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Abstract
Bolted joints widely exist in the field of the national defense industry. However, its nonlinear stiffness degradation will 
occur under tangential load which may lead to the reliability reduction. According to Coulomb friction theory, the pressure 
distribution is the key in the tangential degradation of bolted joints. Therefore, this paper aims to analyze the pressure dis-
tribution of bolted joints. Firstly, we established a threaded bolt model and two simplified models. Secondly, the accuracy of 
the three models describing the contact area is verified, and the influence of preload and material properties on the contact 
radius is analyzed. Thirdly, we compared the pressure distribution of the three models, and results show that the smooth bolt 
model is more suitable for pressure analysis. Finally, the accuracy of several different functions to characterize the pressure 
distribution of bolted joints is analyzed, and results indicated that the Fernlund function is optimal. This paper provides a 
feasible simplified bolt model for finite element analysis, and the optimal pressure distribution function can be applied in 
the tangential stiffness degradation modeling.
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1  Introduction

The dynamics of bolted joints is crucial for the prediction 
of structural response. A wealth of literature has been pub-
lished in this field. Argatov et al. (2011) presented math-
ematical modeling of the non-linear constitutive relation for 
bolted joints in the framework of the Kragelsky–Demkin 
theory of rough contact. Gong et al. (2020) proposed a modi-
fied Iwan model to represent the nonlinear local slippage 
behavior and designed several novel thread structures for 
resisting loosening. Krolo et al. (2016) proposed two differ-
ent modeling techniques for preloading bolts and the method 
for solving numerical singularity errors and rigid body 
motion problems. Segalman et al. (2005, 2009) proposed a 
modified Iwan model to describe the degradation of bolted 
joints and verified the accuracy of the model through BMD 
experiments. However, other scholars have also studied the 

finite element modeling, pressure distribution, and theoreti-
cal model of bolted joints (Marshall et al., 2004; Molinari 
et al., 2001; Oskouei et al., 2009; Rajaei & Ahmadian, 2014; 
Sawa et al., 1996; Sherif & Kossa, 1991; Shibahara & Oda, 
1972; Wang & Mignolet, 2014; Willner & Gaul, 1995; 李
东武 & 徐超., 2017).

The external loads of bolted joint can be decomposed 
into the tangential load parallel to the interface and the nor-
mal load perpendicular to the bolted interface. The tangen-
tial load will cause interfacial adhesion, slip, friction, and 
severe energy dissipation, which is the direct cause of the 
dynamic degradation and nonlinear behavior. The normal 
load determines the pressure distribution of bolted joints, 
indirectly affecting tangential behavior by the friction behav-
ior. Although there is a significant relationship between the 
two, they are usually studied separately for simplification.

Restoring force under tangential load is mainly provided 
by friction force, which is related to contact pressure. There-
fore, contact pressure is an important factor in the degrada-
tion of bolted joints, and the initial preload condition is the 
starting point. Some scholars have performed relevant exper-
iments, such as pressure-sensitive film experiments (Liao 
et al., 2016; Pau et al., 2008; 王磊 & 杜瑞, 2013) and ultra-
sonic experiments (Marshall et al., 2004, 2006). Pau et al. 
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(2008) designed an ultrasonic test to measure the pressure 
of the bolted flange by pressure-sensitive film and ultrasonic 
and compared the experimental results. Wang et al. (2013) 
performed a pressure-sensitive film experiment and finite 
element simulation. Results show that finite element simula-
tion is available to analyze the pressure distribution of bolted 
joints. Marshall et al. (2006) used a nonintrusive ultrasonic 
technique to quantify the contact pressure distribution in a 
bolted connection. Results show that the peak contact pres-
sure was found to occur away from the edge of the bolt hole.

Due to additional interface and machining errors, experi-
ments may have low repetition. Therefore, the finite element 
method is an alternative whose accuracy has been verified by 
experiments. Liao et al. (2016) established a 2D bolted joint 
model, and results show that the position of peak interface 
pressure is between the edge of the bolt hole and the edge 
of the bolt head. Mangalekar et al. (2016) established a 3D 
bolted joint model without thread, and results show that the 
half-cone angle of interfacial pressure distribution is affected 
by many factors including the plate thicknesses, bolt head 
diameter, plate material, etc. Fukuoka et al. (2008) proposed 
an effective mesh generation scheme that can provide helical 
thread models with accurate geometry to analyze specific 
characteristics of stress concentrations and contact pressure 
distributions caused by the helical thread geometry. How-
ever, the application of the finite element method in bolted 
joints is nonsystematic, such as low accuracy and the sim-
plification of the thread with helix.

