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Abstract We consider the stability of ground state solitary waves of the generalized
Ostrovsky equation (u; — Buyyy + f(u)x)x = yu, with homogeneous nonlinearities
of the form f(u) = a.|u|?” + a,|u|P?~ u. We obtain bounds on the function d whose
convexity determines the stability of the solitary waves. These bounds imply that,
when 2 < p < 5and a, < 0, solitary waves are stable for ¢ near ¢, = 2,/By. These
bounds also imply that, for y > 0 small, solitary waves are stable when 2 < p < 5
and unstable when p > 5. We also numerically compute the function d, and thereby
determine precise regions of stability and instability, for several nonlinearities.

1 Introduction

The focus of this paper is on the stability of solitary wave solutions of the generalized
Ostrovsky equation

(ur — Buxxx + fW)x), = vu, (1.1

where f is a C? function that is homogeneous of degree p > 2. Also known as the
rotation modified KdV equation, this equation was originally proposed by Ostrovsky
[10], with f(u) = u?, as a model for the unidirectional propagation of weakly nonlin-
ear long surface and internal waves of small amplitude in a rotating fluid, where the
parameter y > 0 is a measure of rotational effects due to the Coriolis force. Equation

(1.1) has also been derived, with f () = —u>, as a model for the propagation of short
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pulses in nonlinear media [3]. Setting y = 0 in the Ostrovsky equation and integrating,
one obtains the generalized KdV equation

ur — Buxxx + fu)x = 0. (1.2)

In [14], Varlamov and Liu considered the Cauchy problem for the Ostrovsky equation.
They proved that (1.1) is well-posed in the space X for s > 3/2. In [9] they also
showed that solutions of the Ostrovsky equation converge to solutions of the KdV
equation on finite time intervals, in the sense that if Y € X with s > 3/2, v is the
solution of (1.2) with v(0) = v and u, is the solution of (1.1) with u,(0) = ¥ and
yn — 0,thensupy., 7 llu,(t)—v(t)||;2 — Oforfixed T > 0. Tsugawa[13] extended
the results of Varlamov and Liu by proving well-posedness in X for s > —3/4.

Existence of solitary waves was considered in [6, 15] for the quadratic nonlinearity,
and in [7] for more general homogeneous nonlinearities. Using variational methods,
it was shown that solitary waves exist in the space X provided § > 0, y > 0 and
¢ < cx = 24/By. In[3], existence was shown for pure power nonlinearities and small
y > 0 by considering the Ostrovsky equation as a perturbation of the KdV equation.

The behavior of the solitary waves of the Ostrovsky equation as y — 0 was studied
in [6,7], where it was shown that solitary waves of the Ostrovsky equation converge
in H' to solitary waves of the KdV equation. This is somewhat surprising, as the
Ostrovsky solitary waves have zero mass, while the KdV solitary waves have nonzero
mass.

Stability of solitary waves was considered in [6,7,9]. It was shown that the stability
of solitary waves is determined by the convexity or concavity of the function d defined
in equation (3.4). Although there are no known explicit expressions for d, by using
the scaling identity satisfied by d, together with numerically computed solitary wave
solutions, it is possible to obtain numerical approximations of d that determine the
regions of stability and instability in terms of the parameters 8, ¢ and y. This was
done in [6,7] for the class of pure power nonlinearities f (1) = (—u)?’.

The purpose of this paper is twofold. We first investigate the behavior of d near
the boundary of its domain. In particular, when p < 5 we obtain bounds that imply
convexity of d, and hence stability, for ¢ near ¢, = 2./By. We also show that the
scaling identity implies stability for p < 5 and instability for p > 5, for y near zero.
Secondly, we extend the numerical results of [7] to a broader class of nonlinearities.
The main results of the paper can be summarized as follows.

Main Results

(i) Suppose f(s) = ac|s|” +a,|s|?~'s where 2 < p < 5Sand a, < 0. Then solitary
waves are stable for ¢ near c,. (Corollary 5.1.)
(i1) If p < 5 solitary waves are stable for small y > 0. (Corollary 5.4, part (i).)
(iii) If p > 5 solitary waves are unstable for small y > 0. (Corollary 5.4, part (ii).)

Gv) If p > 5+ 42 and ¢ < (%) Cx, solitary waves are unstable. (Theorem
3.5, part (ii).)

(v) Precise regions of stability and instability are given for the nonlinearity f(s) =
cos(0)|s|? + sin(0)|s|?~ s for several values of 6 and p. (Table 1.)
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The stability results (i) and (ii) are new. The instability result (iii) was proved in [7], but
is proved here using a different method, and the instability result (iv) is an improvement
on the previously known result. The numerical results (v) extend those of [7].

The paper is organized as follows. In Sects. 2 and 3 we summarize the known
results concerning the properties of solitary waves of the Ostrovsky equation and their
stability. In Sect. 4 we discuss the class of nonlinearities that will be considered. In
Sect. 5 we derive bounds on d near the boundary of its domain. The main results
are Theorem 5.1 and Theorem 5.2. Together with Theorem 3.3, these results provide
information about the stability of solitary waves for parameter values close to the
boundary of the domain of d. Finally, in Sect. 6 we present numerical results for
several different homogeneous nonlinearities.

Notation
We shall use .% (u) or it to denote the Fourier transform of u with respect to the

spatial variable x, and . % ~1(u) or 1% to denote the inverse Fourier transform. We denote
by 9, ! the operator defined by

07y = 7! ((ig)*h%) :
The space X is defined by
Xy ={ueH®R) |3 'ueHR)
with norm

-1
lullx, = llullgs + 110, ull g

2 Solitary waves
In this section we summarize the known properties of solitary waves of Eq. (1.1). By

a solitary wave we mean a solution of (1.1) of the form u(x, ) = ¢(x — ct). The
profile ¢ must then satisfy the stationary equation

Bpxx +co +y Do = f(p), @2.1)

or equivalently

B@xxxx + coxx + 70 = f(@)xx- (2.2)

We will restrict attention to the case 8 > 0,y > 0 and ¢ < ¢, = 24/By, when
this equation is elliptic. In all other cases, the results of Zhang and Liu [17] and Liu
[8] imply non-existence of solutions of (2.1) in X;. Existence of solutions of (2.1)
in the space X| was established in [7] (and in [9] for the quadratic nonlinearity) by
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considering the following variational problem. Let
— . _ 2 2 —1,2
I(w) =1(;B,c, y)—/,Bux—cu + v, u) dx, (2.3)
R

K@) = —(p+1)/F(u)dx, (2.4)
R

where F/ = f and F(0) = 0. Let A > 0 and suppose there exist u € X1 such that
K (1) = XA. Then define

M, =inf{l(u) :u € X1, K(u) = A}.

