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Abstract
The evaluation of the crack tip deformation is essential to the estimation of crack growth under either static or cyclic load-
ing. A 3-D elastic–plastic finite element analysis was developed to simulate the crack tip deformation along mixed mode 
inclined edge cracks in a steel plate subjected to either monotonic or cyclic loading at selected R-ratios. In this paper, two 
types of crack configurations were investigated: inclined cracks with equal inclined lengths (EICL) and inclined cracks with 
equal horizontal projection length (ECHP). The development of the monotonic (Δm) and cyclic (Δc) crack tip plastically 
zones and the monotonic (CTOD) and cyclic (ΔCTOD) crack tip opening displacements were traced to find the effect of 
the crack inclination angle, which significantly affected the size and shape of the crack tip plastic zone. The finite element 
results compared well with the analytical results based on modified Dugdale’s model. It was observed that Mode II has a 
significant effect on the plastic zone in the case of equal inclined crack length (EICL), i.e., Mode II increases as the crack 
angle decreases. Also, it is interesting to note that for the EICL case, the magnitude of Δc is delayed to appear with decreas-
ing the inclination angle, for example, for θ = 90° the cyclic plastic zone appeared at Δσ = 103.32 MPa, while for θ = 45° the 
cyclic plastic zone appeared at Δσ = 132.84 MPa. Whereas, the variation of monotonic and cyclic plastic zone size in the 
equal crack horizontal projection (ECHP) case is not affected by the crack inclination angle. Furthermore, it was observed 
that the static crack tip opening displacement (CTOD) and the cyclic (ΔCTOD) are independent of the crack inclination 
angle in case of ECHP, due to such cracks take into consideration the effect of inclination angle through its length.
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List of symbols
w	� Plate width
h	� Plate height
t	� Plate thickness
σ	� Applied stress
KI, KII	� Stress intensity factors for modes I and II, 

respectively
ΔK	� Stress intensity factor range
a	� Crack length
θ	� Angle made by the crack measured in a clock-

wise direction from the loading axis
R	� Stress ratio

CTOD	� Monotonic crack tip opening displacement 
normal to the crack face

CTSD	� Monotonic crack tip sliding displacement
CTODR	� Resultant of monotonic normal and sliding 

opening displacements
ΔCTODR	� Resultant of cyclic normal and sliding open-

ing displacements
Y	� Geometry correction factor
Δm	� Monotonic plastic zone size (MPZS)
Δc	� Cyclic plastic zone size (CPZS)
FCG	� Fatigue crack growth
εy	� Engineering tensile yield strain
σy	� Engineering tensile yield strength
µ	� Poisson’s ratio
E	� Young’s modulus
ECHP	� Equal crack horizontal projection
EICL	� Equal inclined crack length
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1  Introduction

The estimation of the crack tip plastic deformation is impor-
tant to the evaluation of crack growth under either static or 
cyclic loading. Different approaches have been proposed in 
the past to connect the fatigue crack growth with applied driv-
ing forces. Earliest effort correlated the applied stress level 
with failure time (Zhang and Liu 2011). Cracks under mixed 
mode loading can be found in various engineering structures. 
The remaining life of such cracks subjected to cyclic loading 
depends largely on the rate and direction of the growth behav-
ior of the crack, which should be better understood. The initial 
crack direction and its subsequent growth and path prediction 
is a classic fatigue problem. Considerable research efforts have 
been focused on experimentally investigating fatigue crack 
growth (FCG) behavior under mixed mode I/II loading (Ham-
mouda et al. 2003a, b; Qian and Fatemi 1996, 1999; Wong 
et al. 2000; You and Lee 1998; Plank and Kuhn 1999; Reddy 
and Fatemi 1992).

