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Abstract

This paper addresses the dynamic response of a continuous beam bridge with different levels of track irregularities under a
single, moving high-speed train. The train is modeled as one-foot sprung masses. The bridge is described as an Euler-Bernoulli
beam supported by several hinged supports. Rayleigh damping coefficients of the bridge are calculated by using the modal
damping ratio. Random track irregularities are generated by power spectrum density functions. The interaction equation of
motion is derived and then solved by using the Newmark-beta method combined with the Newton-Raphson method. The
dynamic impact factors of a single-span simply supported bridge and a five-span continuous beam bridge under the same train
are calculated and compared for verification. Additionally, a three-span continuous beam bridge with various damping ratios
and track irregularities under a Korea Train Express (KTX) train is used as an example to investigate the dynamic impact factors
at the midpoints of different bridge spans in both downward and upward directions, the deck rotations at the bridge supports,
and the average maximum acceleration of the train bodies under different conditions.

Keywords: continuous beam bridge, random track irregularities, different span responses, moving trainload, time-incremental
analysis

1. Introduction

In recent decades, train operating speeds have been

greatly enhanced, and many new high-speed railway lines

have been built. However, a lack of preliminary dynamic

analysis in the bridge design procedure may lead to

various problems during operation, especially for normal

or short span continuous beam bridges, owing to the

naturally high frequencies of bridges. For bridges, trainload

is a type of heavy periodic load. Resonance between the

train and bridge may lead to vibrations over the limits for

the bridge and train. Large and unexpected bridge vibrations

cause structural damage to the bridge, intensifying the rail

wear and reducing the driving comfort of the train. Thus,

a relatively fast and accurate estimation of bridge and

vehicle vibration can provide necessary data for engineers

to adjust their designs or choose the effective way to

strengthen the existing bridges.

There are two main ways to analyze bridge vibration

problems: analytical and numerical. In early studies,

researchers used concentrated forces or uniform distributed

forces to model trainloads. This type of model only considers

the train gravity and can determine the analytical solution

for bridge vibration. Thambiratnam and Zhuge (1996)

analyzed the dynamic behavior of a beam with variable

thickness on an elastic foundation subjected to a moving

concentrated force. Yang et al. (1997) and Fryba (2001)

modeled a train as a series of concentrated forces and

discussed the effects of bridge span length and resonance

behavior. Lacarbonara and Colone (2007) applied this

model to an arch bridge. The moving force model can

maintain sufficient accuracy when the train mass is relatively

small compared to the bridge mass, but in realistic

conditions, the train mass is large enough to cause

significant geometric nonlinearity to the system. To consider

the inertia of the train, the lumped mass model was

developed. Akin and Mofid (1989) and Dehestani et al.

(2009) used the modal superposition method to derive the

analytical-numerical solution for a moving mass on an

Euler beam and discussed the influence of mass moving

speeds. Wang (1998) investigated a finite inextensible beam

on an elastic foundation under an accelerating mass.

However, this model ignored the cushioning ability of

train suspension systems; thus, the calculated vibration
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responses were larger than the real conditions. To solve

this problem, the train was modeled as a series of lumped

masses supported by springs, also called the sprung mass

model. In this model, there is no direct contact between

train masses and the bridge. Lu et al. (2012), Mao and Lu

(2013), and Mazilu (2013) used this model to determine

a closed-form solution for bridge vibration. To consider

the direct contact between wheel sets and rail, the one-

foot moving sprung mass model was developed. This model

divided the car into several individual parts, usually

located at the centers of the bogies or wheel sets. Yang

and Lin (1995) studied the interaction between one-foot

sprung masses and bridges and discussed the impact

effects with different train speeds. Yang and Yau (1997)

added ballast stiffness into the train-bridge model and

performed an incremental dynamic analysis, solved with

iteration steps. The one-foot sprung mass model can

provide more accurate results for both bridge and train

responses.

The Euler-Bernoulli beam model is the most widely

used model of bridges because it can conveniently generate

both analytical and numerical solutions. For representing

the vertical vibration of slender bridge structures, the two-

dimensional Euler-Bernoulli beam model can provide

satisfactory results. Most studies on bridge vibration use

the one-span simply supported bridge model as a sample

of practical multi-span simply supported bridges. Chu

et al. (1986) studied the dynamic impact of one-span

prestressed concrete bridges with track irregularities.