Then since [ is coercive over X1, it follows that M, > 0. A minimizing sequence is
then defined to be a sequence v, € X such that

KWi) = A, 1Y) > M,

as k — oo. We then have the following result [7].

Theorem 2.1 Let f > 0, ¥y > 0 and ¢ < cy. Let Yy be a minimizing sequence for
some A > 0. Then there exists a subsequence (renamed Vi), scalars yy € R and
v € X1 such that Y (- + yr) — ¥ in X1. The function \ achieves the minimum
1 () = M), subject to the constraint K () = A.

The minimizer ¥ then satisfies the equation

BYx + ¥ +y DI2Y = puf (W), 2.5)

for some u € R. Multiplying by 1 and integrating yields M, = I () = uK () =
1

uA, so u > 0, and thus ¢ = ur=T is a solution of (2.1). Such solutions are referred
to as ground states. The homogeneity of F' implies that ground state solitary waves
achieve the minimum

m:m(ﬂ,c,y):inf{w:ueXl,K(u)>O]. (2.6)

(K (u)) r+1

Multiplying the solitary wave equation (2.1) by ¢ and integrating gives I (¢) = K (¢),
and therefore the set of all ground state solutions of (2.1) can be described as follows.

GB.cy) =1l € X1 : 1(p) = K(g) = m(B.c.y) 7 T) @.7)

The regularity and decay of solutions of (2.1) with quadratic nonlinearity were
considered by Zhang and Liu [17], where they proved the following.
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Fig. 1 Solitary waves of the Ostrovsky equation with nonlinearity f(u) = u?. Here B = 1 and y = )T, S0
¢y = 1. In the figure on the left c = —2 < —c4 and in the figure on the right ¢ = 0.9

Theorem 2.2 Letf > 0, y > 0and ¢ < cx, and suppose ¢ is a solution of (2.1) with
f(u) = u?. Then ¢ € C®°(R) N H®(R) and

3 p(x), p(x), pr(x) = O (e—alxl)

where « is a positive constant depending only on B, c and y.

As can be seen from the behavior of solutions of the linear equation
Buxxxx + cltyy + yu =0 2.8)

solitary waves have exponentially decaying, oscillatory tails when —c, < ¢ < ¢4,
while they have exponentially decaying, non-oscillatory tails when ¢ < —c4. See
Fig. 1. In the latter case, Zhang and Liu also proved the following uniqueness result
for the quadratic nonlinearity.

Theorem 2.3 Let 8 > 0, y > 0 and ¢ < —cy. Then, up to translation, Eq. (2.1) with
f ) = u® has a unique, symmetric (even), solution ¢ € X|.

The behavior of solitary waves of the Ostrovsky equation as the rotation parameter
y approaches zero was studied in [6,7]. Although the solitary waves of the Ostrovsky
equation have zero mass, while the KdV solitary waves have non-zero mass, it was
shown that the Ostrovsky solitary waves converge to the KdV solitary waves, in the
following sense.

Theorem 2.4 Fix B > 0, ¢ < 0 and consider any sequence yy — 0%. For each k,
choose g € Y(B, ¢, yi). Then there exists a subsequence (renamed yy) and transla-
tions yy so that

O (- + Y6) = o (2.9

in H'(R) as yp — 0T.
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3 Stability
In this section we summarize the known results concerning the stability of solitary
waves of the Ostrovsky equation. In light of the well-posedness result of Tsugawa, it

now makes sense to use the following definition of stability, which removes the X,
s > 3/2 assumption.

Definition 3.1 We say that a set ./ C X is stable with respect to the Ostrovsky
equation (1.1) if for any € > 0 there exists some § > 0 such that, for any uy € X1,

inf{|lup — v|lx, : v e .S} <3,
it follows that the solution u of (1.1) with u(0) = ug satisfies
inf{|lu(t) —v|x, :ve S} <e

for all # > 0. Otherwise we say .7 is unstable.

The conserved quantities of the Ostrovsky equation,

E(u) = /—u + 2107 u? + Fu)dx (3.1)

and

V) = /u2 dx, (3.2)

R

| =

play a critical role in the analysis of the stability of solitary waves. With respect to E
and V, solutions of the solitary wave equation (2.1) are critical points of the action
functional L defined by

L(u) = E() —cV(u), 3.3)

in the sense that L’ (p) = 0. This fact motivates considering the function d(c) defined
by

d(c) =d(B.c.y) = E(p) = cV(p), (3.4)

where ¢ is any element of 4 (8, c, ). Using the relation
E(u) V()—ll() : K (u) (3.5)
w) —cVu) =1 PES u), .

which holds for all u € X, it follows that

p—1 - ptl
dB.c.y) = 1) = L K(p) = ~L—— (m(B.c.y))

-_£ - . (3.6)
20p+ 1) 20+ 1) 200+ 1) +1)
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This implies that d is well-defined, and its properties may be investigated by studying
the function m. Using this approach, the following results were obtained in [7].

Theorem 3.1 On the domain B > 0, y > 0, ¢ < ¢4, the function d is continuous,
strictly increasing in y and B and strictly decreasing in c. For each fixed f > 0 and
y > 0, the partial derivative dd /dc(B, c, y) exists for all but countably many ¢ < cx.
Similarly, dd /0B and dd/dy exist for all but countably many 8 and y, respectively.
At points where these partial derivatives exist,

ad 1
= Ef(gox)zdx

B

ad 1

Ge= 3] o

ad 1 [

3 =2 0 p) dx.

