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Abstract: We analyze the effects of average index variation on the transmission characteristics of an
index-apodized long-period fiber grating (LPFG) by the transfer matrix method and study how these
effects depend on the grating length, the grating profile, the modal dispersion factor, and the duty
cycle of the index modulation. Apart from shifting the resonance wavelength and modifying the
rejection band, average index variation can give rise to significant side lobes that may appear on the
short-wavelength or long-wavelength side of the rejection band, depending on the signs of the
average index change and the modal dispersion factor. Our results provide general guidance for the
writing of LPFGs for the minimization of side lobes. Our analysis compares well with published
experimental results and should be useful for the design and fabrication of LPFGs.
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1. Introduction

Long-period fiber grating (LPFG) [1], typically
formed by periodically modulating the refractive
index along a single-mode fiber, enables the guided
core mode to couple to the cladding modes at
specific wavelengths. Being simple band-rejection
filters, LPFGs have found many applications in
optical communication [2], signal processing [3],
and sensing [4]. The cladding modes of the fiber are
sensitive to the surrounding medium, which makes

LPFGs particularly attractive for sensor applications.

The transmission spectrum of a uniform LPFG
exhibits side lobes around the rejection band, which
are undesirable in certain applications [5]. In
principle, it is possible to completely eliminate side
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lobes by using an apodized LPFG, where the index
modulation is gradually reduced to zero towards the
two ends of the grating [6]. In practice, the
magnitude [7] and/or the duty cycle [8] of the index
modulation can be used to control the degree of
apodization. However, the index change along such
an apodized grating is usually of the same sign and
thus gives rise to an average index that varies slowly
along the grating. In the case of an apodized fiber
Bragg grating (FBG), a slowly varying background
index can significantly broaden the reflection peak
and generate large side lobes on one side of the
reflection peak [9] in as much the same way as
chirping the grating period [10]. The average index
effects in an FBG can be understood as the results of
Fabry-Perot resonances produced by the two edges
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of the grating [11]. Similar phenomena have been
observed experimentally with an apodized LPFG
that has a varying background index, which are
interpreted as the effects in a
Mach-Zehnder A detailed
analysis of ideal apodized LPFGs that ignores the

interference
interferometer  [8].

average index variation is available [6]. The present
study extends the previous work by including the
effects of average index variation that exists in
practical apodized LPFGs.

Our analysis is based on the transfer matrix
method [6], where a non-uniform grating is divided
into a number of concatenated uniform grating
sections, and the coupling strength and the
resonance wavelength are allowed to vary from
We also

waveguide dispersion properties of the coupling

section to section. incorporate the
modes into the analysis. We discuss, in particular,
the effects of average index variation on the
rejection band and the side lobes, and how the
effects length, the

apodization profile, and the order of the cladding

change with the grating
mode. We investigate the extent to which the side
lobes can be reduced by control of the grating
profile and the duty cycle of the index modulation.
Finally, we compare our simulation results with
published experimental data. Our study should be
useful for the design and fabrication of apodized
LPFGs.

2. Method of analysis

We consider an LPFG with the following index
variation along the core of a single-mode fiber:

An(z) = An, (z) + An_(z)sin (27”2 + (pj (1)

where z is the distance along the fiber (0 <z <L), A
is the grating period, L is the grating length, Ang(2)
is the background index variation, An,(z) is the
grating amplitude variation, and ¢ is a constant
phase. The “dc” component Ang(z) can be positive

(3 2

or negative, while the “ac” amplitude An,(z) is

taken to be positive.

As Ang(z) and An,(z) are slowly varying
functions of z, we can approximate the grating
profile with M ( > 1) uniform sections with lengths
z1, Za, ***, Zy, as illustrated in Fig.1. The dc and ac
index changes in the ith (i = 1, 2, -, M) section,
denoted as Ang; and Anm,;, respectively, are the
values of the corresponding functions Ang(z) and
An,(z) evaluated at the mid point of the section. The
initial phase for each section is @1 = @ + 24/ A) z;
(i=1,2, =, M—-1)with ¢, = .

An(z)
A
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Fig. 1 Schematic diagram of a multi-section LPFG with a
varying average index.