Nikkhoo et al. (2007) developed a modal control algorithm

for the moving mass problem. Majka and Hartnett (2008)

discussed the effects of train speed, mass, and damping

ratio. Wu and Yang (2003) expanded the single-span simply

supported bridge model to multispan simply supported

bridges to determine the steady-state response of the

bridge. The continuous beam bridge is a popular railway

bridge type, particularly the prestressed concrete continuous

beam bridge. The dynamic responses of this type of bridge

are slightly different from those of simply supported beam

bridges. Olsson (1985) studied a two-span plate girder

model with surface irregularities and different train models.

Another study on two-span continuous bridges is that of

Shin et al. (2010), who used the moving force model and

discussed adding special length cars to the normal train to

reduce the resonance. Kwark et al. (2004) analyzed a

two-span KHST railway bridge vibration and verified the

analysis with a field test. Stancioiu et al. (2011) experimentally

studied a four-span continuous flexible structure subjected

to moving mass and compared the result with the theoretical

solution. Recently, Johansson et al. (2013) used the

concentrated force model and modal superposition method

to determine the analytical solution for multispan beam

bridges. However, studies on continuous bridges with three

different spans and various levels of track irregularities

under a moving train have not been performed in detail.

This paper describes the one-foot moving sprung mass

model of a train with a continuous beam bridge as an

Euler beam supported by several hinged or rolling supports.

The bridge Rayleigh damping coefficients are calculated

from the modal damping ratio and natural frequencies of

the bridge. Vertical, random track irregularities are generated

based on the empirical power spectrum density (PSD)

formula. The responses of bridge, train, and wheel with

different levels of track irregularities and damping ratio

are investigated. To investigate the response of the continuous

beam bridge, a three-span continuous beam bridge with

various damping ratios and track irregularities under a

KTX train is taken as an example. The dynamic impact

factor at midpoints of different bridge spans in both

downward and upward directions, the deck rotations at

the bridge supports, and the average maximum acceleration

of the train bodies are calculated and discussed.

2. Model of the Train

The planar train model with Nv numbers of one-foot

sprung masses is shown in Fig. 1. Each car is divided into

four one-foot sprung masses located at the positions of

the wheel sets. Each one-foot sprung mass has two

vertical degrees of freedom, uw and uv, which represent

the displacements of the wheel and the car body, respectively.

For the jth one-foot sprung mass, the upper mass, mvj ,

represents a quarter of the car body and half of the front

or rear bogie; the lower mass, mwj , represents the wheel

set; the suspension system connecting these masses has

stiffness ktj and viscosity ctj . The distance between the jth

and j+1th one-foot sprung mass is Lj . Cheng et al. (2001)

indicated that the contact force between the bridge and

the lower mass is fcj , which consists of a static element,

fwj , due to weight and a dynamic element, fdj , due to

vertical vibration, as shown below:

fcj= fwj+ fdj (1)

fwj=(mvj+ mwj )g (2)

Initially, the train is in the vertical force equilibrium

condition. Its dynamic equation of motion can be

constructed as follows:

(3)
Mtw[ ] 0[ ]

0[ ] Mtv[ ]

u
··
w{ }

u
··
v{ }⎩ ⎭

⎨ ⎬
⎧ ⎫ Ct[ ] Ct[ ]–

Ct[ ]– Ct[ ]

u
·
w{ }

u
·
v{ }⎩ ⎭

⎨ ⎬
⎧ ⎫ kv[ ] kv[ ]–

kv[ ]– kv[ ]

uw{ }

uv{ }⎩ ⎭
⎨ ⎬
⎧ ⎫

+ +
fd{ }

0{ }⎩ ⎭
⎨ ⎬
⎧ ⎫

=
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3. Model of the bridge

Most high-speed railway bridges are simply supported

box girder bridges or continuous beam bridges. These

bridges can be modeled as two-dimensional homogeneous

Euler beams, and the finite-element method can be used

for analysis, as shown in Fig. 1. The beam is supported

by hinges and rollers that stand for piers and abutments.

