be verified by
direct calculations as follows:

We fix Z € 3 such that (Z, Z)3 # 0. We set wy := X and wy := &
(Z. 24
Then, (30) is satisfied for i = 1. Reordering X», ..., X»,, if necessary, we can assume
that w1, wo, X3, ..., X»,,] is a basis of v.

Next, we assume that we have constructed orthogonal vectors wi, ..., woyr € 0
such that (30) is satisfied for i = 1, ..., i’ and that [wy, ..., woir, Xoi41, - .., Xom]
is a basis of v. If we set

2i’
Xoiraq, W
X/Zi’—H = X2i/+l - Z < <121:/+1w )q>b q-
q:l 9> 4|y

then <X/2i,+1, u)q>n =0,g9 =1,...,2i. Note that

/ ’ < (X2i’+11 w‘i)i
(X2i/+l’ X2i’+l>n = (X2i/+1’ X2i/+1>n - ; W

is a rational polynomial in the components of Z and we denote it by P/ (Z). We
assume that Py (Z) # 0 and set

/ .
Xoirg1 J (Z) wairq
and Wy = —Y——.

Z, 7
\/KX/zi’H’ X/zi'+1)n‘ |( )5|

It is easy to check that (30) is satisfied for i = 1,...,i’ + 1. Reordering
Xoi42s ..., Xom if necessary, we see that [wy, ..., wargo, X043, ..., Xom] is a
basis of v. Inductively, we obtain a basis [w1, ..., w2, ] of v with the desired property
(30). Note that, by (6), we see that m must be even.

W21 =
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We write Y = Y; + Yy, Yy = quwq ). Y; = Zyz Zy, where wy, = wy (Y;)

(=1
is regarded as a v-valued functlon of Y;. Note that each vector wy, g =1, ..., 2m,is
a rational polynomial in y{’, ey yf} and <Y3, Y; )3 which have no pole unless
m—1

(Y;, V), - P(Y;) =0, where P (Y;) = [P ().

and hence Fy,, ,,i = 1,...,m, is differentiable if (Yz,, Y3> - P (Yj) # 0, while it

may be singular if (Y;, Y;) - P (¥;) = 0. To construct globally defined differentiable
functions from Fy,, ,,i =1, ..., m, we define ¥ € C*°(R) by

exp (— l) if x>0,
1/’()_{ if x<0

and consider the differentiable functions

Fuses (0 ) =0 (Y V3J5 - P (X)) Fu (0, )

on G x g = T G. We easily see that F,
by (28), (30), and Proposition 3.8.
We suppose that(Yz, Y; )3 > ( and consider the left-invariant functions gl.+ (p.Y):=

bi_1»1 = 1,..., m, mutually Poisson commute

¥3i_1+ya;.i = 1,....m.Then,wehave grad , y)g;" = (0, 2 (y2i—1wai—1 + y2iwn)).
Multiplication by i gives m differentiable functions

&0 =y ([ 1), P (1)) 8 (.,

globally defined on G x g = TG. Note that gf(p, Y) = 0if (Y5, Y3>3 < 0. We

then have {g", g7} = Oforalli,i’ =1,...,m by (4), (5), and (30). Note that the
Hamiltonian for the geodesic flow can be written as

m/2

1 1
H(p,Y)=3(¥.Y) =3 Z(gl*(p, Y) =& (P Y)) +(v. 55, ]
i=I

from which we see that it Poisson commutes with gl.* ,i=1,...,m
If (¥, Y3); < 0, we think of the left-invariant functions g; (p,¥) = y3;_j —

y%i, i =1,...,m. We have grad(p’y)gi_ = (0,2 (y2i—1w2i—1 — y2:w»;)). Using the
function v, we have the differentiable function

GV = v (= (V1) P (5)) & (0 1),
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globally defined on G x g = T'G. Note that g (p, Y) = 0 if (¥;, Y3>3 > (0. We have
{gi—, g:} =O0foralli,i’ =1, ..., mby4),(5), and (30). The Hamiltonian is written

1
in this case as

m/2

1 1 _ -
H(p,Y) =S (V.V) =5 Zl (87 V) = 870 p (P 1) + (¥, Yy),
1=
We can see that H Poisson commutes with g7, i =, 1...,m.

