
Supplementary materials for this article are available at 10.1007/s13253-011-0057-7.

An Efficient Approach to Spatiotemporal
Analysis and Modeling of Air Pollution Data

Georgios TSIOTAS and Athanassios A. ARGIRIOU

A statistically efficient approach is adopted for modeling spatial time-series of large
data sets. The estimation of the main diagnostic tool such as the likelihood function
in Gaussian spatiotemporal models is a cumbersome task when using extended spatial
time-series such as air pollution. Here, using the Innovation Algorithm, we manage
to compute it for many spatiotemporal specifications. These specifications refer to the
spatial periodic-trend, the spatial autoregressive moving average, the spatial autore-
gressive integrated and fractionally integrated moving average Gaussian models. Our
method is applied to daily pollutants over a large metropolitan area like Athens. In the
applied part of our paper, we first diagnose temporal and spatial structures of data us-
ing non-likelihood based criteria, such as the empirical autocorrelation and covariance
functions. Second, we use likelihood and non-likelihood based criteria to select a spa-
tiotemporal model among various specifications. Finally, using kriging we regionalize
the resulting parameter estimates of the best-fitted model in space at any unmonitored
location in the Athens region. The results show that a specific autoregressive integrated
moving average spatiotemporal model can optimally perform in within and out of spa-
tial sample estimation. Supplemental materials for this article are available from the
journal website.

Key Words: Gaussian maximum likelihood estimator; Innovation algorithm; Kriging;
Spatiotemporal modeling; Urban pollution.

1. INTRODUCTION

Air pollution data are characterized by systematic dependencies in both temporal and
spatial dimensions (Thompson et al. 2001). These dependencies are usually modeled using
large time-series data of different locations. By using large data sets, the problem of effi-
ciency is very common when it comes to statistical estimation and model selection (Brock-
well and Davis 1991). In this paper, we introduce a computational efficient approach for
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statistical inference in spatiotemporal models applied to air pollution data of large dimen-
sion. This approach is based on the use of the Innovation Algorithm which decreases the
time needed for inference by avoiding the inversion of large data matrices (Brockwell and
Davis 1991; Yao and Brockwell 2006). The performance of this method is investigated in
some benchmark Gaussian spatiotemporal models such as the spatial periodic-trend, the
spatial autoregressive moving average, the spatial autoregressive integrated and fraction-
ally integrated moving average models. Initially, we decompose via estimation the various
temporal and spatial components of the spatiotemporal models and then we perform model
selection using an estimator based on the likelihood function. This inference strategy is
then applied to daily ozone (O3) concentration data collected over a large metropolitan
area like Athens.

Thus, the objective of this paper is both methodological and empirical. There are two
methodological objectives pursued here: one involves the demonstration of statistical tools
for investigating the underlying dynamics and spatial structures of atmospheric spatiotem-
poral data; the other refers to the creation of a theoretical specification for these data using a
computationally efficient algorithm. With regard to our empirical objectives, we introduce
apart from within-sample estimation, the spatial forecasting of air pollution for locations
that we do not observe. This can potentially reveal extreme air pollution measures giving
rise to public health warning issues. Additionally, spatial forecasting estimation can detect
areas with measures of high error, which can demonstrate the need for new allocation of
monitoring station in order to improve the accuracy of air pollution estimation.

Spatial analysis has long been an issue in statistical literature. Since the pioneering work
of Whittle (1954) concerning stationary spatial processes, time-domain methods based on
the seminar work of Besag (1974) put forward an ingenious auto-normal specification
based on a conditional specification argument. Besag’s proposal effectively specifies the
inverse of covariance matrix in a Gaussian likelihood function, where parameters bear di-
rect interpretation of the dependence in terms of conditional expectations. However, to
avoid the calculation of the determinant of the covariance matrix, approximation methods
such as the coding and the pseudo-likelihood were used in place of the true likelihood to
derive the estimators (Besag 1975). Attempts to calculate Gaussian likelihood functions di-
rectly have also been made, including, among others, by Ord (1975), Mardia and Marshall
(1984). See §7.2 in Cressie (1993) for a survey on the estimation for spatial models.

