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Abstract

In the paper we present a model of discrete-time mean-field game with multiple populations
of players. Its main result shows that the equilibria obtained for the mean-field limit are
approximate Markov—Nash equilibria for n-person counterparts of these mean-field games
when the number of players in each population is large enough. We consider two payoft cri-
teria: B-discounted payoff and total payoff. The existence of mean-field equilibria for games
with both payoffs has been proven in our previous article, hence, the theorems presented here
show in fact the existence of approximate equilibria in certain classes of stochastic games
with large finite numbers of players. The results are provided under some rather general
assumptions on one-step reward functions and individual transition kernels of the players.
In addition, the results for total payoff case, when applied to a single population, extend the
theory of mean-field games also by relaxing some strong assumptions used in the existing
literature.

Keywords Mean-field game - Discrete time - Multiple-population game - Stationary
mean-field equilibrium - Markov mean-field equilibrium - Discounted payoff - Total payoff

Mathematics Subject Classification 91A15 - 91A13 - 91A10

1 Introduction

The paper is the continuation of article [18], where we have presented a model of discrete-
time mean-field game with multiple populations of players. In the paper we have provided
the results about the conditions guaranteing existence of Markov or stationary equilibria in
such games for two payoff criteria: B-discounted payoff and total payoff. These theorems
were the first to deal with the problem of the existence of equilibrium in mean-field games
with several populations in the discrete time setting, extending also some of the theory for
single population discrete-time mean-field games. As mean-field games are only meant to
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serve as an approximation of real-life situations, where the populations of agents are large,
but finite, it is crucial to complete the equilibrium-existence results for the class of games
under investigation by the results showing that the equilibria obtained for the mean-field
limit are approximate Markov—Nash equilibria for n-person counterparts of these mean-field
games when the number of players in each population is large enough. This type of theorems
have been provided for the single population case for different variants of the discrete-time
mean-field game model in [10-14, 16, 17]. In this article, we build upon the theory presented
in [11] to show that also in our case the Markov (or stationary) mean-field equilibria obtained
in [18] are approximate equilibria in finite-player counterparts of the mean-field game when
the number of players in each population goes to infinity.

The organization of the paper is as follows: In Sect. 2 we present the model of the discrete-
time mean-field games with several populations of the players and its counterparts with finite
number of players. In Sect. 3 we introduce some notation used in the remainder of the article.
In Sect. 4 we give all the assumptions used in our theorems. Sections 5 contains all the main
results of the article. We end with some concluding remarks in Sect. 6.

2 The Model
2.1 Multi-population Mean-Field Game Model

A multi-population discrete-time mean-field game is described by the following objects:

e We assume that the game is played in discrete time, thatis ¢ € {1, 2, ...}.

e The game is played by an infinite number (continuum) of players divided into N popu-
lations. Each player has a private state s, changing over time. We assume that the set of
individual states S’ is the same for each player in populationi (i = 1, ..., N), and that
it is a nonempty closed subset of a locally compact Polish space S.!

o Avectort = (u!, ..., uN) € HlN:l A(SH of N probability distributions over Borel sets?
of Si,i =1,...,N,iscalled a global state of the game. Its i-th component describes
the proportion of i-th population, which is in each of the individual states.

We assume that at every stage of the game each player knows both his private state and
the global state, and that his knowledge about individual states of his opponents is limited
to the global state.

e The set of actions available to a player from population i in state (s, 1t) is given by
Al(s), with A := (1. vy.sesi A'(5) —a compact metric space. For any i, A(-) is a
non-empty compact valued correspondence such that

D' :={(s,a) e S x A:ae A(s)}

is a measurable set. Note that we assume that the sets of actions available to a player only
depend on his private state and not on the global state of the game.

e The global distribution of the state-action pairs is denoted by 7 = (r!,..., V) €
l'[lN: | A(D"). Again, it gives the distributions of state-action pairs within the population
divided into subpopulationsi =1, ..., N.

1 As it can be clearly seen, the model encompasses in particular the situation when the state space for each
population is the same and equal to S.

2 Here and in the sequel, for any set X, A(X) denotes the set of probability distributions over the o -algebra
of Borel subsets of X, B(X).
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e Immediate reward of an individual from population i is given by a measurable function
ri: D x H?/:lA(Di) — R.ri(s,a,T) gives the reward of a player at any stage of the
game when his private state is s, his action is a and the distribution of state-action pairs
among the entire player population is T.

e Transitions are defined for each individual separately with stochastic kernels Q' : D' x
IT lN: 1A(Di) — A(S?) denoting transition probability for players from i-th population.
Q'(B | -,-,7) is product-measurable for any B € B(S'), any T € I | A(D') and
ief{l,...,N}.

e The global state at time ¢ + 1, 147, is given by the aggregation of individual transitions of
the players done by the formula

i () =@ |7 = /D[ Q'(-|s,a, 77 (ds x da).

As it can be clearly seen, the transition of the global state is deterministic.

A sequence al = {nti 172, of functions n,i : ST — A(A), such that nti (B | -) is measurable
for any B € B(A) and any ¢, satisfying r; (A'(s) | s) = 1 for every s € S' and every ¢, is
called a Markov strategy for a player of population i. A function f% : ' — A(A), such that
fi(B | -) is measurable for any B € B(A), satisfying f!(A'(s) | s) = 1 for every s € S’ is
called a stationary strategy. The set of all Markov strategies for players from i-th population
is denoted by M’ while that of stationary strategies by F'. As in MDPs, stationary strategies
can be seen as a specific case of Markov strategies that do not depend on ¢. In the paper we
never consider general (history-dependent) strategies.

Next, let IT} (7r!, 11') denote the state-action distribution of the i-th population players
at time ¢ in the mean-field game corresponding to the distribution of individual states in
population i, 4! and a Markov strategy for players of population i, 7/ € M, that is

I (', n')(B) == / 7l (da | s)u'(ds) for B € B(D").
B

The vector (T1} (z!, u1), ..., TN (=", 1)) will be denoted by TT, (7, x). When we use this
notation for stationary strategies, we skip the subscript 7.