The bridge is divided into Nm beam elements with same

length, L, that are shorter than the minimum length

between any one-foot sprung masses. In this case, at any

time there will be, at most, one one-foot sprung mass on

any beam element.

The linear density of the beam is m, the stiffness

modulus is E, and the second moment of inertia is I. The

homogeneous beam element mass matrix, [Mbe], and

stiffness matrix, [Kbe], are as follows:

(4)

(5)

Bridge damping type is Rayleigh damping with the

coefficients α and β, and the corresponding element

damping matrix can be calculated as follows:

[Cbe]=α [Mbe]+β [Kbe] (6)

The corresponding Rayleigh damping coefficients can

be solved as:

(7)

where ζ is the modal damping ratio, ω1 and ω2 are the

first and second modal natural frequencies, respectively.

The bridge is initially in the static force equilibrium

condition, so when the train approaches the bridge, the

external loads acting on the bridge are contact forces,

−[N]{ fc}, between wheel and bridge, where [N] is the

cubic Hermit interpolation matrix for the bridge elements

with dynamic supporting force { ps} at the supports. The

equation of motion of the whole bridge can be assembled

as

(9)

4. Existing Function and Shape Constraints

The relation between the ith beam element and jth one-

foot sprung mass is illustrated in Fig. 2. If the right end

of a beam element is subject to counterclockwise rotation,

the element will deflect in downward direction; meanwhile

if the left end of a beam element is subject to counter-

clockwise rotation, the element will deflect in upward

direction. To show the sprung mass existing on the beam

element, the unit step function is included in the analysis:

(10)

For the ith beam element from the left end of the

bridge, its left node is located at xil=(i−1)L, whereas its
right node is located at xir= iL. At time t , the position of

the jth one-foot sprung mass is located at xj . Thus, the

relative positions of the sprung mass to the left and right

nodes of the beam element are xj,i= xj − xil and xj,i+1= xj −
xir , respectively. Then the existing function for the jth

one-foot sprung mass on the ith beam element is shown

in Eq. (11). The Hj,i only has a nonzero value when the

one-foot sprung mass is on the beam element.

Hj,i= H(xj,i )−H(xj,i+1 ) (11)

The displacement relationship between the jth one-foot

sprung mass and the ith beam element can be expressed

Mbe[ ] mL

420
---------
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22L 4L
2
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2

–

54 13L 156 22L–
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=
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=
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⎨
⎧

=

Figure 1. Model of the train and bridge.

Figure 2. Definition sketch for the relative displacement
between beam element and sprung mass.
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as a cubic Hermit vector {Nj,i}, as shown in Eq. (12).

This vector links the beam nodal displacements and the

vertical displacement of any point on the beam.

(12)

For the jth one-foot sprung mass moving through the

bridge, according to the sequence of beam nodes, the

{Nj,i} can be assembled into one vector, {Nj}, which

shows the relationship between the bridge vertical

displacement, uj , at the position of the jth sprung mass

and all beam elements nodal displacements:

(13)

For the whole train, the interpolation vectors, {Nj}, can

be assembled into a cubic Hermit interpolation matrix as

in Eq. (14).

[N ]=[{N1}{N2} ... {NNv}] (14)

The track irregularities, ir(x), and their time derivations

at the positions of all one-foot sprung masses are

(15)

(16)

(17)

where [V] and [At] are the speed and acceleration of the

one-foot sprung masses, respectively. Assuming that the

wheel set is always in contact with the bridge, the vertical

vibrations of wheel sets can be replaced by the bridge

nodal displacements and track irregularities, as shown in

Eq. (18) to (20).

(18)

(19)

(20)

5. Random track irregularities

Track irregularities can cause large self-excitation within

the train-bridge system, especially for high-speed railways.

The characteristics of track irregularities are influenced

by many factors; and for engineering requirements, they

can be generated through the PSD function S(φ ), where

φ is the spatial frequency. According to the measured

results of U.S. railway tracks, the PSD function for vertical

track irregularity can be summarized as follows:

(21)

where the roughness coefficient, A, and the cutoff frequencies,

φ1 and φ2 , are determined based on measurements

(Hamid and Yang, 1982). The values for different levels

of tracks are listed in Table 1. The vertical irregularities

are zero-mean stationary Gaussian random processes. Au

et al. (2002) generated these irregularities by using a

simple inverse Fourier transformation with a PSD

function.