To construct functionally independent first integrals on 7'G, we further consider
the function

g§(p.Y) =g (p. V) +& (p.Y),

wherei = 1, ..., m.Inaddition, we take the firstintegrals i (Y;) = yi,¢ =1,....d,
d
where ¥; = Zyng € 3.
=1

Theorem 4.2 The functions szl._l, gii=1,....mhy, t=1,...,d,inC®(TG)
are functionally independent and Poisson commuting first integrals for the pseudo-
Riemannian geodesic flow of the pseudo-H -type Lie group G = G, ; where s > 0.

Complete integrability on H-type Lie groups. In the case of H-type groups, the
scalar product (-, -), as well as (-, -) 3 and (-, -),, is positive-definite. Starting with an
orthonormal basis [X1, ..., X2,] of v, we can normalize the operator j(Z), Z € ;.
with respect to a suitable orthonormal basis wy, ..., wy, exactly as in the case of
pseudo- H-type groups under the condition (Z, Z); > 0. The existence of such an
orthonormal basis of v is guaranteed by the normal form of skew-symmetric matrices,
for which an equivalent but sophisticated description is given in [3, Lem. 2.3, p.777].
Note that m not necessarily is even in the case of H-type groups.

The first integrals sz:‘—l’ §1.+, i =1,...,m,and h%, £ =1,...,d, are globally
defined differentiable functions on 7 G and, in particular, they are functionally inde-
pendent on T G. The Hamiltonian of the geodesic flow for the H-type groups is given
as

1 1 (&
H(p.Y)=2(Y.Y) =7 <Zg?<p, Y) + (15, Y3>3> ,

i=1
from which we can conclude the following theorem.

Theorem 4.3 The functions Fyuy, |, &, i = 1,....m, and hy, £ = 1,...,d on TG,
are functionally independent and Poisson commuting first integrals for the geodesic
Sflow of the H-type nilpotent Lie group G = G, .
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5 Complete integrability on nilmanifolds

It has been shown in [9] that each pseudo- H -type Lie group G, ¢ contains a lattice L
(co-compact discrete subgroup). In the present section we explicitly construct com-
muting first integrals on the compact pseudo- H -type nilmanifold M = L \ G, 5 with
respect to the pseudo-Riemannian metric descended from G, ;. In cases where the Lie
algebra A\, ; of G, ; is of Heisenberg-Reiter type (HR-type) we descend sufficiently
many first integrals to M to prove the complete integrability of the pseudo-Riemannian
geodesic flow of M. We may as well assume that G, ; is equipped with a left-invariant
Riemannian metric g and V; ¢ is of HR-type. In [3] Butler has shown that under these
assumptions the geodesic flow of g is smoothly Liouville integrable on 7*(L \ G, )
(see also [14] for the case of the Heisenberg group). However, it seems that a complete
classification of pseudo-H-type Lie algebras of HR-type is not known and we leave
this problem for a future investigation.

Definition 5.1 A step-two nilpotent Lie algebra g is called a Heisenberg-Reiter Lie
algebra, if g admits a decomposition

g=tPdndj; 31D

such that [g, g] C 3, [3, 91 = 0, [v, t] = 0, and [n, n] = 0. The decomposition (31) is
called a presentation of g.

Example 5.2 Letr = 0 and consider G ; with Lie algebra Ny ; = v ® R%-S and center
3 = R%%. Asis shown in [5], v has a positive-definite subspace v and negative-definite
subspace v_ of the same dimension, i.e. (-, -), is positive-definite on v and negative-
definite on v_. We can choose v and v_ orthogonal to each other. Hence we have
the decomposition:

Nos =0y @10 @) RO,

Since each 0 # Z € R%* = 3 is negative it can be shown that j(Z) : b — v maps vy
to v_ and vice versa. In fact, let X € v, then (6) implies:

(DX, j@)X), =(z.2),-{X. X), <0.