Given the evolution of the global state, which depends on the strategies of the players
in a deterministic manner, we can define the individual history of a player « (from any
given population i) as the sequence of his consecutive individual states and actions 7 =
(s, ag, s af,...). By the Ionescu-Tulcea theorem (see Chap. 7 in [2]), for any Markov
strategies 7% of player @ and o', ..., o'V of other players (including all other players of the
same population), any initial global state [ty and any initial private state of player «, s, there
exists a unique probability measure P*-#0-2-7 .7 on the set of all infinite individual histories
of the game H = (D')*® endowed with Borel o-algebra, such that for any B € B(S?),
E € B(A) and any partial history hY = (s§, ag,...,s> |, a) |,s) € (DY x §' =: Hy,
teN,

PO OT T (e H s =) = 1, (1)
P00 (e H :af € E | hY) = nf (E | s7).
PHROCT (e H i siy € B (b af)) = Q'(B | s{. 4 ), @

with state-action distributions defined by r({ = l'[é (o7, ,ué), rth =i/, ®/(- | 7)) for
t=1,2,...and j =1,..., N.
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For B € (0, 1), the B-discounted reward® for a player « from population i using policy
n' € M' when other players use policies 0/ € M/ (depending on the population j they
belong to) and the initial global state is tg, with the initial individual state of player « being
sé is defined as follows:

o0
. . . . . 'i — — . . . .
J;}(s('), o, ', 0) = [Efo-H0. Q.70 E Biri(s;,al, 7)),
=0

where 7§ = (o, uy). 7/, =T/ (07, @/ (- | 7)) forr =1,2,...and j = 1,..., N.

To define the total reward in our game let us distinguish one state in S, say s*, isolated
from S\ {s*} and assume that A’ (s*) = {a*} independently of i € {1, ..., N} for some fixed
a* isolated from A \ {a*}. Moreover, let us assume that s* € S’ fori = 1, ..., N. Then the
total reward of a player from population i using policy 7! € M’ when other players apply
policies o = (01, ..., o) and the initial global state is g, with the initial individual state
of player « being sé, is defined in the following way:

Ti-1
. P P i — 7 i = . . s
Ji(sh, 1m0, ', &) = BOFOCTT N i (5] af, ),
t=0

where r(‘)/ = Hé(aj,,ué), Ti/+1 = l'[',/(aj, /(| ) fort =1,2,...and j =1,..., N,
while 7" is the moment of the first arrival of the process {s;} to s*. The total reward is
interpreted as the reward accumulated by the player over the whole of his lifetime. State s*
is an artificial state (so is action a*) denoting that a player is dead. g corresponds to the
distribution of the states across the population when he is born, while sé is his own state when
he is born. The fact that after some time the state of a player can become again different from
s* should be interpreted as that after some time the player is replaced by some new-born one.
Finally we define the solutions we will be looking for:

Definition 1 Stationary strategies f! € F!,... fV e FV and a global state iz € Hf\/:IA(Si)
form a stationary mean-field equilibriumin the -discounted reward game if foranyi, sé e s,
and every other stationary strategy of a player from population i, g* € F"

Ty (so 7 £ 1) = Ty(sh. . 8" f)

and if wy = w, then i, = W for every ¢t > 1 if strategies fY, ..., N are used by all the
players.

Markov strategies 7' € M!, ... 7V e MY and a global state flow (g, w7, .. €
(l'IlN:1 A(S'))® form a Markov mean-field equilibrium in the B-discounted reward game if
for any i, s) € S, and every other Markov strategy of a player from population i, o' € M’

Jh (5o, o, ', ) = Jg(sh, 1o, 0", )
and if 7ty = 7 implies iz, = 1] for every t > 1 if strategies ml, ..., 7™ are used by all the
players.

Similarly,

. Tn 0.7 5 . . . . .
3 Here we replace the superscript & used to define the measure P*:#0- Q.7%. by i, as the situation is symmetric
within the population.
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Definition 2 Stationary strategies f! € F!,... fV e FV and a global state iz € H{VZIA(Si)
form a stationary mean-field equilibrium in the total reward game if for any i, sio e §', and
every other stationary strategy of a player from population i, g' € F*

Jish s £ ) = T w8t ).

Moreover, if 1ty = i, then 1t, = & for every ¢ > 1 if strategies f ..., f N are used by all
the players.

Markov strategies 7! € M!,... 7Y € MY and a global state flow (g, w7, .. €
(l'llN:1 A(51)%® form a Markov mean-field equilibrium in the total reward game if for any i,
t,s! € S" and every other Markov strategy of a player from population i, o' € M',

VACHTHRE S 3 = A CHN T A )
with’a denoting for any infinite vector a = (ag, ay, . . .), the vector (a;, a;+1, . . .). Moreover,
if ;o = g, then it = my forevery t > 1 if strategies nl ., N are used by all the players.

2.2 n-Person Counterparts of a Mean-Field Game

The n-person games that will be approximated by our model are discrete-time n-person
stochastic games as defined in [6]. Below we define n-person stochastic counterparts of the
mean-field game for the multi-population case.

e There are n players in the game belonging to N populations. The number of players in
population i is denoted by n;, with Z —; ni = n. Hence, the state space is l'[N I(S‘)"'

while an arbitrary state in the game can be denoted by s = G . 5Y) with 5 =
(s, - .,sﬁ”) fori = 1,..., N. We shall also use the notation n := (n1,...,ny) with
n — oo standing forn; — oofori =1, ..., N. Similarly as in the case of the mean-field

game, the set of actions available to the kth player in population i in state 5 is given by
A (s}). An arbitrary action of the kth player in population i will be denoted by ! and an
arbitrary profile of actions of all the playersby a = @', ...,avywitha = (a’i, e a,"ll_
fori=1,...,N.

e We assume that for each i the initial values in the vector 5 are i.i.d. vectors coming from
an arbitrary known distribution Mgi. To simplify the notation we will write that the vector
of initial distributions of states for each player is 1y or simply that 5o ~ 7 to denote
that.

e Empirical state-action distribution in the game is defined as

5,0 =('G,a,...,T™V G, a)

with 7/ (5, @) = ;- YL, Ssiaiyi=1....N.