(22)

where the coefficient ak is the wave amplitude, Nk is the

amount of the cosine series, φk is the spatial frequency

within the range [φmin φmax], and θk is the random phase

angle that varies between 0 and 2π. For the evaluation of

a certain level track, choosing the corresponding A and

defining [φmin φmax] can produce the required level vertical

track irregularities.

(23)

(24)

(25)

6. Coupling the Equation of Motion for a 
Train and a Bridge

The relationship of the equation of motion for a train

and a bridge consists of the contact forces and shape

constraints. The objective of coupling the equation is

eliminating the vibrations of wheel sets, , ,

and . Substituting Eqs. (18)-(20) into Eq. (3) results

in the expression of dynamic contact forces { fd}:

Nj i,{ } Hj i,

1 3 xj i, L⁄( )2– 2 xj i, L⁄( )3+

xj i, 1 2 xj i, L⁄( )– xj i, L⁄( )2+[ ]

3 xj i, L⁄( )2 2 xj i, L⁄( )3–

xj i, xj i, L⁄( ) xj i, L⁄( )–[ ]⎩ ⎭
⎪ ⎪
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎪ ⎪
⎧ ⎫

=
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dt
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2
ir x( ){ }
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---–⎝ ⎠

⎛ ⎞∆φ+

∆φ φmax φmin–( ) Nk⁄=

uw{ } u
·
w{ }

u
··
w{ }

Table 1. Coefficients in power spectrum density function

Track level 1 2 3 4 5 6

A (m3/cycle) 15.563 8.865 4.925 2.758 1.556 0.887

φ1 (cycle/s) 0.0233 φ2 (cycle/s) 0.1312
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(26)

Then, substituting the above equation and Eq. (3) into

Eq. (9), and writing it into matrix form, the coupled

equation of motion without the degrees of freedom of the

wheels is generated:

(27)

where

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

7. Solution Procedures

Equation (27) can be solved through direct time integral

methods such as the Newmark-β method or Wilson-θ

method. Considering that its submatrices are almost time-

dependent, this equation is nonlinear, and the Newton-

Raphson iteration has to be applied in each time step to

fix the errors. With both initial conditions of the bridge

and train in vertical force equilibrium, the equation of

motion is solved by average acceleration Newmark-β

combined with the Newton-Raphson method by using the

following steps. To easily express the equation of motion,

the short form of Eq. (27) is written as Eq. (40).

(40)

Step 1

At the beginning of each time step, update the time,

speed of the train, [V], position of each one-foot sprung

mass, and relative positions, xj,i . Judge the existing

functions, Hj,i , and calculate the cubic Hermit interpolation

matrix, [N]. Next, calculate the dynamic contact forces,

{ fd}, and track irregularities, {ir(x)}.

Step 2

Assemble the mass matrix, [M]; damping matrix, [C];

and stiffness matrix, [K]. Update the external load, {P(t)},

and calculate the increment of external load by using Eq.

(41).

(41)

The time increment form for Eq. (40) at time t is

(42)

Step 3

Rearrange Eq. (42) according to the free f and fixed r

degrees of freedom. Subscripts and denote the free and

restrained degrees of freedom, respectively.

(43)

Step 4

Calculate the coefficient matrices in time increment

calculation:

(44)

fd{ } Mtw[ ] N[ ]T u
··
b{ } 2 Mtw[ ] V[ ] N[ ],x

T
Ct[ ] N[ ]T+( ) u

·
b{ }+=

Mtw[ ] At[ ] N[ ],x
T

Mtw[ ] V[ ]2 N[ ],x
T

Ct[ ] V[ ] N[ ]T Kt[ ] N[ ]T+ + +( ) ub{ } Ct[ ] u
·
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(45)

The equivalent external load increment is

(46)

Determine the tangent stiffness matrix:

(47)

Step 5

Start the modified Newton-Raphson iteration and determine

the initial values from the present time step. The initial

displacement vector and internal resisting force vector are

(48)

(49)

The initial unbalanced force vector is

(50)

Step 6

Start the modified Newton-Raphson iteration loops. For

i =1, 2, 3, ..., calculate the incremental displacement vector.