In spatiotemporal analysis of modeling air pollution data there is important but not ex-
tensive literature (Thompson et al. 2001). Caroll et al. (1997) use a temporally stationary
space–time model that is homogeneous in space. Their purpose is to model ozone concen-
trations for spatiotemporal prediction. However, in the temporal side of their analysis they
do not use purely time-series processes but also their spatial structure is homogeneous. As
Cressie (1997), Stein and Fang (1997) criticize the model for lack of spatial trend compo-
nent. A more thorough approach is adopted later by Kyriakidis and Journel (2001). They
present a time-series framework for modeling air pollution data where parametric tempo-
ral trend models are established from concentration profiles at monitoring stations. Such
parameters, e.g. amplitude of seasonal variation, are then regionalized in space for deter-
mining trend models at any unmonitored location. Their methodology is then applied to the
sulfur concentration data measured at the European Monitoring and Evaluation Program.
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Shaddick and Wakefield (2002) propose a hierarchical dynamic linear model for air pol-

lutants in the London area. Their approach uses a generalized assumption regarding spatial

isotropy and temporal stationarity. Romanowicz et al. (2006) model daily nitric oxide con-

centrations around Paris using a spatiotemporal model consisting of trend and seasonal

components assuming anisotropic spatial dependency. However, all these approaches suf-

fer from weaknesses at the model selection stage of inference which in our paper is demon-

strated using a computationally efficient time-series algorithm; the Innovation Algorithm.

This algorithm, widely used in time-series, is a recursive method for computing best linear

predictors. It allows computing the best estimators without having to perform any matrix

inversion, which is useful for large data series, as the ones applied here, where direct es-

timation requires the solution of a large system of linear equations (Brockwell and Davis

1991; Yao and Brockwell 2006).

Considering the empirical part of our paper, this is dedicated to the application of spa-

tiotemporal modeling of O3 concentration over Athens. Large-scale industrialization, pop-

ulation inflow, complex topographical and meteorological conditions often favor the accu-

mulation of various pollutants in the Athens region. This can induce significant degrada-

tion of urban air quality. It is of great interest to evaluate the status of air quality for several

pollutants such as O3, CO, SO2, NO2 etc. given their impact on the health of the urban pop-

ulation. With regard to the O3 measure, this is a very important atmospheric pollutant that

depends on the amount of hydrocarbons in the atmosphere, since photochemical processes

are responsible for its formation. Additionally, conditions favorable to O3 production are

sunshine, high temperature, and stagnant air (NRC 1991). In the present analysis, all the

above meteorological variables are assumed to be incorporated in both the spatial and tem-

poral structure of data. Thus, the choice of the relevant variables depend on the objective

of our analysis which is associated with a purely spatiotemporal model.

In this paper, we model temporal dynamics and spatial dependencies simultaneously us-

ing O3 concentration data series in the greater Athens region. Our basic aim is to propose

a spatiotemporal model that can best fit our Athens data in space and time. The paper is

organized as follows: In Section 2 we use data from the Athens Metropolitan Area (AMA)

to investigate the existing spatial and temporal structure. We do so based on spatial and

temporal diagnostic tools such as the covariance, the correlation, and the autocorrelation

functions. This can help us recommend some models that can possibly characterize our

data. In Section 3, we introduce some spatiotemporal models together with tools for statis-

tical inference in a Gaussian framework. To implement this, we introduce three alternative

general class of models: the spatial periodic-trend, the spatial autoregressive moving av-

erage model, and the non-stationary spatial times-series model. We focus on parametric

estimation and model selection by calculating the likelihood function. This is implemented

by adopting the computationally efficient ‘Innovation Algorithm based on pre-whitening

(Brockwell and Davis 1991; Yao and Brockwell 2006). Section 4 is devoted to regional pre-

diction using kriging. Here, the resulting parameter estimates of the best-fitted model are

regionalized in space at any unmonitored location. Finally, Section 5 presents a discussion.
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2. ATHENS OZONE DATA

The need for air quality control has led to daily monitoring of these pollutants in several
locations. For determining the spatiotemporal “distribution” of these pollutants, monitor-
ing stations are usually placed at the center and periphery of urban areas as well as in
surrounding rural areas. With regard to the time dimension, long daily data series can be
used to determine a robust temporal analysis. Several approaches have been proposed to
forecast the pollutant levels in the Athens area (e.g. Ziomas et al. 1995).