CTOD (δ) approach was first developed by Wells (1963). A 
significant amount of plasticity occurs at the crack tip, and the 
fracture process is controlled by maintaining a critical strain 
adjacent to the crack tip, which can be measured by the CTOD 
(Hannachi and Djebaili 2013). Dugdale (1963) suggested a 
“strip yield” model for perfectly plastic non-strain hardening 
metals that provides a plastic zone size in plane stress. CTOD 
derivation was illustrated using an edge crack in a finite width 
plate under pure mode I. The CTOD under monotonic loading 
can be expressed as Dugdale (1963), Tada et al. (1973) and 
Suresh (1998):

where � =
Y2

�

E�y
 , E is the Young’s modulus, and σy is the yield 

strength. KI is the mode I intensity factor (SIF), which σ is 
to be corrected by multiplying with a geometric correction 
factor Y as Isida (1966):

where a is the crack length and w is the plate width.
An estimation of the monotonic plastic zone size, Δm ahead 

of the crack tip in ductile solids has been derived to quantify 
the near tip fields for the linear elastic crack in terms of stress 
intensity factor. The extent of the plasticity affected zones is 
Dugdale (1963), Tada et al. (1973) and Suresh (1998):
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Chang and Guo (1999) stated that the reversed plastic 
zone (Δc) acted as a dominant factor for the behavior of the 
fatigue cracks. Some researchers (Para et al. 1996) suggested 
that the reversed plastic zone size would be a better param-
eter for fatigue crack growth if the effects of the applied 
stress level, specimen thickness and crack closure are taken 
into account. Rice (1967) reviewed the mathematical models 
for the analysis of fatigue crack growth. He concluded that 
for a plane stress case, the cyclic plastic zone size ( Δc ) is 
defined by:

As is already known, the crack tip suffer from compres-
sive stresses greater than the yield strength of the material 
at the end of the unloading cycle even, in positive applied 
stress ratio. Therefore, the yield stress during unloading 
ranges from + σy to − σy or 2σy which is twice the value 
for monotonic loading. Based on this, (McEvily 2009) 
concluded that the cyclic crack-tip opening displacement 
(ΔCTOD) was one-half of that obtained under monotonic 
loading, i.e.,

where, ΔK is the stress intensity factor range (Kmax − Kmin).
However, this conclusion is not accurate since crack clo-

sure behavior was not accounted for this formulation. When 
(Elber 1970, 1971) discovered crack closure, he proposed 
that for cyclic loading, the significant parameter in crack 
growth is ΔKeff, where ΔKeff = Kmax − Kop; Kop being the 
value of the stress intensity factor at the crack opening level. 
Equations (1)–(5) specify the CTOD and plastic zone size 
variation during a single cycle. If the applied loading is 
maintain data constant amplitude, Eqs. (1)–(5) can be used 
to predict the variation of the plastic zone and the crack tip 
opening displacement. El-Emam et al. predicted the delay 
of fatigue crack growth in the structural steel elements due 
to bonded composite patch by either LEFM (El-Emam et al. 
2017) or EPFM (El-Emam et al. 2016) and they approved 
that crack tip deformation parameter (CTDP) proposed by 
Hammouda et al. (1995, 1999, Hammouda et al. 2004a, 
b) is a logical candidate for such a task, which takes into 
account the effect of fatigue crack closure on the develop-
ment of crack tip plastic zones and crack tip opening dis-
placements under pure mode I. Therefore in this paper, a 
3D finite element analysis was developed to simulate the 
crack tip deformation parameters along mixed mode I/
II inclined edge cracks in a steel plate subjected to either 
monotonic or cyclic loading at R-ratio equals zero. The finite 
element results compared with the analytical results based 

(4)Δc =
1

4
Δmat R = 0

(5)ΔCTOD =
(ΔK)2

2�yE
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on modified Dugdale’s model. Two types of crack configura-
tions were investigated: inclined cracks with equal inclined 
lengths (EICL) and inclined cracks with equal horizontal 
projection length (ECHP). The development of Δm, Δc, 
CTOD, and ΔCTOD were traced at different mode-mixity, 
i.e., different crack inclination angles.

2 � Finite Element Analysis

The numerical simulation was performed using ANSYS 
14.5. Bilinear kinematic hardening plastic simulation is 
performed in order to calculate the crack tip deformation 
parameters, i.e., Δm, Δc, CTOD and ΔCTOD. Most of exist-
ing elasto-plastic models have used the isotropic hardening 
rule. But, the main cyclic plasticity response, like Bausch-
inger effect, cannot be included by the isotropic hardening 
rules (Paul and Tarafder 2013). Therefore, the kinematic 
hardening model to obtain the cyclic response at the crack 
tip during the cyclic loading was used in the present work. 
Advance cyclic plasticity model (kinematic hardening 
model) was adopted for the analysis.

