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Abstract
The growing environmental consciousness, increasing governmental regulations, and need 
for sustainability have propelled organizations worldwide to adopt a leaner, cleaner, and 
greener supply chain. In this context, this research paper develops a centrally controlled 
production-inventory deterministic model over an infinite time horizon for a multi-echelon 
closed-loop supply chain (CLSC) with a product recovery option as remanufacturing. In 
the proposed model, the retailer at the lowermost echelon experiences a constant demand 
(D) from the consumers, which is satisfied by the manufacturer and the remanufacturer’s 
alternate replenishment policy (P, R). The supplier procures the raw material in integral 
batches and ships it to the manufacturer for a finite number of production cycles. In con-
trast, the remanufacturer collects the returned product from the customer at a fraction of 
the demand rate. The mixed-integer non-linear programming (MINLP) model is solved 
using the classical optimization technique to minimise the system’s joint total cost (JTC). 
Closed-loop expressions for the optimal lot size and optimal shipment policy is obtained 
for each entity of the CLSC. An algorithm is devised to obtain the optimal value of inde-
pendent decision variables and sensitivity analysis is carried out to examine the impact of 
key control parameters on the model performance.

Keywords Closed-Loop supply chain · Multi-echelon inventory system · Reverse logistics · 
Remanufacturing · Production-inventory · Sustainability

Introduction

In the twenty-first century, the increasing population and rapid industrialization have led 
to the exploitation of finite resources and disrupted the natural ecosystem. The COP-21 
Paris Climate Agreement 2015 set a goal of reducing Greenhouse Emissions to keep 
temperature rise below + 2ºC. In a consumer company, the supply chain is one of the 
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significant contributors to societal and environmental costs compared to its own opera-
tions, accounting for more than 80 percent of greenhouse-gas emissions. Hence, it is 
very likely that the supply chains are the primary driver force to achieve sustainability 
in their performance. The emerging trends in the supply chain, such as moving towards 
the circular economy model i.e. leveraging the used product recovery and material recy-
cling to support the increasing level of consumption is a promising option.

In a traditional supply chain, there arises wastage due to the lack of coordination 
between the players. The product after its utility cycle always has some value remaining 
to it, which is wasted when disposed of by the end-user. Changing business landscapes, 
growing environmental consciousness, and increasing government regulations have 
compelled organizations to adapt to a ’cleaner’, ’leaner’, and a ’greener’ supply chain. 
Legislations such as the Extended Product Responsibility (EPR), stress environmental 
performance and product lifecycle span [43] while holding the manufacturers respon-
sible, both financially and physically for the ecological impact of their end-of-lifecycle 
(EOL) products [1]. Consequently, organizations have revamped their business strate-
gies and adopted the triple bottom line concept, which has also led to a reduction in 
their carbon footprint. Also, the myopic view of managing only the company’s environ-
mental impact is discarded and emphasis is laid on adapting an integrated and multiplex 
approach by addressing the environmental impact of the supplier also [44, 50]. The ris-
ing importance of a holistic supply chain certification offered by the Forest Stewardship 
Council (FSC), known as the ’Chain of Custody (COC)’ environmental certification, is 
evidence of the emerging trend & importance of sustainable management of the input 
materials in the supply chain domain.

A CLSC is a path to reach zero waste by forcing manufacturers to handle their prod-
ucts after their lifecycle. A CLSC integrates forward supply chain with recovery activities, 
which can be classified in 5R’s: Recycle, Remanufacture, Reuse, Repair, and Refurbish. 
To gain a competitive advantage and achieve environmental sustainability, industries have 
adopted the remanufacturing strategy for recovering the scrap value of the returned prod-
uct. According to a report remanufacturing in the light-duty automotive sector is a $32 bil-
lion industry that is forecasted to prosper at an average annual growth rate of 6.6% to $50 
billion in 2022. Also, in other sectors, companies such as Dell, Xerox, Kodak, and HP have 
adopted remanufacturing as a strategy.

As evident from the above examples, the importance of remanufacturing a product used 
by the customers has gained widespread acceptance and recognition amongst current indus-
trial players to drive sustainability in their respective businesses. The remanufactured prod-
uct’s cost is substantially low (around 40%-60%) of the newly manufactured product cost 
[7]. Decision-making is at the centre of supply chain management. Various studies have 
been carried out and models have been formulated to obtain a deeper insight regarding the 
optimal inventory policies necessary for making decisions in a centralized or decentralized 
manner. However, the majority of them are focused on single or two-echelon problems. 
But, in real-life scenarios, multiple players are a part of the supply chain and therefore 
necessitate joint decision-making to optimize the inventory policy of its integrated system. 
Considering this need for a more robust and inclusive model, we have developed a cohe-
sive production inventory deterministic model for multi-echelon CLSC of four players viz. 
retailer, manufacturer, remanufacturer, and supplier. In this model, constant demand occurs 
at the downstream side (i.e. at the retailer). The manufacturer and remanufacturer satisfy 
this demand by producing the product in batches at a finite production rate. The supplier 
supplies raw material to the manufacturer, whereas the remanufacturer procures used prod-
ucts from the customer.
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The rest of the paper is structured chronologically in the following manner: Section 2 
outlines the Literature Review, Section  3 outlines the Notations & Assumptions, Sec-
tion 4 deals with Mathematical modeling and Solution Technique, Section 5 with Sensi-
tivity Analysis, and Section 6 concludes the present work and outlines the future scope of 
research in this field of work.

Literature study

Multiple research studies have been carried out in the CLSC domain, especially for the 
lot sizing problems considering both deterministic and stochastic inventory models. The 
field of reverse logistics is classified into 3 categories [8]: Inventory control, distribution 
planning and production planning. Inventory management models are generally framed to 
manage and control the specific product orders, level of inventory and recovery processes 
whilst maintaining specific service levels and minimizing total landed costs. Various stud-
ies [39, 46] also reviewed the literature about CLSC and identified that analysis of demand 
and return yield uncertainties in the remanufacturing cycle are the most preferred studies. 
The majority of the inventory models in the CLSC domain have been confined to single & 
two-echelon [4, 12, 16–19, 21, 33, 42, 51] and limited studies are carried out in the multi-
echelon CLSC domain. The major incentive of this research work is propelled via the void 
present in the literature body in the domain of multi-echelon CLSC. It is also an endeavor 
to frame a production-inventory deterministic model for a multi-echelon CLSC environ-
ment. As a background study and an attempt to build upon the precedent in the CLSC 
domain, we have reviewed, analyzed, and summarized the previous literature work of vari-
ous researchers in the domain of CLSC inventory models with product recovery options.

The pioneering work of Schrady [41] is considered a cornerstone for the EOQ based 
inventory modeling to determine joint economic lot size (JELS) in a reverse-logistics set-
ting. Schrady [41] modeled a deterministic repairable inventory setting comprising two dis-
parate inventories waiting for repair and determined the EOQ expressions for procurement 
and repair.

Schrady’s repairable inventory model was furthered by Nahmias and Rivera [32], 
who incorporated a fixed rate of repair and assumed a bounded storage capacity. Simi-
larly, Mabini et al. [24] also permitted backorders and considered a joint facility for repair. 
On the other hand, Richter [35] proposed an EOQ based repairable production inventory 
model assuming recovery of a fixed fraction of returned product instead of a continuous 
flow. Consequently, Richter [36], Richter [37], and Richter and Dobos [38] assumed the 
finite return and disposal rates as decision variables which were incorporated by Dobos 
and Richter [6] for finite production and repair cycles. Teunter [48] furthered Schrady’s 
[41] model by considering separate inventory holding cost per unit for newly manufac-
tured and remanufactured products for multiple production and repair cycles. This work 
was extended by Koh et al. [20] by presuming that rate of remanufacturing operation can 
be greater or less than the demand rate of the serviceable product. This model was general-
ized by Teunter [49], who obtained closed-form mathematical expressions for ascertaining 
optimal lot size in a (P, R) policy production environment assuming finite/infinite produc-
tion and recovery rates. Various research studies on lot-sizing problems (EOQ/EPQ) with 
product returns have been conducted under various assumptions such as lost revenue [15], 
different quality of returned product and newly manufactured product [12, 15, 22], pro-
nounced learning effect in remanufacturing & manufacturing processes [16, 51], unequal 
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sizes of batch in the remanufacturing process [42]. A substantial literature in quantitative 
inventory models with product returns highlights the growing interest in this area.

The studies mentioned above consider only a single player in the production inventory 
environment. In contrast, in practice, multiple players are involved in a supply chain at 
various echelons exchanging physical information and financial flows. The studies carried 
out by Lee [23] in the field of the Forwarding supply chain as well as in CLSC domain by 
Chung et  al. [3], have demonstrated that a centralized inventory-production policy for a 
two-echelon as well as for a multi-echelon system yields larger cost savings than adopting 
decentralized decision making policy for individual entities of the similar system.

Certain noteworthy studies for a two-echelon inventory system are elucidated below. 
Mitra [30] developed a cost minimization two-echelon model (for both deterministic & sto-
chastic demand) to derive an optimal lot policy and shipment policy with a single recov-
ery facility on the upstream side and the distributor on the downstream side. In this case, 
the variation in demand and return rates were assumed to be independent which was then 
relaxed by Mitra [31] by establishing a correlation between the two rates. An extension 
of Mitra [31] deterministic model by allowing partial backordering considering product 
returns and excess stocks was proposed by Teng et al. [47]. Tai and Ching [45] developed 
a two-echelon production inventory model consisting of a central warehouse to store newly 
manufactured & remanufactured items and multiple regional warehousing sites handling 
the remanufacturing operation. Various physical and financial constraints such as floor 
area, funds and variable lead time for the two-echelon CLSC consisting of a distributor 
and a warehouse facility for multiple players were proposed by Priyan and Uthayakumar 
[34]. Maiti and Giri [25] employed a dual approach for the collection of used products: (i) 
fraction of newly manufactured product sold as a part of Forward Supply Chain and (ii) 
Exchanging used product with a new one under an offer, while developing a two-echelon 
model. Jauhari et  al. [17] developed a two-echelon mathematical inventory model for a 
CLSC system containing a manufacturer and a retailer under a stochastic environment with 
the intend of carbon emission reductions.