e Individual immedlate reward of kth player from population i, rn l'IN (D i — R,
i=1,...,N,k=1,...,n;is defined for any profile of players’ states s and any profile
of players’ actions a by

ik = =y . A R R
ryl, (s,a) = rt (s;(, a,ﬂ,r(s,a)) .

e The transition probability Q,, : 1'[;.\’: (D" — A(S") can be defined for any 5 and @
by the formula (for the clarity of exposition we write it only for Borel rectangles, which
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obviously defines the product measure):

On(B{ x...x By ...x B x...xBY |50

= Q' (B |s{,a].7G.@)...0" (B, |s).ay .7, )
oV (B{V | s{V,a{V,?(E,E))...QN (BHNN |s,ﬁVN,a,ﬁVN,f(§,a)).

e In n-person game we assume that the players are limited to policies depending on their
own state, that is each player from population i uses Markov policies from the set M’
or (more specifically) stationary policies from F'.

e The functional maximized by each player is either his S-discounted reward reward or
his total reward. The definitions of both are slight modifications of those for mean-field
models. The B-discounted reward of kth player in population i is defined for any initial
state 5o and any profile of policies of all the players 7 as

oo
ki — = 50,0n, T ik — —
Jﬂy,ll(so, 7) =E% On.7 Zﬂtr,’l' (57, ar),

t=0

with P%0-2»-7 denoting the measure on the set of all infinite histories of the game corre-
sponding to 59, Q, and 7 defined with the help of the Ionescu-Tulcea theorem similarly
as in case of the mean-field game.

Similarly, the total reward of kth player in population i is defined for any initial state 5o
and any profile of policies of all the players 7 as

Ti-1
TG0, 7) =BT " b (s, @),
t=0

with ’Z;c’ denoting the moment of the first arrival of the process {s,i }to s

e Finally, the solution we will be looking for in n-person counterparts of the stochastic game
is a variant of Nash equilibrium, the standard solution concept used in the stochastic game
literature:

Definition 3 A profile of strategies 7@ € [T, (M')" is a Markov—Nash equilibrium in the
n-person discounted-reward game if

E[J50G0.7) 150~ | 2 B [J50Go. (Foiks D) | 55 ~ 725 3)
forany 7! € Ml andi € {I.....N}.ke{l.....n;).

The notation [7w_; , n,f] denotes here and in the sequel the profile of policies = with the

policy of kth player in population i replaced by n,i. If (3) is true up to some ¢ > 0, we say
that 7 is an e-Markov—Nash equilibrium.

In case of the total reward, we will further reduce the requirements for our approximate
solution. We will say that a profile of strategies 7 € TN | (M')" is an (e, T)-Markov—
Nash equilibrium in/t!le n-person total-reward game if for¢t € {0,...,T},i € {1,..., N},

kel{l,....nij}and 7} € M':

B[ 750G, ) | 55 ~ 1) 2 B [ 28 o, Ui ) |50 ~ 15| — e
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3 Preliminaries

As we have written, we assume that S and A are metric spaces. The metric on S will be
denoted by ds while that on A by d4. Whenever we relate to a metric on a product space, we
mean the sum of the metrics on its coordinates. Some of the assumptions presented below
will be given with respect to the moment function wy : S — [1, 00), that is a continuous
function satisfying

lim inf wy(s) =00
n—o0 seS\K,

for some sequence {K,},>1 of compact subsets of S. Moreover,
wo(s) > 1 +ds(s, s0)” )

for some p > 1 and sg € S.
In order to study both bounded and unbounded one-stage reward functions, we define the
following function:

w 1, if each r; is bounded
| wg, otherwise
For any function / : § — R we define its w-norm as

o)

w(s) |

1Al = sup

sesS
Whenever we speak of functions defined on a product of S and some other space, their
w-norm is defined similarly, with the help of the same function w.

By By, (S) we denote the space of all real-valued measurable functions from S to R with
finite w-norm. and by C,, (S) — the space of all continuous functions in By, (S). Clearly, both
By, (S) and C,,(S) are Banach spaces. The same can be said of B, (S x A) and C, (S x A)
— the spaces of bounded and bounded continuous functions from S x A to R with finite
w-norm.

Analogously, for any finite signed measure 4 on S, we define the w-norm of u as

el = sup
g€Bu(S).lIgllw=l

fg(S)u(dS)
S

It should be noted that in case w = 1, |||y is the total variation distance (see e.g. [8],
Section 7.2).

There are two standard types of convergence of probability measures which are used in the
paper: the weak convergence denoted by = and the strong (or setwise) convergence denoted
by — and defined (for any Borel space (X, 5(X))) by

Un —> U < up(B) = w(B) forany B € B(X).
It is known (see e.g. [9], Theorem 6.6) that the weak topology can be metrized using the

metric

’

oo
plu.vy = 27"
m=1

f () (ds) — f b ($)V(ds)
S S

where {¢;};>1 is a sequence of continuous bounded functions from S to R whose elements
form a dense subset of the unit ball in C(S). Strong convergence topology is in general not
metric.
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Next, let

Ay(S) = {[L e A(S): / w(s)u(ds) < oo} .
S

It has been shown in [11] that A, (S) can be metrized using the metric

puw (i, v) == p(u,v) + ’/Sw(S)u(dS)—/Sw(S)V(dS)

It can be shown that under (4) A,,(S) with metric p,, is a Polish space (see [3, 11] for more
on that). We will use the topology defined by this metric (called w-topology in the sequel)
as the standard topology on A, (S).

We will also use the notation

Ay(S x A) = {r e A(S x A): w(s)t(ds x da) < oo}

SxA
with analogously defined metrics also denoted by p (metric defining weak convergence) and
pw (w-metric) as well as similar notation for subsets of S or § x A.

Whenever we speak about continuity of correspondences, we refer to the following defi-
nitions:
Let X and Y be two metric spaces and F : X — Y, a correspondence. Let F “1Gy={xe
X : F(x) NG # (?}. We say that F is upper semicontinuous iff F' ~1(G) is closed for any
closed G C Y. F is lower semicontinuous iff F~!(G) is open for any open G C Y. F is said
to be continuous iff it is both upper and lower semicontinuous. For more on (semi)continuity
of correspondences see [7], Appendix D or [1], Chapter 17.2.