The data sets we use in this paper represent measured daily maximum values of O3 con-
centrations from eight different locations in the Athens region, covering the period from
01.01.1994 to 31.12.2000. The locations we use are the pollution monitoring stations of
Athinas, Geoponiki, Liosion, Lykovrisi, Marousi, Patisia, Piraeus and Nea Smirni. These
values are then logarithmically transformed (by taking the logarithms of the ozone concen-
trations) in order to achieve a symmetric Gaussian-like frequency behavior.

2.1. ANALYSIS OF TEMPORAL STRUCTURE

In this section we investigate the temporal structure of our data sets. We do this by pre-
senting the data time-series of each station, independent of spatial information. For this
purpose we use the autocorrelation function (ACF) since it is a good measure of temporal
correlation (Handcock and Wallis 1994). Figure 1 presents the empirical autocorrelation
functions from the Athinas station. This is derived from daily maximum value observa-
tions of the period 1994–2000. What is evident is the high level of autocorrelation plus
the cyclical behavior as the correlation dies off at all stations. This high level of autocor-
relation together with its slow damping behavior gives rise to a non-stationary analysis as
proposed by Box and Jenkins (1970) (hereafter called the BJ). Non-stationary analysis can
either adopt the first-difference transformation or set the differencing parameter as ran-
dom assuming long memory (Brockwell and Davis 1991). In the first case, by introducing
the first difference, one can identify the existing time-dependent structure of our data. We
also present the empirical ACF of the first-difference data series from the Athinas station.
Figure 2 shows that the cyclical pattern has been diminished whereas the autoregressive
structure does not take statistically significant values after the third lag. Standard identi-
fication procedures, introduced by BJ, diagnose patterns of an autoregressive process of
order less than four and a possible moving average dependence (see Figures 1 and 2 in
the web Appendix). Also, as the ACF of the first-difference series dies off quickly, fur-
ther differencing is not necessary. Similarly to the above patterns, both original and first-
difference data series are observed in the rest of the stations (see Figures 3 and 2 in the
web Appendix). Concerning the long-memory effect, Section 3 provides an insight on its
spatial specification.

2.2. ANALYSIS OF SPATIAL STRUCTURE

Apart from temporal variability, there is the spatial aspect that needs to be investigated.
First, we attempt to derive some measures of data spatial dependency for the whole time
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Figure 1. Empirical autocorrelation functions from Athinas station using O3 daily data from the period
1994–2000.

Figure 2. Empirical autocorrelation functions for the first difference series from Athinas station using O3 daily
data from the period 1994–2000.
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domain of any two spatial locations. One of these empirical measures of spatial depen-
dencies is the covariance and correlation functions. Second, we investigate whether these
empirical spatial dependency functions are time-independent.

Suppose spatial processes {Y(s)} and {Y(r)} are indexed by a two-dimensional location
s, r ∈ S ⊂ �2. Then their empirical covariance function can be expressed as (Cressie
1993):

Cov
(
Y(s), Y (r)

) = 1

T

T∑

t=1

(
Yt (s) − Ȳ (s)

)(
Yt (r) − Ȳ (r)

)
, s, r ∈ S ,

where Yt (s) and Yt (r) are observations at time t located in s and r respectively, and Ȳ (s) =
1/T

∑T
t=1 Yt (s), Ȳ (r) = 1/T

∑T
t=1 Yt (r) represent the mean location values. This measure

of spatial dependency is usually expressed by various theoretical covariance functions such
as the Exponential, the Gaussian, the Wave or the Matérn class (Cressie 1993). These
functions will be used in Sections 3 and 4 where various classes of models are assessed
for data series of maximum O3 values. An additional measure of spatial relation is the
standardized covariance function known as the spatial correlation function. This takes the
form

Corr
(
Y(s), Y (r)

) = Cov
(
Y(s), Y (r)

)/[
var(Y (s))

]1/2[var(Y (r))
]1/2

, s, r ∈ S .