Further, Jauhari and Wangsa [18] developed a similar mathematical inventory model. 
They implemented a carbon tax policy to cut down the emissions from transportation, pro-
duction, and storage for a two-echelon CLSC system. Keshavarz-Ghorbani and Pasandi-
deh [19] incorporate the learning effect on vendor-managed inventory control problems 
in a two-echelon CLSC system to cope with the bullwhip effect associated shortages. Giri 
and Masanta [10] has developed a two-echelon CLSC system model by incorporating the 
effect of learning in production in stochastic environment, whereas Giri and Masanta [11] 
incorporated the learning-forgetting effect in production under consignment stock policy 
to investigate the effects of various parameters on optimal decisions. Further, Masanta and 
Giri [26] incorporated learning in the production and inspection process of newly manu-
factured product and returned products respectively in the two-echelon CLSC system. 
Zhou and Gupta [55] developed a pricing strategy model in system with a manufacturer, a 
remanufacturer, and a retailer to understand the customer’s acceptance of remanufactured 
products and the technology obsolescence of new products the pricing decisions. In con-
trast, Huang et al. [14] studies the remanufacturing cost disruption in a two-echelon CLSC 
of a supplier, a manufacturer and a retailer.

The two-echelon production inventory model of Lee [23] was extended by [27–29] in 
a reverse logistics setting by incorporating a remanufacturer at the upper echelon for ful-
filling the customer’s demand through the remanufactured product along with the newly 
manufactured product. This work is the source of motivation for the current research 
study. Therefore, we attempt to further the work of Mawandiya et al. [28] to extrapolate 
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the centrally controlled production inventory policy from a two-echelon CLSC system to 
a multi-echelon CLSC system. A limited number of studies have been carried out in the 
multi-echelon CLSC domain. The noteworthy contributions in the field of multi-echelon 
CLSC are discussed below. Hoadley and Hayman [13] modeled a single period multi-ech-
elon framework incorporating lead time between successive stocking points in the same 
echelon. Chung and Huang [2] considered a multi-echelon CLSC model with a discounted 
price policy for the repairable inventory and focused on remanufacturing of deteriorating 
items. They thought demand as a dependent variable linked with the product’s price. Giri 
and Sharma [9] considered an infinite time horizon multi-echelon CLSC model having an 
imperfect manufacturing process with the defects being reworked in the same cycle. It is 
an extension of the work of Chung et al. [3] in the following fronts: (i) imperfect produc-
tion process with defects which are reworked, (ii) Acceptance quality of used/retuned items 
dictates the return rate and (iii) hybrid production system with multiple manufacturing and 
remanufacturing cycles.

Multiple studies were carried out for a multi-echelon CLSC system considering differ-
ent objective functions, such as minimizing the total landed cost, maximizing the profit or 
reducing the carbon emissions. Diabat et  al. [5] formulated a quantitative mathematical 
model for a multi-echelon logistics network with product returns. They employed MINLP 
technique to obtain the closed-form expression of optimal reverse logistic cost correspond-
ing to the optimal number of collection points and location of the centralized return center. 
Chung et al. [3] considered a multi-echelon CLSC framework involving the manufacturer, 
the retailer, the supplier and the third party dealer handling recycling operations, designed 
under a binding contract in a centrally controlled and decentralized decision-making envi-
ronment to maximize the total joint profits of the system. Giri et al. [9] furthered the work 
of Chung et  al. [3] by including the following modifications: (i) imperfect production 
process with defects which are reworked, (ii) acceptance quality of used/returned items 
dictating the return rate and (iii) a mixed production system involving multiple manufac-
turing and remanufacturing operations. Sasikumar et al. [40] adopted a case study-based 
approach, who formulated a MILP multi-echelon reverse logistics model to maximize prof-
its for a truck tyre company employing remanufacturing in its operational strategy. They 
demonstrated the impact of value creation in product recovery process (for used tyre seg-
ments), which motivated researchers to explore the recovery options in a RL setting. Xiao 
et al. [53] formulated a sustainable multi-echelon supply chain model with demands gov-
erned by the market prices, governmental carbon taxation, and acceptable emission stand-
ards to reduce the emission amount. They employed a contractual tax sharing agreement 
between the supplier and retailer. Ullah et al. [52] investigated an optimal remanufacturing 
strategy under the environment of stochastic demand and returned rate for single and multi-
retailer CLSC models and showed that the hybrid policy is an optimal option for both sin-
gle and multi-retailer cases.

The previous studies in the multi-echelon CSLC area are associated with maximizing/
minimizing objective function with finite manufacturing rates and instantaneous reman-
ufacturing operation of the returned product collected at the remanufacturer. Whereas in 
practice, remanufacturing process is not immediate and occurs at a limited rate. The pri-
mary motive of the present work is to formulate a centralized multi-echelon CLSC deter-
ministic inventory model in a batch production environment with finite manufacturing and 
remanufacturing rates over an infinite time horizon. The previous works by Chung et al. [3] 
and Yuan and Gao [54] in the multi-echelon CLSC considered a single production line for 
the hybrid production system, whereas the present model classifies the manufacturer and 
the remanufacturer as a separate entity in the production environment.
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Assumptions and notations

Assumptions

The formulated model is based on the following assumptions:

1) There is no difference in the quality and durability of remanufactured and manufactured 
products, and the retailer uses all of the remanufactured products to satisfy customer 
demand.

2) The customer’s demand at the retailer and the rate of return from the customers is 
assumed to be constant and uniform (i.e. deterministic) over an infinite time horizon.

3) The production rate for the manufacturing and remanufacturing operation is assumed 
to be constant and greater than the demand rate.

4) The scrap generated during the remanufacturing process is immediately discarded.
5) The finished products are not subjected to deterioration and they are always available 

to the customers i.e. there is no shortage in the system.
6) It is a general consideration that the holding costs for inventory would increase in the 

subsequent processes owing to value addition.
  Hence, C1 > C2,C1 > C5,C1 > C6,C2 > C4∕f ,C2 > C5,C5 > C3∕𝛼.
7) The lead time between various stocking points is neglected in the proposed model.
8) The production cost for manufacturing a brand new product is more than remanufactur-

ing from a recovered product.

The following notations are used in the proposed model (Table 1).

Problem description & model formulation

The proposed model deals with a centrally controlled multi-echelon deterministic CLSC 
framework in a production batch environment consisting of four players, viz. the sup-
plier, the retailer, the manufacturer, and the remanufacturer. The supplier is at the top 
most echelon (Echelon-III). In contrast, manufacturer and remanufacturer are placed 
downstream of the supplier (Echelon-II), and the retailer facing the customer demand is 
being placed at the lower echelon (Echelon-I).

The model is formulated considering an alternate replenishment policy at the retailer 
with at least one manufacturing and one remanufacturing lot for one product, which 
is similar to the work of Teunter [48]. The retailer experiences a constant customer 
demand (D) , which is satisfied via alternate batches of the newly manufactured prod-
ucts and remanufactured products received from the manufacturer and remanufacturer 
respectively during each production cycle. The manufacturer procures Qfi quantity of 
raw material from the supplier and transforms it at a finite production rate P with a 
transformation efficiency f  to produce the finished product with miQi as the batch size. 
Similarly, the remanufacturer collects rD the amount of product returned from the cus-
tomers. When the returned product’s accumulated inventory reaches the maximum 
level, i.e. QRi , remanufacturing production cycle starts to produce liQri batch size of the 
remanufactured product at a finite rate of production Pr and with a transformation effi-
ciency of �.
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Table 1  List of notations

Decision variables

Independent decision variables
mi Number of lots of newly manufactured product shipped by the manufac-

turer to the retailer during one cycle of production in Case-i  ( i  = 1, 2)
li Number of lots of remanufactured product shipped by the remanufacturer 

to the retailer during one cycle of production in Case-i  ( i  = 1, 2)
ki Number of lots of raw material shipped by the supplier to the manufac-

turer during one cycle of production in Case-i(i  = 1, 2), where
ki = 

{

1, 1∕2, 1∕3, ..., 1∕n1
}

 or 
{

1, 2, 3, ..., n1
}

 where n1 and n2 are positive 
integers for Case-1 and Case-2 respectively

zi Number of lots of raw material procured by the supplier in Case-i(i  = 1, 2) 
where zi is a positive integer

Qi Procurement lot size of newly manufactured product received by the 
retailer from the manufacturer in Case—i(i  = 1, 2)

Dependent decision variables
Qfi Procurement lot size of raw material received by the manufacturer from 

the supplier for Case-i(i = 1, 2)
Qri Procurement lot size of remanufactured product received by the retailer 

from the remanufacturer in Case-i(i = 1, 2)
QRi Maximum level of inventory of returned product accumulated at the 

remanufacturer in Case-i(i = 1, 2)
Ti Length of Production cycle in Case-i(i = 1, 2)
Parameters
D Customer’s demand at the downstream side of CLSC per unit time
r Fraction of demand returned by the customer (0 < r < 1)

