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Abstract
Evaluating the cumulative damage of seismic members is an important issue in seismic design. Steel beams are the primary 
components of seismic moment-resisting frames, wherein the story drift angle and ductility factor with respect to the num-
ber of cycles are used as indices of the degree of damage. The former is widely used in the United States and several other 
countries, whereas the latter is used in Japan. Additionally, these indices are used to express the plastic deformation capacity 
up to the ultimate state determined by fracture or other failure modes. In this study, an appropriate evaluation method was 
developed based on the numerical analysis of sub-assemblies for determining the cumulative damage and plastic deforma-
tion capacity of steel beams. The analytical results indicate that a unified evaluation is possible based on the relationship 
between the ductility factor of the beam of each steel grade and the number of cycles to fracture. The proposed method can 
be used regardless of geometric conditions, except in the case of short-span beams.

Keywords Steel beam · Damage evaluation · Cyclic loading · Numerical analysis

1 Introduction

In current seismic design, a moment-resisting frame is 
designed to form weak-beam-type mechanism under severe 
earthquakes. Therefore, the plastic deformation capacity of a 
beam is the most important parameter for the seismic design 
of steel buildings. Typically, the plastic deformation capac-
ity of a beam subjected to cyclic loading is experimentally 
examined. It can be expressed considering the relationship 
between the amplitudes in terms of the story drift, story drift 
angle or beam rotation, and the number of cycles required to 
attain the ultimate state determined by the fracture or other 
failure modes, such as local buckling (e.g., Lee & Stojadi-
novic, 2004). The cumulative damage index D under random 
loading amplitudes, such as earthquakes, is evaluated using 
Miner’s rule, as expressed in Eq. (1).

where ni denotes the number of cycles at each amplitude, 
and Ni indicates the number of cycles required to reach the 
ultimate state at each amplitude.

The loading protocol applied in experiments for evalu-
ating the performance of steel members can be controlled 
using the story drift or story drift angle (e.g., He et al., 
2022; Oh & Park, 2016; Somarriba et al., 2022; Zhang & 
Ricles, 2006). Fig. 1a depicts the schematic of the loading 
history proposed in FEMA-461 (Federal Emergency Man-
agement Agency FEMA (Federal Emergency Management 
Agency), 2007), which is widely used as a standard load-
ing history for structural experiments to examine seismic 
performance. This can be controlled by the deformation 
of the sub-assembly that corresponds to the story drift of 
buildings. In addition to evaluating the deformation capac-
ity of the beam with respect to the story drift or story drift 
angle of the sub-assembly, studies have evaluated the same 
with respect to the deformation or the rotation angle of 
the beam itself (e.g., Calderoni et al., 2009; Kishiki et al., 
2019). Experiments focusing on the deformation capac-
ity of the beam generally maintained the columns in the 
sub-assembly within the elastic range. In such cases, the 

(1)D =

k
∑

i=1

ni

Ni
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rotation angle of the beam was closely associated with 
the story drift angle of the sub-assembly. Evaluating the 
cumulative damage and plastic deformation capacity of 
the beam with respect to the story drift angle of the sub-
assembly or the rotation angle of the beam provides a clear 
understanding of the performance of a section of a build-
ing. However, the yield deformation differs for beams with 
identical cross-sections and different spans. This implies 
that the degree of damage to the beam can differ despite 
the same story drift angles of the sub-assemblies. For 
instance, a short-span beam can yield, whereas a long-
span beam can remain in the elastic range under identical 
story drift angles.

In Japan, the ductility factor is used for evaluation rather 
than the story drift angle. The ductility factor is the ratio of 
the maximum deformation of the system to its yield defor-
mation (Veletsos & Newmark, 1960). This is generally used 
to express the maximum response of a story. In Japan, it is 
also used as an index to indicate the maximum deforma-
tion of a member (e.g., Mitani et al., 1986; Sawamoto et al., 
2020; Takatsuka et al., 2012). The application of the ductil-
ity factor to the evaluation of steel members is not limited 
to Japan. For instance, Ballio and Castiglioni (1995) applied 

the ductility factor to an experimental study of low-cycle 
fatigue in steel beams with various cross-sectional shapes.