Remark 3.1 The uniqueness result in Theorem 2.3 implies that, in the case of the
quadratic nonlinearity f(x) = u?, d is differentiable for all (B, c,y) satisfying
C < —Cx.

The scaling identity satisfied by d is also a consequence of the relation between d
and m.

Theorem 3.2 Let B > 0, y > 0andc < cy4. Foranyr > 0and s > 0 we have

+1
d(rs2,3, re, rsfzy) = rﬁjsd(ﬂ, ¢, ).

In terms of the function d, the main stability results of [7] may be summarized as
follows.

Theorem 3.3 Fix 8 > 0, y > 0and ¢ < cy. Then
1) Ifdec(B,c,y) > 0then9(B,c, y) is stable.
(i) If dec(B,c,y) < O, then O, = {¢(- —y) 1 y € R} is unstable for any ¢ €
G(B,c.y).
Part (i) of this result follows from a variational argument due to Cazenave and Lions

[2], while part (ii) of this result is actually a consequence of a more general instability
criterion. Using techniques of Goncalves-Ribeiro [4], the following was proved in [7].

Theorem 3.4 Fix 8 >0,y > 0andc < ¢4 Let o € 9(B, c, y). Suppose there exists
W € L2(R) such that ¥, € X, s > 3/2, ¥ex € X1 and the following conditions are
satisfied.

(i) (V'(), ¥x) = 0.
(i) (L"(@)¥x. ¥x) < 0.
Then O, is unstable.
Part (ii) of Theorem 3.3 follows by showing that when d.. (8, ¢, y) < 0, there exists

afunction ¥ satisfying the hypotheses of Theorem 3.4. With the choice ¥, = ¢+2x¢,,
one also obtains the following result.
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Theorem 3.5 Fix B > 0, y > 0 and ¢ < cy. Then O, is unstable if either of the
following conditions hold.
i) p>51c¢c<0and0 <y <y for some small yy > 0.

(i) p>544v2~10.657 and ¢ < (%) Cx.

Proof Part (i), and a slightly weaker version of part (ii), were proved in [7]. By Lemma
411in[7], ¢ =07 Y(¢ + 2x¢,) satisfies the hypotheses of Theorem 3.4, and

(p—DG—-p)

<L (@) Yy, lﬁx)= D1

K (p) + 16y/(a;1<p)2dx.
R

Using the identity 7 (¢) = K (¢) and the Pohozaev identity

/ﬁw”+wﬂ—3y@”¢fdx=—~—3—Kwa 3.7)
X X P+1 :
R
one obtains
2 —1 32 p+3
dx —2 0 dx = ——K(¢),
C/w x V/(x(p) x o+ D) (®)
R R

from which it follows that

—p*4+10p +7

(L (@) ¥x, I,Zf)c) = P+ 1

K (o) +8c/<p2dx.
R

By the elementary inequality 7 (¢) > (cx — ¢) fR @2 dx it then follows that

—p2+10p+7+ 8¢
p+1 Cx —C

u%wwmwAs( )K@y

Since —p% 4+ 10p +7 < 0 when p > 5 + 44/2, the term in parentheses is negative
precisely when condition (ii) holds. O

Remark 3.2 As p increases, the region described in part (ii) of Theorem 3.5 approaches
the entire region of existence ¢ < c,. We note that this result is not at all sharp since,
in light of the numerical calculations of d.., it appears that we have instability for all
¢ < ¢y even when p > 5.

As mentioned in the introduction, although Theorem 3.3 provides necessary and
sufficient conditions for stability in terms of d, there are no known explicit formulas for
d, and thus itis difficult to directly apply this result. However, since d and d, are defined
in terms of ¢ by Eq. (3.4) and Theorem (3.1), respectively, it is possible to obtain
numerical approximations of d and d., and hence d,., via numerical approximations
of the solitary waves. By doing so, the following conclusions were drawn in [6,7].
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Observation 3.1 Let f(u) = (—u)?.

(i) When p = 2 or p = 3, solitary waves are stable for all ¢ < c.
(i) When p = 4 there exists ag(~ 0.88) such that solitary waves are stable for
i < o and unstable for ag < i <1
(iii) When p > 5, solitary waves are unstable for all ¢ < cy.

While it is is some sense natural to consider the family of nonlinearities (—u)? for
integer p, this family includes both odd and even functions, and the behavior of the
function d differs depending on whether p is even or odd, particularly for ¢ near c,,
where the solitary waves become highly oscillatory. It is thus more natural to consider
the families of odd and even nonlinearities separately, as we do in the following section.

4 Homogeneous nonlinearities

In this section we discuss the class of nonlinearities that will be considered. The
existence and stability results discussed in Sects. 2 and 3 apply to Eq. (1.1) where f
is any homogeneous function with the property that

K(u):—(p+1)/F(u)dx >0
R

for some u € X|. Let 57, (R) denote the set of all functions f on R that are homoge-
neous of degree p, in the sense that for any A > 0 we have f(As) = AP f(s) for all
s € R.

Lemma 4.1 J7,(R) is a two-dimensional vector space.
Proof Define fi(s) = (max{s,0})? and f_(s) = (max{—s,0})”. Then fy, f_ €
7, (R) are clearly linearly independent, and given any f € J#,(R), we have

F) =) fr(s) + f(=D)f-(s)

forall s € R. O

It is somewhat more convenient to think of functions in .77, (R) in terms of the even
and odd functions f,(s) = |s|” and f,(s) = |s|P~'s. If we write

%(R) ={acfe +aofo: ae,a, € R}

then we have the following result.