Over the spectral range of concern, the LPy, core
mode couples only to one of the LPy, (m > 1)
cladding modes. We define a nominal resonance
wavelength as

Ay =[Noy (%) =N, (4,)]4 ()
where Ny and N, are, respectively, the effective
indices of the LPy; and LP,, modes of the fiber in
the absence of the grating. A, is in fact the resonance
wavelength of the ideal apodized LPFG that has no
dc index change, i.e., Ang(z)= 0. In the presence of
average index variation, the effective indices in
different sections are in general different, which
results in different resonance wavelengths. The
resonance wavelength in the ith section is

Ao, :[NOII(A’Oi)_NOmi(/lOi ):IA 3)
where Nyj; and N, are the corresponding effective
indices. By treating the dc index change as a
perturbation of the original fiber, we obtain [12]

Ny, (2)=N,,(A)+An,1,,, p=1orm  (4)

0pi
where A is the wavelength, 7, is the confinement
factor of the LP;, mode in the core area, which is
assumed to be a constant in the spectral range of
concern. To relate Ay; to Ay, we expand the effective
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indices at A

dN,,
Ny, ()2 Ny, () +=25(A=2) ()

Op Op

and substitute the result into (4) and then into (3).
With the help of (2), we find

ﬂ'ol' = ]'0 + yAng, (7701 ~ om )% (6)

-1
dN, dN,

— l_A or Om 7

’ { ( a2 da ﬂ ?

is the modal dispersion factor evaluated at Ay [13].

where

In general, 79, is much larger than 7,. Whether Ay,
is larger or smaller than Ay depends on the sign of
the dc index change Ang; and the sign of the modal
dispersion factor y.

According to the transfer matrix method [6, 14,
15], each uniform section is represented by a 2 x 2
matrix, and the output fields of the modes are
obtained from the input fields by multiplying the
characteristic matrices of all the uniform sections.
With the electric fields of the LPy; and LP,,, modes
along the grating denoted as FEy(z) and Ep,(z),
respectively, the result is expressed as

[EOI(L)}FM ”.E,__BF{EM(O)} .
E,(L) E,,(0)
with

e*j(ﬂol:")‘x)zl 0
F = | -
O e‘](ﬂ()m*'ﬁ;)zz
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In the above expression, fy; = (274/A)Nyy; and

Lomi= (27 A)Nom; are the propagation constants of the

LPy; and LPy,, modes, respectively, g; = (@2 + K,-z)l/ 2,
J; is the phase mismatch

1 V4
é‘i = E(ﬂou _IBOmi ) _Z

T (A, (10)
-5

and x; is the coupling coefficient

08¢z, + j4-sing,z,

T
kK, =—IAn_, 11
i 2 aci ( )

where [ is the overlap integral of the LPy; and LPy,
mode fields over the core area. With the knowledge
of the modal properties and the grating profile, the
transmission spectrum of  the grating
|Eo1(L)[/|Eo1(0)* can be readily calculated from (8).
Our formulation takes into account both the
average index variation and the waveguide
dispersion characteristics of the modes and thus

enables a more realistic analysis of LPFGs.

3. Effects of average index variation

In this section, we analyze in detail the effects of

average index variation on the transmission
spectrum of an apodized LPFG with the transfer
matrix method. Without losing generality, we
assume that the dc and ac index changes follow the
same profile, i.e., Ang(z) = apo(z) and An,(z) =
a,0(z), where o(z) is the normalized apodization
profile, and ay, and @, are the amplitudes of the
corresponding index changes.

For the simulation work, we assume that the
apodization function has the form ofz) =
cos” [(w/L)(z—L/2)], where N is the profile-shape
parameter. An example of the profile is shown in Fig.
2. The profile values in different sections of the
piece-wise approximation are given by
7(2i-M -1)

o, =cos”
2M

), i=1,2, -, M. (12)

Fig.2 A raised-cosine (N = 2) apodization profile showing
the dc and ac components.

For the ideal apodized LPFG with a zero dc
index change (i.e., ap= 0), the transmission at the
resonance wavelength is given by [6]
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|E, (L) =|E (0) cos® (T xiz,).  (13)

When the value of the ac index change a; is set
to satisfy the condition Xxiz; = /2, complete
rejection is achieved for the LPFG with qy= 0 at the
nominal resonance wavelength.