� Transformation factor of returned product to the remanufactured product 
(0 < 𝛼 ≤ 1)

f Transformation of raw material to finished (newly manufactured) product 
(0 < f ≤ 1)

P Manufacturer’s production rate
Pr Remanufacturer’s production rate
S1 Cost per order of the retailer for newly manufactured product ($/order)
S2 Cost per production setup of the manufacturer ($/setup)
S3 Cost per production setup of the remanufacturer ($/setup)
S4 Cost per order of the manufacturer for raw material ($/order)
S5 Cost per order of the retailer for the remanufactured product ($/order)
S6 Cost per order of the supplier for the procured raw material ($/order)
C1 Retailer’s holding cost of inventory per unit per unit time ($/unit/time)
C2 Manufacturer’s holding cost of inventory per unit per unit time for the 

newly manufactured product ($/unit/time)
C3 Remanufacturer’s holding cost of inventory per unit per unit time for the 

returned product ($/unit/time)
C4 Manufacturer’s holding cost of inventory per unit per unit time for the raw 

material received from the supplier ($/unit/time)
C5 Remanufacturer’s holding cost of inventory per unit per unit time for 

remanufactured product ($/unit/time)
C6 Supplier’s holding cost of inventory of procured raw material per unit per 

unit time ($/unit/time)
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The supplier on the upstream side of the CLSC procures the manufacturer’s raw 
material in a batch of size ziQfi , thus acting as the repository of the raw material inven-
tory for the manufacturer. The scrap generated at the remanufacturer i.e. (1 − �)rD is 
discarded immediately. The inventory setup of the proposed CLSC model is shown in 
the Fig. 1.

During each cycle of production, mi lots, each lot of equal size Qi are shipped by the 
manufacturer to the retailer in a time interval of Qi∕D . After the depletion of inventory 
of newly manufactured product at the retailer, the remanufacturer ships li lots, each lot 
of equal size Qri to the retailer after each interval of time Qri∕D . The demand at the 
retailer drives the coordinated production operations at the manufacturer and remanu-
facturer. The induction of manufacturing and remanufacturing process is in synchroni-
zation with the production completion time of the first delivered lot of newly manufac-
tured product Qi and the remanufactured product Qri to the retailer i.e. there is zero lead 
time for delivery of newly manufactured and remanufactured product.

Therefore, the first lot of size Qi is produced by the manufacturer in time interval 
Qi∕P just after start of production process and shipped to the retailer. However, the 
remaining ( mi − 1 ) lots each of size Qi are delivered to the retailer at a time interval of 
Qi∕D which is same as the time period in which the previously shipped lots are con-
sumed at the retailer. Similarly, for the remanufacturer, delivery of the first remanufac-
tured lot takes period of Qri∕Pr whereas the remaining (li − 1) lots of each size Qri are 
delivered to the retailer at a time interval of Qri∕D.

Supplier

Retailer

Remanufacturer Manufacturer

Raw material 

( )

Manufacturer’s                   

Raw material( )

Remanufactured 

product ( )

Finished product 

( )

Customer’s Demand 

( )

Returned Product ( )

Scrap (1 − )

Fig. 1  Inventory system setup
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Fig. 2  The pattern of variation in inventory levels for various players in the proposed model (Case-I)

Remanufacturer's 

inventory level of 

returned product

Remanufacturers

Accumulated

Inventory level

Inventory level 

of 

remanufactured 

product

l1Qr1

QRi

/
T1 τ1T1

Retailer’s 

accumulated 

inventory 

level due to 

manufacturer

supply

Retailer's inventory 

level of 

manufactured 

product

Retailer’s 

accumulated 

inventory level due 

to remanufacturer’s 

supply

Retailer's inventory level of 

remanufactured product

/ /

Accumulated 

inventory level of 

manufacturer

T1

T1

T1

T1

T1

T1/

rerutcafunameRC

D                  Retailer

E                  Manufacturer's Finished Goods

Time

Time

Time

Inventory
Inventory

Inventory

Inventory level of 

manufactured 

product
m1 Q1 /D

a

b c d

e a

b c d

e a

b c d

e

Fig. 2  (continued)
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Fig. 3  The pattern of variation in inventory levels for various players in the proposed model (Case-II)
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Fig. 3  (continued)
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For each player in the multi-echelon CLSC production inventory model, the inven-
tory variation pattern is depicted in the Figs.  2 & 3. It is observed that there are two 
different cases for raw material procurement by the manufacturer. Correspondingly, the 
supplier’s inventory of the raw material procured will also be different for both cases 
(Table 2).

Joint total cost of the system

For the proposed model, the objective is to minimize the JTC production inventory sys-
tem. As there are four players in the CLSC model, the JTC will be the summation of 
various costs such as cost per production setup, cost per order and holding cost of inven-
tory associated with all of the four players at their respective levels of inventory.

Minimize JTC per unit time = 
{retailer’s (Cost per order of newly manufactured & remanufactured product + Hold-

ing cost of inventory of finished and remanufactured product) + manufacturer’s ( Cost 
per order of raw material from supplier + Holding cost of inventory of procured raw 
material + Cost per production setup for manufacturing process + Holding cost of inven-
tory of newly manufactured product) + remanufacturer’s (Holding cost of inventory of 
returned product + Cost per production setup for the remanufacturing process) + suppli-
er’s ( Cost per order of raw material + Holding cost of inventory of procured raw mate-
rial)}/ Length of the Production cycle.

As there are two different cases for the procurement lot size of raw material for the 
manufacturer, the expression of JTC per unit time for both Case-I and Case-II will 
be different. Therefore, a suffix i is associated with both the cases (where i = 1 for 
Case-I and i = 2 for Case-II) to denote the costs associated as well as the dependent 
( Ti,Qri,QRi,Qfi ) and the independent ( mi,Qi, li, ni, zi ) decision variables. In the subse-
quent sections, the individual costs for each player is derived and discussed.

Table 2  Inventory variation pattern of Manufacturer and Supplier’s raw material

Case –I Case-II

Manufacturer’s Raw 
Material Inventory

Each lot size of raw material ( Qf1) procured 
from the supplier and supplied to the 
manufacturer will be used to produce n1
(k1 = 1∕n1 ) number of production batches 
of the manufacturer

Qf1 = n1m1Q1(1 − �r)∕f  , where n1 is a posi-
tive integer

Each lot size of raw material ( Qf2

) procured from the supplier and 
supplied to the manufacturer will 
be used to produce n2(k2 = n2) 
number of production batches of 
the manufacturer

Qf2 = m2Q2(1 − �r)∕n2f ,
where n2 is a positive integer

Supplier’s procured raw 
material inventory

The supplier procures z1Qf1 quantity of raw 
material to supply the manufacturer each 
lot of size Qf1=n1m1Q1(1 − �r)∕f  of raw 
material during each of the z1 production 
cycles, where z1 is a positive integer

The supplier procures z2Qf2 
quantity of raw material to supply 
the manufacturer each lot of size 
Qf2 = m2Q2(1 − �r)∕n2f  of raw 
material during each of the z2 
production cycles, where z2 is a 
positive integer
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Retailer

From the sub graph D of Figs. 2 & 3, it is evident that the retailer’s inventory is replen-
ished mi times by the newly manufactured product and li times by the remanufactured 
product in one production cycle. It places orders from both manufacturer and remanu-
facturer according to the customer’s demand and maintains an inventory of both manu-
factured and remanufactured products. Therefore, four different costs are related to the 
retailer- Cost per order of manufactured and remanufactured products and holding cost 
of inventory of manufactured and remanufactured products.

Cost per order for the retailer

The retailer places mi orders and li orders to the manufacturer and remanufacturer respec-
tively during each production cycle. Also, the number of production cycles per unit time 
is 1∕Ti . The cost per order of the retailer per unit time is (miS1 + liS5)∕Ti and on substi-
tuting the value of Ti , we obtain the simplified expression as (1 − �r)(S1 + liS5∕mi)D∕Qi.

Holding cost of inventory for the retailer

The inventory variation graph for the retailer is shown in subgraph D of Figs. 2 & 3. 
The retailer’s average inventory level is calculated by finding the total area of the trian-
gles corresponding to the lots delivered by the manufacturer and remanufacturer.

Average level of inventory per unit time for the retailer ∶
(

miQ
2

i
+ liQ

2

ri

)

∕(2TiD) . On 
simplification we obtain, average level of inventory per unit time of the retailer as 

(1 − �r)

{

1 +
mi

li

(

�r

1−�r

)2
}

Q1

2
 . Therefore, the holding cost of inventory for the retailer 

per unit time is expressed as (1 − �r)

{

1 +
mi

li

(

�r

1−�r

)2
}

Q1C1

2
.

Manufacturer

During each production cycle, the manufacturer replenishes its inventory of raw mate-
rial ki times, installs a setup for the production of finished product and stacks raw mate-
rial inventory (subgraph B of Figs. 2 & 3) and newly manufactured product inventory 
(subgraph E of Figs. 2 & 3). Hence, the related costs for the manufacturer are holding 
cost of inventory of raw material and newly manufactured product as well as the cost 
per order of the raw material and cost per production setup.

Cost per order of raw material for the manufacturer

It is evident from the subgraph B of Fig. 2 and Fig. 3 that the manufacturer places 1∕n1T1 
(Case-I) and n2∕T2  (Case-II) number of orders of raw material per unit time. This 
can be further simplified and written as (1 − �r)D∕(n1m1Q1) and n2(1 − �r)D∕(m2Q2) 
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respectively. Hence, Cost per order of raw material per unit time for the manufacturer 
is (1 − �r)DS4∕(n1m1Q1) and n2(1 − �r)DS4∕(m2Q2) for Case-I and Case-II respectively.