4 Assumptions

In this section, we present the set of assumptions used in our results. It contains the assump-
tions from [18] used there to prove the existence of Markov mean-field equilibria in games
with either discounted or total payoff and new assumption (AS5) necessary to show that these
equilibria are approximate equilibria for games with large finite number of players. The num-
bering of assumptions (including prime symbols) is consistent with that used in [18], where
the basic versions of the assumptions were the strongest ones, used to prove the existence of
stationary equilibria in mean-field games. We start by the assumptions used in the discounted
case.

(A1) Fori = 1,..., N, r' is continuous and bounded above by some constant R on
D' x l'IlN: 1A(D"). Moreover, there exist non-negative constants o, y, M satisfying
afy < 1and

/ w(s)ub(ds) <M fori=1,...,N,
S

and such thatfori = 1,...,N,s € Standr =0, 1,2, ...,

inf ri(s,a,7) > —Ry'w(s)
(a,Dedi (5)xTI, A (D)

with AY (DP) 1= [t € Aw(D) : [ w(s)T(ds x da) < a'M}.
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(A2’) Fori = 1,..., N and any sequence {s,, d, T,} C D' x I} A,(D') such that
Sp = Sq, Ay —> ax and T, = T, Q' (- | s, an, Tn) = O( | 8, ax, TF). Moreover,

(a) fori =1, ..., N the functions
fw@@d@f«xmﬂ
s

are continuous in (s, a, T),
(b) fori =1,...,Nands € §'

sup / w(kc/)Qi(s/ |s,a,T) <aw(s).
) N

(a,T)eAi ()TN | A(D!
(A3) Fori =1,..., N, correspondences Al are continuous.

Assumptions (A1’) and (A2’) are modified for the total payoff case and complemented
by new assumption (A4”). Their formulation requires defining fori = 1,..., N, s € S,
acA'(s)and T € 1'11;’=1 A(D/) the modified transition probabilities Q.:

Q'(-1s.a,7), ifs #s*
8s, ifs =s*

ka(~ | s,a,7T):= {

(A1”) Fori = 1,..., N, r' is continuous and bounded above by some constant R on
D' x l'IlN: 1A(D"). Moreover, there exist non-negative constants o, y, M satisfying
a<y,ay <land

/w(s)%(ds) <M fori=1,...,N,
S

and such thatfori = 1,...,N,s € Standr =0, 1,2, ...,

inf ri(s,a,7) > —Ry'w(s)
(a,D)edi (5)xTIY A (DI
with Ay (D) i= {1’ € Au(D) 1 [ w(s)T (ds x da) <a'M}.
(A2”) Fori = 1,..., N and any sequence {s, an,T,} C D' x IT;_; Ay (D") such that

Sp = S, Gp — ax and T, = TF, Ql( | $ns @n, Tn) = QC | 84, ax, T*). Moreover,

(a) fori =1,..., N the functions

/ w(s)Q' (ds' | s,a,T)
S

are continuous in (s, a, T),
(b) fori =1,...,Nands € §*

sup / w(s)O' (s |'s,a,T) < aw(s).
s

(a.D)eAl (s)x TN A(DY)

(A4’) Fori=1,...,N,

lim sup =0.
T—o0 rleMi,
@en2, i, AD7)

© AN\ .
(Ha™ ( QL) @s'|s, 7', (@)
;/i\{s*}wsa (Q) s s, 7, (T

w
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Finally, we present additional assumptions used to prove the approximation theorems.
Beforehand, fori =1, ..., N let us define the following moduli of continuity:

wgi(®) = sup  sup |o'cls.an-0¢lsamn| .
(s.)eD' T 73| Bu(zi ni)<s v

3

,i(8) := sup _ sup ‘ri(s,a,?) —ri(s,a,ﬁ)
(.@)eD TN pu(ed i) <8

where p,, = py, if any 7 is unbounded, or p,, = p otherwise.
For any function g : l_I,N=1Aw(D’) — R,i = 1,..., N we next define its w-norm as
follows:

gl = sup 80l
v ?eniNzlAm(Di) ZlNzl fDi U.)(S)Ti(ds X da)

Now we can formulate our additional assumptions. They adapt the assumptions used in [11]
to our multi-population case.

(AS) (a) Weassume that wi(§) - Oand w,i(§) - Ofori =1,..., N asé — 0. Moreover,
the following real-valued functions defined on l'IlN: 1Ay (DY):

N N
Q) = max woi (Y Bu (1, 1)) and QI @) 1= max i Y pu(n’, 7))

j=1 j=1

have finite w-norm.
(b) There exist non-negative real numbers B and By such that fori = 1,..., N and
se s
sup / wi(s)Q'(s' | 5.a.7) < Bw(s)
(@, D)eAl (s)xTIV A(D)) /S

and [gw?(s)ug (ds) < By.

5 Main Results
5.1 Results for the Discounted Payoff Case

In the first of our main results we address the case of discounted reward game.

Theorem 1 Suppose assumptions (Al’), (A2’), (A3) and (AS5) hold and suppose T and
(g, 17, - . ) form a Markov mean-field equilibrium in the multi-population discrete-time
mean-field game existing by Theorem 4 in [18]. If in addition, for each t > 0 and
i=1,...,N, 71{ is weakly continuous, then for any ¢ > 0 there exist positive integers
ni(e), i = 1,..., N such that the vector of strategies where each player from population i
uses policy 7' is an e-Markov—Nash equilibrium in any n-person stochastic counterpart of
the B-discounted mean-field game ifni >ni(e),i=1,...,N.

Remark 1 Note that stationary mean-field equilibrium existing according to Theorem 1 in
[18] is a specific case of Markov mean-field equilibrium with stationarity condition imposed
on global states of the game at subsequent stages. Hence, the result provided by Theorem 1
also holds in this case.
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The proof of Theorem 1 will adapt the techniques used in [11] to our model. It will require
introducing some additional notation. Recall the Polish space (A, (S x A), py). Define
the Wasserstein distance of order 1 on the set of probability measures over A, (S x A),
A(Ay(S x A)) by the formula:

Wi(®, V) := inf f
YEL(P,W) JA(AL(SXA)XA(Ay(SxA))
where I'(®, V) denotes the collection of all measures on A(A (S X A)) X A(A,(S x A))
with marginals & and W on the Ist and the 2nd coordinate.