The above spatial functions assume time-homogeneity. In other words, one supposes
that the empirical covariance and correlation functions are the same across time. To test this
assumption we calculate the time-dependent empirical spatial covariance and correlation
functions. Here, the time-dependent empirical spatial covariance function takes the form

Covk

(
Y(s), Y (r)

) = 1

T

T∑

t=1

(
Yt (s) − Ȳ (s)

)(
Yt−k(r) − Ȳ (r)

)
, s, r ∈ S ,

with k = 1,2,3, . . . . It shows the spatial covariance and correlation functions respectively
using the time-independence and the time-dependence assumption. In the first case we
suppose a time lag k = 0, whereas in the second case we assume lags from k = 1 to 5. It
is well documented for both the time-dependent and the time-independent functions that
there is a systematic relationship between locations in the whole time-series. Additionally,
the spatial correlation function shows more structure than the covariance one. This is due
to the high level of variance of time-series at each location. Finally, the analysis of both
covariance and correlation functions shows time-homogeneity since the numerical results
show only marginal deviation across time-lagged series (see Figures 5 and 6 in the Web
Appendix). This time-homogeneity result influences the way we set the spatial and time
dimensions in the spatiotemporal models that follow.

3. SPATIOTEMPORAL MODELS

In this section, we propose three classes of models that can be viewed as candidates
for fitting our maximum O3 data. The first class of models is the periodic-trend which is
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selected due to the periodic nature of our data series (see Section 2). The second class of
models is the pth and qth order Autoregressive Moving Average ARMA(p, q), which has
been selected because of the strong lagged correlation and the sometimes irregular seasonal
pattern of our observed data. The third class of models is the non-stationary Autoregressive
Moving Average models that assume either first or fractional differencing. In the following,
we present some statistical aspects of these three candidate classes of models and give a
brief description of the way we implement our inference. Finally, we present results from
alternative model specifications.

3.1. PERIODIC MODELS

Here we propose a class of spatiotemporal models to fit with spatial time-series data
located at irregular space. More specifically, suppose that {Yt (s), t = 0,±1,±2, . . .} repre-
sent a periodic-trend model at location s ∈ S ⊂ R2 (Kyriakidis and Journel 2001):

Yt (s) = a0,s + a1,s cos

(
2π

PER
t

)
+ a2,s sin

(
2π

PER
t

)
+ σsεt (s), (3.1)

where PER represents the period. Here for each fixed s ∈ S , {εt (s), t = 0,±1,±2, . . .} is
an i.i.d. sequence with mean 0 and variance 1.

Here the {ai,s}i=0,1,2 coefficients represent the intercept and the seasonal coefficients.
To interpret coefficients, we need to clarify that the a1,s and a2,s are linked to the amplitude
α(s) and the phase φ(s) of the periodic component in our temporal specification as:

α(s) =
√

a2
1,s + a2

2,s, (3.2)

φ(s) = tan−1
(

a2,s

a1,s

)
. (3.3)

Here the amplitude α(s) is connected with the period component PER at location s and the
phase φ(s) with the period when the temporal concentration is minimum or maximum.

3.2. ARMA MODELS

The second class of models we propose is the spatial pth and qth order Autoregressive
Moving Average ARMA(p, q) models (Besag 1974, 1975; Brockwell and Davis 1991;
Yao and Brockwell 2006). Our basic aim is to model both the temporal dynamics and
spatial correlations.

Let {Yt (s), t = 0,±1,±2, . . .} be an ARMA process at location s ∈ S ⊂ R2:

Yt (s) = b1,sYt−1(s) + · · · + bp,sYt−p(s) + εt (s) − c1,sεt−1(s) − · · · − cq,sεt−q(s), (3.4)

where ε(s) ∼ N(0, σ 2
s ) is a Gaussian spatial process with mean zero and variance σ 2

s . For
the spatiotemporal process {Yt (s)} to be fully specified, we impose the following condi-
tions:

(C1) For each s ∈ S , σs > 0, and b(L) = 1 − ∑p

j=1 bj,sz
j �= 0 for any |z| ≤ 1.

(C2) For each s ∈ S , σs > 0, and c(L) = 1 − ∑q

j=1 cj,sz
j �= 0 for any |z| ≤ 1.
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(C3) For each fixed s ∈ S , {εt (s), t = 0,±1,±2, . . .} is an i.i.d. sequence with mean 0
and variance 1.

(C4) For any fixed t ,

Cov
(
εt (s), εt (r)

) = ρ(s, r; θ), s, r ∈ S ,

where ρ(·, ·; θ) is a correlation function on the space.