Holding cost of inventory of raw material for the manufacturer

The manufacturer’s average inventory level of raw material per unit time is derived using 
principles of geometry from the subgraph B of Figs. 2 and 3 for Case-I & II, respectively. 
For Case-I, the area of inventory diagram is calculated for ’ n1 ’ number of production cycles 
corresponding to a lot of procured raw material to obtain the average level of inventory. 
Similarly, for Case-II, the area of inventory diagram is calculated for ′n′

2
 lots of procured 

raw material by the manufacturer for one cycle of production to obtain the average level of 
inventory. Average level of inventory for Case-I is derived as 1

n1T1

{

m1n1(n1−1)Q1T1

2f
+

m2

1
n1Q

2

1

2Pf

}

 

and for Case –II as 1
T2

{

m2

2
Q2

2

2n2P

}

.
On further simplification, the expressions for inventory holding cost of raw material for 

the manufacturer are written as Case-I: m1

{

(n1 − 1) + (1 − �r)
D

P

}

Q1C4

2f
 and Case-II: 

m2(1−�r)DQ2C4

(2n2Pf )
.

Cost per production setup for the manufacturer

The manufacturer installs one production setup at the beginning of the production cycle. 
The production cycle length is Ti and cost of production setup is S2 . Hence, cost per pro-
duction setup per unit time is expressed as S2∕Ti  which is further simplified as (1−�r)DS2

(miQi)
.

Holding cost of inventory of finished goods for the manufacturer

The finished goods are produced by the manufacturer at a production rate of P∕f  , which 
are then supplied in the form of mi lots of each size Qi to the retailer during each pro-
duction cycle. However, the rate of production of finished goods by the manufacturer is 
greater than the rate of delivery to the retailer. This leads to accumulation of inventory at 
the manufacturer which is obtained from the subgraph E of Figs. 2 & 3 by using principles 
of geometry.

This can be further simplified as (1 − �r)
{

(

mi − 1
)

− (mi − 2)
D

P

}

Qi

2
 . Hence, the hold-

ing cost of inventory of finished product per unit time for the manufacturer is expressed as 
(1 − �r)

{

(

mi − 1
)

− (mi − 2)
D

P

}

QiC2

2
.

Remanufacturer

The remanufacturer collects the used product returned by the end user and recovers the 
value from the product by remanufacturing process. The rate of remanufacturing is Pr 

Average inventory per unit time = Accumulated inventory − Retailer�s accumulated inventory

of manufaturer�s finished product of manufacturer per unit time due to manufacturer�s supply

=
1

Ti

[

miQi

{

Qi

P
+

(mi−1)Qi

D

}

−
m2
i
Q2
i

2P

]

−
1

Ti

[

mi (mi−1)Q
2

i

2D

]
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and the remanufacturer stacks and maintain level of returned and remanufactured product 
inventory and installs one production setup during each cycle of production for remanufac-
turing operation. Therefore, the costs associated with the remanufacturer are holding cost 
of inventory of the remanufactured and returned product and cost per production setup of 
remanufactured product.

Cost per production setup for the remanufacturer

The remanufacturer installs one production setup for the entire cycle production which is 
of length Ti and so, the cost per production setup for the remanufacturer will be S3∕Ti . On 
simplifying, while substituting value of Ti , the cost per production setup can be expressed 
as (1 − �r)S3D∕(miQi).

Holding cost of inventory of returned product for the remanufacturer

The remanufacturer collects the returned product rD  continuously from the end user dur-
ing the entire production cycle. When the retuned product reaches maximum inventory 
level QRi , the remanufacturer starts production process. Hence, in order to find the accumu-
lated level of inventory of retuned product for the remanufacturer, the area of triangle (Sub-
graph C of Figs.  2 & 3) is calculated as TiQRi∕2 for one production cycle. Substituting 
value of Ti , we obtain the holding cost of inventory of returned product per unit time for the 
remanufacturer as mi

�

(

�r

1−�r

)(

1 −
�rD

Pr

)

QiC3

2
.

Holding cost of inventory of remanufactured product for the remanufacturer

The remanufacturer supplies li lots of size Qri to the retailer during each cycle of produc-
tion. The rate of remanufacturing operation is greater than the rate of delivery of remanu-
factured product to the retailer. Hence, inventory gets accumulated at the remanufacturer 
which can be obtained from the subgraph C of Figs. 2 & 3 using principles of geometry.

This can be further simplified as mi�r

li
(

�r

1−�r
)
{

(

li − 1
)

− (li − 2)
D

Pr

}

Qi

2
 . Hence, the hold-

ing cost of inventory of remanufactured product for the remanufacturer is derived as 
mi�r

li
(

�r

1−�r
)
{

(

li − 1
)

− (li − 2)
D

Pr

}

QiC5

2
.

Supplier

The supplier replenishes its inventory zi times during each production cycle and supplies 
the raw material to the manufacturer. The costs associated with the supplier are the holding 
cost of inventory of raw material and cost per order of raw material.

Remanufacturer�s accumulated inventory = Remanufacturer�s − Retailer�s accumulated inventory due to

of remanufactured product per unit time accumulated inventory remanufacturer�s supply

=
1

Ti

[

liQri

{

Qri

Pr
+

(li−1)Qri

D

}

−
l2
i
Q2
ri

2Pr

]

−
1

Ti

(

li (li−1)Q
2
ri

2D

)
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Cost per order for the supplier

The supplier procures raw material during each production cycle in order to supply it to the 
manufacturer. The procurement lot size of the supplier is z1m1n1Q1

f
 for Case-I and z2m2Q2

n2f
 for 

Case-II.
The supplier places 1∕(z1n1T1) and n2∕(z2T2) number of orders of raw material per unit 

time. By substituting value of Ti , this can be written as (1 − �r)D∕(z1m1n1Q1) for Case-I and 
(1 − �r)Dn2∕(z1m1Q1) for Case-II. Hence, the Cost per order for the supplier is derived as 
(1 − �r)DS6∕(z1m1n1Q1) for Case-I and (1 − �r)Dn2S6∕(z1m1Q1) for Case-II.

Holding cost of inventory for the supplier

The inventory variation pattern of the supplier is depicted in the subgraph A of Figs. 2 & 3. 
The area of the inventory diagram gives the average inventory of the supplier for Case- I and 
Case-II.

Case-I: Total area of the inventory diagram of the supplier

Average holding cost of inventory for the supplier per unit time = (z1−1)m1n1(1−�r)C6Q1

2f
.

Case-II: Total area of inventory diagram of the supplier

Average holding cost of inventory for the supplier per unit time

Objective function

The individual cost expressions for each of the players is derived above. The summation of 
all the cost components of all the players involved in the CLSC yields the JTC of the system 
which is the objective function of the proposed model.

For Case-I, JTC is expressed as

=

z1
∑

1

cycles =
m1n1Q1(1 − �r)

f
∗
m1Q1

D
∗

{

z2
1
−

z1(z1 + 1)

2

}

=

z1
∑

1

lots =
z2(z2 − n2)(1 − �r)m2Q2

2X2

2
f

∗

{

m2Q2

n2D
−

(n2 − 1)m2Q2(1 − �r)

n2P

}

=
(z2 − n2)m2(1 − �r)C6Q2

2n2f
+

D(n2 − 1)m2(1 − �r)2C6

2n2fP
.

(1)

JTC1(m1,n1, l1, z1,Q1) = (1 − �r)

�

S1 +
S2

m1

+
S3

m1

+
S4

m1n1
+

l1S5

m1

+
S6

m1n1z1

�

D

Q1

+

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

(1 − �r)

�

1 +
m1

l1

�

�r

1 − �r

�2
�

C1 + (1 − �r)
�

(m1 − 1) − (m1 − 2)
D

P

�

C2+

m1

�

�

�r

1 − �r

�

�

1 −
�rD

Pr

�

C3 + m1

�

(n1 − 1) + (1 − �r)
D

P

�

C4∕f+

m1�r

l1

�

�r

1 − �r

�

�

(l1 − 1) − (l1 − 2)
D

Pr

�

C5 +
(z1 − 1)m1n1(1 − �r)C6

f

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

Q1

2
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Let �1 = (1 − �r)
[

S1 +
S2

m1

+
S3

m1

+
S4

m1n1
+

l1S5

m1

+
S6

m1n1z1

]

 and

Hence,

Similarly, for Case-II, the JTC for the proposed model is expressed as

Solution technique

The above formulated objective function (i.e. JTC) is an unconstrained MINLP problem and 
the optimal solution can be found out by using classical optimisation technique. Hence, we 
use differentiation technique to find out first and second derivatives of the objective func-
tion with respect to each decision variable one by one while keeping other decision variables 
fixed and these derivatives are presented in Appendix 1. Also, the integer requirements on 
m1, n1, l1, andz1 are relaxed temporarily while finding the optimal solution.

As the second derivatives for all the cases is greater than zero, we conclude that 
JTC1(Q1,m1, n1, l1, z1) is convex in m1, n1, l1and z1 for fixed Q1, n1, l1, z1 ; for fixed 
Q1,m1, l1, z1 ; for fixed Q1,m1, n1, z1 and for fixed Q1,m1, n1, l1 respectively.