The ductility factor of a beam is obtained by dividing 
its deformation or rotation by the elastic deformation or 
rotation, respectively, corresponding to the plastic moment 
(Fig. 2). It has been practically used as a target value for 
structural design in the time-history analysis method. The 
method is based on the elastic deformation corresponding 
to the plastic moment defined as unit plastic deformation. 
Therefore, this method is convenient for the unified evalua-
tion of plastic deformation capacity and cumulative damage 
of beams with different spans and cross-sectional depths. In 
Japan, the standard loading history used for cyclic loading 
tests of steel members is based on the ductility factor, as 
schematically depicted in Fig. 1b (Building Research Insti-
tute [BRI] and the Japan Iron and Steel Federation [JISF], 
2002). However, this is not directly associated with the story 
drift angle of the building.

Numerous studies have analyzed the plastic deformation 
capacity of steel beams subjected to cyclic loading (e.g., He 
et al., 2022; Kishiki et al., 2019; Oh & Park, 2016; Somar-
riba et al., 2022; Zhang & Ricles, 2006). These studies pre-
supposed the use of a specific index, such as the story drift 

(a) Schematic of the loading protocol of Federal Emergency Management Agency (FEMA)-461

(b) Schematic of the loading protocol of the Building Research Institute (BRI) and the Japan Iron and 

Steel Federation (JISF)

Fig. 1  Loading protocols applied in experiments
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angle or ductility factor. However, to the best of our knowl-
edge, the evaluation indices have not been investigated to 
date. It is important to examine the damage indices of steel 
beams used as seismic members in the United States and 
Japan, where a high risk of earthquakes exists and several 
steel buildings have been built over the years.

To develop an appropriate method for evaluating the plas-
tic deformation capacity and cumulative damage of steel 
beams, this study performed a series of numerical analyses 
of the sub-assembly. The span length of the sub-assemblies, 
cross-sectional height of the beams, steel grades, and load-
ing histories were used as parameters during the analysis. 
Based on the analytical results, the relationship of the story 
drift angle and ductility factor of the beam with the strain 
of the beam flange at the critical section was examined. The 
strain of the beam flange at the critical section governed 
the ductile failure, which is a typical failure mode of steel 
beams subjected to seismic loads. Subsequently, an appro-
priate index was determined for evaluating the cumulative 
damage on steel beams subjected to cyclic loading.

2  Numerical Analysis of Sub‑assemblies

2.1  Analytical Model

Figure 3a illustrates the sub-assembly, comprising the 
H-section beam and column, used for the analysis. The 
beam–column followed a typical Japanese shop-welding 
type connection; herein, the flange of the beam was con-
nected by a complete joint penetration groove welding, 
the web of the beam was connected by fillet welding, 
and the current Japanese type of weld access hole (AIJ 
(Architectural Institute of Japan), 2018) existed in the con-
nection. The parameters of the model were the geometry 
of the beam and steel grade. Table 1 lists the analytical 
models used in this study. In the case of beam geometry, 

the span length L and height of the cross-section hb were 
selected as parameters. The different for steel grades con-
sidered were 400 N/mm2 class structural steel (SN400; 
JIS (Japanese Industrial Standards) G 3136, 2012), 490 N/
mm2 class structural steel (SN490; JIS, 2012), and 590 N/
mm2 class high-performance structural steel (SA440; JISF, 
2004). Figure 3b depicts the stress–strain relationships of 
steel, including those of SN400 (Jiao et al., 2011), SN490 
(Tenderan et al., 2019), and SA440 (Yamada et al., 2020). 
During the analysis, an external force was applied to the 
free end of the beam as a shear force.