Next, fori =1, ..., N, define the following spaces:

ds(x,y)dy(x,y)},

AL (Ay(S x A)) = {cp € A(Ap(S x A)) : / pu (T, T (2!, ugH)@(dr) < oo}

“)(SX )
Cw(Hl_lAw(D ) = {g H L Aw(D! 'y > R: g is continuous and gl < oo]

Before we get to the actual proof of the theorem, note that the game is symmetric, hence,
proving only that the inequality defining e-Nash equilibrium holds for the first player in the
first population will be enough to verify the theorem.

In our proof we shall use the following notation:

e We will use the notation 7 also to denote the vector of strategies in the n-person counter-
part of the mean-field game where each player from population i uses strategy . The
strategy vector where the first player in the first population changes his strategy to an
arbitrary weakly continuous Markov strategy 711] will be denoted by 7.

e The vector of states at time ¢ in n- person game w1th n; players in populatlon i

i = 1,...,N will be denoted by 5} (s, . Ny with 5 s = (st Lroees Sy n,)
for i = 1 N S1m11arly, the vector of actlons at time ¢ will be denoted by
ay = (E?’ ,. ) with @ at (am, .. a, ; 'yfori =1,..., N. The correspond-

ing empirical state action distribution of i- th population will be denoted by el

e When we want to distinguish between what happens when strategy vector 7 is used and
when 7, an overline or a hat is added to a specific symbol, in particular the empirical
state-action distributions at time ¢ when the two strategy vectors are used will be denoted

by e e ,and ¢! e;,, respectively, with ey = (E‘]‘t, .. E’I{, andef = (’é‘llt, .. ’é‘}{, z) while
the state and the action of the first player in the first population at time ¢ by § st 1 , _"’11,

and by § 91 1 . ay, 11, respectively.

e For any random element 6, its dlStrlbuthH will be denoted by £(9) In particular, the

distributions of random elements (st 1 , ;111) (Atnll, A?II) el and e}, will be denoted

by ll( 5.1 _21]), L (Atnll, A;lll) L (em) and £ (ei,t), respectlvely.
e The equilibrium state distribution in the mean-field limit at time ¢ will be denoted by
wi', i = 1,..., N while equilibrium state-action distribution in the mean-field limit

Hi(ni T D) by 7 with ;T;“ and rT* standing for their vectors. Finally, state and action
of the first Blayer in i-th population at time 7 if the first player in the first population

uses policy 7'[11 while others stick to their policies in the mean-field equilibrium, will be
denoted by § sz  and a at | with £ ( 51,4 ) their joint distribution.

In the first lemma, we adapt one of the results from Lemma 4.3 in [11] to our multidimen-
sional case.

Birkhauser



Dynamic Games and Applications

Lemma2 Let ®}, € Aj(Ay(S x A)) and 8-+ € N{(Ay(S x A)) form € NV and i =
I,...,N. Thenile(QDL,ST*i) — Ofori=1,...,Nasn — oo, then

E[lF@n)—-F@®I|II—0 asn— 0

for any F € Cy (HlNzlAw(Di)) and any vazlAw(Di)—valued random elements T, =
(Tr}, - 1"11\'), n € NV, such that (1:,‘,) = CDL, i=1,...,N,and a Hf\JZIAw(Di)—valued
random element T = (rl, R ‘L’N) such that L (ri) =0, i =1,...,N

Proof In the proof we will inductively (with respect to N) verify a stronger result, stating that
for any function F satisfying the assumptions of the lemma, the functions Fy, : A, (DV) —
R, defined as

Fat¥) =E [F(zl}, Ny e =0l @ = q>,’,V—1]
and F : Ay (DN) — R, defined as
FVy = F@*!, ... o*N=1 N
satisfy for any convergent sequence {z," } =1 C Ay(DV)

V). Q)

~ N P
Fn(Tk ) P nooo koo F(lim 1
k—00

We precede the main part of the proof by showing that for any n € NV and any F €
Cuw (TIX | Ay (D)), Fy € Cop(Ay(DM)). '
Note that from the definition of the || - || norm we know that for any 7 € l'[lN: 1Ayw(DY)

|F(T)| S [ ws)Tds x da))

Jpy w(s)TN(ds x da

) =< 1Fl (1 + Jpn w(s)TN(ds x da)

N—1
< |IFI (1 + Z / _ w(s)t! (ds x da)) ,
i=1 /D

with the last inequality following from the fact that w > 1. Consequently,

[Fa(e™) < |F|* 1+NiE U w(s)ti (ds x da) | L(t}) = Di )]
[pn w(s)TV (ds x da) ~ v P Di n’ n '

By Lemma 4.3 in [11] we know that the RHS of the above inequality converges to

N—1
FIIt 1+ / *(ds x d
IF| ( ; L WOT s x a)><oo

asn — oo. This however implies that there exists a number W such that for everyn € NV,

[Fae™)) —wN
Jpy w()TN(ds x da) — F

’

which means that for each n,

ﬁn”; = W>£V
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To show that for each n, Fy, is continuous, we take a convergent sequence {t;" } 1 C

Ay (DN) and note that

p = N VBT N
lim |Fu(r,' ) — F(lim 7;')
k—00 k—o00
. 1 N—1 _N 1 N—1 g N
= lim E(F(z,,....75, 7 )—F(ry,....7, , lim 7;°)
k—o00 k— 00

| L(o) = bp o, LENTH = )] ’

< lim E[‘F(rﬁ,...,rliv_l,t,fv)—F(r&,...,rﬁv_l, lim r,fv)
k— o0 k—o00
|c(r,.{):¢},,...,L(r§*1)=¢ﬁ’*‘] 6)

Note that by the definition of the w-topology, the sequence of integrals f DN w(s)r,fv (dsxda)
converges to fDN w(s) limg_ o0 t,ﬁv (ds x da), hence there exists a number W > 0 such
that

/ w(s)t (ds x da) < WV fork > 1 7
DN

Next, note that by the definition of the || - ||} norm,

N—1
F(‘cll,...,‘r‘iv_],tliv)‘ <|FII <Z/_w(s)r;;(ds xda)—}—/Nw(s)TkN(ds Xda))
i=1 /0 b

The function on the RHS is the sum of a function of variables 7,i = 1,..., N — 1 with a
finite integral with respect to the measure I'IlN: 711 @i by the assumption of the lemma and a
bounded term independent of these variables (a function of r,fv bounded by || FII}, WN for
any k > 1 by (7)). Hence, by the dominated convergence theorem the RHS of (6) equals zero
for any n, which implies that Fy is continuous.