In the special case of q = 0, and using the conditions (C1)–(C3)–(C4), the spatiotem-
poral process {Yt (s)} is well defined, and the covariance Cov(Yt (s), Yk(r)) is uniquely
determined in terms of ρ(·, ·; θ) and {bj,s, σs}, with

Cov
(
Yt (s), Yk(r)

) = σs σr

∞∑

j=1

b
j
s b

k−t+j
r ρ(s, r; θ) (k ≥ t).

Note that for each fixed s, time-series {Yt (s), t = 0,±1,±2, . . .} is strictly stationary. When
bj,s ≡ bj , σs ≡ σ and ρ(s, r; θ) = ρ(s − r; θ) for any s, r ∈ S , the spatiotemporal process
{Yt (s)} is weakly stationary. We may also let the order p = p(s), which varies over different
locations. This will add little complication to our approach. We do not make this explicit
in order to avoid congregated notation.

3.3. NON-STATIONARY MODELS

In the case of non-stationary spatiotemporal models, we introduce models of two types.
First, we have models with pre-specified differentiation parameter known as ARIMA mod-
els, and second, the ones with unknown differentiation parameter known as ARFIMA mod-
els.

In the first case, we generalize the class of ARMA models to include differencing
to count for a certain type of non-stationarity. Thus, we introduce a class of spatial d-
differenced ARIMA(p, d, q) spatial process with pth Autoregressive and qth Moving
Average components. Let {Yt (s), t = 0,±1,±2, . . .} be an ARIMA process at location
s ∈ S ⊂ R2:

b(L) · 	dYt (s) = c(L) · εt (s), (3.5)

where ε(s) ∼ N(0, σ 2
s ) is a Gaussian spatial process and 	 = (1 − L) with LYt (s) =

Yt−1(s) the backward shift operator. In the case the parameter d is an integer, the above
specification becomes a d th differenced ARIMA(p, d, q) spatial process. In the case where
the differencing parameter d is a real value, fractional differencing is permitted giving rise
to the Autoregressive Fractionally Integrated Moving Average, or ARFIMA(p, d, q) spa-
tial model.

3.4. GAUSSIAN MLE

Here we apply a Gaussian Maximum Likelihood estimation (MLE) method for the ex-
isting spatiotemporal models. It is well known, however, that the Gaussian ML (GML)-
fitting is very similar to the Generalized Least Squares (GLS)-fitting, whereby the inverse
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covariance matrix plays the role of a weight matrix. The additional feature of the GML
is the inclusion of the determinant of the variance-covariance matrix, which serves as an
overall measure of dispersion (uncertainty). Finally, the GML method can generate ML
estimates for the variance-covariance matrix using greed-search suitable for the overall
likelihood function estimation.

3.4.1. Estimators

Suppose the simplest version of the (3.4) is a model with q = 0. Let {Yt (sj ), t = 1 −
p,2−p, . . . , T ; j = 1, . . . ,N} be observations from the above model. We introduce some
notation first. Let X(s) be the T × p matrix with Yj−i (s) as the (i, j)th element, and
X = diag{X(s1), . . . ,X(sN)} a (T × N) × (p × N) matrix for the model (3.4). Let R(θ)

be an N × N matrix with ρ(si , sj ; θ) as the (i, j)th element, � = diag(σs1, . . . , σsN ) and
� = �R(θ)�. The actual choice among these covariance functions takes part at the MLE
stage. We define, Y = (Y(s1) · · ·Y(sN))′,Y(s) = (Y1(s) · · ·YT (s))′,b = (b(s1) · · ·b(sN))′
and b(s) = (b1,s · · ·bp,s)

′. Now the conditional Gaussian likelihood function given {Yt (sj ),

t ≤ 0; j = 1, . . . ,N} can be written as

|R(θ)|− T
2

{∏N
j=1 σsj }T

exp

{
−1

2
(Y − Xb)τ (�−1 ⊗ IT )(Y − Xb)

}
, (3.6)

where ⊗ denotes the matrix Kronecker product and IT the T × T identity matrix. By
maximizing the above function, we obtain the Gaussian maximum likelihood estimators
b̂, θ̂ and σ̂sj , which should be referred to as quasi-maximum likelihood estimators. Here b̂
and σ̂sj are estimated using LS-methods to location by location and θ̂ by minimizing1:

�(̂θ , b̂, σ̂sj ;Y) = log

{
1

N

N∑

j=1

(Yj − Ŷj )
2/νj−1

}

+ 1

N

N∑

j=1

logνj−1. (3.7)

We refer to this as the reduced likelihood function, where Yj represents the observed
process. Here νj = Var(Yj+1 − Ŷj+1), denotes the estimation error variance and Ŷj the
estimate in the Innovation Algorithm (see the Appendix) (Brockwell and Davis 1991;
Yao and Brockwell 2006).