2.2  Analytical Method

The in-plane analytical method reported in a previous 
study (Yamada & Jiao, 2016) was adopted for the inves-
tigation. The moment–curvature relationship (M–ϕ) of a 
beam cross-section was derived using the internal force 
balance, assuming a plane cross-section (Fig. 4a). Sub-
sequently, the load–deformation relationship of the beam 
(M–θ) was obtained by integrating the moment–curvature 
relationship along the beam span and adding the rotation 
angle caused by the shear force (Fig. 4b).

Figure 4c shows the details of the beam end of the ana-
lytical model. The flange of the beam was divided into 
5 elements in the plate thickness direction, whereas the 
web was divided into 33 elements in the height direction. 
Furthermore, the beam was divided into 10-mm-long ele-
ments in the longitudinal direction. Two rectangular void 
areas were set at the weld access holes at the beam end, 
and the weld metal was modeled as an elastic element for 
overmatch welding.

This analysis method was used with the steel hysteresis 
model (Sect. 2.3 and “Appendix 1”), and the behavior of a 
steel beam was reproduced under cyclic loading, including 
the strain history (“Appendix 2”).

Fig. 2  Definition of the ductility 
factor of a beam
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2.3  Hysteresis Model of Steel

A multi-linear hysteresis model of structural steel was 
adopted for the analysis of SN400 and SN490 (Yamada 
& Jiao, 2016) and SA440 (Yamada et al., 2020), consid-
ering the Bauschinger effect. The hysteresis model com-
prised a skeleton curve and the Bauschinger part, which 
was modeled as bilinear based on the experimental data of 
cyclic loading tests on steel elements. The skeleton curve 

indicated the true stress–true strain relationship derived 
from the coupon test results, assuming a constant material 
volume. Appendix 1 introduces the outline of the model. 
Figure 5 depicts an example of the model in comparison 
with the stress–strain relationship of SN400 obtained in a 
cyclic loading test (Yamada & Jiao, 2016). Additionally, 
the figure compares the relationship between cumulative 
strain and dissipated strain energy; the model concurred 
with the experimental results.

Fig. 3  Analytical model

(a) Schematic of the analytical model of the sub-assembly

(b) Stress–strain relationships of different steel grades

Table 1  List of the analytical 
models

Beam Section Column Section Span Steel Grade
H–hb × b  b× wb × t b (mm) H–h c × b  c× wc × t c (mm) L (mm)

H-400 × 200 × 9 × 16 H-400 × 200 × 28 × 16 × 2000 × SN400 (400 N/mm2 class)
4000

H-600 × 250 × 12 × 25 H-600 × 250 × 36 × 25 6000 SN490 (490 N/mm2 class)
8000

H-800 × 300 × 14 × 28 H-800 × 300 × 36 × 28 10000 SA440 (590 N/mm2 class)
12000
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3  Examination of the Indices

3.1  Observation of Damage on the Beam

This section explains an appropriate method for evaluating 
the cumulative damage and plastic deformation capacity 
of steel beams based on the analytical results. Generally, 
fractures at the beam end are typical failure modes of steel 
beams during severe earthquakes. Therefore, the strain of 
the beam flange in the critical section was analyzed (Fig. 6). 
The critical section represented the cross-section at the toe 
of the weld access hole, which was the starting point of the 
fracture. During the analysis, the strain of the flange at the 
critical section was output and used for the examination.

3.2  Damage Evaluation of Beam Under Monotonic 
Loading

3.2.1  Damage on the Beam with Different Geometric 
Conditions

The difference in the geometric conditions of the can-
tilever beam can be represented by the ratio of the sec-
tion height to the span length (L/H). Figure a shows the 
load–deformation relationship of sub-assemblies with dif-
ferent span lengths. Figure 7b and c depict the relationship 
of the strain of the flange in the critical section ( �cf  ) with 
the story drift angle ( Θ ) and ductility factor of the beam 
( � ), respectively.