If we putt = vy and n = v_ in (31), then [Ny 5, Nos] € R%S = 3 and [3, NVps] = 0.
Moreover, with X, X5 € v and Y1, Y € v_ we have forall Z € RO-s:

(X1, X201, Z) = (j (D) X1, X2) = 0,
(Y1, Y21, Z) = (j(2)Y1. Y2) =0,

showing that [v4, v4] = 0 = [v_, b_]. Hence Np ; is of Heisenberg-Reiter type.

The next example shows that the condition » = 0 is sufficient but not necessary for
N 5. being of HR-type.
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Example 5.3 Consider the pseudo- H-type Lie algebra A1 = v @ R"! and choose a
basis {Z1, Z>} of R"'! = 3 such that

(Z1,Z1); =1, (Zay,Z2);=—1, and (Zy,7Z3);=0.

An admissible C¢; ;-module v has dimension 4. Let v € v with (v, v), = | and
choose an integral basis (cf [2,9,10]) [ X1, ..., X4] of v as follows:

X1=v, Xo=j(Z1j(Zyv, X3z=j(Z)v and Xs= j(Zo)v.

Note that X1, X3 are positive and X», X4 are negative. Moreover, from (2) we obtain
the following table of commutation relations:

X1 X7 X3 X4
X1 0 0 VA Zy
X> 0 0 Z> VA
X3 -7 —Z 0 0
X4 -7 -7 0 0

If we define v = span{X, X} and n = span{X3, X4}, then we obtain a decompo-
sition of g in the form (31) which shows that N/ 1,1 is of HR-type.

We pass from the pseudo- H -type Lie group G, , to the compact quotient L\ G, s by
a standard lattice (co-compact discrete subgroup) L in G, 5. Recall that by Malcev’s
Theorem the existence of L is guaranteed if the pseudo- H -type Lie algebra NV, ; admits
a basis with rational structure coefficients. This fact is proved in [9]:

Theorem 5.4 ([9]) Let N,y = v @1 R"* be a pseudo-H-type Lie algebra. For each
orthonormal basis {Z,} in the center 3 = R, there exists an orthonormal basis {X;}
in v with respect to which the structure constants cfl., in

[Xi, Xol= ) ciZe
l

only take the values {0, £1}. Moreover, if [X;, X;/] does not vanish, then there is a
unique element Zy; iy such that

[Xi, Xir] = €x.inZii,in,  where € iy € {—1, 1}. (32)

Let [X1,..., Xom, Z1, - -, Zrys] denote an (integral) orthonormal basis of N, s as
described in Theorem 5.4 above. Then the lattice in G, generated by the group
elements {exp(X;),exp(Zy) : i =1,....2m, £ =1,...,r + s} is given by:

2m r+s

L=eXP{Z)/z‘Xi+%Z,3@Zz : VhﬂeGZ]~ (33)
i=1 =1
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Withi = 1,...,2m we consider the set of first integrals F G in Proposition 3.2
induced from Killing vector fields of right-invariant vector fields

Fyo(p, Y) = (X" (p), (dLp),, ¥), = (X, j(¥;) Wo—Y) with p =exp(W) € G.

Fix an element g = exp(V) € L in the lattice with V € N, 5 and V,, = le;'ll vi X;
where y; € Z. A direct calculation using (log(g * p))y = Ve + W, implies

Fyo (8% p. Y) = Fyo (p, ¥) +{Xi, j(T) Vo) = Fyo (p, ¥) + Gig(Vy),  (34)

where we use the notation
2m
Gig(Vy) = (Xi, j(¥p) Vo) = ) vl Xi, j(Y) X)) with i=1,....2m.
i'=1

Consider the matrix-valued function M (Y;) := ({(X;, j(¥;)X;’) 1.2’;1,:1. We may write
(34) in the more compact form:

Fxgr) FXY) Vi
gxp, V)= + [(pV+MT)| : |. (35)
g, g, an

In the following let
Nyi={z€3: (z,2); =0} C3

denote the set of all null-vectors in the center 3. If Y; ¢ N, then M (Y;) is invertible
since j(Yz,)2 = —(Y;, Y;);idy. Multiplying both sides of (35) with M(YZ,)_1 gives

FXY) FXY) Y1
M)l |erp =M |G+
g, fxg, o

From the latter relation we construct 2m functions on G, 5 X (N, g \/\f;,) which are
invariant under multiplication from the left by elements g € L in the G, ;-component.