(51)

If the incremental displacement vector is smaller than

the given tolerance, terminate the current iteration step

and go to next time step. If not, update the displacement

vector:

(52)

Renew the internal resisting force vector and calculate

the unbalanced force vector for next iteration:

(53)

Step 7

Calculate the increments of speed and acceleration

vectors:

(54)

(55)

Update the speed and acceleration vectors:

(56)

(57)

8. Numerical Examples

In bridge structure design, the dynamic impact factor is

very important for engineers to determine the allowable

structural strength. This is described as the percentage

difference between the dynamic response and the static

response. The dynamic impact factor is usually evaluated

at the critical point of the bridge, such as the midpoint of

the span. The displacement dynamic factor is expressed

in Eq. (58).

(58)

For dimensionless consideration, the speed ratio is

defined as

(59)

When α =1, the half fundamental period of the bridge

is equal to the time taken by the first one-foot sprung

mass to travel through the bridge.

8.1. Example 1: A simply supported bridge under a 

moving train with five cars

The properties of the bridge and train are described in

Table 2. This example is widely used to verify the accuracy

of the calculated result. The bridge has a constant cross

section and the train is moving at a constant speed. The

dynamic response is evaluated by the impact factor of the

midpoint of the bridge versus different train speeds, as

shown in Fig. 3. The result satisfactorily agrees with that

found by Cheng et al. (2001).

8.2. Example 2: A five-span continuous bridge under 

a moving train with five cars

For verifying multispan bridges, a continuous bridge with

five equal spans is considered. The train properties are the

same as in Example 1. The piers are regarded as hinged

supports. The properties of the bridge are described in

Table 3. The bridge dynamic response, evaluated at the

midpoint of the central span versus the different train

speeds, is shown in Fig. 4. Compared to the result

obtained by Cheung et al. (1999), satisfactory agreement

is observed.

Comparing Fig. 4 with Fig. 3 indicates that although

the properties of each bridge span and train are the same,

the dynamic responses of the bridges are quite different.

When the speed ratio , the additional dynamic

impacts for both bridge and train are small. There are two

local resonance speed ratios: 0.12 and 0.17, for the simply

supported bridge, and 0.12 and 0.2, for the continuous

beam bridge. The impact of the simply supported bridge
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∆P
ˆ

{ } ∆Pf{ } A[ ] U
·
f{ } B[ ] U

··
f{ }+ +=

K
ˆ

[ ] Kf[ ] 2

∆t
----- Cf[ ] 4

∆t( )2
------------ Mf[ ]+ +=

Uf t ∆t+( ){ } 0( )
Uf t( ){ }=

fs{ } 0( )
fs t( ){ }=

∆R{ } 1( ) ∆P
ˆ

{ }=

∆u{ } i( )
K
ˆ
t( )[ ]

1–

∆R{ } i( )
=

Uf t ∆t+( ){ } i( )
Uf t ∆t+( ){ } i 1–( ) ∆u{ } i( )

+=

∆R{ } i 1+( ) ∆R{ } i( )
fs{ } i( )

fs{ } i 1–( )
– K

ˆ
[ ] Kf[ ]–( ) ∆u{ } i( )

+[ ]–=

∆u·{ } 2

∆t
----- ∆u{ } i( )

∑= 2 U
·
f t( ){ }–

∆u·{ } 4

∆t( )2
------------ ∆u{ } i( )

∑
4

∆t
----- U

·
f t( ){ } 2 U

··
f t( ){ }––=

U
·
f t ∆t+( ){ } U

·
f t( ){ } ∆u·{ }+=

U
··
f t ∆t+( ){ } U
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L

v
---=
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quickly increases from α =0.35 to α =0.6, then quickly

decreases. For the continuous beam bridge, the impact

increases quickly after α =0.48. When α is between 0.62

and 0.77, a plateau appears; the impact factor varies

around 2.7 in this area. After this plateau, the impact

factor increases again. This comparison shows that the

dynamic behaviors of these two types of bridges are

significantly different, although they share the same cross

section and span length.