Fig. 4  Analytical method

(a) Increment of curvature is calculated with 

respect to the increment of moment in each 

cross-section

(b) The curvature is integrated in the axial

direction to obtain the deformation of the 

beam

(c) Details of the beam end of the analytical model

Elastic element(Weld metal)

Void area 
(Weld access hole)

5 elements in the plate 
thickness direction

33 elements in the 
height direction

divided into 10mm
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In the case of the story drift angle ( Θ ), the longer the 
span, the smaller the strain of the flange in the critical sec-
tion. This can be attributed to the relationship between 
bending stiffness and beam length. Although the story drift 
angle expresses the normalized deformation of the building, 
geometric conditions, such as span, must be within the same 
range to represent the damage level of each beam.

By contrast, the strain of the flange in the critical sec-
tion was nearly identical to the ductility factor of the beam 
( � ), except for the short-span model (L = 2 m), wherein 
the shear deformation was relatively large. The strong 
correlation between the ductility factor of the beam and 
strain of the flange in the critical section can be explained 
as follows. For steel beams with identical cross-sections, 
the moment–curvature relationship of the cross-section 
was the same. Bending deformation was obtained by inte-
grating the curvature in the longitudinal direction. There-
fore, in the case of cantilever steel beams with identical 
cross-sections subjected to the same end moment, the 
rotation angle caused by bending ( �b ) was proportional to 
the span length (L). Conversely, the rotation angle caused 
by shear ( �s ) was proportional to the shear; therefore, the 
angle was inversely proportional to the span length (L) 
for the same end moment. The bending and shear defor-
mation components of �p (definition of �p was shown in 
Fig. 2) can be expressed as �pb and �ps , respectively, and 
the ductility factor of the beam (μ) can be calculated as 
� =

(

�b + �s
)

∕
(

�pb + �ps
)

 . When the span was long, the 
ratio of the bending deformation to the rotation angle 
increased, and the ductility factor of the beam was close 
to �b∕�pb . As both �b and �pb are proportional to the span 

Fig. 5  Hysteresis of steel 
(Yamada & Jiao, 2016)

(a) Model (b) Experimental results

(c) Comparison of dissipated strain energies

Fig. 6  Critical section of the beam
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length (L), the value of the ductility factor (μ) was less 
susceptible to the span length when the bending deforma-
tion was dominant. The comparison of sub-assemblies 

with different geometric conditions indicated that the 
ductility factor of the beam adequately represented the 
damage level, except in the case of short spans.

Fig. 7  Analytical results of 
beams with different geometric 
conditions

(a) Load–deformation relationship of sub-assemblies with different span lengths under monotonic loading

(b) Relationship between the strain of the flange in the critical section and the story drift angle under 

monotonic loading

(c) Relationship between the strain of the flange in the critical section and the ductility factor of the beam

under monotonic loading
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3.2.2  Damage on the Beam with Different Steel Grades

Figure 8a depicts the load–deformation relationship of 
sub-assemblies with different steel grades. Figure 8b and 
c show the relationships of the strain of the flange in the 

critical section ( �cf  ) with the story drift angle ( Θ ) and 
ductility factor of the beam ( � ), respectively.

When the story drift angle was approximately 0.04 rad, 
the strain of the flange in the critical section was close value 
regardless of the steel grade. Additionally, the story drift 
angle adequately expressed the damage level of the beam 

Fig. 8  Analytical results of 
beams with different steel 
grades

(a) Load–deformation relationships of sub-assemblies with different steel grades under monotonic loading

(b) Relationship between the strain of the flange in the critical section and story drift angle

(c) Relationship between the strain of the flange in the critical section and cumulative plastic deformation 

ratio under monotonic loading
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regardless of the steel grade under identical geometric condi-
tions of the sub-assemblies when the angle was maintained 
within the range of 0.04 rad. This is explained further in 
Sect. 3.3 based on the analytical results of the cyclic loading. 
The obtained results indicated that the deformation of the 
beam was less susceptible to the difference in the shape of 
the stress–strain relationship when only a limited range of 
the beam end yielded. Conversely, the ductility factor of the 
beam exhibited a different relationship for each steel grade 
with respect to the strain of the flange in the critical section.