In order to obtain optimal solution for all the decision variables Q1,m1, n1, l1, z1 , consider 
them as continuous variables and equating first derivatives to zero. We get,

�1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

(1 − �r)

�

1 +
m1

l1

�

�r

1 − �r

�2
�

C1 + (1 − �r)
�

(m1 − 1) − (m1 − 2)
D

P

�

C2+

m1

�

�

�r

1 − �r

�

�

1 −
�rD

Pr

�

C3 + m1

�

(n1 − 1) + (1 − �r)
D

P

�

C4∕f+

m1�r

l1

�

�r

1 − �r

�

�

(l1 − 1) − (l1 − 2)
D

Pr

�

C5 +
(z1 − 1)m1n1(1 − �r)C6

f

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(2)JTC1(Q1,m1, n1, l1z1) =
D�1

Q1

+
Q1�1

2

(3)

JTC2(m2, n2, l2, z2,Q2) = (1 − �r)

�

S1 +
S2

m2

+
S3

m2

+
n2S4

m2

+
l2S5

m2

+
n2S6

m2z2

�

D

Q2

+

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

(1 − �r)

�

1 +
m2

l2

�

�r

1 − �r

�2
�

C1 + (1 − �r)
�

(m2 − 1) − (m2 − 2)
D

P

�

C2+

m2

�

�

�r

1 − �r

�

�

1 −
�rD

Pr

�

C3 +
m2

n2

(1 − �r)D

P
C4∕f

+
m2�r

l2

�

�r

1 − �r

�

�

�

l2 − 1
�

− (l2 − 2)
D

Pr

�

C5

+

�

(z2 − n2)m2(1 − �r)

n2f
+

D(n2 − 1)m2(1 − �r)2

n2fP

�

C6

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

Q2

2

(4)Q∗
1
(m1, n1, l1, z1) =

√

2D�1∕�1
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The optimal value of decision variables is to be obtained solely in terms of constants. 
Hence, the Eqs. (4)-(5) are solved simultaneously to obtain the optimal solutions for the deci-
sion variables as

(5)

m∗
1
(Q1, n1, l1, z1) =

1

Q1

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

2D(1 − �r)
�

S2 + S3 +
S4

n1
+ l1S5 +

S6

z1n1

�

�r

l1

�

�r

1 − �r

�

�

C1 −

�

1 −
2D

Pr

�

C5

�

+

⎡

⎢

⎢

⎢

⎢

⎣

(1 − �r)
�

1 −
D

P

�

C2 +
1

�

�

�r

1 − �r

�

�

1 −
�rD

Pr

�

C3

−
�

1 − (1 − �r)
D

P

�C4

f
+ �r

�

�r

1 − �r

�

�

1 −
D

Pr

�

C5

⎤

⎥

⎥

⎥

⎥

⎦

+
n1C4

f
+

(z1 − 1)C6(1 − �r)n1

f

(6)n∗
1
(Q1,m1, z1) =

1

Q1m1

√

√

√

√

√

2Df (1 − �r)
(

S4 +
S6

z1

)

C4 + (z1 − 1)C6(1 − �r)

(7)l∗
1
(Q1,m1) = Q1m1

√

√

√

√

√

�r
(

�r

1−�r

){

C1 −
(

1 −
D

Pr

)

C5

}

2D(1 − �r)S5

(8)z∗
1
(Q1,m1, n1) =

1

Q1m1n1

√

2DS6f

C6

(9)Q∗
1
=

√

√

√

√

2DS1

C1 −
(

1 −
2D

P

)

C2

(10)

m∗
1
=

�

�

�

�

�

�

�

�

�

�

�

�

�

(S2 + S3)(1 − �r)
�

C1 −
�

1 −
2D

P

�

C2

�

S1

⎡

⎢

⎢

⎢

⎢

⎣

(1 − �r)
�

1 −
D

P

�

C2 +
1

�

�

�r

1 − �r

�

�

1 −
�rD

Pr

�

C3

−
�

1 − (1 − �r)
D

P

�C4

f
+ �r

�

�r

1 − �r

�

�

1 −
D

Pr

�

C5

⎤

⎥

⎥

⎥

⎥

⎦
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And

For the sake of simplifying above equations,
Let

And

The Eqs. (9)-(10) can be written in simplified form as follow

(11)

n∗
1
=

�

�

�

�

�

�

�

�

�

�

�

�

S4f

⎡

⎢

⎢

⎢

⎢

⎣

(1 − �r)
�

1 −
D

P

�

C2 +
1

�

�

�r

1 − �r

�

�

1 −
�rD

Pr

�

C3

−
�

1 − (1 − �r)
D

P

�C4

f
+ �r

�

�r

1 − �r

�

�

1 −
D

Pr

�

C5

⎤

⎥

⎥

⎥

⎥

⎦

�

S2 + S3
��

C4 − C6(1 − �r)
�

(12)

l∗
1
=

�

�

�

�

�

�

�

�

�

�

�

�

�

�

S2 + S3
�

�r
�

�r

1−�r

��

C1 −
�

1 −
2D

Pr

�

C5

�

S5

⎡

⎢

⎢

⎢

⎢

⎣

(1 − �r)
�

1 −
D

P

�

C2 +
1

�

�

�r

1 − �r

�

�

1 −
�rD

Pr

�

C3

−
�

1 − (1 − �r)
D

P

�C4

f
+ �r

�

�r

1 − �r

�

�

1 −
D

Pr

�

C5

⎤

⎥

⎥

⎥

⎥

⎦

(13)z∗
1
=

√

S6
[

C4 − C6(1 − �r)
]

C6(1 − �r)S4

(14)
�1 = (1 − �r)

(

1 −
D

P

)

C2 +
1

�

(

�r

1 − �r

)

(

1 −
�rD

Pr

)

C3

−
{

1 − (1 − �r)
D

P

}C4

f
+ �r

(

�r

1 − �r

)

(

1 −
D

Pr

)

C5

(15)� = �r
(

�r

1 − �r

)

{

C1 −

(

1 −
2D

Pr

)

C5

}

(16)� = C1 −
(

1 −
2D

P

)

C2

(17)Q∗
1
=

√

2DS1

�

(18)m∗
1
=

√

(S2 + S3)(1 − �r)�

S1�1

(19)n∗
1
=

√

S4�1f

(S2 + S3)
[

C4 − C6(1 − �r)
]
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And

Similarly, for Case-II the derived expressions of optimal value of decision variables 
considering them as continuous are expressed as follows

Where

Formulation of algorithm

Case‑I

For a fixed value of m1, n1, l1and z1 , substituting the value of Q∗
1
 from Eq. (4) in Eq. (2), we 

get the minimum JTC of the system ( JTC1)

(20)l∗
1
=

√

(S2 + S3)�

A5�1

(21)z∗
1
=

√

[

C4 − (1 − �r)C6

]

S6

C6(1 − �r)S4

(22)Q∗
2
=

√

2DS1

�

(23)m∗
2
=

√

(S2 + S3)(1 − �r)�

S1�2

(24)n∗
2
=

√

(

S2 + S3
)

(1 − �r)D
[

C4 − C6(1 − �r)
]

PfS4�2

(25)l∗
2
=

√

(S2 + S3)�

S5�2

(26)z∗
2
=

√

S6D
[

C4 − (1 − �r)C6

]

C6S4P

(27)

�2 = (1 − �r)
(

1 −
D

P

)

C2 +
1

�

(

�r

1 − �r

)

(

1 −
�rD

Pr

)

C3 + �r
(

�r

1 − �r

)

(

1 −
D

Pr

)

C5

−(1 − �r)
C6

f
+

DC6(1 − �r)2

fP

(28)JTC1(m1, n1, l1, z1) =
√

2D�1�1
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As the values of m1, n1, l1, z1 are assumed as integers, the JTC for the proposed inventory 
model is calculated using the following procedure.

The minimisation of [JTC1(m1, n1, l1, z1)]
2 is equivalent to mini-

misation of JTC1(m1, n1, l1, z1) (from (28). This implies that 
MinJTC1(m1, n1, l1, z1) ≡ Min[JTC1(m1, n1, l1, z1)]

2 = Min2D�1�1

The terms independent of m1, n1, l1, z1 are eliminated from the above expression (Eq. (29)). 
Let this new minimisation function of JTC1(m1, n1, l1, z1) be denoted by �1(m1, n1, l1, z1).
Thus,

As the Eq. (28) is convex for a fixed value of m1, n1, l1, z1 , hence the Eq. (30) is also convex 
for fixed value of m1, n1, l1, z1.

For minimising the function �1(m
∗
1
, n∗

1
, l∗
1
, z∗

1
) in Eq.  (30) for fixed n∗

1
, l∗
1
, z∗

1
 , the corre-

sponding optimal value of m∗
1
 will satisfy the inequalities (31) and (32) stated below.