Therefore, we first make a systematic comparison 
between the different modeling techniques. Secondly, the 
influence of preload and other factors on the contact area 
is analyzed. Finally, the pressure distribution function of 
bolted joints is analyzed to provide a basis for the stiffness 
degradation modeling of bolted joints.

2 � Modeling Techniques of Bolted Joints

Up to now, the research of bolted joints has mainly focused 
on two key fields: the stiffness and its response to exter-
nal load; the geometry and contact pressure distribution 
on the clamping interface (Gould & Mikic, 1970; Green-
wood, 1964; Ito et al., 1979; Lee, et al., 1996; Sawa et al., 
1996; Shigley & Mischke, 2001). The pressure distribution 
is related to bolt clamping, stiffness, fatigue life, and heat 

transfer capability. There are three main modeling tech-
niques for bolt joints: thread model, smooth model, and 
MPC model. Among them, the smooth model and MPC 
model are simplified models.

In the previous modeling of the threaded bolt, researchers 
usually ignored the thread angle and established the axisym-
metric threaded bolt by stacking thread interface geometries. 
The spiral effect will lead to the loss of symmetry, which 
may cause changes in the pressure distribution and maxi-
mum stress. In recent years, researchers have gradually real-
ized the importance of the spiral effect and begun to use 
the spiral model (Chen & Shih, 1999; Fukuoka & Nomura, 
2008; Zhang et al., 2019). Therefore, we considered the spi-
ral effect of thread angle in the thread bolt modeling.

The finite element model in this paper is built with 
Abaqus and Hypermesh software, and the simulation is 
calculated on the server (Windows 10 operating system, 
2.30 GHz Intel Xeon Gold 6410 CPU, 192 GB RAM). 
There are various element types in Abaqus, among which 
linear-reduced integration elements have the characteristics 
of accurate displacement results and fast calculation speed 
and are suitable for contact analysis. Therefore, the linear-
reduced integration element C3D8RH is adopted.

Refer to GB/T192 ~ 197-2003 hexagon head bolts 
(GB/5782-2000) M8 × 36 bolts for the specifications of 
bolts. The inscribed circle diameter of the bolt head is 
13 mm, e is 14.38 mm, the thickness of the bolt head k is 
5.3 mm, dw is 11.63 mm, and the reference value of b is 
22 mm, as shown in Fig. 1.

Simplify the bolt and establish the geometric model. The 
bolt head is a cylinder with a radius of 6.5 mm and a thick-
ness of 5 mm, the total length of the screw is 35 mm, and b 
is shortened to 7.5 mm to reduce the number of non-contact 
nodes. The thread profiles are shown in Fig. 2a, b. According 
to Eq. (1), the pitch P is 1.25 mm. The thread height H is 
1.08 mm, and the root arc radius is 0.14 mm. The thickness 
of the nut is 5 mm, the outer diameter is 13 mm, and the 
radius of the thread root �n is 0.07 mm.
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Fig. 1   Schematic diagram of 
M8 bolt
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From the perspective of numerical accuracy and calcula-
tion efficiency, the mesh at the contact zone shall be refined. 
2D cross-section model perpendicular to the axis are estab-
lished, as shown in Fig. 2c, d. Due to the 2.8473° thread 
angle, the thread section does not have a central symmetry. 
The grid size near the thread is smaller, and a grid of about 
0.25 mm is adopted.

Translate and rotate the 2D thread element axially at an 
equal distance and angle within a single pitch, and then the 
2D model can be converted to the 3D model through node 
mapping. Stack the internal and external thread 3D mod-
els with single pitch to achieve the complete thread model, 
as shown in Fig. 3a, b. The grid near the thread is finer, 
while the grid far from the thread is rougher, which can 
improve the calculation efficiency and ensure the calcula-
tion accuracy.

In the smooth model, the screw is a smooth cylinder 
with a diameter of 8 mm, and the nut is a hollow cylinder, 
as shown in Fig. 3c. The contact between the internal and 

external threads is replaced by imposing constraints on the 
inner surfaces of the screw and nut.