3.2.3  Effect of Span Length on the Damage Evaluation 
Based on the Ductility Factor of the Beam

As stated in Sect. 3.2.1, a strong correlation exists between 
the ductility factor of the beam and the strain of the flange 
in the critical section, except in the case of the short-span 
models. This section examines the effect of span length on 
the damage evaluation based on the ductility factor of the 
beam. Figure 9 depicts the strain of the flange in the criti-
cal section ( �cf  ) when the ductility factor of the beam � = 
5. For simplicity, the strain was normalized by considering 

the average value of L/H in the range of 10–20. Regardless 
of the steel grade, the strain of the flange in the critical sec-
tion significantly increased with the decrease in L/H when 
L/H < 5. The limitation of the damage evaluation based on 
the ductility factor of the beam was five or more in the same 
L/H range. When L/H < 5, the influence of shear deformation 
on the ductility factor of the beam increased; this implied 
that it was unsuitable for a unified evaluation of the damage 
on steel beams based on the ductility factor of the beam.

3.3  Damage Evaluation of the Beam Under Cyclic 
Loading

To examine an adequate method for evaluating the cumula-
tive damage and plastic deformation capacity of steel beams, 
a series of numerical analyses was performed on the sub-
assemblies subjected to cyclic loading. The analyses con-
sidered a constant amplitude with story drift angles of 0.02, 
0.03, 0.04, and 0.05 rad. Figure 10 shows the load–deforma-
tion relationship between the sub-assembly and the history 
of the strain of the flange in the critical section ( �cf  ). The 
amplitude of the story drift angle of the sub-assembly was 
constant; however, the amplitude of the strain in the first 
cycle was larger than that in the subsequent cycles. This is 
because the strain amplitude was affected by the yield-point 
elongation in the first cycle.

The damage level of the beam was evaluated based on 
the strain amplitude of the flange in the critical section (Jiao 
& Yamada, 2020). The cumulative damage index D of the 
beam can be calculated using Eq. (2) and Miner’s rule. The 
analysis was terminated when D = 1, and the number of 
cycles to fracture Nf was calculated.

where Δ� indicates the strain amplitude of the flange in the 
critical section.

Equation (2) was obtained from the experimental and 
analytical results for steel beams composed of 400 and 

(2)Nf = 1.9 × 10
−4 × Δ�−3.3

Fig. 9  Strain of the flange in the critical section at � = 5

Fig. 10  Load–deformation 
relationship between the sub-
assembly and history of the 
strain of the flange in the critical 
section (H-600 × 250 × 12 × 25, 
SN490, L = 6 m, 0.02 rad)
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490 N/mm2 class structural steel. Typically, the relationship 
of structural steel as a material between the strain amplitude 
and number of cycles to fracture remains the same regard-
less of the steel grade (Ono et al., 2000; Touch et al., 2021). 
Therefore, this study assumed that Eq. (1) can be applied to 
SA440, which is high-performance structural steel of 590 N/
mm2 class.

Figure 11 depicts the relationship between the number 
of cycles to fracture and story drift angle. Despite identical 
geometric conditions, SA440 exhibited a different relation-
ship than SN400 and SN490. Based on the analytical results 
of the monotonic loading discussed in Sect. 3.2.2, the geo-
metric conditions of the sub-assemblies were assumed to 
be identical and the story drift angle was approximately the 
same; the story drift angle accurately represented the dam-
age level of the beam regardless of the steel grade. However, 
the range of amplitude that could be evaluated as comprising 
an identical number of cycles to fracture for different steel 
grades was extremely narrow and impractical under cyclic 
loading conditions. This can be attributed to the difference 
in the stress–strain relationship between each steel grade, 
which appeared as a difference in the strain amplitude in the 
first and subsequent cycles of the strain history (Fig. 10).

Figure 12 illustrates the relationship between the number 
of cycles to fracture and ductility factor of the beam; the 
cases of D reaching 1.0 in the first cycle are not plotted. A 
linear relationship was observed between the ductility fac-
tor of the beam of each steel grade and the number of cycles 
to fracture regardless of the geometric conditions, except 
for the short-span cases, where L/H < 5. When the bending 
deformation was dominant (L/H ≥ 5), the plastic deforma-
tion capacity and cumulative damage of the beams were 

evaluated for each steel grade by considering the relationship 
between the ductility factor of the beam and the number of 
cycles to fracture. However, when the effect of shear defor-
mation was significant on the ductility factor of the beam 
(L/H < 5), it does not serve as a suitable index for evaluating 
the cumulative damage on the steel beam.