The back stress tensor for bilinear kinematic hardening 
evolves so that the effective stress versus effective strain 
curve is bilinear. The initial slope of the curve is the elastic 
modulus of the material and beyond the user specified initial 
yield stress σy, plastic strain develops and the back stress 
evolves so that stress versus total strain continues along a 
line with a slope defined by the user specified tangent modu-
lus ET. This tangent modulus cannot be less than zero or 
greater than the elastic modulus. For uniaxial tension fol-
lowed by uniaxial compression, the magnitude of the com-
pressive yield stress decreases as the yield stress increases 
so that the magnitude of the elastic range is always 2σy, as 
shown in Fig. 1.

2.1 � Geometrical Model and Loading

Figure 2 shows an inclined edge crack in a steel plate, with 
a varying crack angle θ (90°, 60°, and 45°). The plate used 
in the FE model represented in the global coordinates (x, y) 
and has the following dimensions: 300 mm × 150 mm with a 
thickness of 6 mm. The length of the crack is a (30, 45, and 
60 mm), and the crack is assumed to occur in the r-direction 
(r-θ coordinate system), i.e., mixed mode I and II cracks are 
considered. The plate was tested under a uniaxial tensile 
fatigue load of σmax = 150 MPa. The fatigue loading for this 
study was set at the stress ratio of zero. The stress ratio is 
the ratio of the minimum stress to the maximum stress of the 
specimen during the fatigue test:

σmin ∕σmax = 0.0

The maximum force applied in the fatigue load block 
was 135 kN. The 0–135 kN range applied a stress range of 
150 MPa on the specimens.

σ0

σy

2σ0

σi

εi

ET

E

ET

E

Fig. 1   Illustration of the bilinear kinetic hardening model

300 mm
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Steel Plate

σ

σ

a
θ
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Fig. 2   Geometrical model of cracked plate
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2.2 � FE Modeling

A fracture analysis is a combination of stress analysis 
and fracture mechanics parameters calculation. The stress 
analysis is a standard linear elastic or nonlinear elastic 
plastic analysis. Because high stress gradients exist in the 
region around the crack tip, the FE modeling of a compo-
nent containing a crack requires special attention in that 
region (ANSYS Decumentation). For linear elastic fracture 
mechanics (LEFM) problems, the displacements near the 
crack tip (or crack front) vary as 

√

r , where r is the distance 
from the crack tip. The stresses and strains are singular at the 
crack tip, varying as 1∕

√

r . LEFM can predict the monotonic 
and cyclic crack tip plastic deformation in the case of small 
scale yielding. Therefore, the singular element used in the 
elastic analysis is adopted in the present work. To resolve the 
singularity in strain, the crack faces should be coincident, 
and the elements ahead of the crack tip should be quadratic, 
with the mid-side nodes placed at the quarter points; such 
elements are called singular elements. ANSYS provides an 
option which permits extruding any 2D mesh with 2D ele-
ments to 3D mesh with 3D solid elements. This technique 
is suitable for the modeling of 3D through-thickness cracks, 
which requires solid elements with mid-side nodes, such 
as SOLID186. Accordingly, the calculation of the Fracture 
Parameters along the crack front can be readily obtained. 
Figure 3 shows the 3D singular element and division around 
the crack tip.

Figure 4 shows the mesh and boundary conditions used 
to model single edge cracked plate. The steel plates were 
simulated by 20 nodes SOLID186 elements, having three 
degrees of freedom per node (translations in the nodal x, 
y, and z directions) as shown in Fig. 4a. Figure 4b details 
the crack-tip mesh formulation surrounding the crack of 
the edge cracked steel plate. Per the meshing guidelines of 
ANSYS, mesh refinement was implemented in the vicinity 
of the crack tip: 60 elements (6° per element) were used 
around the circumferential direction so that a sharp crack tip 
was created to generate singularity. The ratio between the 

first and second rows of these elements was set to be 0.75. 
The crack length used is a = 45 mm with different inclina-
tion angles, θ = 90, 75, 60, and 45 degrees. The material 
used is steel with a Young’s modulus E of 200 GPa, a Pois-
son’s ratio ν of 0.3, a yield strength σy of 360 MPa, and a 
tangent modulus ET of 2 GPa. A sensitivity analysis was 
performed to evaluate the effect of mesh density ahead of 
the crack tip on stress intensity factors as shown in Fig. 5. 
The size of singular elements around the crack tip was varied 
from 1 to 10% of the crack length. It was found that conver-
gence was achieved when the element size around the crack 
tip was at 8% or below, which is consistent with ANSYS 
recommendations.