Theorem 4.1 Fix p > 2,8 >0,y > 0and ¢ < cy. Let f = acf, + ao fo. Then
there exist solutions of (2.1) in X1 if and only if a, < |a.| (equivalently, f(1) < 0 or
f(=1)>0)
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Proof First suppose a, < |a.|. Then

K(u):—(p~|—1)/F(u)dx=/—(ae|u|pu+a0|u|p+l)dx.
R R

Without loss of generality, suppose a, < 0. Then we have a, + a, < 0 and thus

K (u) = —(ac + a,) / ulP*' dx + (ar — a,) / ulP* dx.
u>0 u<0
We claim that there exists v € X; such that K (v) > 0. The existence result then

follows from Theorem 2.1. To prove the claim, let ¢ be any C! function that vanishes
outside (0, 1) and is positive on (0, 1). Then for A > 0, set

A (x) 0<x<l
v(x) =1 —Y((x=1)/A) 1<x<A+1
0 otherwise

Then fR v(x)dx = 0so v € X1. On the other hand

1
K () = [~(ac + ao) A" + (g, — a)A] / Y )P dx.
0

Since —(a, +a,) > 0and ¥ > 0 on (0, 1) it follows that K (v) > 0 for A sufficiently
large. This proves the claim.

Now suppose a, > |a.|. Then a,|s|Pu + a,|s|Pt! > 0forall s € R, so K(u) <0
for all u € X;. If a solution ¢ € X of (2.1) existed, then multiplying by ¢ and
integrating would yield 0 < I (¢) = K (¢) < 0, a contradiction. O

We next observe that, without loss of generality, it suffices to consider only f €
¢, (R) for which a, > 0, since if u solves (2.1) with f = a, fo + a, fo, thenv = —u
solves (2.1) with f = —a, f. + a, f,. Also, by re-scaling v = au for ¢ > 0 it suffices
to consider only f € 4%,(R) for which af + ag = 1. Hence the set of homogeneous
nonlinearities of degree p > 2 that we shall consider can be parametrized by

Jo = cos(0) fe + sin(0) f, 4.1

where —m /2 < 6 < m /4. See Fig. 2.

5 Boundary behavior of d

In this section we consider the behavior of d near the boundary of its domain. We first
derive bounds on d as ¢ approaches c, = 2./By. The lower bound is given in the
following result.
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Fig. 2 The set of nonlinearities 2
F(5) = aels|? + aols|P~Ls that
will be considered 1516
non-existence
1L
05
o 0
-05
-1
-15
-2 L
-2 -15 -1  -05 0 0.5 1 1.5 2

Lemma 5.1 Fix p > 2, 8 > 0and y > 0. Then there exists a constant C > 0 such
that for 0 < ¢ < ¢, we have

+1

d(c) > C(cy —c)r 1.

Proof We give two proofs of this fact. First, for ¢ > 0 and any u € X; we have

1w>zcgaﬂ/u§+(x*m2¢x=c%xynm@p
R

where

4By — 2

Cgey = .
P T By + B -yt D)

+1 +1
e < Cllull?;

Observe that Cg ¢,y > C(cx —c) for ¢ near c,. Since | K (u)| < Cllull} pry <

it then follows that
I(u)

D) Z C(C* - C)
K (u)r+t

for all u € X| with K(u) > 0. Therefore m(c) > C(c4x — ¢) and the lemma follows
from relation (3.6).
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Alternately, using Theorem 3.1 and (3.6), we have

1 —1r 1 d
d/(c>=—-/¢2dxz L@ __ptl 4O 5.1)
2 Cy —C p—1 ci—c
R
so integrating yields
p+1
c \r-!
d(c) = d(0) (1 — —) .
Cyx
O

ptl
This implies that, as ¢ approaches c, d at best vanishes to order (c, — c)?-T. We

next show that d does in fact vanish near ¢ = c,. Our main result is the following.

Theorem 5.1 Suppose p > 2 and f = a.f, + a, f, where a, < 0 (equivalently
f() < f(=1)). Then

ao:o@u—aﬁi)

as ¢ approaches c.

Corollary 5.1 Suppose 2 < p < 5and f = acfo + aof, where a, < 0 (f(1) <
f(=1)). Fix B > 0 and y > 0. Then there exist ¢ arbitrarily close to cy for which
4 (B, c,y) is stable.

Proof Using (5.1), it follows that

P_“.&>_O((C*_c)zz,ﬁ)),
p—1 co—c ™

Thusif 2 < p < 5,d'(¢c) — 0asc — c,. Since d'(¢) < 0 for all ¢ < c,, this
implies that there must exist ¢ arbitrarily close to c, such that d”(c) > 0. The result
then follows from part (i) of Theorem 3.3. O

0>d(c)>—

To prove Theorem 5.1, we select trial functions to obtain upper bounds on the
value of the quotient that defines m in expression (2.6). To motivate the choice of trial
function, observe that if we ignore the nonlinear term in (2.1) and differentiate twice
we obtain the linear equation

Buxxxx + ctyx +yu=0. 5.2)

This equation has solutions u = ¢’* where fr* +cr? 4y = 0. When ¢ > 0, the roots
of this equation are r = £(a =+ bi) where

2\ B 2\ B
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Fig. 3 The trial function u given by equation (5.3) (right) together with the numerically computed solitary
wave (left) for f =1,y = 1/4and c = 0.9, and f(u) = u?

If we then make the choice
u=—a, (e*“'xl sin(bx)) = —e= (b cos(bx) — asin(b|x])), (5.3)

it follows that u € X and satisfies the above linear equation for x # 0. As one can see
from Fig. 3, the function u is a reasonable approximation of the exact solitary wave,
the main difference being that u is not differentiable at x = 0.

A direct calculation reveals that

1) = %(c* +e)(es — )2 = 0(cx — 0)? (5.4)

as c approaches c,.. We next need alower bound on K (u). This depends on the nonlinear
term. We consider separately the purely even and purely odd nonlinearities.

Lemma 5.2 Fix 8 > 0 and y > 0. There exists some positive constants C1 and Co
such that for ¢ > 0 near c, we have

(i) K@) = Cilex —)'?if f = f,

(i) K@) = Calex =) V2if f =~ fo,

where u is the trial function given by (5.3).