4  Conclusions

To determine an appropriate method for evaluating the plas-
tic deformation capacity and cumulative damage of steel 
beams, a series of numerical analyses was performed on the 
sub-assemblies of steel. The analytical models considered 
sub-assemblies with different span lengths, cross-sectional 
heights, and steel grades. The analysis was performed under 
both monotonic and cyclic loading conditions. The conclu-
sions of the study can be summarized as follows.

1. The story drift angle can be used to express the nor-
malized deformation of a building. However, the rela-
tionship between the strain of the flange at the critical 
section of the beam and the story drift angle under the 
same cross-section and steel grade conditions indicated 
that the longer the span, the smaller the flange strain. 
Therefore, to consider the story drift angle as an index 
of the damage caused to the beam, geometric condi-
tions such as the cross-section and span must be within 
the same range to ensure that the story drift angle can 
represent the degree of damage caused to each beam. 
The relationship between the bending stiffness and beam 
length was the basis for this analysis. Moreover, when 
sub-assemblies with identical geometric conditions were 
subjected to cyclic loading, different relationships were 
observed between the cumulative damage to the flange 
at the critical section of the beam and the loading ampli-
tude expressed by the story drift angles of different steel 
grades. Therefore, the story drift angle cannot serve as 
a practical index for evaluating the cumulative damage 
to beams under various conditions.

2. Although the ductility factor of the beam was not 
directly associated with the deformation of the building, 
it exhibited a strong correlation with the strain of the 
flange in the critical section. In the case of sub-assem-
blies with identical cross-sections and steel grades, the 
strain of the flange in the critical section was nearly con-
stant with the same ductility factor of the beam, except 
for the short-span model (L/H < 5), wherein the shear 
deformation was relatively large. The comparison of 
sub-assemblies with different geometric conditions and 
identical steel grades indicated that the ductility factor 
of the beam adequately represented the damage level, 

Fig. 11  Relationship between the number of cycles to fracture and 
story drift angle (L/H = 10)
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except for short spans. This can also be applied to the 
case of cyclic loading.

In summary, the ductility factor of the beam can be 
used to perform a unified evaluation of the damage caused 
to the beam when the bending deformation is dominant, 
regardless of the cross-section and span. However, the col-
umns and panels in this study were maintained within the 
elastic range. Typically, the deformation of the beam is 
also affected if the panel yields. Additionally, in the case 
of a column with a hollow square section, the strain on 
the beam-end flange is affected by the moment transfer 
efficiency of the web. This implies that if the boundary 
conditions or the varying steel grades affect the ductility 
factor of the beam when it is used as an index, the evalu-
ation should be performed individually. Furthermore, the 
method of evaluating the damage caused to steel beams 
when the shear deformation is dominant should be con-
sidered in future studies.

Appendix 1

Hysteresis Model of Steel (Yamada & Jiao, 2016; 
Yamada et al., 2020)

Previous studies have reported the details of the hyster-
esis model of steel (Yamada & Jiao, 2016; Yamada et al., 
2020), which can be summarized as follows.

• The hysteresis curve under cyclic loading of steel was 
decomposed into the skeleton curve; Fig. 13a depicts 
the Bauschinger and the elastic unloading parts.

• The skeleton curve was formed by sequentially con-
necting the paths of the loads that exceeded the maxi-
mum load attained in the preceding cycle. This was 
adopted in the hysteresis model as the true stress–true 
strain relationship derived from the nominal stress–

Fig. 12  Relationship between 
the number of cycles to fracture 
and ductility factor of the beam

(a) SN400 (b) SN490

(c) SA440



1861International Journal of Steel Structures (2022) 22(6):1850–1863 

1 3

nominal strain relationship of the coupon test using 
Equations (3) and (4).