Next, we turn to the inductive proof of (5). It is obvious that it holds for N = 1. Suppose
that (5) holds for some N — 1 for any function satisfying the assumptions of the lemma. We
will show it is also true for N. First, note that

lim
n—00,k— 00

Fa(g{) = F(lim 7l¥)

n— 00,k— 00

= lim ‘]E [F(r;, ol ey ey =@k o) = @lﬁ’*‘]

—F@*, N dim r,fv)
k— 00
< lim E[|FE, ... VL) —F@) N dim )
n—o00,k—00 k—o00

|y = ... c@h = q>f:’—1]

: 1 N—-1 : Ny *1 *N—1 : N
+nl£20‘E|:F(Tn"“’Tn ’klgrolofk) F(z*,...,1 ’klinc}ork)
lcah =l . el = @,ﬁ’—l]‘ ®)
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To show that the first term on the RHS of (8) equals zero, we define functions oN, oV .
YA (DY) — Ras

N, _1 N—1 1 N-1 _N

O, (t',...,T y=F(,..., 1 ST )s

GN(tl,...,erl):F(rl,...,tN’I, lim r,fv).
k—o00

The definition of the || - ||¥ norm, (7) and the fact that w > 1 imply then that
* *
[0 = uFIa+ W fork =1 and 0¥ < FILA+ W),
w w

As Qlfv converges continuously to ", by Theorem 3.3 in [15], the first term on the RHS of
(8) is zero.
To show that the same is true for the second term, we first rewrite it as follows:

lim |E F(rﬁ,...,rﬁ"l, lim rkN)—F(t*l,...,r*N
k—o00

—1 . N
, lim ;")
n— oo k— 00

| L) = @, Lz = d‘l]‘
= lim

TANY (~N—1\ _ AN kN—I N—1 N—1
Jim /AMXA)((@ )@ H =0V (x ))cb,, (df,, )

< lim [/ ’(/OS\N/)H(IIIIV*I) _ (/9—\1\_]/)“(‘[*1\/*1)‘ q>11:771 (dtli\/'71>
Ay (SxA)

n ‘(/G\N/)n(r*N’l) _ GAN(t*N’l)H

The second term goes to zero by the inductive hypothesis. To show that the same is true for

the first one, note that " is a continuous function of N — 1 variables with a finite || - Il
norm, hence, for any n € NV, (HN)n € Cyp(Ay(DN1)). Now we can apply Lemma 4.3
from [11] to show that the first term also goes to zero, ending the proof. O

In the second lemma, we show that the sequences of random measures ¢]' converge in
some sense to the mean-field equilibrium state-action distributions 7, as n — oo.

Lemma3 Fori=1,...,Nandanyt > 0,

lim Wi (£(@).8,) =0

n— 00 T
in Al (Ay(S x A)).

Proof By Lemma 4.3 in [11], to prove the thesis we only need to show that for any i and ¢,

n—o0

lim IE[ f(s,a)’e?,[(ds X da) —/ f(s,a)ft*i(ds x da)] =0
SxA SxA

for any f € Cy (S x A). We do it by induction on ¢. ‘

Suppose t = 0. If i # 1, then {(§(I)l,’li’&(l)l:;()}1§k§ni ~ I 75" Asany f € Cy(S x A)
is w-integrable by assumption (A1’), the claim holds in this case. Next, suppose that i = 1.
Then

n—1

f(s,a)e) [ (ds x da)

I a1 4
f(s,a)el (ds x day = — fGi,agh) +
ni SxA

SxA
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with* 1 ¢ = ”1 —>h (Anl an) . Now note that the expectation of the first term con-

verges to zero when ny — o< as
E 1 ~n,1 ~n,l < 1 M
*f(s()l’a()l) < —Iflw
ni ’ ’ ni

by assumption (A1’). On the other hand, the expected value of the second term goes to
foA f s, a)r(;‘l (ds x da) by the argument used for i # 1.

Now suppose the claim holds for # and consider ¢ + 1. The claim will only be proved for
i = 1. The proof for i # 1 goes along the same lines (we only do not need to consider the
first term on the RHS below in that case). Let us fix f € Cy, (S x A). Then

/ f(s,a)el , 1(ds x da) — / f(s, a)rtH(ds x da)
SxA SxA

1 R . . R __
< PG ) - / 6 d)ml da | )0 s 5N a7
—1
A (s, @@ (ds x da)
n SxA

—/ f(s’,a’)ntl+1(da’ | sHYO'(ds' | s,a,?{‘)el (s x da)
SxA JSxA

+‘/ / fs' ahnl (@dd | s)0'ds' | s.a, et (ds x da)
SxA JSxA

_/ I (s, a)TH-l(dS X da) 9)
SxA

To finish the proof, we need to show that the expected values of each term on the RHS of (9)
£0 to zero as n — 00.

First, let us consider the first term.
—IE (6| + nTE [ f £ a)lmlyy (dd’ | ) Q' (s | f;f’l‘,a;‘;l'fm]
SxA

ey ] o L ot ant 3] o1l
TE[UJ( ,+111)] . E[/ w(s) Q' (ds’ | 7 11’ [117 [)] TatHM’

[ 'f(?‘ﬁl.f:‘ﬁln / £ dml (dd | sHQ s | &N AN a

| A

where the last inequality follows from assumption (A1’) and a repeated application of (b) of
assumption (A2’). Clearly, the last expression goes to zero as n| — 00.