Proof Firstconsider f = f,.Sincea > C(cy—c)'/?, part (i) will follow once we show
that K (1) > Ca for ¢ near c,. If we write b cos(bx) —a sin(bx) = va? + b? cos(bx +
¢) where ¢ = arctan(a/b) then we have

o0 oo
K(u) = —2/ u|Pudx = +2(a® + b2 /e*“”’“)ﬂcos(bx + ¢)|P cos(bx + ¢) dx,
0 0

and after the change of variable y = bx + ¢ this becomes

o0

1
(@ + bZ)% /e_“(”+1)y/b| cos(y)|? cos(y) dy.
¢

2ea(p+1/b
b
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As ¢ approaches ¢, the term outside the integral approaches 2(y/B)P/* > 0, so we
will henceforth ignore this term. We now write the integral as

0 o (D
/ e PP  cos(y)|P cos(y) dy + D | / e “PTDYIP| cos(y)|P cos(y) dy.
p k=0 ;-
The first term is negative, but bounded below by —¢ = — arctan(a/b) > —a/b. In

each term of the summation we make the change of variable z = y — km and then
sum the resulting geometric series to obtain

i

/e—a(p+1)1/b|cos(z)lpCOS(Z)dZ-
0

1
1 4+ e—alp+Dm/b

The remaining integral we rewrite as

/2 b4
/e*”(p“)z/blcos(z)lp cos(z) dz + / e~ 4Pt/ cog(2)|P cos(z) dz.
0 72

Making the change of variable y = 7 — z in the second integral and combining the
two integrals gives

/2
/(e—a(p+l)z/b o e—a(p+1)(7r—z)/b) COS(Z)p+1 dz.
0

Since

AN _ pmapD=a/b oy

lim
a—0 a b

(r —22)

uniformly in z on [0, 7r/2] the integral approaches

/2
% /(p + 1) (r — 22)| cos(2)|? cos(z) dz
0

as ¢ — cy. Since

/2 /2

22\ P12 (p + D

_ p+l1 - — = 5, L3

[ 0+ 0 220080t dz = wp + 1)0/ (1 n) TR
0

7.[2

>
4
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for all p > 1, it follows that as ¢ — ¢, we have

M

/efa(P+1)Z/b| cos(z)|? cos(z)dz >
0

1

1,
1 + e—alp+Dr/b ’

C -7
4

N =
S Q

and therefore

o0
1/1 a
—a(p+1)y/b P dy>—|-n2-2)2
/e [cos(y)|" cos(y)dy = > (471 b’
¢

which implies that
K(u) > Ca

as claimed.
Next suppose f = — f,. Using the calculations above, we have

oo

2¢4(p+Do/b |
Ku) = +/ lulP dx = e—(az —i—bz)% /e_”(p+1)y/b| cos(y)|”* dy
R

b
¢
(0.¢]
24P+ /b |
> @+ )T / =Pt Plcos(y)|PH dy.
/2
Writing the integral as
(k+m
o
> [ e e cositay,
k:1(k—%)7[

and making the change of variable z = y — ko, this becomes

0 /2
S otk / =0 PH2Ib g (P g
k=1

—m/2

pa(p /b /2

= T 1 / e 4PTDb g () PH g7

—/2
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For small a this is approximately

b /2
_— cos(z)?dz > Cla! = C(c, — ) V/2.
a(p+ Dr / © (e =)
—m/2

Proof of Theorem 5.1 Let u be given by (5.3), and define

K.(u) = —/ lu|Pu dx
R

Ko(u) = / lu|Pt dx.
R

By part (ii) of Lemma 5.2 we have K, (1) > Ca(cy — ¢)~12, and it follows by the
same calculations used to prove part (i) of Lemma 5.2 that |K,(u)| < Cz(cyx — 0)1/?
for some constant C3. Thus if f = a, f. + a, f, where a, < 0, then we have

Ku) = aeKo(u) — aoK, () > (—a,)Ca(cx — €)% — |a,|C3(ci — ¢)'/?
> Cylcx — )12

for ¢ near c. Thus

m(B,c,y) < I'(u) < Zl;(C* +)(cx — )2

p+3
3 — O(C* — C) 2(p+1)
K@@)7iT [Clex — o)~ 1/2]p

and it follows from (3.6) that

— p+3
L = 0(cs— )T 7,

p-l
2(p+ 1)

p+tl
p—1

m(B,c,y)

d(c) =

as claimed. O

Remark 5.1 In view of the numerical results of Sect. 6, it appears that the bound in
Theorem 5.1 is sharp. See Fig. 4.

As a consequence of the first part of Lemma 5.2 we have the following bound on
d for even nonlinearities.

Corollary 5.2 Suppose f = kf, for some k # 0. Then
d(c) =0 ((c* _ c)l/z)

as c approaches c.
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0.95 4

0.9 4

0.8 1

d/(C,—C)(p+3)/(2(p_1 )

0.7 1

0.65 - p=6 ]

06 L L L L
-1 -0.8 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

(9]

p+3
Fig.4 Plots of d(c)/(cx —c¢) 27=D for the odd nonlinearity f(u) = —|u|”~'u. Here 8 = landy = 1/4,
50 cx = 1. Plots for other nonlinearities with a, < 0 are similar. These illustrate the sharpness of the bound
in Theorem 5.1

Proof For k < 0, Lemma 5.2 implies that, for u defined by (5.3), we have

1( ) (C*‘i’c)(c**c)l/z .
u _r=1
m(B,c,y) < 5 =< P — = O(cs — ¢)2PFD

K@)rtT  [C(cy — c)]PHT

and it follows from (3.6) that

d©) = L m(B.e.)i = e, — o)}
¢)=——m(B,c,y)r T = O(ck —)2.

20+ 1) Y "
For k > 0, the same estimate follows by using the trial function —u. O

Remark 5.2 The numerical evidence obtained by the methods of Sect. 6 suggest that
the bound in Corollary 5.2 is not sharp. Rather, it appears that the optimal bound is

ﬂ@:oﬁﬂ_@ﬁ%)

See Fig. 5. This bound would imply stability for ¢ near ¢, when2 < p < 3. However,
it is not clear what choice of trial function is required to prove this bound.