3 � Validation

To validate the present finite element analysis (FEA), a com-
parison between the FE results of this paper and the well-
known analytical equations were made as follows:

3.1 � KI and KII Measured for Different Crack Angles

A plate with a width (w) of 150 mm, a height (h) of 300 mm, 
and a thickness (t) of 6 mm having a single edge through-
thickness crack was used for verification with analytical 
models. Two crack length: a = 30 and 45 mm, such that Fig. 3   3D singular element and division around the crack tip

Fig. 4   Illustration of the FE model: a FE grid for the finite width 
plate with an edge crack; b detailed view of mesh refinement in the 
vicinity of the crack tip
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a/w = 0.2 and 0.3 were used in this section. The cracks 
were analyzed for different angles: θ = 90, 75, 60, and 45 
degree. The plates were subjected to either monotonic or 
cyclic loading at a stress ratio R = 0. Tetrahedral elements 
with 20 nodes describing each element were used in the FE 
modeling with an element size of 0.05 mm in the fine region 
around the crack tip. The element size was small enough 
to accurately capture both the monotonic and cyclic plastic 
deformation existing around the crack front. The crack front 
was located in the fine mesh region.

Figure 6 shows the SIF (KI and KII) values for the dif-
ferent values of the crack inclination angle θ. The analyti-
cal values obtained from Stress intensity factor handbook 
(Murakami 1987) were compared to the FE values for both 
KI and KII, which show good agreement as shown in Fig. 6. 
A difference of a maximum of 8% is observed compared to 
the analytical solution.

3.2 � CTOD and Δm at θ = 90 Degrees for Different 
Crack Lengths Under Constant K

The CTOD predicted by the FE was defined as the displace-
ment at the intersection of a 90-degree vertex with the crack 
faces, which is behind the crack tip, as shown in Fig. 7. An 
automated ANSYS Parametric Design Language (APDL) 
code is used to determine the CTOD at every load step in 
ANSYS to track the CTOD variation under cyclic loadings. 
The stress intensity factor K was held as a constant for the 
different crack lengths to obtain a reasonable monotonic and 
cyclic plastic zone size. The plastic zone size (Δm) repre-
sented in this work as the diameter of the circle which has 
the same area of the plastic zone around the crack tip. The 
applied stress with stress ratio of zero for the different crack 
lengths, a/w = 0.2, 0.3, and 0.4, are shown in Table 1.

The normalized monotonic CTOD and MPZS (Δm) vari-
ations for every applied stress step are shown in Fig. 8. The 
FE results of this paper are compared to the analytical cal-
culations from Eqs. (1 and 3) that are based on the modified 
Dugdale’s models (Dugdale 1963; Tada et al. 1973; Suresh 
1998). Figure 8 shows that the analytical approximation is 
in agreement with the FE solutions. A maximum difference 
of 8% can be observed compared to the analytical solution.
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Fig. 5   Convergence study of  % error in KI of a plate with edge crack 
under tensile load

Fig. 6   Comparison between the 
FE and analytical results for SIF 
KI and KII for different inclined 
edge crack angles

Fig. 7   Schematic of CTOD behind the crack tip
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3.3 � ΔCTOD and Cyclic Plastic Zone Size Under 
Constant K

The calculation of ΔCTOD in ANSYS during the unload-
ing part was the same as the loading part. The cyclic plas-
tic zone size (Δc) calculated as the diameter of the circle 
which has the same area of the plastic zone around the 
crack tip during the unloading part. An APDL code is used 
to calculate the ΔCTOD at every loading step in ANSYS 

to trace its variation. Figure 9 shows the normalized cyclic 
ΔCTOD and CPZS (Δc) variations as a function of the 
applied stress. As shown in the Fig. 9, the FE solutions are 
in agreement with analytical calculations from Eqs. (4 and 
5) with a maximum difference of 20%.