Proposition 5.5 Define an R2"-valued function F(p,Y) on G,y x (N, \ N;) by:

FXY) fl
Fip.V):==Mx) 'l : (=] : |

F_ o F
X2:n 2m
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Thenfori =1, ...,2m the functions f; on G,y x N, s defined as

IR sin (27 F(p 1)), i Y # NG,

fi(p,Y):=4¢
0, if Y;eN,

are invariant under the left-action of L, i.e. fi(g x p,Y) = fi(p,Y) forall g € L.
Moreover, if in the above construction the functions

[Fyos o Fyo | ce®@G,p,  ivet,....2m),
ll l./‘

pairwise Poisson commute, then {f;,, ..., fi i } pairwise Poisson commute, as well.

Proof We only prove the last statement. For each ¢ > 0 consider a cut-off function
Xe € C®°(R) with0 < x. < 1 and

) 0, if |x] <§,
X) =
Xe 1, if x| > e

Assume that {F I

is a local expression, it is sufficient to prove that for all ¢ > 0:

") Fx(’)} = 0 wherei,i’ € {l,...,2m}. Since the Poisson bracket
i i’

—1 —1

{03357 sin (27 Fi(p. V) (7, Y3 557 sin (2 Fo(p, Ve (Y. YD) |
=0.
According to the Leibniz rule this equality follows if for each ¢ > 0 we can show that

—1

e 3132 sin (27-[1?’-,(19, Y)xe (Y3, Y3>)>} =: Ky,

sin (27 F (p, Ve (Y, Y30 ). sin (27 By (p, Ve (Y, Yy ) | =2 Ko

We now use the standard relation
{®(F), W(F)} = d'(FHV ()| F1, B2}, (36)

where W, @ : R — R are smooth functions and Fi, F, € C*°(T*G, ). Below we
choose W(r) = t and ®(r) = sin(2x¢). By definition we have in the case of ¥; ¢ N;:
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FXY)
Fo(p.Y)y=e, My~ |
Fyy)
1 Fxgr)
T .
=—— el M) . = My 4(Y3)F, ek
(Y37Y3>3 i 3 F <Y3,Y3 Z i'\q
X5
where we write ¢;; = (0,...,0,1,0,..., O)T € R?" and the non-zero entry appears
at position i’. Hence
2m
~ 27 xe (Y5, Y5))
Ky = —cos (27 Fo(p, Ve (75, ;) ) TEEE8 28 S My
(Y37 Y3> q:l
—1
x{e EPREYEN 3 <r>} =0.
In the last equation we have used Proposition 3.8, which implies thatforg = 1, ..., 2m

)
the Poisson brackets {e (13.73)2 ,F X(r)} vanish. In order to prove that K, = 0 it suffices
q
[because of (36)] to show that

Ry = {Fip. 1203, Y3, B, Ve (85, Y30 | = 0.

We insert the definition of F;, F; and again use M(Y;)~' = —(¥;, Y, )y 'M(Y;) for
Y; ¢ N;. Applying Proposition 3.8, (c) again gives:

2 2m
K= (3—3;) > Mg Mg | Fyo. Feo |
(Y;, Y3)3 Wl a

Recall that

{FX;,I), FX;,Z)} = (X X1, V) = [j(Y)) Xy X)) = =M (Vgrp. BT

Applying the relation M (Y;,)2 = —(Y;, Y;); we have:

~ Xa((Y;,, Y3)3)2 3
A AE: (M),

_X€(<Y3’ Y3>3)2
(Y3, Y3);

This proves the assertion. O
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Since the functions ( ﬁ)%l’l in Proposition 5.5 are invariant under left-multiplication
by elements in the lattice L we can descend them to functions (f,-)l.zm1 on T (L\G, ;).