We consider a bare three-layer step-index fiber
that has a core with an index of 1.45 and a radius of
3.63 um and a cladding with an index of 1.444 and a
radius of 62.5 um. The surrounding medium is air.
Analytical formulae are available for the evaluation
of the effective indices and the mode fields of the
fiber [16]. We assume that light is launched only
into the LPy; mode, i.e., Ey;(0) # 0 and E,,(0) = 0.
Unless stated otherwise, ten uniform sections (M =
10) are used in the simulation, and the grating period
A is fixed at 343 um, which ensures coupling
between the LPy; and LPy; modes at the nominal
resonance wavelength 1.55 pm (the value of y is
L.1).

3.1 General effects

Figure 3 shows the transmission spectra of a
raised-cosine (N = 2) apodized LPFG with a length
of L = 60mm calculated for different values of the
dc-to-ac ratio ag/a; (0, 0.5, 1.0, and 1.5), where the
72 at the
wavelength 1.55um. The ratio ay/a; is a measure of

value of a; is fixed to satisfy Xxz; =

the importance of the dc component in the grating
profile. As shown in Fig.3, without dc index change
(ao/a; = 0), complete rejection occurs at 1.55 um,
and no side lobes are present, as expected for an
ideal apodized LPFG [6]. With dc index change, the
resonance wavelength shifts to a longer wavelength,
and the rejection band is weakened and broadened.
Most
short-wavelength side of the rejection band. The side

importantly, side lobes appear on the

lobes on the short-wavelength side can be
understood as the result of interference between the
core mode that propagates through the grating and
the core mode that is coupled out to the cladding at
the input end of the grating and then coupled back to

the core at the output end of the grating. The grating

operates as a Mach-Zehnder interferometer with
varying optical paths and field amplitudes across the
bandwidth of the grating. Here, a positive ao is
assumed; a negative ao would lead to a resonance
wavelength shifting to a shorter wavelength and side
lobes appearing on the long-wavelength side of the
rejection band. As the value of a¢/a, increases, the
rejection band becomes weaker and broader, and the
side lobes become stronger, which can be explained
by the larger spread of the resonance wavelength
along the grating.

0
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Fig.3 Transmission spectra of a 60-mm-length raised-cosine
apodized LPFG calculated for four different values of ay/a;: 0,
0.5, 1.0, and 1.5, where q, is fixed to ensure complete rejection

at the nominal wavelength 1.55 pm.
3.2 Grating length

To demonstrate the effects of the grating length,
we consider three raised-cosine (N = 2) apodized
LPFGs that have different lengths: L = 40 mm,
60 mm, and 80 mm. The ac index modulation
profiles of the gratings are shown in Fig.4(a). The
amplitudes of the ac index changes of the gratings
are adjusted to ensure complete rejection at the
nominal resonance wavelength (i.e., Xxz; = 7/2).
The variations of the transmission characteristics of
the three gratings with the ratio a¢/a; are shown in
Figs.4(b)-4(e). As shown in Figs.4(b) and 4(d), the
effects of the ratio aya;
wavelength and the 3-dB bandwidth of the rejection
band are stronger for a shorter grating, which can be

on the resonance

explained by the larger range of the dc index change
and hence the larger spread of the resonance
wavelength in the shorter grating. Because the



106

Photonic Sensors

bandwidth is inversely proportional to the grating
length, a shorter grating has a larger bandwidth [17].
On the other hand, as shown in Figs.4(c) and 4(e),
the effects of the ratio ap/a; on the strengths of the
rejection band and the side lobe are practically
independent of the grating length, which is
consistent with the previous finding that the
contrasts of the side lobes of a uniform LPFG with