4 � Analysis of Results

The results of the FEA are evaluated for two types inclined 
crack descriptions in terms of the monotonic and cyclic 
plastic zone sizes. Two different inclined crack descrip-
tions were numerically analyzed with the different crack 
inclination angle θ as shown in Fig. 10. The first category 
is equal crack horizontal projection (ECHP), where the 
length (a) is the horizontal projection of the inclined crack 
length. The second category is described by equal inclined 
crack lengths (EICL), where the length (a) is the length 
along the crack in the polar (inclined) direction.

Table 1   Loading with constant stress intensity factor KI for different 
crack lengths

a/w Uniaxial stress (σ) 
MPa

Geometric correction 
factor (Y)

Stress 
intensity 
factor, KI

0.2 220.4 1.37 92.7
0.3 147.6 1.67 92.7
0.4 100.0 2.13 92.7

Fig. 8   Comparison between the 
FEM result and the proposed 
theoretical result for CTOD and 
Δm versus the applied stress σ
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4.1 � Monotonic and Cyclic Plastic Zones 
Development

Figures 11 and 12 present the development of both mono-
tonic and cyclic PZS for the two categories EICL and ECHP 
against the applied stresses during the first load cycle for 
the analyzed stress ratios R = 0. It was found that, in the 
case of ECHP, the monotonic plastic zone size, Δm is 
increase during the loading process. Furthermore, at any 
applied stress the size of the plastic zone is the same for 
the different crack angles. In the un-loading part when the 
load approached a zero value, the pair of nodes at the crack 

mouth was closed first followed by a sequence of crack sur-
face closures towards the tip as shown in Fig. 13. That was 
a normal crack closure process usually found in the case 
of a stationary crack (Hammouda et al. 1995) due to the 
absence of compressive residual stresses behind the crack 
tip. Also due the Bauschinger’s effect, the cyclic plastic zone 
can be detected at the last steps of the unloading part. It is 
also evident that the areas of the cyclic plastic zone in the 
case of ECHP are almost equal at the same load with the 
different crack angles. In the case of EICL, the monotonic 
plastic zone increases during the loading part, but when the 
crack inclination angle decreases the plastic zone decreases 

Fig. 10   Inclined crack descrip-
tions: a cracks with equal 
horizontal projection length 
(ECHP); b equal inclined crack 
lengths (EICL)

σ
MPa θ = 90O EICL ECHP

θ = 60O θ = 45O θ = 60O θ = 45O

29.5

59.0

88.6

118.1

147.6

a a a

a a

Fig. 11   Monotonic plastic zones developed ahead of the crack tip for ECHP and EICL cases
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as shown in Fig. 11. Moreover, it is interesting to note that 
for the EICL, the magnitude of Δc is delayed to appear with 
decreasing the inclination angle θ, i.e., for θ = 90 degrees the 
cyclic plastic zone appeared at Δσ = 103.32 MPa, while for 
θ = 60 degrees it appeared at Δσ = 118.1 MPa, and for θ = 45 
degrees it appeared at Δσ = 132.84 MPa.

4.2 � Plastic Zones for Different Crack Angles

The shape and size of the plastic zone is shown in Fig. 14 for 
the two different crack categories at various crack inclination 
angles, θ = 45, 60, 75, and 90 degrees. Figure 14b shows that 
the size of the plastic zone increases with the increment of 
the crack inclination angle θ for EICL. The plastic zone had 
two non-symmetrical lobes except for the case of θ = 90°. 

Similar results were obtained by Soh and Bain (2001) and 
Hammouda et al. (2002), (2003a, b). Figure 14a shows the 
size of the plastic zone in the case of ECHP. It was observed 
that, the size of the plastic zone remained the same with the 
increase of the crack inclination angle θ, and the plastic zone 
approximately had two symmetrical lobes. This observation 
indicates that Mode II has a significant effect on the plastic 
zone in the case of EICL, i.e., Mode II increases with the 
decrease of angle θ, while it has very little effect on the 
plastic zone in the case of ECHP.