This tangent bundle is identified with (L\G, 5) x N, 5. More precisely, put:
Fi(Lp,Y):= fi(p.Y) where (Lp,Y) € (L\G,y) x N; .

In addition, all left-invariant functions g on T (G, 5) = G, s X N, s do not depend on
the G, s-coordinate and therefore they descend to functions on 7' (L\G, ;), as well,
which we denote by g. Let

7 T(Grg) = Grg x Ny — T(L\G,5) = (L\Gy5) x N
be the projection which is a Poisson map, i.e. forall f, g € C*°(T (L\G, s)) we have:

{fom gom}={f.g}om.

Let [X1,..., Xom, Z1, ..., Zrys] denote an (integral) orthonormal basis of N,  as
described in Theorem 5.4 and let L C G, ¢ be the corresponding lattice in (33). Now
we can state and prove the main result of the present section.

Theorem 5.6 Assume that the matrix of commutation relations has the form

2m

ii'=1 "

C = ([X,-, X,-/]) < O Am) e R \where Oy, Ay € R

(38)

and 0, denotes the matrix with zero-entries. Then the geodesic flow on T*(L\G, s)
is completely integrable in the sense of Liouville with smooth first integrals.

Proof From the form of the matrix C in (38) and Proposition 3.8, (c) it is clear that
the functions [F JRCIREEE F X(r)] pairwise Poisson commute. According to Proposi-
1 m

tion 5.5 they descend to Poisson commuting function [Fi,...,Fpy]on T(L\G,;) =
T*(L\G, ). In addition, the mutually Poisson commuting first integrals g1, ..., gm,
yf, R y;” ¢ constructed in Theorem 4.2 descend to T (L\G, ) as well and Poisson
commute with the former ones. In total we have found 2m 4+ (r 4+ s) = dim G,
Poisson commuting smooth first integrals of 7*(L\G, s). O

The result in Theorem 5.6 is not sharp. We present an example of an integral basis
in V5 that does not induce commutation relations as in (38) However, we can still
prove complete integrability of the geodesic flow on 7(L\G12):

Example 5.7 Consider the pseudo-H-type algebra N, = R*>2 @, R"? which can

be shown to be not of HR-type. We can take basis elements X1, ..., X4 € R22 and
Z1,Zy, Z3 € RMZ such that (X1, X1) = (X2, X2) = 1, (X3, X3) = (X4, Xa) = —1,
(Z1,Z1) = 1,{Z2, Z2) = (Z3, Z3) = —1. The matrix of commutation relations can

be computed from [2, Table 6, p.570]:
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0 Z1 V4) Z3
((Xi. Xir]); ey = ~Zy ~Zz 0 =7y |’ o
—Z3 Z2 Zl 0

showing that it is not of the form (38). From (37) and (39) we observe that:
{FXY)’ Fxér)} + {Fxgr), FXA({)} =0= {FXY)’ FXA({)} — {Fxér), FX:(;r)}. (40)

Consider the new functions ;| := v+ FX(') and S; = ¥+ FX“)' By using
1 3 2 4

(40) one finds that {S7, S>} = 0. As in Proposition 5.5 (and with the notation there) we
construct Poisson commuting smooth functions f; € C®(TGyp) forj=1,...,4
which are invariant under the left-multiplication by L in the G 2-component. Put

si:=fi+f3 and s3:= fo+ fa.

As in the proof of Proposition 5.5 one finds that s; and s, Poisson commute. Moreover,
s1 and sy descendto 7' (L\ G 2) and as in Theorem 5.6 we can complement them by five
firstintegrals descended from left-invariant functionson 7' (G1 2) = T*(G1.2) toprove
the complete integrability of the pseudo-Riemannian geodesic flow. on 7*(L\G1 2).

Problem: Finally, we would like to mention two open problems related to the analysis
in this paper:

(1) Give a complete classification of pseudo- H-type Lie groups N, s of Heisenberg-
Reiter type.

(2) Completely characterize the class of pseudo-H-type nilmanifolds L\G, ; with
completely Liouville integrable pseudo-Riemannian geodesic flow.

Acknowledgements We thank the referee for many useful hints that improved the presentation of the paper.
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