8.3. Example 3: A 32 m-48 m-32 m continuous box 

girder bridge under a Korea Train Express (KTX) 

train

To investigate the effects of bridge damping and track

irregularity levels on the different bridge spans, a three-

span continuous box girder bridge undergoing a KTX

train is considered. The bridge spans consist of a widely

used span combination of 32 m-48 m-32 m. The cross

section of the bridge is shown in Fig. 5. The bridge is

divided into 70 equal length beam elements; it is supported

by abutments at the first and 71st nodes and by piers at

the 21st and 51st nodes, respectively. The one-foot sprung

masses are located at the positions of the 46 wheel sets of

the KTX train, as shown in Fig. 6. The properties of the

bridge and train are described in Table 4. Different levels

of track irregularities are considered. The generated Nk

random phase angles, θk, remain constant at all track levels;

thus, the only effective parameter in track irregularities is

the roughness coefficient, A.

There are three parameter variations in this example:

train speed, bridge damping ratio, and level of track

irregularities. The train speed varies from 200 to 400 km/

h, which is the normal operating range for high-speed

trains. The bridge damping ratio is set into three conditions:

no damping (ζ =0%), normal damping (ζ =2%), and high

damping (ζ =4%). Four track irregularity conditions are

considered: no track irregularities (smooth) and level 4, 5,

and 6 track irregularities.

The dynamic response of the bridge is evaluated in two

Table 2. Bridge and train properties in Example 1

Lb (m) m (kg/m) I (m4) E (MPa) Nm ζ

20 34088 3.81 29430 12 0%

mw (kg) mv (kg) kt (N/m) ct (Ns/m) Nv Lg (m) Lc (m)

4400 17600 9.12×106 8.6×104 10 6 18

Table 3. Bridge properties in Example 2

Lb (m) m (kg/m) I (m4) E (MPa) Nm ζ

5@20 34088 3.81 29430 80 0%

Figure 4. Dynamic impact factor for a 100-m span
(5@20) continuous beam bridge with 0% damping ratio
and no track irregularities under a train with five cars.

Figure 5. Cross section of the three-span continuous beam
bridge in Example 3.

Figure 3. Dynamic impact factor at midpoint of simply
supported bridge with a span of 20 m, 0% damping ratio,
and no track irregularities under a train with five cars.
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ways. The first method is the dynamic impact factor

(DIF), both upward and downward at the midpoint of

each span. The static maximum upward and downward

deformations of the midpoint of each span, listed in Table

5, are calculated through the moving static load test. This

test set the train as a series of static concentrated forces

placed on the bridge and changed the positions of these

forces each time by a small distance. Figures 7, 8, and 9

show the DIFs of the left, central, and right spans, respectively,

of the three-span continuous beam bridge under different

conditions. Overall, the better track irregularity conditions

and higher bridge damping ratios result in smaller bridge

impact factors. However, the dynamic responses of different

spans are very different. The resonance speed for the left

span downward DIF is over 400 km/h, whereas those for

the central and right spans are 260 and 300 km/h, respectively.

For the upward DIF, the left span resonance speed is 260

km/h, whereas those of the central and right spans are 270

and 300 km/h, respectively. With the increased bridge

damping ratio, the DIF at the local resonance speed range

decreases significantly. For the non-resonance speed range,

the track irregularities control the DIF; inferior track

conditions produce much larger DIFs for all bridge spans.

The second way to evaluate the dynamic response of

the bridge is the maximum rotation angle in both clockwise

and counterclockwise directions at the ends of the spans.

Figures 10, 11, 12, and 13 show the clockwise and

counterclockwise maximum rotation angles of the bridge

deck at the left abutment, the left pier, the right pier, and

the right abutment, respectively. Overall, the bridge damping

significantly reduced the local resonance of deck rotational

displacements at four supports, but in most speed ranges,

the track irregularities control the displacements and

poorer track conditions result in larger rotation at the supports.

The resonance speeds for the rotational displacements at

the left abutment and the right abutment are similar to

those for the DIFs at the midpoint of the left and right

spans. The resonance speed for clockwise rotation at the

left pier is approximately 260 km/h; that for the counter-

clockwise direction is approximately 280 km/h. For the

right pier, the resonance speed for clockwise rotation is

approximately 300 km/h; that for the counterclockwise

direction is approximately 280 km/h.