Next, let us consider the expectation of the second term on the RHS of (9). We can write
itas

L_lﬂg E
ni

- / f6' )y da’ | Q' s’ | 5.a. 2% (ds x da)
SxA JSxA

f(s,ayel,{ (ds x da)
SxA

°n ~n

4 Here and in the sequel e; stands for a versor with one on its j-th coordinate.
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The square of it can be bounded above as follows:

~1
("1 E [E H F(s, )27 (ds x da)
ni SxA

2
]])
2

- / fGs' a)m)  @d | Q' ds' | s, a,eMe] ;" (ds x da)
SxA JSxA ’

2
< ME [(E H F(s, a1 (ds x da)
SxA ’

n

- /S AJsxa [ d)nly (da' | s)Q' ds" | s, a.e)e) [ (ds x da)
X X
1 il
< a3 [ el o' a2
1 Lk=2

2
+ < S Af(s La)m/)(dd' | s Q' ds' |§,nk1f,"kl,??)> ﬂ

2 ni
- ”f!’”E[Z [/S ) wi(s' a)mly (da’ | ) Q" s | 5L al . em

n k=2

2
+ (/ w(s',a)m) (dd' | Q" ds' | 5 A,“,ff:‘)) H
SxA

||f||w ZE[ 6™ 1) ta? 2(5111,,](1)]

with the second inequality following from Lemma 6.2 in [11], the third one from the definition
of the w-norm and the last one from (b) of assumption (A2’) and (b) of assumption (AS5). As
by assumption (A1) and (b) of assumption (AS5), for each k and any n, E[wz(ﬁzn, ’kl )] < B'By,
this implies that the expectaton of the second term on the RHS of (9) also converges to zero
when n — 0.

We finish the proof by showing that the same is true for the third term. In order to do it,
let us introduce the function ¢, : l'IlN: 1Ay (D') — R with the formula

& (T) ::/ fG' aml @dd | 5)0'ds' | s,a, D)t ds x da).
SxA JSxA

Note that the third term on the RHS of (9) can be rewritten using ¢, as

o (@) - (). (10)

As by the induction hypothesis limp_, oo W) (L‘ (e ) ) =0,i=1,...,N,by Lemma
2 showing that the expected value of (10) goes to zero as n — oo only requires proving that
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¢ € Cy (TTIL; Ay(D')). We start by showing that it has a finite || - ||% norm:

¢: (D

lo: 15, = sup :
! Tell¥ | Ay (DY) ZzN=1 Jsua w(s)Ti(ds x da)
_ sup |[sxn Ssen F' a)ml (da' | )Q'(ds" | s,a,T)T' (ds x da)|
TelY | Ay (D) SV fowa w()Ti(ds x da)
o dsalsIfluwHQ@s 5, D)7l (ds x da)
 en A, (DY) >N, Joxn w(s)Ti(ds x da)
I fllwer [g, 4 w(s)T'(ds x da)
<_ s =l fllwe < o0,

?Enx{\/:lAw(Di) -[S><A w(s)fl(ds X da)

with the penultimate inequality following from part (b) of the assumption (A2’) and the fact
that w > 1.

We next show that ¢ is continuous. Let {T¢ }x>1 C l'[fv= lAw(Di ) be asequence converging
toT € I'[lNzlAw(Di). Let us further define the functions ¢{‘ :SxA—> Rwherek=1,2,...
and¢; : S x A — Rby

o= [ f6 il 190" WS 507
SxA

i (s, a) = f [ anly (dd' | 5)Q'ds" | 5,a,7)
SxA

We will show that ¢f converges continuously to 5, Let {sk}x>1 C S and {ax}r>1 C A be
sequences converging to s* and a* respectively. Then

d’)}(sk» [lk) - ‘%(5*7 a*)‘

= fs' anl  (@dd | 5)Q"ds' | sk, ax, Tk)
SxA

- f(s' a)m) (dd | 5)Q'ds' | s*,a*,7)
SxA

5/ £yl (da | )| Q' ds' | seax. 7o) — Q'ds’ | s*,a*, )]
SxA

)

< IIfII*W/Sw(s’)lQl(ds/ | sk.ar, Tk) — Q' (ds’ | s*,a*, 7)

but the last expression goes to zero as k — 00 by (a) of assumption (A2’), proving that

@* converges continuously to #:. Moreover, clearly, this time by part (b) of the assumption
(A2’), for each k,

9. a)| = / f6'dmly (dd )0 ds" | 5.a. )
SxA
< IIfII*wf w(s' Q' (ds" | 5,a.T) < || fIaw(s),
S
which makes the absolute values of each ¢f bounded above by a t!-integrable function.
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Now we can apply Theorem 3.3 in [15] to the sequence of functions {d)f }e>1 and the
sequence of measures {tkl }k>1 obtaining

¢/(T0) = /S 9k el s x da) > /S s, a)7 s x da) = (D

ending the proof of the continuity of ¢, which also ends the proof that the expectation of the
third term on the RHS of (9) goes to zero. ]

In the third lemma, we prove an auxiliary result used to show that the rewards of the first
player in the first population from using strategy vector 7 in the n-person counterparts of the
mean-field game converge to that in the mean-field limit.

Lemma4 Fixanyt > 0andi €{l,..., N} and suppose that

=0

n—oo

lim ‘/ gn(s,a)l (f?’i, A?f) (ds x da) —/ gn(s,a)L (5,’ s Ezf 1) (ds x da)
D o D! T

for any function gy € Cyy(D'), n € NV satisfying SUPpent 18nllw < 00. Moreover, suppose
that the family {hy : n € NV} of real-valued functions defined on D' x ijzlAw(Df)
satisfying

(a) The family {hn(st, @', "), (s',a’) € D',n e NV} is equicontinuous with respect to the
product w-lopology. ‘
() hn(, -, T) € Co(DY) forany T € TIY_, Ay (D7) andn € NV.
j=1
(©) supperyy ln (s - D)l < 00 for T € T Ay (DY),
(d) The function
ha(s,a,7) — hn(s, a, T

F,i ) = sup

(s,a)eDi neNN

defined forT € HyzlAw(Dj) is real-valued and ” F} HZ < 00.