Remark 5.3 When 0 < ag < |a.|, the behavior of d as ¢ approaches c, is less clear.
In fact the function u defined by (5.3) is no longer a valid trial function for ¢ near c,
since K (1) becomes negative as ¢ approaches c,. Numerical results seem to indicate
that when p > 2, d”(c) is negative for ¢ near c.

We next derive bounds on d as y approaches zero. The idea once again is to use
appropriately chosen trial functions. By Theorem 2.4, the Ostrovsky solitary waves
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d/((:*_(-’.)(F3'+1 M(2(p-1))

p=6

pl
Fig. 5 Plots of d(c)/(cs« — ¢)2(P=D for the even nonlinearity f(u) = |u|”. Here B = 1 and y = 1/4, so

cx =1

converge in H' to the KdV solitary waves, so it would be natural to use the KdV
solitary waves as trial functions. However, since the KdV solitary waves have nonzero
mass, they are inadmissible as trial functions in the Ostrovsky variational problem. To
remedy this, we use a trial function obtained by truncating a KdV solitary wave and
giving it a tail that satisfies the linear equation (2.8) in such a way that the resulting
function has zero mass. We thereby obtain the following result.

Theorem 5.2 Fix 8 > 0 and ¢ < 0. Then
dB,c,y)=d(B.c,0)+ O0(/y)

as y approaches zero.

Proof For ¢ < 0 and y > 0 small, solutions of the linear equation take the form

MY oTNX here
1/2
—ct4/c2—4By /
)\,] = T

(c 2—4By ) 12
)\2 = T .

As y — 0 we have

A =+—c/B+0(y)
by = 0W/Y).
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Next let ¢g denote the ground state solution of the KdV equation

Boxx +cp = f(p)

and define

X

o) = / o0(y) dy

0

for x > 0. Then for R > 0 we set

Yo(x) X <R

a1(R)e™* 4+ ar(R)e™™* x > R (5:5)

VR(x) = {

where a;(R) and a;(R) are chosen so as to make vg differentiable on (0, c0). A
straightforward calculation reveals that

a1(R) = 5 (ha¥o(R) + ¢o(R))

ar(R) = £ Gato(R) + go(R))

Next we set ug(x) = v% (x) for x > 0 and extend u g to be even on R. Then for each
R > 0 we have ug € X1. Now we compute

I(ug; B,c,y) = 2/5(”R))2( — cuk + y(vg)? dx
0

R [ee)
= 2/ﬂ(¢o>§—c¢§+y(vR>2dx+2/ﬂ[(uR>x12—cu§+y<vR>2dx
0 R

R

o0
= I(go: B, ¢, 0) —Z/ﬂ(wo)i —C(P(Z)dx+2/)/(v1e)2dx
R 0

+2 / BL(WR)xx]* — cl(vr)x 1> + y (vR)* dx
R

Observe that for 0 < x < R, vg(x) is bounded independently of R, so

R

I E/y(vR)zdx <CyR (5.6)
0
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for some constant C. Next, since ¢g and (¢g), decay like e™*v —¢/P a5 x — o0, we
have

o
b= [ pln: - egidx < ce VT 5.7)
R
for any R > 0. Finally, since vy satisfies the linear equation (2.8) for x > R, we have

o0
L= / BlwR)xc]* — cl(Wr)x ] + ¥ (r)* dx
R
= —BUR(R)VR(R) + Bur(R)VE (R) + cugr(R)vg(R).
Using the definition of vg and the values of a1 (R) and a»(R) above, this becomes

Iy = Blhika(hr + 22)Y5 (R) + (1 + 22) Yo (R)go(R) + (h1 + 22)¢5 (R)]
+co(R)@o(R). (5.8)
Recalling that A} = O(1) and A, = O(/y) as y — 0 and that ¥¢(R) is bounded
independently of R, it follows that the first term in (5.8) is O (/y). By (5.6) we will
have I} = O(,/y) if we choose R = y /2. Since ¢q decays exponentially, it follows

from (5.7) that I, = O(,/¥), and that the remaining terms in (5.8) are O (,/y). Hence
L+DL+1= O(\/?), so that

I (ug; ﬂvcv J/) = I(QOO; ﬂvcv O) + 0(\/?)

Next, we compute

oo

K(ug) — K(gpo) = 2/ F(ug) — F(go)dx.
R
We bound the first term by
oo oo

/F(uR)dx < C/],\lal(R)e*W}"“ + [raar(Rye 2+ [PH! dx
R R
C (Mlar(Re B 4 3 jay (Rye 2R |+

IA

IA

7 (TPve®) + eI + AL ao(R) + (RIP) .
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—1/2

For R =y , it then follows that this term is O (y?/?). The exponential decay of

¢o implies that

e¢]

/ Flgo)dx| = 07"
R

as well. Hence we have
K(ug) = K(p0) — O(y"'?),

and thus

2 2

Kup)? = K(po) 71 — O(y").
Combining this with the estimate on 7 (ug), we have

Wy < W0 @) TOD T o
T Kur) P K@)t — 0Py K(ge)PT

=d(B,c,00+ O(/y).

Since d is increasing in y, we have d(8, ¢, y) > d(B, c, 0) and the proof is complete.

O
Corollary 5.3 Fix 8 > 0and c < 0. Then
dy(B.c,y)=0@ """
as y approaches zero.
Proof For y > 0 we have
d(B,c.y) —d(B,c,0) = =—— (I(p,; B, c.y) — 1(o: B e, 0)) = —-——
2(p+1) 2(p+1)

x [ 1(py; B,c,0) — I(go; B, c,0) + y/(a;lqoy)zdx
R

where ¢, € 4(B,c,y) and ¢y € (B, c,0). Since d is strictly increasing in y, we
have

2 1 2 1
K(go) = %d(ﬁ, c.0) < %d(ﬂ, ¢ y) = K(gy),
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1
so K (ag,) = K(pp) where a = (j((g g 3))) o By the variational characteriza-
tion of ¢y, this implies I (¢o; B, ¢, 0) < I(py; B, ¢, 0), and thus

d(p.c.y) ~d(p.e.0) > sP— +1) /( g, ) dx = P —ydyw ).