Because there are 46 one-foot sprung masses, the average

maximum vertical acceleration of the upper sprung

masses is calculated to evaluate the train body vibration,

as shown in Fig. 14. The smaller vertical acceleration

produces better driving comfort. When the track is perfectly

smooth, the vertical acceleration of all train bodies is

smaller than 0.34 m/s2. When the track condition changes

from smooth to rough, the dynamic responses of all train-

bridge systems increase. However, the increase in the

average acceleration of train bodies is much larger than

the increase in the DIF of bridge spans or deck rotation

angles at supports. When the train is running at approximately

300 km/h, the average vertical acceleration of the train

bodies reaches its maximum value. Meanwhile, the bridge

damping ratio has a low influence on the acceleration of

the train body.

9. Conclusion

This study performed the dynamic analysis of a continuous

beam bridge with different levels of track irregularities

under a moving train. The system is simplified into a planar

model. The bridge is regarded as an Euler-Bernoulli beam

Figure 6. Wheel set arrangement of KTX train.

Table 4. Bridge and train properties in Example 3

Lb (m) m (kg/m) I (m4) E (MPa) Nm Nv

32+48+32 34666 16.24 34500 70 46

mw (kg) mv (kg) kt (N/m) ct (Ns/m) ζ

3400 13600 9.12×106 8.6×104 0%, 2%, 4%

Table 5. Maximum midspan static deformations for three-span continuous bridge in Example 3

Left span Central span Right span

downward upward downward upward downward upward

-0.601 mm 0.401 mm -1.400 mm 0.327 mm -0.601 mm 0.401 mm
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Figure 7. DIFs of the left span of a three-span continuous beam bridge under different conditions.

Figure 8. DIFs of the central span of a three-span continuous beam bridge under different conditions.
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Figure 9. DIFs of the right span of a three-span continuous beam bridge under different conditions.

Figure 10. Maximum rotation at the left abutment of a three-span continuous beam bridge under different conditions.
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Figure 11. Maximum rotation at the left pier of a three-span continuous beam bridge under different conditions.

Figure 12. Maximum rotation at the right pier of a three-span continuous beam bridge under different conditions.
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Figure 13. Maximum rotation at the right abutment of a three-span continuous beam bridge under different conditions.

Figure 14. Average maximum vertical acceleration of all car bodies under different conditions.
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supported by hinged supports, whereas the train is modeled

as a series of one-foot sprung masses. The track irregularities

are generated by PSD functions and distinguished into six

different levels. The dynamic equations of motion for the

train and the bridge are derived with the finite-element

method. Through the shape constraints and contact force

between the train and bridge, their equations of motion

are coupled into the interaction equation of motion and

solved by the Newmark-beta method combined with the

Newton-Raphson method.

The calculated results are verified through comparisons

with other researchers’ results on the midpoint DIFs of a

single-span simply supported bridge and a five-span

continuous beam bridge under the same five-car train. To

investigate the effects of train speed, bridge damping, and

levels of track irregularities, the KTX train model and a

32 m-48 m-32 m continuous beam bridge is taken as an

example. The following conclusions can be reached from

this study:

(1) The bridge impact factors calculated in the verification

examples agree well with other researchers’ results.

Comparing the two verification examples shows that the

dynamic response of a continuous beam bridge is very

different from that of a simply supported bridge. The

resonance train speed range for a continuous beam bridge

is higher than that of a simply supported bridge with the

same cross section and span properties.

(2) Although the bridge span is symmetrical, the three

spans have their own dynamic behavior and different

resonance speeds. The rotational displacements at the

supports are also mutually independent. Unlike the simply

supported bridge, the upward displacement of the

continuous beam bridge spans and deck rotation at the

supports causes significant negative moment to the deck,

which may result in cracking and other damage to the

upper part of the deck. When designing a bridge, the

amounts and positions of prepressed reinforcements in the

deck can affect the dynamic analysis results for the bridge.

(3) Better track irregularities result in better performance

of the system. In most speed ranges, track roughness is

the primary cause of additional vibration of the train and

bridge. Bridge damping can significantly reduce the

resonance vibration of the bridge; however, it has almost

no effect on reducing the maximum vertical acceleration

of the train body.
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