4.3 � Δm and Δc for ECHP

The variation of normalized monotonic plastic zone size 
(Δm/a) versus the normalized applied stress (σ/σy) for 
a/w = 0.3 is shown in Fig. 15a. It is interesting to note that 
the variation of Δm/a versus σ/σy has a polynomial trend 
and the normalized monotonic plastic zone size are the 
same for different crack inclination angles in case of ECHP. 
The proportionality constant can be evaluated by fitting a 
polynomial equation to the Δm data. From these results, the 
relation between (Δm/a) and (σ/σy) independent of the crack 
inclination angle can be expressed as:

For the normalized cyclic plastic zone size (Δc/a), 
Fig. 15a shows that the variation of Δc/a versus σ/σy has 
a linear trend and the normalized cyclic plastic zone size 
has a little different quantities for different crack inclination 

(6)

Δm = a

[

4.79

(

σi

σy

)2

− 0.35

(

σi

σy

)

+ 0.017

]

for a∕w = 0.3

σΔ
MPa θ = 90O EICL ECHP 

θ = 60O θ = 45O θ = 60O θ = 45O

103.3 

118.1 

132.8 

147.6 

Fig. 12   Cyclic plastic zones developed ahead of the crack tip for ECHP and EICL cases

Fig. 13   Sequence of crack surface closure towards the tip
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Fig. 14   Von Mises crack-tip plastic zone for different inclination angles θ: a ECHP; b EICL

Fig. 15   Monotonic and cyclic 
plastic zone sizes for the two 
cases: a ECHP and b ECIL

(a)

(b)
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angles. The proportionality constant can be evaluated by 
fitting a linear equation to the Δc data. From these results, 
the relation between (Δc/a) and (Δσ/Δσy), independent of 
the crack inclination angle, can be expressed as:

4.4 � Δm and ΔC for EICL

The variation of monotonic and cyclic plastic zone size, Δm 
and Δc versus the applied stress σ for different crack angles 
θ is shown in Fig. 15b. This figure indicates that the mag-
nitude of Δm and Δc increased as the inclination angle θ 
increased. It is interesting to note that the cyclic plastic zone 
Δc is delayed to appear with decreasing the inclination angle 
θ. For example, for θ = 90° the cyclic plastic zone appeared 
at Δσ = 103.32 MPa, while for θ = 45° the cyclic plastic zone 
appeared at Δσ = 132.84 MPa.

4.5 � Monotonic CTOD and Cyclic ΔCTOD

Experimental studies showed that crack closure behavior 
cannot fully describe the measured FCG under mixed mode 
I/II loading (Biner 2001). CTOD of an inclined crack under 
static loading can be used as a fracture parameter to predict 
the crack initiation angle (Ma et al. 1999). Crack tip opening 
displacement (CTOD) and crack tip sliding displacement 
(CTSD) are investigated further in the next sections.

4.6 � CTOD and ΔCTOD for ECHP

The variations of CTOD and CTSD behind the crack tip of 
an inclined crack with the applied stress σ are illustrated in 
Fig. 16. For the same σ/σy, the normalized CTOD increased 
with increasing the crack inclination angle θ (For ECHP). 
However, the CTSD show opposite trend. This may be 

(7)Δc = a

[

0.674

(

Δσi

σy

)

− 0.148

]

for a∕w = 0.3

indicated that, the resultant of the CTOD components inde-
pendent of the crack inclination angle θ for ECHP. It worth 
to note that, such cracks have a different actual crack lengths 
with constant horizontal projection, hence, these cracks 
take into consideration the effect of crack inclination angle 
through their lengths. The resultant of the CTOD, which is 
normal to the crack faces, and the CTSD, which is tangent 
to the crack faces, is calculated from Eq. (8), and is plotted 
in Fig. 16.