Although we are able to calculate the likelihood function, we need to solve a minimiza-
tion problem involving N × (p + q + 2) + d parameters for model (3.4), so as to obtain
the quasi-maximum likelihood estimators. Here d denotes the number of the unknown pa-
rameters in the θ parameter. As an alternative we first estimate b(s) and σs based on the
observations at the location s only, and then we estimate θ from the residuals from all loca-
tions in terms of the Innovation Algorithm. The resulting estimators may be less efficient
than the pseudo-maximum likelihood estimators, but the minimization problem contains
only d unknown parameters.

1In the case where q �= 0, MLE is essential for both parameters’ vector estimation.
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3.5. RESULTS

In this subsection we present some empirical results from the use of the periodic-trend,
spatial ARMA, and spatial non-stationary models. By applying the data series described
in Section 2 from the eight locations in the Athens region, we estimate the above models
using various specification assumptions. We then derive the reduced likelihood function for
each specification. The purpose of this is to compare the introduced models for the level of
this likelihood estimator. The specification that we are going to favor is the one that gets
the minimum value. Also, we present the ACF and the covariance function of the fitted
residuals as an additional diagnostic tool to the likelihood function.

First, to build the candidate periodic models, we focus on the temporal structure of
the data series introduced in Section 2. What we infer from the results in Figure 1, is the
autocorrelation structure of our representative series. In all series, we see that the level of
periodicity is above 300 due to the nature of our data series which are daily. Thus, the
model assumptions we impose are based on these primary data considerations. Table 1
presents the results for the PER value between 300 and 380. For PER = 360 we get the
minimum reduced likelihood value, i.e. −278.6. For values far from this range, we observe
log-likelihood values further away from its minimum.

Second, in the ARIMA(p, d, q) models we experiment with either stationary (d = 0)
or non-stationary (d = 1) model assumptions. For each stationary and non-stationary case,
we select various p and q values that correspond to an informal identification that uses the
ACF as key criterion. Table 2 presents these results. For p = 1, d = 1, and q = 1 we get
the minimum reduced likelihood value, i.e. −309.0. By imposing specification assump-
tions that deviate from the above order values, we get likelihood estimator much away
from the minimum. In the case of ARFIMA models, we see that under various p and q

specifications the likelihood criterion values are higher than the minimum recorded in the
ARIMA(1,1,1) model (see Table 3).

To robustify the above likelihood results, we compare the spatiotemporal fitting of vari-
ous models using the spatial covariance function and the ACF of the fitted residuals. We use
the best likelihood-performed models among the periodic-trend, the ARMA, the ARIMA,
and the ARFIMA models to make this comparison. Figure 3 pictures the covariance func-
tions of the fitted residuals from four different model specifications, i.e., the PER = 360,
the AR(4), the ARIMA(1,1,1), and the ARFIMA(1, d,1). What we see is that the co-
variance function in the AR(4), the ARIMA(1,1,1), and the ARFIMA(1, d,1) models is
nearly eliminated and captures the whole spatial relationship between locations, whereas
in the periodic-trend specification, there is still some spatial relationship uncaptured. In
Figure 4 we demonstrate the ACF of the fitted residuals from the model specifications used

Table 1. Reduced log-likelihood estimators for various Periodic model specifications using O3 daily data from
the period 1994–2000.

PER = 300 PER = 310 PER = 320 PER = 330 PER = 340 PER = 360 PER = 370 PER = 380

−4.2 −4.7 −7.2 −17.3 −251.2 −278.6 −22.3 −10.7
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Table 2. Reduced log-likelihood estimators for various ARIMA(p, d, q) model specifications using O3 daily
data from the period 1994–2000.