In the MPC model, the screw is simplified into a beam 
element, without the structure of bolt head and nut. The 
contact area of the bolt head and the nut is bound to the ends 
of the beam through MPC constraints as shown in Fig. 3d.

3 � Factors Affecting Contact Area

3.1 � Half‑Cone Angle of Different Models

When two plates are connected by bolts, the plates will 
contact within a certain range around the bolts, and 
separate outside this range (Gould & Mikic, 1970). The 
half-cone angle is an important parameter to describe the 
contact range, and the quantitative analysis of the contact 
area is very important for numerical calculation (Ito et al., 
1979; Marshall et al., 2006). Roetscher first proposed the 
concept of contact cone angle, as shown in Fig. 4. The 

Fig. 2   The thread of bolt and nut
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relationship between contact radius and plate thickness, 
bolt head radius, and contact cone angle is as follows:

As this research does not aim at specific engineering 
equipment, there is no specific requirement for preload. 
A preload force of 1000 N is applied to the bolted plates 
with a thickness of 15 mm by three bolt models, and the 
contact radius of the joint surface of the plate is calculated 
by the finite element method. In static analysis, sufficient 
constraints must be applied to ensure that no uncertain 
rigid body displacement occurs at each translational and 
rotational degree of freedom. Since tangential behavior 

(2)c = b + t tan �

analysis is not involved in this paper, a friction coefficient 
of 0.6 is adopted to add sufficient constraints.

The contact radius and half-cone angles are shown in 
Table 1. The half-cone angle of the smooth model is con-
sistent with that of the thread model, and the MPC model 
has a deviation of about 6° with them.

Ito et al. used M8 bolts to measure the half-cone angle 
with different materials and flange thicknesses, and the angle 
of the 16 mm plate is 36° (Ito et al., 1979). Considering the 
deviation caused by the thickness of the plate, the size of the 
screw hole, and the material parameters,

3.2 � Effect of Preload on Contact Radius

The above analysis shows that the results of the three models 
in simulating the contact area are accurate. Therefore, we 
applied the smooth model to calculate the factors that affect 
the contact area under bolt preload. Multiple sets of bolt 
preloads are applied to the smooth model. The relationship 
between the preloads and the contact area is shown in Fig. 5.

Fig. 3   Finite element models of bolted joints

Fig. 4   Contact cone angle of bolt preload structure

Table 1   Contact radius and half-cone angles of different FE models

FEA model Contact 
radius 
(mm)

Half-angles (°) Deviation from experi-
ment (Ito et al., 1979) 
(%)

Thread model 16.189 32.858 − 8.7
Smooth model 16.195 32.862 − 8.7
MPC model 18.959 39.713 10.3
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The contact radius increases with the preload, but 
the increased speed gradually slows down. The preload 
increased by 20 times from 1000 to 20000 N, and the con-
tact radius increased from 16.195 to 11.4% to 18.046 mm. 
The increase in preload has little effect on the contact radius. 
In literature (Liao et al., 2016), the pressure-sensitive film 
experiment showed that the contact radius was independ-
ent on the preload. The difference between the FEA and 
experimental results may come from the precision of the 
pressure-sensitive film. Therefore, when the deviation is 
considered, the pressure-sensitive film experimental results 
are consistent with the FEA results.

With the increase in preload, the contact area increases 
nonlinearly, and the increasing speed gradually slows down. 
It can be characterized by an exponential function as:

where, Fpre is the bolt preload, a0 , b0 and t0 are the fitting 
parameters(a0 < 0 , t0 < 0 , b0 > 0).

The contact radius r can be derived from Eq. (3) as

where, Rmin is the radius of the hole.

3.3 � Effect of Materials on Contact Area

Small changes in the Poisson's ratio and the elastic modulus 
may occur for different bolt materials. The calculation results 
of different elastic moduli and Poisson's ratios are shown in 
Fig. 6. As the increase in elastic modulus, the amplitude of 
plate warping becomes larger, and the contact area decreases 
nonlinearly. In the logarithmic coordinate system, there is a 
linear relationship between the contact area and the elastic 
modulus, indicating that the elastic modulus and contact area 
of bolts show power-law characteristics. The contact pres-
sure decreases with the increase of Poisson's ratio, and the 
Pearson correlation coefficient is -0.98285.