For the normalized CTODR, it’s observed from Fig. 17 
that for any angle, the increase of CTODR is proportional to 
the applied stress. The proportionality constant can be evalu-
ated by fitting a polynomial equation to all the CTODR data. 
From these results, the relation between (CTODR) and (σ), 

(8)CTODR =
√

CTOD2 + CTSD2

Fig. 16   Variation of computed 
CTOD and CTSD behind the 
tip of the present inclined crack 
with different inclination angles 
θ for the ECHP case
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independent of the crack inclination angle, can be expressed 
as:

And then the CTOD and CTSD can be calculated by the 
analysis of the resultant CTODR, and are given in Eqs. (10) 
and (11).

Figure 18 shows that the normalized cyclic ΔCTOD 
increased with increasing the crack inclination angle θ, while 
the ΔCTSD increased with decreasing the crack inclination 
angle θ. The resultant of ΔCTOD, which is normal to the 
crack faces, and the ΔCTSD, which is tangent to the crack 
faces, is calculated as shown in Fig. 19. For the normalized 
ΔCTODR, it’s observed that for any angle, the increase of 
ΔCTODR is proportional to the applied stress (σ). The pro-
portionality constant can be evaluated by fitting a polyno-
mial equation to all the ΔCTODR data. From these results, 
the relation between (ΔCTODR) and (Δσ), independent of 
the crack inclination angle, can be expressed as:

(9)CTODR = a

[

12

(

σ2
i

σy E

)

− 1.29
(σi

E

)

+ 0.129

(

σy

E

)

]

for a∕w = 0.3

(10)

CTOD =

(

a

[

12

(

σ2
i

σy E

)

− 1.29
(σi

E

)

+ 0.129

(

σy

E

)

])

cos �

(11)

CTSD =

(

a

[

12

(

σ2
i

σy E

)

− 1.29
(σi

E

)

+ 0.129

(

σy

E

)

])

sin �

(12)

ΔCTODR = a

[

102

(

Δσ2
i

2σy E

)

− 0.9

(

Δσi

E

)

+ 0.012

(

σy

E

)

]

And then the ΔCTOD and ΔCTSD can be calculated 
by the analysis of the resultant ΔCTODR, and are given in 

Eqs. (13) and (14).

(13)

ΔCTOD =

(

a

[

102

(

Δσ2
i

2σy E

)

− 0.9

(

Δσi

E

)

+ 0.012

(

σy

E

)

])

cos �

(14)

ΔCTSD =

(

a

[
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(

Δσ2
i

2σy E

)
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(

Δσi

E

)

+ 0.012

(
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E

)

])

sin �

Fig. 18   Variation of computed 
ΔCTOD and ΔCTSD behind 
the tip of the inclined crack with 
different inclination angles θ for 
the ECHP case
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4.7 � CTODR and ΔCTODR for EICL

The variation of the resultant CTODR and ΔCTODR of the 
inclined crack with the applied stress, σ for the EICL cases 
is illustrated in Fig. 20. The normalized monotonic CTODR 
increased with increasing the crack inclination angle θ. The 
same results were also obtained for the ΔCTODR. It was also 
observed that the results for a crack with θ = 90 degrees are 
close to the results for the crack with θ = 75 degrees than the 
results for θ = 45, and 60.

5 � Conclusions

The characteristics of monotonic and cyclic crack tip defor-
mation were analyzed for different crack inclination angels 
and stress levels. The following conclusions were determined 
based on the results of the study presented in this paper:

1.	 The finite element results were compared well to the 
analytical results based on Dugdale’s model.

2.	 In the equal crack horizontal projection (ECHP) case, 
the variation of monotonic and cyclic crack tip plastic 
zone size appears to be almost the same for different 
crack inclination angles.

3.	 For the equal inclined crack length (EICL) case, the 
commencement of Δc appears at high stress range 
with decreasing the inclination angle θ. For exam-
ple, for θ = 90° the cyclic plastic zone appeared at 
Δσ = 103.32 MPa, while for θ = 45° the cyclic plastic 
zone appeared at Δσ = 132.84 MPa.

4.	 In the case of ECHP, the monotonic and cyclic CTOD 
are directly proportional to θ, while, the monotonic and 
cyclic CTSD are inversely proportional to θ.

5.	 The monotonic resultant crack tip opening displace-
ment (CTODR) and the cyclic resultant (ΔCTODR) are 

independent of the crack inclination angle for the ECHP 
case.
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