p = 1 p = 2 p = 3 p = 4 p = 5 p = 6 p = 7 p = 10

d = 0, q = 0 −86.3 −93.9 −133.0 −294.5 −214.1 −152.0 −119.2 543.7
d = 0, q = 1 −94.1 −107.2 −141.9 −298.1 −215.5 −154.0 −119.4 561.0
d = 0, q = 2 −35.9 −92.8 −101.9 −118.6 −121.7 −101.6 −69.3 602.9
d = 1, q = 0 −297.1 −139.1 −128.9 −95.1 −92.7 −87.1 −55.8 396.4
d = 1, q = 1 −309.0 −298.3 −215.8 −100.9 −105.8 −99.6 −62.4 245.6
d = 1, q = 2 −289.5 −211.3 −144.9 −98.0 −89.9 −62.0 −57.0 471.1

Table 3. Reduced log-likelihood estimators for various ARFIMA(p, d, q) model specifications using O3 daily
data from the period 1994–2000.

p = 1 p = 2 p = 3 p = 4 p = 5 p = 6 p = 7 p = 10

q = 0 −109.4 −84.9 −76.4 −22.9 −10.9 109.0 306.4 503.0
q = 1 −291.2 −192.5 −179.0 −94.9 −90.2 189.3 302.0 483.7
q = 2 −57.0 −44.0 −23.3 −11.1 −3.8 121.0 401.7 672.0

Figure 3. Empirical and estimated errors covariance functions of the PER = 360, the AR(4), the
ARIMA(1,1,1), and the ARFIMA(1, d,1) models using O3 daily data from the period 1994–2000.

also in Figure 3. We observe that the ACF for the ARIMA(1,1,1) model dies off quicker
than in any other spatiotemporal model. Results similar to those obtained for Athinas sta-
tion, which favor the ARIMA(1,1,1) specification, can also be seen at the remaining sta-
tions.
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Figure 4. Empirical data and estimated errors ACF of the PER = 360, the AR(4), the ARIMA(1,1,1), and the
ARFIMA(1, d,1) models using Athinas O3 daily data from the period 1994–2000.

4. SPATIAL PREDICTION

This section is dedicated to spatial estimation at any unmonitored location in the Athens
area. This is performed using Ordinary Kriging (OK) (Kyriakidis and Journel 2001). Krig-
ing is an interpolation technique that aims to estimate any unobserved spatial location by
using the observed location estimates.

Here, we regionalize the discrete estimation results in the 2D-plane of the Athens area.
By using estimation results, such as the autoregressive coefficients, the moving average co-
efficients, and the error variance of the best fitted ARIMA(1,1,1) model, we perform an
OK estimation for all the unmonitored locations. In kriging, an assumption has to be made
about the spatial behavior of the stochastic term embodied in the semi-variogram. Here
kriging is performed using three alternative semi-variogram models such as the Exponen-
tial, the Gaussian and the Spherical models (Cressie 1993). With regard to the nugget, sill
and range effects, these are specified by an empirical semi-variogram. The choice among
competing models is made by the criterion of the minimization of the kriging standard
errors. In all the OK estimations, the Spherical models minimize the estimated standard
errors.

In Figures 5, 6, 7, we present the maps of the OK-derived parameter estimates in a large
area of Athens. In these figures, we demonstrate four representative estimated parame-
ters from the ARIMA(1,1,1) model, i.e. b1,s, c1,s and σs coefficients. Due to the first-
difference transformation we introduce in the ARIMA(1,1,1) model, the b1,s represents
the first-order coefficient of the maximum O3 rate of change. In Figure 5, we demonstrate
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Figure 5. Kriging estimates (top) and standard deviations (bottom) of the AR(1) coefficient using O3 daily data
from the period 1994–2000.

the kriging estimates and standard deviations of the AR(1) parameter values. The AR(1)

parameter estimates show homogeneous autoregressive values in the central Athens region.

However, Nea Smirni and Lykovrisi reveal respectively lower and higher than the average

values. The kriging standard errors in parametric estimates demonstrate much smoothness

with minimum values around the stations.

In Figure 6, we demonstrate the kriging estimates and standard deviations of the MA(1)

parameter. The kriging MA(1) parameter estimates show that the central, the southern, and

the northern locations have errors with highly negative temporal dependency whereas the
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Figure 6. Kriging estimates (top) and standard deviations (bottom) of the MA(1) coefficient using O3 daily data
from the period 1994–2000.

western and the eastern ones demonstrate low negative temporal dependency. The standard

deviations estimates of the kriging errors seem very low in all Athens 2-D plane.