4 � Contact Pressure Analysis of Different FEA 
Models

Under the bolt preload of 1000 N, the initial contact pres-
sure on the inter-plate and bolt head-plate surfaces is shown 
in Fig. 7. The both pressure peaks appear at the edge of the 

(3)s = a0e
t0Fpre + bo

(4)r =

√

a0e
t0Fpre + b0 + �R2

min

�

Fig. 5   Preload-contact radius curve

Fig. 6   Effect of materials on contact area
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hole, and the pressure on the inter-plate surface decreases 
monotonically away from the hole. The contact pressure on 
the bolt head-plate surface reduces non-monotonically. For 
further analysis, the included angle � is defined.

To study the influence of the modeling techniques on the 
pressure distribution, four circular scan paths were deter-
mined whose radius is Rmin, 1.17Rmin, 1.33Rmin, and 1.5Rmin, 
respectively, where Rmin is the radius of the screw hole. The 
variation of the contact pressure with the angle � on the four 
scan paths is shown in Fig. 8.

On the inter-plater surface, the contact pressure of the 
three models at different circumferences are all in harmonic 
vibrations. The peak appears at � = �∕2 and � = 3�∕2 , and 
the bottom appears at � = 0 and � = � . The contact pres-
sure of the smooth model is slightly higher than that of the 
thread model by about 1.5% ~ 2.5%. The contact pressure of 
the MPC model is 15% ~ 20% lower than that of the thread 
model.

On the bolt head-plate surface, the pressure of the thread 
model is relatively stable, and there is no periodic law. Fluc-
tuation appears on the circumference of 1.5Rmin with an aver-
age of 7.647 MPa, and the fluctuation amplitude is 22%. 
The contact pressure of the smooth model is irrelevant to � , 
and the pressure at any angle on the same circle is the same.

Based on the above calculation and analysis, conclusions 
can be reached as follows:

(1)	 On the inter-plate surface, the pressure shows a har-
monic law for different models, which arises from the 
geometric boundary.

(2)	 On the bolt head-plate surface, the pressure stability 
of the thread model is lower than that of the smooth 
model, especially on the 1.5Rmin circumference, mainly 
due to the thread structure.

(3)	 The relationship between the contact pressure and � can 
be expressed by Eq. (5), where Ppp is the contact pres-

Fig. 7   Contact pressure distribution of the bolted joint
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Fig. 8   Contact pressure-angle curve
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sure on the inter-plate surface, P0 is the average contact 
pressure, and A is the amplitude.

The contact pressure distribution along the radius on the 
inter-plate surface is shown in Fig. 9a. The contact pressure 
distributions of the thread model are consistent with that 
of the smooth model. The MPC model has a larger contact 
radius and a lower peak pressure, which is quite different 
from the other two models. Refer to the calculation results 
of the thread model, following conclusions can be drawn.

(1) MPC model has huge errors, which is not suitable for 
the contact pressure analysis of bolted joints.

(2) The contact pressure obtained in the previous calcula-
tion is in harmonic distribution. Because of the low ampli-
tude, angle � has little effect on the contact pressure, and the 
contact pressure is approximately axisymmetric.

The initial contact pressure distribution on the bolt head-
plate surface is shown in Fig. 9b. It is necessary to correct 
the calculation error caused by the element size. The radius 
of the bolt head is 6.5 mm, while the calculated contact 
radius is 7.2 mm.

First, the contact radius is corrected by multiplying the 
coefficient � as

where, rb
FEA

 is the FEA calculated results of contact radius 
on bolt head-plate surface.

(5)Ppp = P0 + A sin �

(6)� =
rb
FEA

− Rmin

S∕2 − Rmin

Secondly, the total normal force Fb
N

 can be obtained by 
integrating the pressure pb

FEA
(�r) over the contact area:

Finally, multiply pb
FEA

(�r) by the coefficient � , and the 
corrected contact pressure is obtained, as shown in Fig. 9b.

The contact pressure has a non-monotonic decreasing 
distribution law, and the two peaks appear respectively at 
and away from the screw hole. The curves of the two models 
coincide, except for some differences around the screw hole. 
According to the research results, the smooth model can 
simulate the contact pressure distribution characteristics of 
the bolt-threaded connection.

Based on the smooth model, several groups of preload 
calculations are performed. The relationship between the 
preload and the peak contact pressure Pmax is shown in 
Fig. 10a. The results show that the peak increases linearly 
with the increase of bolt pre-tightening force, which is con-
sistent with the experiment results in the literature (Liao 
et al., 2016).