&L = 772 do not depend on the grating length [6].
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Fig. 4 Effects of the ratio a¢/a; on the transmission
characteristics of (a) three raised-cosine apodized LPFGs with
L = 40 mm, 60 mm, and 80 mm, (b) the resonance wavelength
shift, (c) the contrast of the rejection band, (d) the 3-dB
bandwidth of the rejection band, and (e) the contrast of the most

significant side lobe.
3.3 Apodization profile

We consider four 60-mm-length apodized
LPFGs that are characterized by different profile
shapes: N = 0.5, 1.0, 1.5, and 2.0, as shown in Fig.
5(a). Again, the amplitudes of the ac index changes

of the gratings are adjusted to ensure complete
rejection at the nominal resonance wavelength (i.e.,
Ykiz; = m2). As N increases, the profile becomes
narrower, and the maximum value of a; required for
achieving Xx;z; = 7/2 becomes larger. The variations
of the transmission characteristics of the gratings
with the ratio a¢/a; are shown in Figs.5(b)-5(¢e). The
grating with a narrower profile (i.e., a larger value of
N) has a shorter effective length and therefore shows
a larger shift in the resonance wavelength and a
broader 3-dB bandwidth. In general, the effects of
the ratio ao/a, on the resonance wavelength shift, the

x107
—0s5
4 =10
=15
=R 3 =20
T,
N
1 |
% 20 40 60

Z 0 :
g g
3 =i
g 50 S
2 520 N —
g : E—
0 - : é 0
0 0.5 1 1.5 0 0.5 1 L5
ada ada
(b) ()
~ 30 — =
: g’ ,.
= % 15 7
£20 £ / e
E E 1 74
< © A
é 10 :§ 05 - Uniform profile
0 ﬁ 0=
0 0.5 1 1.5 0 0.5 1 1.5
aga; alay
(d) (e)

Fig. 5 Effects of the ratio ag/a; on the transmission
characteristics of (a) four 60-mm apodized LPFGs with N = 0.5,
1.0, 1.5, and 2.0, (b) the resonance wavelength shift, (c) the
contrast of the rejection band, (d) the 3-dB bandwidth of the
rejection band, and (e) the contrast of the most significant side
lobe.
contrast of the rejection band, and the 3-dB
bandwidth are stronger for a narrower profile, as
shown in Figs. 5(b)-5(d). The effects of the ratio
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ag/a, on the contrast of the most significant side lobe
are shown in Fig. 5(¢), where the result for a uniform
profile is also given. At ayg/a; < 0.4, a narrower
profile produces a weaker side lobe, i.e., the N = 2
profile is the most effective one for suppressing side
lobes. On the other hand, at ag/a; > 0.4, a narrower
profile produces a stronger side lobe. We should
note that a constant dc index change along a uniform
grating does not affect the strengths of the side lobes;
it only causes a shift in the resonance wavelength.
As shown in Fig.5(e), the side lobes generated by
the dc index variation in an apodized grating can be
much stronger than those of a uniform grating.

3.4 Modal dispersion factor

According to (6), the spread of the resonance
wavelength in an apodized LPFG that has a dc index
variation depends on the wvalue of the modal
dispersion factor y. For a typical fiber, y is positive
for low-order cladding modes and negative for
high-order cladding modes, and its magnitude can
be large for some modes in between [18]. The modal
dispersion factors of the first twenty cladding modes
of the fiber calculated at 1.55um are shown in Fig.
6(a). For a positive dc index change, a positive
(negative) y gives rise to a red (blue) shift in the
resonance wavelength. In other words, a red (blue)
shift in the resonance wavelength is expected for
(high-order)
situation is reversed for a negative dc index change.

low-order cladding modes. The

Figure 6(b) shows the transmission spectra of
four 60-mm-length raised-cosine apodized LPFGs
with a¢/a; = 1.0, which are designed for operation
with the LPy; mode (A =343 um, y= 1.1, /=0.109),
the LPoy mode (A = 252 pum, y= 2.7, I = 0.118), the
LPy;4 mode (A = 128 um, y=-3.3, I = 0.098), and
the LPg;s mode (A = 102um, y=-2.2, I = 0.075),
respectively. The value of a, for each grating is set
to ensure complete rejection at the nominal
resonance wavelength 1.55 um. As shown in Fig.
6(b), for the gratings operating with the LPy; and
LPyy modes (> 0), the resonance wavelength shifts