Now, eliminating terms independent of m∗
1
 in Eq. (31), we get the simplified expression as 

below,

(29)

= Min2D(1 − �r)

�

S1 +
S2

m1

+
S3

m1

+
S4

m1n1
+

l1S5

m1

+
S6

m1n1z1

�

×

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

(1 − �r)

�

1 +
m1

l1

�

�r

1 − �r

�2
�

C1 + (1 − �r)
�

(m1 − 1) − (m1 − 2)
D

P

�

C2+

m1

�

�

�r

1 − �r

�

�

1 −
�rD

Pr

�

C3 + m1

�

(n1 − 1) + (1 − �r)
D

P

�

C4∕f+

m1�r

l1

�

�r

1 − �r

�

�

(l1 − 1) − (l1 − 2)
D

Pr

�

C5 +
(z1 − 1)m1n1(1 − �r)C6

f

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(30)

�1(m1, n1, l1, z1) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

�

m1S1 +
S4

n1
+ l1S5 +

S6

n1z1

�

�1

+

�

m1n1S1 + n1(S2 + S3) + n1l1S5 +
S6

z1

�

C4

f

+

�

S2 + S3

m1

+
S4

m1n1
+

l1S5

m1

+
S6

m1n1z1

�

(1 − �r)�

+

�

m1S1

l1
+

S2 + S3

l1
+

S4

n1l1
+

S6

n1l1z1

�

�

+
(1 − �r)C6

f

⎡

⎢

⎢

⎣

m1n1z1S1 + S2n1z1 + S3n1z1 + S4z1 + l1n1z1S5

−m1n1S1 − n1S2 − n1S3 − l1n1S5 −
S6

z1

⎤

⎥

⎥

⎦

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(31)�1(m
∗
1
, n∗

1
, l

∗

1
, z∗

1
) ≤ �1(m

∗
1
+ 1, n∗

1
, l

∗

1
, z∗

1
)

(32)�1(m
∗
1
, n∗

1
, l

∗

1
, z∗

1
) ≤ �1(m

∗
1
− 1, n∗

1
, l

∗

1
, z∗

1
)
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This is further simplified as

In a similar way, from Eq. (2), we get

Combining both the expressions, we get

Similarly, the expressions for other decision variables for Case-1 and Case-2 are as 
follows:

For Case-2 the expressions of inequalities of decision variables are

⎡

⎢

⎢

⎢

⎣

m∗
1
S1

�

�1 +
n∗
1
C4

f
+

�

l∗
1

+
n∗
1
C6(1 − �r)(z∗

1
− 1)

f

�

+

(1 − �r)�
�

S2 + S3 +
S4

n∗
1

+ l∗
1
S5 +

S6

n∗
1
z∗
1

�

m∗
1

⎤

⎥

⎥

⎥

⎦

≤

⎡

⎢

⎢

⎢

⎣

�

m∗
1
+ 1

�

S1

�

�1 +
n∗
1
C4

f
+

�

l∗
1

+
n∗
1
C6(1 − �r)(z∗

1
− 1)

f

�

+

(1 − �r)�
�

S2 + S3 +
S4

n∗
1

+ l∗
1
S5 +

S6

n∗
1
z∗
1

�

(m∗
1
+ 1)

⎤

⎥

⎥

⎥

⎦

m∗
1
(m∗

1
+ 1) ≥

(

S2 + S3 +
S4

n∗
1

+ l∗
1
S5 +

S6

n∗
1
z∗
1

)

(1 − �r)�

S1

(

�1 +
n∗
1
C4

f
+

�

l∗
1

+
n∗
1
(1−�r)(z∗1−1)C6

f

)

m∗
1
(m∗

1
− 1) ≤

(

S2 + S3 +
S4

n∗
1

+ l∗
1
S5 +

S6

n∗
1
z∗
1

)

(1 − �r)�

S1

(

�1 +
n∗
1
C4

f
+

�

l∗
1

+
n∗
1
(1−�r)(z∗1−1)C6

f

)

(33)m∗
1
(m∗

1
− 1) ≤

(

S2 + S3 +
S4

n∗
1

+ l∗
1
S5 +

S6

n∗
1
z∗
1

)

(1 − �r)�

S1

(

�1 +
n∗
1
C4

f
+

�

l∗
1

+
n∗
1
(1−�r)(z∗1−1)C6

f

)
≤ m∗

1
(m∗

1
+ 1)

(34)l∗
1
(l∗
1
− 1) ≤

(

m∗
1
S1 + S2 + S3 +

S4

n∗
1

+
S6

n∗
1
z∗
1

)

�

S5

(

�1 +
n∗
1
C4

f
+

(1−�r)�

m∗
1

+
(z∗

1
−1)(1−�r)C6n

∗
1

f

) ≤ l∗
1
(l∗
1
+ 1)

(35)z∗
1

(

z∗
1
− 1

)

≤

(

�1

n∗
1

+
C4

f
+

(1−�r)�

n∗
1
m∗

1

+
�

n∗
1
l∗
1

−
(1−�r)C6

f

)

S6

(1−�r)C6

f

(

m∗
1
n∗
1
S1 + n∗

1
S2 + n∗

1
S3 + S4 + l∗

1
n∗
1
S5
)

≤ z∗
1

(

z∗
1
+ 1

)

(36)

m∗
2
(m∗

2
− 1) ≤

�

S2 + S3 + n∗
2
S4 + l∗

2
S5 +

n∗
2
S6

z∗
2

�

�

S1

⎡

⎢

⎢

⎢

⎢

⎣

�2 +
(1 − �r)DC4

n∗
2
Pf

+
�

l
∗

2

+

(1 − �r)C6

f

�

z∗
2

n∗
2

− 1 +
D(1 − �r)

P
−

D(1 − �r)

n∗
2
P

�

⎤

⎥

⎥

⎥

⎥

⎦

≤ m∗
2
(m∗

2
+ 1)
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The above mentioned solution technique gives the optimal integer values of m∗
i
 for fixed 

n∗
i
, l∗
i
, z∗

i
 , of n∗

i
 for fixed m∗

i
, l∗
i
, z∗

i
 and of z∗

i
 for fixed m∗

i
, n∗

i
, l∗
i
 in terms of inequalities. There-

fore, in order to find the exact optimal integer value of the decision variables (i.e. number 
of lots m∗

i
, n∗

i
, l∗
i
, z∗

i
 ) corresponding to the minimum JTC, the method of iteration is used.

An algorithm for Case-I & Case-II is formulated to find the optimal value of independ-
ent decision variables.

Algorithm
Case-I
Main Routine-1

Step-1: Obtain the optimal value of n∗
1
 from Eq. (11).

Step-2: If n∗
1
< 1 , find the value of n∗

2
  from Eq. (24), else go to Step 5;

Step-3: If n∗
2
< 1 then n∗

1
= n∗

2
= 1;

Step-4: If n∗
2
> 1 then go to Main routine 2;

Step-5: To obtain the lower bound n∗L
1

 , find 
[

n∗
1

]

 , n∗L
1

=
[

n∗
1

]

;
Step-6: Let n1 = n∗L

1
 and Go to Subroutine-1a;

Step-7: Let JTC∗
1
(Q1,m1, n1, l1, z1) = JTC∗∗∗

1
(Q1,m1, n1, l1, z1);

Step-8: Let n1 = n1 + 1 and then go to Subroutine-1a;
Step-9: Let JTC∗a

1
(Q1,m1, n1, l1, z1) = JTC∗∗∗

1
(Q1,m1, n1, l1, z1);

Step-10: Let n1 = n1 − 1 and then go to Subroutine-1a;
Step-11: If n1 > 0 then let JTC∗b

1
(Q1,m1, n1, l1, z1) = JTC∗∗∗

1
(Q1,m1, n1, l1, z1) else go to 

Step-13;
Step-12: If JTC∗b

1
(Q1,m1, n1, l1, z1) > JTC∗a

1
(Q1,m1, n1.l1, z1) , else go to Step-16;

Step-13: If JTC∗a
1
(Q1,m1, n1, l1, z1) < JTC∗

1
(Q1,m1, n1, l1, z1) , then 

JTC∗
1
(Q1,m1, n1, l1, z1) = JTC∗a

1
(Q1,m1, n1, l1, z1) else Stop;

Step-14: For n1 = n1 + 1 , go to Subroutine-1a;
Step-15: If JTC∗∗∗

1
(Q1,m1, n1, l1, z1) < JTC∗

1
(Q1,m1, n1, l1, z1) , then 

JTC∗
1
(Q1,m1, n1, l1, z1) = JTC∗∗∗

1
(Q1,m1, n1, l1, z1) and go to Step14, else Stop;

Step-16: If JTC∗b
1
(Q1,m1, n1, l1, z1) < JTC∗

1
(Q1,m1, l1, n1, z1) , then 

JTC∗
1
(Q1,m1, nl, l1, z1) = JTC∗b

1
(Q1,m1, n1, l1, z1) else Stop;

Step-17: For n∗
1
= n∗

1
− 1 , Go to Subroutine-1a;

(37)

l∗
2
(l∗
2
− 1) ≤

�

�

m∗
2
S1 + S2 + S3 + n∗

2
S4 +

n∗
2
S6

z∗
2

�

S5

⎡

⎢

⎢

⎢

⎢

⎣

�2 +
�

m∗
2

+
(1 − �r)DC4

Pfn∗
2

+

(z∗
2
− n∗

2
)(1 − �r)

n∗
2
f

+

�

n∗
2
− 1

�

D(1 − �r)2

n∗
2
Pf

⎤

⎥

⎥

⎥

⎥

⎦

≤ l∗
2
(l∗
2
+ 1)

(38)

z∗
2
(z∗

2
− 1) ≤

S6

⎛

⎜

⎜

⎜

⎜

⎝

n∗
2
�2 +

(1 − �r)DC4

Pf
+

n∗
2
�

m∗
2

+
n∗
2
�

l∗
2

−
(1 − �r)n∗

2
C6

f

+
n∗
2
D(1 − �r)2C6

fP
−

D(1 − �r)2C6

fP

⎞

⎟

⎟

⎟

⎟

⎠

C6(1−�r)

n∗
2
f

�

m∗
2
S1 + S2 + S3 + S4n

∗
2
+ S5l

∗
2

�

≤ z∗
2
(z∗

2
+ 1)
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Step-18: If JTC∗∗∗
1

(Q1,m1, n1, l1, z1) < JTC∗
1
(Q1,m1, n1, l1, z1) , the 

JTC∗
1
(Q1,m1, n1, l1, z1) = JTC∗∗∗

1
(Q1,m1, n1, l1, z1) and go to Step17, else Stop;