In Figure 7, we demonstrate the kriging estimates and standard deviations of the errors’

standard deviation parameter. The small standard deviations of the errors reveal that any

spatial variation has been eliminated, which is useful for the estimated model. Here, the

smallest standard deviations values for the kriging errors are observed in the southwestern

and the northeastern regions of the Athens area. Thus, the relatively high values of standard

deviations in the northwestern and southeastern parts of the Athens region reveal the need
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Figure 7. Kriging estimates (top) and standard deviations (bottom) of the error’s standard deviation using O3
daily data from the period 1994–2000.

for a new monitoring station allocation. In terms of the kriging standard errors, the standard
deviations demonstrate the lowest values among all the other estimators.

5. DISCUSSION

In this work we have addressed a problem of O3 concentration modeling over the large
metropolitan area of Athens. After investigating the temporal and spatial structure of our
data series, we propose alternative spatiotemporal models. Using LS and MLE, we define
the parametric estimates as well as estimates of the reduced likelihood function of the alter-
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native spatiotemporal models. From these inference results, we derive the fitted residuals
spatial covariance functions and ACF. We find that most of the existing spatial and tempo-
ral dependencies are best captured by the ARIMA(1,1,1) model. By using the minimum
reduced log-likelihood criterion we also find that the ARIMA(1,1,1) performs better than
any other spatiotemporal model. Finally, a spatial prediction estimation is performed using
kriging. This is implemented by capturing the ARIMA(1,1,1) parametric estimates over
a large map over Athens.

Findings show strong spatial and mostly temporal dependencies. The use of these mod-
els can further contribute to a better forecasting of various urban air pollutants and also
increasing the accuracy of environmental studies in parts of the Athens area not covered
currently by monitoring stations.

APPENDIX

A.1. INNOVATION ALGORITHM

Let X̂1 = 0. For k ≥ 1, let

X̂k+1 ≡ ϕk1Xk + · · · + ϕkkX1 (A.1)

be the best linear predictor for Xk+1 based on Xk, . . . ,X1 in the sense that

E(Xk+1 − X̂k+1)
2 = min{ψj } E

(

Xk+1 −
k∑

j=1

ψjXk−j+1

)2

. (A.2)

Then the coefficients {ϕkj } are the solutions of the equations

γ (sk+1, sk+1−i; θ) =
k∑

j=1

ϕkjγ (sk−j+1, sk−i+1; θ), i = 1, . . . , k.

Further,

νk ≡ νk(θ) ≡ Var(Xk+1 − X̂k+1) = γ (sk+1, sk+1; θ) −
k∑

j=1

ϕkjγ (sk+1, sk+1−j ; θ).

The least-square property also implies that Cov(Xk+1 − X̂k+1,Xj ) = 0 for any 1 ≤ j ≤ k.
Thus {Xj − X̂j , j = 1, . . . ,N} are uncorrelated. We can see from (A.1) that Xk can be
written as a linear combination of Xk − X̂k, . . . ,X1 − X̂1. Thus

X̂k+1 =
k∑

j=1

βkj (Xk+1−j − X̂k+1−j ), k = 1, . . . ,N − 1. (A.3)

The coefficients {βkj } and {νj } can be calculated in the recursive manner in terms of the
Innovation Algorithm (Proposition 5.2.2 of Brockwell and Davis 1991) described below.
Then the MLE θ̂ will be calculated via the minimization of (3.7) in which X̂k is obtained
recursively through (A.3) with X̂1 = 0. Therefore the calculation for N ×N inverse matrix
�(θ)−1 is avoided.
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Innovation Algorithm: Set ν0 = γ (s1, s1; θ). Based on the cross-recursion equations

βk,k−j = ν−1
j

{

γ (sk+1, sj+1; θ) −
j−1∑

i=0

βj,j−iβk,k−iνi

}

,

nk = γ (sk+1, sk+1; θ) −
k−1∑

j=0

β2
k,k−j νj ,

compute the values of {βij } and {νj } in the order

β11, ν1,

β22, β21, ν2,

β33, β32, β31, ν3,

· · · · · ·
βN−1,N−1, βN−1,N−2, . . . , βN−1,1, νN−1.

SUPPLEMENTARY MATERIALS

The spatiotemporal model point estimation and model selection is implemented in C
language. The computer program is available by the authors upon request.
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