to a longer wavelength from 1.55um, and the side
lobes appear on the short-wavelength side of the
rejection band, while for the grating operating with
the LPg4 and LPy;s modes (y < 0), the resonance
wavelength shifts to a shorter wavelength from
1.55 um, and the side lobes appear on the
long-wavelength side of the rejection band.
According to (6), the resonance wavelength shift
increases with the product of |/ and A. For a
uniform grating, the 3-dB bandwidth also increases
with the product of |/{ and A [18], and this should
also be true for an apodized grating. The grating for
the LPoy mode has the largest value of |y}A4 and
therefore exhibits the largest resonance wavelength
shift and 3-dB bandwidth, as shown in Fig. 6(b).
Note that the ac index changes for the four gratings
are different. The grating operating with the
cladding mode that has a larger overlap integral /
requires a smaller ac index change to achieve the
same coupling coefficient — see (11), so the dc index
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Fig. 6 Effects of the cladding-mode orders: (a) modal
dispersion factor of the first twenty cladding modes at 1.55 um
and (b) transmission spectra of four 60-mm-length raised-cosine
apodized LPFGs with ay/a; = 1.0, which are designed for
operation with the LPy;, LPgy, LPg;4 and LPy¢ cladding modes,

respectively.



108

Photonic Sensors

change used for comparison is smaller (since ay/a; =
1.0 is fixed). This explains why the grating for the
LPy mode has a stronger rejection band and slightly
weaker side lobes.

3.5 Duty cycle of index modulation

An LPFG is commonly written with a laser,
which can be an ultra-violet (UV) laser [1, 8], a CO,
laser [19], or a femtosecond-pulse laser [20]. The
index change induced along the fiber can be positive
or negative, depending on the writing mechanism,
but is usually of the same sign. In practice, it is
difficult to eliminate the average index variation in a
simple laser-written apodized LPFG.

Figure 7(a) shows the index profile of a practical
laser-written apodized grating, where positive index
changes are induced in areas defined by the narrow
rectangular windows, which represent the openings
along an amplitude mask or the irradiation spots of
the writing laser beam in the point-by-point writing
method. It is sufficient to consider the dc component
and the fundamental spatial frequency of the profile,
which can be obtained from the first two Fourier

series coefficients of the rectangular function:
w

a, :ZAHO (14)
2 .

a, =—sm(27r)Ano (15)
b2 A

where Ang is the maximum induced-index change,
and w is the width of the rectangular window. Figure
7(b) shows how the ratio ay/a; decreases with w/A,
the duty cycle of the index modulation. The result in
Fig.7(b) is general (i.e., independent of the actual
grating profile). To minimize the dc component as
much as possible, we should use the smallest
possible duty cycle, which is limited by the
maximum index change that can be induced in the
fiber and the spot size of the writing laser beam.
However, the smallest ratio of a¢/a; that can be
achieved by decreasing the duty cycle is 0.5, which
makes complete elimination of side lobes impossible.
Figure 7(c) shows the dependence of the contrast of

the most significant side lobe on the grating profile
for a grating with a¢/a; = 0.5 and L = 60 mm, for
three resonance contrasts: 10dB, 20dB, and 30dB.
The size of the side lobe increases with the contrast
of the rejection band. The grating for the LPy mode
has a smaller side lobe than the grating for the LPy;
mode because of the larger overlap integral of the
LPy mode. In general, one should choose a broader
apodization profile and a cladding mode with a
larger overlap integral / in the design of apodized
LPFGs. It should be noted that side lobes are present
on both sides of the rejection band of a uniform
grating. Apodization with dc index variation can at
least remove the side lobes on one side, though it
cannot suppress the side lobes on the other side.

a,0(2)

Ll A; hh\i,z

0 - ——
W

(@)

aolar
Side lobe contrast (dB)

00 025 05 075 1
wiA
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Fig. 7 Characteristics of a typical laser-written apodized

LPFG: (a) index profile, (b) dependence of the ratio a¢/a; on the
duty cycle w/A of the index modulation, and (c) dependence of
the contrast of the most significant side lobe on the apodization
profile and the mode order, calculated for a¢/a; = 0.5 and the
resonance contrasts 10dB, 20 dB, and 30dB.

To remove the side lobes on both sides, it is
necessary to generate an apodized profile that has no
dc index variation along the grating, as shown in Fig.
8. Such a profile can be produced either by
post-processing of the grating shown in Fig.7(a) or
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by direct laser writing [21]. It is possible to vary the
duty cycle of the index modulation along the grating
to control the dc component. For example, two
index profiles with complementary duty cycle
distributions can be added together by double
exposure to produce a uniform average index [8].