//*JTC∗
1
(Q1,m1, n1, l1, z1) is the Optimal value//

Subroutine-1a

Step-1: Obtain the integral value of zU
1

 by substituting value of  n∗
1
 and considering 

m∗
1
= 1 and l∗

1
= 1 from Eq. (35);

Step-2: Let z1 = zU
1

.
Step-3: Go to Subroutine-2a.
Step-4: Let JTC∗∗∗

1
(Q1,m1, n1, l1, z1) = JTC∗∗

1
(Q1,m1, n1, l1, z1);

Step-5: Let z1 = z1 + 1 and go to Subroutine-2a;
Step-6: If JTC∗∗

1
(Q1,m1, n1, l1, z1) < JTC∗∗∗

1
(Q1,m1, n1, l1, z1) then 

JTC∗∗∗
1

(Q1,m1, n1, l1, z1) = JTC∗∗
1
(Q1,m1, n1, l1, z1) and go to Step 5, else return;

Subroutine-2a:-

Step-1: Obtain the integral value of mL
1
  by considering l∗

1
= 1 from Eq. (33)

Step-2: Let m1 = mL
1
;

Step-3: Go to Subroutine-3a;
Step-4: Let JTC∗∗

1
(Q1,m1, n1, l1, z1) = JTC1(Q1,m1, n1, l1, z1);

Step-5: Let m1 = m1 + 1 , Go to Subroutine-3a;
Step-6: If JTC1(Q1,m1, n1, l1, z1) < JTC∗∗

1
(Q1,m1, n1, l1, z1) then 

JTC1(Q1,m1, n1, l1, z1) = JTC∗∗
1
(Q1,m1, n1, l1, z1) , go to Step5, else return;

Subroutine-3a:-

Step-1: By substituting the associated values of n1,m1, z1 into the Eq. (34) find the value 
of l1;
Step-2: Similarly, substitute all the associated values of n1,m1, l1, z1 in Eq. (4) to obtain 
the value of Q1;
Step-3: Using all of the values of decision variables find the JTC for given parameters 
JTC1(Q1,m1, n1, l1, z1) by substituting value of Q1,m1, n1, l1, z1 in Eq. (1) return;

Similarly, for Case-II,
Main Routine-2

Step 1: To obtain the lower bound n∗L
2

 , find 
[

n∗
2

]

 , n∗L
2

=
[

n∗
2

]

;
Step-2: Let n2 = n∗L

2
 and Go to Subroutine-1b;

Step-3: Let JTC∗
2
(Q2,m2, n2, l2, z2) = JTC∗∗∗

2
(Q2,m2, n2, l2, z2);

Step-4: Let n2 = n2 + 1 and then go to Subroutine-1b;
Step-5: Let JTC∗a

2
(Q2,m2, n2, l2, z2) = JTC∗∗∗

2
(Q2,m2, n2, l2, z2);

Step-6: Let n2 = n2 − 1 and then go to Subroutine-1b;
Step-7: If n2 > 0 then let JTC∗b

2
(Q2,m2, n2, l2, z2) = JTC∗∗∗

2
(Q2,m2, n2, l2, z2) else go to 

Step-9;
Step-8: If JTC∗b

2
(Q2,m2, n2, l2, z2) > JTC∗a

2
(Q2,m2, n2.l2, z2) , else go to Step-12;

Step-9: If JTC∗a
2
(Q2,m2, n2, l2, z2) < JTC∗

2
(Q2,m2, n2, l2, z2) , then 

JTC∗
2
(Q2,m2, n2, l2, z2) = JTC∗a

2
(Q2,m2, n2, l2, z2) else Stop;

Step-10: For n2 = n2 + 1 , go to Subroutine-1b;
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Step-11: If JTC∗∗∗
2

(Q2,m2, n2, l2, z2) < JTC∗
2
(Q2,m2, n2, l2, z2) , then 

JTC∗
2
(Q2,m2, n2, l2, z2) = JTC∗∗∗

2
(Q2,m2, n2, l2, z2) and go to Step10, else Stop;

Step-12: If JTC∗b
2
(Q2,m2, n2, l2, z2) < JTC∗

2
(Q2,m2, l2, n2, z2) , then 

JTC∗
2
(Q2,m2, n2, l2, z2) = JTC∗b

2
(Q2,m2, n2, l2, z2) else Stop;

Step-13: For n∗
2
= n∗

2
− 1 , Go to Subroutine-1a;

Step-14: If JTC∗∗∗
2

(Q2,m2, n2, l2, z2) < JTC∗
2
(Q2,m2, n2, l2, z2) , then 

JTC∗
2
(Q2,m2, n2, l2, z2) = JTC∗∗∗

2
(Q2,m2, n2, l2, z2) and go to Step13, else Stop;

//JTC∗
2
(Q2,m2, n2, l2, z2) is the Optimal value//

Subroutine-1b

Step-1: Obtain the integral value of zU
2

 by substituting value of  n∗
2
 and considering m∗

2
= 1 

and l∗
2
= 1 from Eq. (38);

Step-2: Let z2 = zU
2

.
Step-3: Go to Subroutine-2b.
Step-4: Let JTC∗∗∗

2
(Q2,m2, n2, l2, z2) = JTC∗∗

2
(Q2,m2, n2, l2, z2);

Step-5: Let z2 = z2 + 1 and go to Subroutine-2b;
Step-6: If JTC∗∗

2
(Q2,m2, n2, l2, z2) < JTC∗∗∗

2
(Q2,m2, n2, l2, z2) then 

JTC∗∗∗
2

(Q2,m2, n2, l2, z2) = JTC∗∗
2
(Q2,m2, n2, l2, z2) and go to Step 5, else return;

Subroutine-2b:-

Step-1: Obtain the integral value of mL
2
  by considering l∗

2
= 1 from Eq. (36)

Step-2: Let m2 = mL
2
;

Step-3: Go to Subroutine-3b;
Step-4: Let JTC∗∗

2
(Q2,m2, n2, l2, z2) = JTC2(Q2,m2, n2, l2, z2);

Step-5: Let m2 = m2 + 1 , Go to Subroutine-3b;
Step-6: If JTC2(Q2,m2, n2, l2, z2) < JTC∗∗

2
(Q2,m2, n2, l2, z2) then 

JTC2(Q2,m2, n2, l2, z2) = JTC∗∗
2
(Q2,m2, n2, l2, z2) , go to Step 5, else return;

Subroutine-3b:-

Step-1: By substituting the associated values of n2,m2, z2 into the Eq. (37) find the value of 
l2;
Step-2: Similarly, substitute all the associated values of n2,m2, l2, z2 in Eq. (22) to obtain 
the value of Q2;
Step-3: Using all of the values of decision variables find the JTC for given parameters 
JTC2(Q2,m2, n2, l2, z2) by substituting value of Q2,m2, n2, l2, z2 in Eq. (3) return;

Numerical illustration

For the above proposed model, sample data is assumed and the algorithm is executed sequen-
tially to obtain the optimal solution (i.e. minimum JTC)

The solution for the above set of parameters belong to Case-I as value of n∗
1
 calculated from 

(16) is 1.72 ( n∗
1
 > 1) and the optimal value of decision variables Q1,m1, l1, z1 are obtained from 

D = 29000,P = 55000,Pr = 55000, S1 = 100, S2 = 400, S3 = 200, S4 = 500, S5 = 75, S6 = 400,

C1 = 40,C2 = 20,C3 = 10,C4 = 12,C5 = 15,C6 = 8, r = 0.9, � = 0.9, f = 0.9
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(19), (20), (22) and (23) respectively. The iterative method is initiated is by taking value of 
n∗
1
 = 1 (as n∗

1
 = 1.72). Subsequently, the iterations are carried out for all possible integer values 

of n∗
1
 which is depicted in the Table 3. It shows the JTC and corresponding value of all deci-

sion variables for the proposed model. The optimal solution is obtained when the value of 
decision variables Q1,m1, l1, n1, z1 for the given parameters is 382.26, 1, 5, 2, and 2, respec-
tively, and the corresponding minimum JTC is 41080.05.

Sensitivity analysis

In order to ascertain the impact of key control parameters such as P,Pr, r on the obec-
tive function i.e. JTC of the system, sensitivity analysis is carried out. This helps 
in understanding the cost variation pattern of individual players in the proposed 
model for a given set of parameters. However, the impact of other parameters such as 
D, �, f , S1, S2, S3, S4, S5, S6,C1,C2,C4,C5,C6 is predictable i.e. the JTC of the system 
increases as value of any of these parameters increases and therefore sensitivity analysis is 
not carried out for these parameters.