(3)t
� =

(

1 +
n
�
)

Δ
n
�

(4)t
� = ln

(

1 +
n
�
)

where 
t
� denotes the true stress, 

n
� indicates the nominal 

stress, 
t
� represents the true strain, and 

n
� denotes the 

nominal strain.
• The Bauschinger parts were softened owing to the 

Bauschinger effect and modeled as bilinear (Fig. 13b). 
The model involves stress when entering the skeleton 
curve ( 

t
�
Bs

 ), elastic stiffness (E), plastic strain increments 
in each cycle of the Bauschinger part ( Δ

t
�
B
 ), and stress 

of the stiffness changing point ( 
t
�
E
 ). Among them, 

t
�
Bs

 
was set as the maximum stress from the preceding cycle, 
and Δ�

B
 can be calculated using Equations (5) and (6).

In the case of 400 and 490 N/mm2 class structural steel

For 590 N/mm2 class structural steel,

Here, 
∑

Δ� denotes the cumulative plastic strain of the skel-
eton curve.

The stress of the stiffness changing point of the Bausch-
inger part ( t�E ) can be calculated using Equation (5).

For 400, 490, and 590 N/mm2 class structural steel,

Figure 13c depicts an example (tensile start) of the hys-
teresis to understand the model.

• The compressive side of the first cycle was considered as 
the skeleton curve owing to the initial compressive stress 
experienced by the steel material (loop 3–6 in Fig. 13c). 
The softening caused by the plastic strain in the tensile 
side was considered by adopting the bilinear model of the 
Bauschinger part (loop 4–5 in Fig. 13c).

• The entering and unloading points in the skeleton curve 
were reset each time when the hysteresis loop entered a 
skeleton curve and remained unchanged until the loop 
entered the subsequent skeleton curve fragment. (loops 
0–2, 3–6, 7–10, 11–14, and 15–18 in Fig. 13c).

• In the case of unloading within the plastic region of the 
Bauschinger part, the plastic region moved to the subse-
quent entering point of the skeleton curve before unload-
ing (point 23 in Fig. 13c, which moves toward point 18).

(5)Δt�B = 0.33

∑

Δt�s

(6)Δt�B = 0.72

∑

Δt�s

t�E = 0.67Δt�Bs

(a) Decomposition of the hysteresis curve

(b) Model of the Bauschinger part

(c) Example of the hysteresis model considering the Bauschinger effect

Fig. 13  Explanation of the hysteresis model
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Appendix 2

I Comparison of Analytical and Experimental 
Results of Beams Subjected to Cyclic Loading (Jiao & 
Yamada, 2020)

The analytical method proposed in this study can repro-
duce the behavior of the steel beam under cyclic load-
ing, including strain history, by adopting the steel hys-
teresis model described in Sect. 2.3 and Appendix 1. The 
analytical and experimental results are compared in this 
Appendix. The experimental data used for the comparison 
were obtained from the cyclic loading tests of H-section 

steel beams connected to thick end plates (Tenderan et al., 
2019). Figure 14a depicts the shape of the specimen. The 
details of the beam end connection are identical to those of 
the typical Japanese shop-welding type incorporated in the 
analytical model in this study. The steel grade of the beam 
was 490 N/mm2 (SN490; JIS, 2012). The experiment was 
performed under constant deformation amplitude condi-
tions. Figure 14b illustrates a comparison of the analytical 
and experimental results of the load–deformation relation-
ships. Additionally, the measurements of the plastic strain 
gauges on each flange were compared with the nominal 
analytical strain history results at the same position, as 
indicated in Fig. 14c. The experimental strain value of 
the flange was the average value of the gauges attached 

Fig. 14  Comparison of analyti-
cal and experimental results

(a) Shape of the specimen

(b) Load–deformation relationships (c) Strain histories of the beam flange
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to the flange section. In addition to the load–deformation 
relationships and strain histories of the beam flange, the 
analytical results concurred with the experimental results.
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