The contact pressure distribution under the preload of 
1000 N, 1500 N, 2500 N, 3500 N, 5000 N, 7500 N, 10000 N, 
15000 N, and 20000 N are calculated respectively. The contact 
pressure distribution along the radius is shown in Fig. 10b, 
in which the pressure under different preload is significantly 
different, and the pressure increases as the preload increases.

(7)Fb
N
= ∫

S∕ 2

Rmin

2�rpb
FEA

(�r)dr

(8)� =
Fpre

Fb
N

Fig. 9   Contact pressure distribution of bolted surfaces
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Set the ordinate as p(r)∕Pmax and the abscissa as r∕R , and 
normalize the pressure distribution, as shown in Fig. 10c. The 
normalized curves have high consistency, indicating that the 
change of pre-tightening force does not change the distribution 
of the contact pressure. According to the linear relationship 
between the Pmax and the preload, it can be concluded that the 
contact pressure on the same circumference increases linearly 
with the preload.

5 � Analysis of Contact Pressure Distribution 
Functions

Several distribution functions may be suitable to describe 
the pressure distribution of bolt bonding surfaces, such as 
the Fernlund distribution, Hertz distribution, linear distri-
bution, and modified Weibull distribution. Based on Boen-
ick's experimental results and Fernlund's hypothesis of the 

Fig. 10   The influence of preload on the contact pressure
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pressure distribution, Motosh put forward the Fernlund 
distribution, as shown in Eq. (9) (Motosh, 1976).

where, p(r) is the contact pressure; r is the distance from the 
edge of the bolt hole; a , b , c , d and e are the pressure distri-
bution parameters; R is the length from the contact boundary 
to the screw hole.

The Fernlund distribution needs to meet the constraints:

(1) The contact pressure reaches its peak at r = 0 , and 
the contact pressure is 0 at r = R;

(2) The first-order gradient of the contact pressure is 0 
at r = 0 and r = R;

(3) The second-order gradient of the pressure at r = R is 
0, and the pressure distribution is stable and static.

Combining EqS. (9) and (10), the contact pressure dis-
tribution can be simplified as follows.

Since Pmax is always greater than zero, the constraint 
a < 0 is generated. In this paper, mm-103 kg-s-MPa is 
adopted as the unified system of units. Thus, the dimen-
sion of a is MPa/mm4.

The total normal pressure at the contact surface can be 
obtained by integrating the contact pressure over the area, 
such as Eq. (12).

Weibull distribution is a statistical distribution model. 
Mantelli conducted a total of 30 experiments with six 
kinds of material and five torques. Among them, the 
experimental group made of 304 stainless steel and 304 
stainless steel, under the preloads of 1624 N, 3247 N, 
6672 N, and 12233 N showed a pressure increase at the 
edge of the bolt hole (Mantelli et al., 2010). In addition 
to the Mantelli experiment, Marshall also measured the 
pressure distribution of the bolt pre-tightening structure 
by ultrasonic method. The results showed that the peak 
appeared between the bolt head and the screw hole. The 
research results of Ziada and Liao based on the 2D finite 
element model show that the peak pressure appears outside 
the screw hole(Liao et al., 2016).

Weibull distribution can characterize the local increase 
of the contact pressure around the hole. By multiplying the 
parameter � , the integral of the contact pressure in the con-
tact area can agree with the normal pressure. The revised 
Weibull distribution is

(9)p(r) = ar4 + br3 + cr2 + dr + e 0 ≤ r ≤ R

(10)p(R) = 0, p�(0) = 0, p�(R) = 0, p��(R) = 0

(11)p(r) =

{

ar4 −
8

3
aRr3 + 2aR2r2 −

1

3
aR4 0 ≤ r ≤ R

0 else

(12)N0 = ∫
R

0

2�(r + Rmin)p(r)dr = −
� aR5

(

R + 4Rmin

)

15

where, �,� and � are the parameters to be identified.
The Hertz distribution simplifies the rough surface con-

tact to the contact between the elastic asperities and the rigid 
plate. In general, the statistical summation model is the main 
application scenario of the Hertz distribution, regardless of 
the coupling effect. Therefore, the Hertz pressure distribu-
tion cannot represent the pressure distribution characteristics 
of the bolted joint. As shown in Fig. 11a, the Hertz distribu-
tion shows poor performance in describing the pressure on 
the inter-plate surface.