The result then follows from Theorem 5.2. O

Corollary 5.4 Let p > 2 and fix B > 0 and ¢ < 0. Suppose d is twice differentiable
on its domain.

(1) If p < 5, then there exist y > 0 arbitrarily close to zero such that (B, c,y) is
stable.

(ii) If p > 5, then there exist y > 0 arbitrarily close to zero such that O, is unstable
Jorany ¢ € 4 (B, c,y).

Proof First fix ¢y < 0. Then for ¢ < 0, Theorem 3.2 with s~ = r = ¢o/c implies

d(B. c.y) = (c/co) P T d(B, co. (c0/c)y).

Setting g = 2(” +3_ and differentiating with respect to ¢ then gives

2 1
de(B,c,y) = —C—Z<c/co>q—3dy (B, co, (co/c)?y) + aq(C/Co)q_ld(ﬂ, co, (co/c)*y)

and

4y? —6 2
dec(B,c,y) = C—Z(C/Co)q dyy (B, co, (co/c)7y)

0

2
—c—ﬁ(zq —3)(c/co)?™*d,, (B. co. (co/c)*y)
0

1
+54( - 1)(c/co)?72d(B, co, (co/)*y)
0

Setting ¢ = ¢y, this reduces to

dec(B, c, J/)_— (4)/ dyy(B,c,y)—2y(2q—3)d,(B.c,y)+q(g—1)d(B, c, J/))
(5.9)

We now let y approach zero. By Theorem 5.2 and Corollary 5.3 we have

yliglo —2y(Q2q —3)dy,(B,c,y) +q(g —1)d(B,c,y) =q(qg —Dd(B,c,0).
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To handle the yzdw (B, ¢, y) term we first define

2
_|JydyB,c.,y) ¥y >0

Then g is differentiable for y > 0, and by Corollary 5.3, g is continuous for y > 0.
Therefore, by the mean value theorem, for each j € N there exists y; € (0, 1/j) such
that

_ 80/
j

1 .
g = ;dy(ﬂ, ¢ 1/j).
By Corollary 5.3 it follows thatlim j, o g’(y;) = 0. Butsince g'(y) = yzd,,y +2yd,
it then follows that

lim y7dy, (B.c.y;) = lim ¢'(y;) — 2y;d, (B.c.y;) = 0.
Jj—>00 Jj—>00

Thus, for j sufficiently large, dec(B, ¢, y;) has the same sign as g(g — 1)d(B, ¢, 0).
Since d(B,c,0) > 0 and ¢ > O, this is determined by the sign of ¢ — 1, which is
positive when p < 5 and negative when p > 5. This completes the proof. O

6 Numerical computations

In this section we present numerical results which extend those in [7] to the class of
general homogeneous nonlinearities discussed in Sect. 4. We employ the same strategy
here as in [5,7]. Because the values of d and d, are given in terms of ¢ by (3.4) and
Theorem 3.1, by numerically approximating the solitary waves we obtain numerical
approximations of d, d., and hence d.. by varying c. By the scaling property of d, the
sign of d,. is constant within I', = {(B, ¢, y) : ¢ = r+/By} for each fixed r < 2. It
therefore suffices to fix = 1 and perform these computations over the segments

St ={,y):—1<c<l1l,y =1/4}
S ={(c,y):c=—-1,0<y < 1/4}.

See Fig. 6.

On S| we approximate d.. directly in terms of the numerically computed values of
d. using a centered difference, while on S> we do the same for d,,,, in terms of d,,,
and then apply formula (5.9) to compute d... Two methods were used to compute the
solitary wave profiles.

Spectral Method

For most of the solitary wave computations we used following spectral method due
to Petviashvili. Using the form (2.2) of the solitary wave equation and setting ¥, = ¢
we have

.B"ﬁxxxx +C1ﬁxx + y‘ﬁ = f(wxx) = f((o) (6.1)
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0
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-
n

Fig.6 The domain of d and the segments S and S» over which the numerical computations were performed

Taking the Fourier transform gives

I/A/ _ J(®)
BE* —cE> +y
We thus perform the iteration
; )
Vi1 = Mgm, Pri1 = R Vit
where
e — Jo(BE* — &2 + y) Ui d&

o Fo g1 d&

is the stabilizing factor introduced by Petviashvili. The convergence properties of this
algorithm were studied in [12], where it was shown that the rate of convergence is
fastest when ¢ = p/(p — 1). In most cases, this method converged quite rapidly.
However, when f(s) = ac|s|” + ao|s|”~'s with a, > 0 and ¢ near c, the algorithm
failed to converge. In these cases we then resorted to the following shooting method
to compute the solitary wave profiles.

Shooting Method

This is a modification of the method used in [5,7] to compute solitary waves of the
fifth-order KdV equation and Ostrovsky equation, respectively. Using the form (6.1)
of the solitary wave equation, and setting y = (v, ¥, ¥”, "), we obtain the system

-

iy
d—y = A +3() 6.2)
X
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where
0O 1 0O 0
0O 0 1 0 N 0
A= o 0o 1l gy) = 0
—y/B0 —cB O f(y3)

Multiplying (6.1) by " and integrating gives

/3 1MN2 ¢ 171\2 " Y N2 _ "
S W+ SWN Yy = S W)= FO.