Table 3  JTC and corresponding 
value of decision variables at 
each stage of iterative method

a,b  best solution for the fixed value of n1 equal to 1 &3. *Optimal Solu-
tion

n1
* n z1 m1 l1 Q1 JTC1(Q1, m1, n1, l1)

1.72145 1.00 6.00 1 6.00 447.42 42,281.34
1.00 6.00 2 6.00 235.04 42,587.57
1.00 5.00 1 6.00 453.23 42,064.23
1.00 5.00 2 6.00 238.13 42,343.28
1a 4a 1a 6a 460.04a 41,919.97a

1.00 4.00 2 6.00 241.74 42,167.73
1.00 3.00 1 6.00 468.77 41,923.33
1.00 3.00 2 7.00 256.24 42,111.38
1.00 2.00 1 6.00 482.02 42,294.66
1.00 2.00 2 7.00 263.28 42,379.83
1.00 1.00 1 7.00 532.13 44,006.91
1.00 1.00 2 7.00 278.91 43,954.83
1.00 1.00 3 8.00 197.97 44,530.89
2.00 3.00 1 5.00 371.97 41,229.82
2.00 3.00 2 5.00 196.03 41,927.053
2* 2* 1* 5* 382.26* 41,080.05*

2.00 2.00 2 5.00 201.42 41,718.04
2.00 1.00 1 5.00 401.82 41,823.82
2.00 1.00 2 6.00 221.47 42,294.36
3.00 3.00 1 4.00 314.89 42,384.51
3.00 3.00 2 4.00 166.24 43,455.44
3b 2b 1b 4b 323.92b 41,958.86b

3.00 2.00 2 5.00 180.88 42,899.79
3.00 1.00 1 5.00 359.23 42,180.68
3.00 1.00 2 5.00 189.20 42,955.27
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For the analysis, the following values are taken.

D = 15000, � = 0.8, r = 0.625, f = 0.95,P = 25000,Pr = 25000, S1 = 200, S2 = 800, S3 = 400,

S4 = 1000, S5 = 150, S6 = 800,C1 = 800,C2 = 40,C3 = 20,C4 = 24,C5 = 30,C6 = 16
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59000
60000
61000
62000
63000
64000
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67000
68000
69000
70000
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Fig. 4  Variation of JTC of the proposed model with respect to P
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Fig. 5  Variation of JTC of the proposed model with respect to Pr
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The sensitivity analysis for each of the parameters P,Pr, r is carried out by varying a 
single parameter one at a time and maintaining the other two parameter’s value constant. 
The variation pattern in the JTC for the above proposed model corresponding to the key 
parameters is graphically represented as shown in the Figs. 4, 5 & 6.

Also, certain results of the sensitivity analysis are highlighted in Tables  4 & 5, 
which includes breakup of cost components of individual players and optimal integral 
value of decision variables ( mi, ni, li, zi ) and replenisment lot size ( Qi,Qri ) for the mini-
mum joint cost of the system (MJTC) corresponding to each parameter P,Pr, r.

The detailed analysis is elucidated in the subsequent subsections.

Impact of manufacturer’s Production rate (P)

The variation in JTC of the system corresponding to manufacturer’s production rate ( P ) for 
different rates of fraction of demand returned ( r ) [ r = 0.325, 0.625, 0.925] is graphically 
represented in the Fig. 4.

From Fig. 4 & Table 4, it is evident that for a constant value of r , MJTC of the produc-
tion inventory system first increases with increase in manufacturer’s production rate ( P ) 
upto a certain point and then it decreases with the increase in value of P . The inflection 
point from where the variation pattern of JTC changes, shifts towards the lower end values 
of P with the increase in value of r . The possible explanation for this trend is the increase 
in manufacturer’s holding cost of inventory of finished product and cost per production 
setup with increase in P due to increase in lot size Qi , which initially accounts majorly for 
the JTC of the system. However, gradually beyond a certain value of P , the holding cost of 
inventory of the finished product & raw material for the manufacturer as well as the cost 
per order of the raw material for the manufacturer decreases due to reduced length of pro-
duction cycle of the system. The total cost per unit time related to the retailer and supplier 
remains almost constant with increase in P . Also, with increase in P , the remanufacturer 
handles a certain fraction of customer’s demand with a corresponding lower cost per unit 
time than the manufacturer which leads to a net decrease in the MJTC of the system.

Also, it is observed from Fig.  4 & Table  4 that corresponding to a fixed production 
rate (P) as the value of fraction of demand returned ( r ) increases, the MJTC of the system 

55000
57000
59000
61000
63000
65000
67000
69000
71000
73000
75000
77000
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Fig. 6  Variation pattern of the JTC with r
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decreases. This is largely due to the trend observed that with the increase in r , the lot 
size Qi decreases and the total cost per unit time related to the manufacturer decreases. 
However, the total cost per unit time related to the remanufacturer, retailer and supplier 
decreases significantly thus leading to a net decrease in MJTC of the system.

Impact of remanufacturer’s Production rate ( P
r
)

The variation in JTC with respect to remanufacturer’s production rate ( Pr ) for different 
rates of fraction of demand returned [ r = 0.325, r = 0.625, r = 0.925 ] is depicted in the 
Fig. 5. The MJTC of the production inventory system increases with increase in remnua-
facturer’s production rate Pr , as the due to a higher production rate, the induction point of 
the remanufacturing process shifts towards the first point of delivery of the remanufactured 
product to the retailer which leads to accumulation of returned product for the remanufac-
turer for a relatively long period in each production cycle. This leads to increased holding 
cost of the inventory of returned products for the remanufacturer. Also, when the number 
of shipments is more than 1, the remanufactured product inventory has to be kept for a rela-
tively longer time until the point of delivery to the retailer,which leads to increased holding 
cost of inventory of the remanufactured product for the remanufacturer. The total cost per 
unit time associated with the manufacturer and supplier also increases with increase in Pr . 
In contrast, the change in total cost per unit time for the retailer remains almost constant. 
Hence, the net effect is increase in MJTC with increase in Pr.

From Fig. 5 & Table 5, it is also observed that the JTC of the system (JTC) decreases 
with the increase in value of ( r ) for a fixed production rate Pr of the remanufacturer. Due 
to the increase in fraction of demand returned r , the total cost per unit time associated with 
the remanufacturer increases. However, there is a significant decrease in the value of total 
cost per unit time related to retailer, supplier and manufacturer corresponding to decrease 
in ( r ) leading to a net decrease in MJTC of the system.

Impact of fraction of demand returns ( r)

The variation pattern of JTC of the system with fraction of demand returned ( r ) is depicted 
in the Fig. 6. The obsrved trend is that MJTC of the system decreases with increase in ’ r
’.The value of MJTC is lowest when the value of ’ r ’ is equal to 1 and it is highest when 
the value of ’ r ’ is closer to zero. The significance of ’ r ’ value is related to the prevalence 
of remanufacturing operation in a production cycle. As a remanufactured product from 
returned product is cheaper than a manufactured product from raw material, it is always 
preferable to have a higher fraction of demand return ( r).

Conclusion and future scope

In this paper, the production- inventory problem for a multi-echelon CLSC model consist-
ing of players such as manufacturer, remanufacturer, retailer and supplier is formulated in 
terms of JTC of the system, which is to be minimized. The average inventory of the players 
is calculated using principles of geometry from the graph that depict their inventory varia-
tion pattern. The cost components of each player are calculated by inculcating costs related 
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to ordering, production setup and holding of inventory. The summation of cost compo-
nents for respective players per unit time comprises the objective function i.e. JTC. The 
objective function optimization is carried out analytically using method of differentiation 
and simultaneous equations are solved to give the optimal value of the independent deci-
sion variables. For deriving the minimum JTC of the system, an algorithm is devised using 
inequalities about integral decision variables. A sample calculation is carried out as per the 
devised algorithm to illustrate the iterative method used to calculate the minimum JTC of 
the system (MJTC).

Also, Sensitivity analysis is carried out in order to ascertain the impact of key control 
parameters on the JTC of the system. The graphs of JTC vs P,Pr&r give an insight into the 
variation pattern of JTC with change in values of those parameters. Also, the individual cost 
components of the players involved are calculated for these key parameters keeping all other 
parameters constant to evaluate the variation pattern in JTC.

Results of sensitivity analysis illustrate that the JTC of the system is lowest when the value 
of demand return fraction is higher and the production rates are lower. Also, for higher values 
of transformation factor of raw material to finished product (f) and transformation factor of 
the returned product to remanufactured product ( �) , the value of JTC is lowest. In the case 
of graph of JTC vs P , the inflection point from where JTC starts decreasing shifts towards 
the left (i.e. lower production rate P ) with increase in r . It is inferred that the holding cost of 
inventory of raw material and finished product for the manufacturer decreases with increase 
in value of r for a constant value of P . Similarly, in case of graph of JTC vs Pr , the remanu-
facturer’s holding cost of inventory of returned product and remanufactured product increases 
with increase in r leading to rise in value of JTC with increment in value of Pr.This model can 
help the industries engaged in a centralised decision making roles regarding optimal inventory 
policy to simulate and adjudge the optimal parameters at which they should carry out their 
production or manage their supply chain to ensure minimum cost.

In this research work, a mathematical model is formulated considering constant demand 
and return rates in multi-echelon CLSC batch environment. However, in practice the demand 
may be dynamic and random due to the role of invisible forces of demand and supply in a 
market economy. Hence, a future research direction can be the formulation of a stochastic 
model that assumes a random demand with Standard or Poisson distribution.

Also, the delivery of finished products and remanufactured products is considered to be 
instantaneous in this model. In contrast, one can incorporate lead time and study the effect 
on the JTC of the system. The deterioration of inventory stacked at the various echelons can 
occur in practical scenarios. Hence, the effect of deteriorating inventory on the JTC of the sys-
tem also needs to be examined.

The assumption of equal-sized shipments proposed by the manufacturer and remanufac-
turer to the retailer is impractical in certain scenarios. The unequal-sized shipments may lead 
to lower total cost for a particular set of parameters. Therefore, relaxing the equal lot-sized 
shipments may be another future direction for research. The incorporation of multiple retailers 
at the lower most echelon would help make the model a realistic one as in practice, the sup-
ply chain involves multiple players at various echelons coordinating with each other to ensure 
smooth flow of product and information.
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Appendix: The first and second partial derivatives 
of JTC1(m1,n1, l1, z1,Q1)
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