Linear distribution is a simplified assumption of ide-
alization and linearization of contact pressure distribution. 
Although the distribution function is very simple, Fig. 11b 
shows that it still has a good representation effect. However, 
the linear distribution function has the limitation in describ-
ing the gradient characteristics at both ends of the pressure 
distribution curve, which is the main error source.

As shown in Fig. 11c, the peak value of the modified 
Weibull distribution does not appear at r = 0, and the error 
between the two ends of the theoretical curve and the results 
of finite element analysis is large. At first, Weibull distribu-
tion was proposed to characterize the increase of contact 
pressure around the screw hole, but the FEA results do not 
support this precondition. In addition, the FEA results and 
some scholars' experimental results also support the cal-
culation results. Mangalekar obtained the location of the 
peak pressure by the FEA method and pointed out that the 
peak pressure appeared at the bolt hole (Ramdas & Dawari 
2016). Sawa showed that the contact pressure decreases 
monotonously through pressure-sensitive films and probes, 
ultrasonic experiments, and theoretical analysis (Sawa et al., 
1996). Because the local pressure increase in the Mantelli 
experiment only exists in specific experimental groups, and 
the pressure-sensitive film is not accurate enough, incon-
sistent results between different experimental groups can 
be invalid. The FEA calculation supporting local pressure 
increase is based on a rough and simplified 2D model, and 
its reliability is lower than that of later scholars' finer model. 
Therefore, the modified Weibull distribution is not suitable 
to characterize the pressure distribution of bolted joints, and 
the local increment of experimental and simulation results 
is due to experimental errors and inaccurate modeling 
methods.

The fitting effect of Fernlund distribution is shown in 
Fig. 11d, which can represent the gradient changes at both 
ends of the curve, and has a good fitting effect. However, 
through local enlargement, it can be found that there is a 
poor fitting effect at the contact boundary. To further study 
the error of Fernlund distribution on contact boundary, 
a large plate model with the ratio of plate width to bolt 

(13)p(r) = �
�

�
(
r

�
)�−1e−(r∕�)

�
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Fig. 11   Comparison of contact pressure theory
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diameter of 10 was established to approximate an infi-
nite plate. The calculated contact pressure distribution 
and Fernlund fitting curves are shown in Fig. 11e. The 
Fernlund distribution can ideally describe the pressure 
distribution characteristics of large plate-bolt diameter 
ratios. Thus, the pressure error at the contact boundary in 
Fig. 11d is caused by the geometry boundary.

The adjusted coefficients of determination of the above 
four distributions are shown in Fig. 11f. The coefficients 
of linear distribution and the Fernlund distribution are the 
highest, and Fernlund distribution has the best effect.

6 � Conclusion

In this paper, three bolted joint models are established. 
The model applicability, factors affecting the contact 
radius, pressure distribution with angle and distance, and 
the applicability of different distribution theories are stud-
ied, respectively. The following conclusions are obtained.

(1)	 In the contact analysis of the initial preload, the simpli-
fication of the bolted joint model will lead to different 
degrees of calculation deviations. The calculation result 
of the smooth model is the closest to that of the thread 
model. The smooth model is more suitable for the con-
tact analysis of bolted joints for its easier modeling and 
higher efficiency.

(2)	 The elastic modulus, Poisson's ratio, and the applied 
preload have little influence on the contact radius. It's 
hard to pick up such a small effect in the experiment.

(3)	 The contact pressure on the inter-plate surface shows 
harmonic characteristics. Because the amplitude is 
small, it can be neglected when analyzing the radial 
pressure distribution. The pressure on the inter-plate 
surface decreases monotonically, and there is a local 
increase at the bolt head-plate surface.

(4)	 With the increase in the preload, the contact pressure 
increases significantly. The normalization results show 
that the increase in the preload changes the amplitude, 
and the distribution rule is unchanged.

(5)	 Among the four distribution functions, linear distri-
bution and Fernlund distribution can characterize the 
distribution characteristics of contact pressure, while 
Weibull distribution and Hertz distribution are poor. 
Compared with the linear distribution, the Fernlund 
distribution can better represent the gradient of the 
contact pressure at both ends. When the plate is large 
enough, the effect of the Fernlund distribution can be 
significantly improved.
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