Without loss of generality we may assume ¢ has a local extremum at x = 0, so
¥ (0) = ¢’(0) = 0. Then setting 1 = ¥'(0) and ap = ¥ (0), we have

0 = =
v Yoo y\p+1 2 2m

Fla) —§3+%e} 1 (f(az) o, yoe%)
We then use MATLAB’s Runge—Kutta—Fehlberg solver to solve (6.2) over a spatial
domain [—X, X] with initial data

R 1 o c a?
yo=\— S ) 2)__+_y L) ar,0,0).
y\p+1 2 2m

If we denote by E and E,, the stable and unstable subspaces associated with the linear
system Z—){ = AY, then there exist matrices A; and A, such that for any y € R* we
have ¥y = Ay + A,ii, where A;y € E, and A,y € E,. By the stable manifold
theorem, a solution y(x) of (6.2) satisfies A, y(x) — 0 as x — oo and A;y(x) — 0

as x — —oo. We therefore define the shooting function by
Sr, @) = [AF X + AT X012

To apply Newton’s method to the function S, we also need to solve for % and a%
via the auxiliary system

0
div _ oo
Loai+iGo, ko= o |

f'(r3)ws

with initial data

1 / 2
(ﬂ,l,o,o) and [ = M—f—&; 0.1,0).
o y\ p+1 2 205
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0=—m/2
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Fig. 7 Plots of d, for the odd nonlinearity f(s) = —|s|? ~ls over the segment S, where p varies from
2 to 6 by multiples of % Observe that when p < 5, dec is positive on S> and when p > 5, d. is negative
on Sy

0=—m/2

Fig. 8 Plots of d.. for the odd nonlinearity f(s) = —|s|? ~ls over § 1, where p varies from 2 to 6 by
multiples of % When p <4, dcc > 0 everywhere, and when p > 5, d¢- < 0 everywhere. When p = 4.5,
dcc changes sign twice

The method then proceeds by applying Newton’s method to S, while incrementing X,
until |¥(X)| + |¥(=X)]| is sufficiently small.

Results The computations described above were performed for the general homo-
geneous nonlinearity f(u) = cos(@)|u|? + sin(0)|u|? —1y where p varied from 2 to 6
by multiples of 0.5 and 6 varied from —m /2 to 7 /8 by multiples of 7 /8. The choice
of 6 was made in order to include nonlinearities with a, < 0, a, = 0 (the purely
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0=-31/8

Fig. 9 Plots of d.c over Sy for the nonlinearity given by (4.1) with 6 = 7%71, where p varies from 2 to

6 by multiples of % When p < 4, de.c > 0 everywhere, and when p > 5, dee < 0 everywhere. When
p = 4.5, dc changes sign twice

0=—7t/4

p=2

05 055 06 065 07 075 08 08 09 095 1
Cc

Fig. 10 Plots of d.c over S1 for the nonlinearity given by (4.1) with§ = — %7‘[ (equivalently /2 f_), where

p varies from 2 to 6 by multiples of % When p < 3.5,d.. > 0 everywhere, and when p > 5, d¢ee < 0
everywhere. When p = 4 and p = 4.5, d.c changes sign twice

even nonlinearities) and a, > 0, while the choice of p was made to illustrate how the
regions of instability grow as p increases. The results are shown in Figs. 7 through 13
and summarized in Table 1.

Computations over S. Figure 7 shows d.. over S, for the odd nonlinearities
f(s) = |s|P~'s. We note that d.. is positive on S» when p < 5 and negative on
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0=-1/8

p=2\

[

Fig. 11 Plots of d.. over S for the nonlinearity given by (4.1) with 0 = — %7{, where p varies from 2 to

6 by multiples of % When p < 2.5,d. > 0 everywhere, and when p > 5, d.c < 0 everywhere. When
p=3,3.5,4and p = 4.5, d. changes sign twice

6=0

0.75 0.8 0.85 0.9 0.95 1
Cc

Fig. 12 Plots of d.. over S| for the nonlinearity f(s) = |s|”, where p varies from 2 to 6 by multiples of
%. When p = 2, de.c > 0 everywhere, and when p > 5, de. < 0 everywhere. When 2.5 < p < 4.5, d¢¢
changes sign twice

S> when p > 5, in agreement with the conclusions of Corollary 5.4. The same was
true for plots of d.. over S, for all other nonlinearities considered, so the others were
omitted.

Nonlinearities with a, < 0. Figures 8, 9, 10 and 11 show d.. over S; for nonlin-
earities with 6 < 0, i.e. a, < 0. The features common to this group are:
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W
5 \ \ \ \ \ \ \ \
085 09 095

I
0.5 055 0.6 0.65 0.7 0.75 0.8
Cc

1

Fig. 13 Plots of d.. over S for the nonlinearity given by (4.1) with = +én, where p varies from 2 to 6

by multiples of % It appears that when p = 2, d.. > 0 everywhere, and when p > 5, d.. < 0 everywhere.
When 2.5 < p < 4.5, d¢c changes sign once

e when p > 5,d.. < 0 everywhere on Sj.
e when p < 5, d.. > 0 for c near c,, in agreement with Corollary 5.1.
e if d.. changes sign, it does so twice.

Even Nonlinearities Figure 12 shows d.. over S for the family purely even non-
linearities f(s) = |s|”. Features shared by this family include:

e when p > 5,d.. < 0 everywhere on Sj.
e when p < 3,d.. > 0 for ¢ near c,, and when p > 3, d.. < O for ¢ near c,.
e if d.. changes sign, it does so twice.

Nonlinearities with a, > 0. Finally, Fig. 13 shows d.. over S| for 6 = /8. This
is an example of a case where a, > 0 and we have no analytical bound on d near c.
Here we observe that:

when p = 2, d.. > 0 everywhere on Sj.
when p > 2, d.. < 0 for ¢ near c,.
when p > 5, d.. < 0 everywhere on ;.
d.. changes sign at most once.

7 Conclusion

While the stability criteria given in Theorems 3.3 and 3.4 are quite useful, they have
thus far only provided analytic proof of stability and instability in cases where (a) y
is near zero, (b) ¢ is near cy, or (¢) p is very large (> 10). The numerical results of the
previous section provide a much more detailed picture of the stability situation for the
nonlinearities considered, but do not provide analytical proof of stability or instability.
Based on these numerical results we make the following conjecture.
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Conjecture 7.1 Let f(s) = a,

S|P 4 ap|s|P~ s with a, < |a|.

W) If p=2,9(B,c, y) is stable for all ¢ < c,.
(ii) If p = 5, O, is unstable for ¢ € G(B, c,y) forall ¢ < cy.
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