V4

0 L

Mv\vf - A}«
Fig. 8 Index profile of an apodized LPFG that has a uniform

average index.

4. Comparison with experimental results

In this section, we analyse two laser-written
apodized LPFGs, of which experimental results [7, 8]
are available for comparison.

The first apodized grating is written with a CO,
laser, where the apodization function is a Gaussian
function approximated piece-wisely with five
uniform sections of equal lengths (10 periods each)
[7]. The spot size of the laser beam is about 50 um,
and the grating period is 370 um, so the duty cycle is
about 0.14. The grating is designed for coupling to
the LPy; mode. In the simulation, the effective
indices of the modes are adjusted slightly to fit the
resonance wavelength of the experimental grating.
The modal dispersion factor yis 1.1, and the overlap
integral 7 is 0.19. Figure9 compares the calculated
spectrum (M = 5) with the measured spectrum. The
calculated contrast of the side lobe on the
short-wavelength side of the rejection band is
0.41dB, while that on the other side is 0.14dB (the
inset in Fig. 9). The agreement between the
simulation and the experimental results is good.
That side lobes are present on both sides is due to
the use of a small number of sections. A grating with
the same length and period, written without
purposely introducing apodization, shows a side

lobe of 0.51dB on one side and 0.66dB on the other
side of the rejection band [7].

N
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Fig. 9 Measured (solid) [7] and calculated (dotted)
transmission spectra of a piece-wise Gaussian-apodized LPFG
written with a duty cycle of w/A = 0.14.

The second grating for comparison is a UV-laser
written grating that has a constant index change and
a gradually varying duty cycle of index modulation
along the grating [8]. The grating has a period of
395um and a length of 50mm, and is designed for
coupling to the LPy mode. In the simulation, the
effective indices of the modes are chosen to fit the
resonance wavelength of the experimental grating.
The modal dispersion factor yis 0.9, and the overlap
integral / is 0.1. Figure 10 compares the calculated
spectrum (using M = 15) with the measured
spectrum, where the inset shows the variation of the
duty cycle along the grating. This grating consists of
a large dc index variation and therefore exhibits very
strong side lobes (up to 9.5 dB) on the
short-wavelength side of the rejection band. The

0 4
n -*-—-‘\./\\/"l: y{?\.. ' f "\ ) ___/’.__
g -5 \Y LA A 7
\ / L P g
g VoY ‘\ j
S 20 4 v H
7
é 1.0 "l ’Jﬁ
g B30 - !
g g N 14 .
2=} _304 /; \ :j ——Experiment
0 / \, H
0 25 50 § oo Theory
—25 4 z{(mm)
T T T
1450 1500 1550 1600

Wavelength (nm)
Fig. 10 Measured (solid) [8] and calculated (dotted)
transmission spectra of an LPFG that has a varying duty cycle

along the grating (inset).
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agreement between our simulation and the
experimental results is reasonable, considering the
fact that many of the fiber parameters of the

experimental grating are not known.

5. Conclusions

We have applied the transfer matrix method to
the analysis of the effects of average index variation
on the transmission spectrum of an apodized LPFG.
We have studied in detail how these effects depend
on the grating length, the grating profile shape, the
modal dispersion factor, and the duty cycle of the
index modulation. We find that, for a fixed ac index
modulation, the dc index variation can shift the
resonance wavelength and at the same time, weaken
and broaden the rejection band. While the idea of
using apodization is to suppress side lobes, our
analysis indicates that the presence of the average
index variation in an apodized LPFG makes
complete suppression of side lobes impossible. In
fact, the side lobes generated by a sufficiently large
average index variation can be much stronger than
those of a uniform grating. The generated side lobes
appear mainly on one side of the rejection band,
which can be the short-wavelength or
long-wavelength side, depending on the signs of the
dc index change and the modal dispersion factor. To
reduce the side lobes as much as possible in laser
writing of apodized LPFGs, we should use the
smallest possible duty cycle of the index modulation
together with a apodization profile that varies slowly
towards the two ends of the grating. Compared with
apodized FBGs [9, 11], apodized LPFGs are much
more tolerant against the average index variation,
which can ease the fabrication process for side-lobe
suppression, as verified by the CO,-laser written
apodized LPFGs demonstrated recently [7].
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