Then

n— oo

lim ‘/ hn(s,a,T)L (§;‘v1i7 &?,li,fy) (ds x da x d7)
Dixn_f;’:,Aw(Dj) ’ ’

—/ a5, a, DL (51,1411, 857) (ds x da x dT)| =0
DixTIL, Ay (DY) ’ ’ !
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Proof Let us fix an arbitrary family {A, : n € NV} satisfying the hypothesis of the lemma.
Then we have

’/ hn(s. a, DL (S, 4 TF) (ds x da x dF)
ran " Aw (D)

—/ hn(s,a,?)£<§£1,at1, )(dsxdaxdt)
DixTIY_| Ay (DY) ’

/ (s, a, DL (S, TF) (ds x da x dF)
Dixl'Il 1Ay (DY) ’

_/_ . n(SaT)ﬁ< f 1' )(dsxdaxdr)
D’XH._IA“}(DJ)

‘/ ) (s, @, DL (S, 67) (ds x da x dD)
I T Ay (D)

<

—/ n(s,a,?)ﬁ(ﬁtil,a,], )(dsxdaxdt)
D’xl'l " Aw(DY) '

The second term on the RHS can be rewritten as

s, a. L (3. ) ds x day - fo (s, a, L (1.0 1) (s x da)|,

which goes to zero as n — oo by the assumptions of the lemma. Next, we show that the
same is true for the first term. Note that

U (s, a, DL (5, %, 2F) (ds x da x d7)
lan A (D)

—/_ X hin(s. a, DL (S, 5 (ds x da x d)
DixTIY | Ay (D))

= (sri.an)]] <e[F @] an

We next show that F[ is continuous with respect to the product w-topology. Suppose
{Tehie=1 C l'IlNzlAw(D’) is a sequence converging to T € l'[lNzlAw(D’). Then

<E[E[|fn(s. 0.8 = has. 0,77

F} (7x) — F () sup hn(s,a,Tk) — hn(s, a, 7))

(s,a)e D' neNVN

- sup hn(s,a,T) — ha(s, a, )

(s,a)eD’ ,neNN

— k=00 0

< sup hn(s,a,Tg) — hn(s,a,7)

(s,a)eD! ,neNN

by the equicontinuity of the family {ha(st, d', "), (s%,a') € Di, n € NV}. Since by the
assumption of the lemma also ||} ||%, < 0, this implies that F} € C,, (IT}_,; A, (D)), by
Lemma 2 the RHS in (11) goes to zero as n — o0, ending the proof of the lemma O
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In the penultimate lemma we show that the expected rewards obtained by the first player in
any population in n-person counterparts of the discounted-reward mean-field game converge
to his expected reward in the mean-field game for all moments of time ¢.

Lemma5 Foranyt > O0andi € {1,..., N} we have

. i (~ni an,i = ifal Al ¥ _
Jm e (- ant )| e (Gl 7)) =0

Proof We start by showing that for any family {gn}penv € Cuw (DY), satisfying suppcnw [l gnllw

lim ‘/ gns. )L (S, ) (s x da) / g )£ (311,41 1) (s x da)| =

n—oo

We will show it by 1nduction on t. The claim holds trivially for + = 0, as in this case

L (§tnl',&n ’) = L‘( 51,4 ) = 1'[0(71 JT5s !). Suppose the claim holds for 7 and consider

t+1. The first assumption of Lemma 4 is satisfied at time 7 by the induction hypothesis. Let us
next define the family of real-valued functions defined on D' x HN 1Ay (D7), {hy : n e NV}
using the formula

ha(s,a,7) = fDl_ gn(s’.d)ml | (dd' | $HQ' (s | s.a.7T).

We will next show that it satisﬁes the assumptions of Lemma 4. Let L := sup,cnw 18nllw-
Then forany 7,7 € Hyzl Ay (DY), we have
sup |n(s,a,T) — hn(s,a, Nl

(s,a)e D! neNN

<L sup
(s,a)e D! neNN

N
015,00 = Q5. =Log | Y pule n)
j=1

As by (a) of assumption (AS5), wyi(6) — 0 when § — 0, this implies that the family
{ha(s,a,), (s,a) € D',n € NV} is equicontinuous. Moreover, the function

Fl(T) = sup hn(s,a,T) — ha(s, a, TT*)’
(s,a)eD! neNN
N %
< Logi | Y du@ o) | =LQG @),
j=1

— | *

hence, it is real-valued and || Fi H <L ” Qg < 00, again by (a) of assumption (AS).

w

Next, note that forany 7 € 1'[ Ay (DY), Suppent 1An(, -, T)llw < oL by (b) of assump-
tion (A2’). Finally, we need to check that for any 7, hy (-, -, T) is continuous. To this end let
us first define the function

I(s) == /Ag,,(s,a)njﬂl(da | 5).

Clearly, [ is a continuous function, given that for any sequence {s*};>; C S converging to
some s*, we have

e

1) = / en(s )l ((da | ") 1o f gn(s* )l ((da | s*) =1(s%)
A A
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by Theorem 3.3 in [15] as gy, is continuous and rrt | is weakly continuous by the assumption
we have made about the strategy 7 (remember also that A is compact, so gy is bounded on
the set ({sk}kzl U {s*}) x A). Moreover, ||l||y < |lgnllw < L.

Next, let us take a sequence {(s%, ak)}kzl c D! converging to some (s*, a*). Clearly,
ha(sk, a*,7) = /Si 1(s) Q' (ds | s*, ", T)
which, again by Theorem 3.3 in [15], converges to
ha(s*, a*,7) = /Si I(s) Q' (ds" | s*,a*,7),
asl € Cyp(SH) and Q' is weakly continuous by assumption (A2).

As we have shown that the family {#, : n € NV} satisfies all the assumptions given in
Lemma 4, we can conclude as follows:

lim U_g,,(s,a)c (510 a1 ) @s x day
Dl

n— oo

_/ &n(s,a)L <§§+1,17 &§+1,1) (ds x da)

=lim‘/ h,,(saf)c<tlz’71, t)(dsxdaxd?)
tan [ Aw (DY)

n—oo

—/ a5 a, DL (51,14 1. 852) (ds x da x dT)| =0
DixTIY_ | Ay (DJ)

showing the induction hypothesis.

The last step of the proof is showing that the function r/ satisfies all the assumptions
of Lemma 4 (when taking h, = ri forn € NV). Obviously, ri(-, -, T) € Cyp(DY) for any
Te H?’zlAw(Dj) by assumption (A1’). Then for any 7,7 € Hﬁ-v:lAw(Dj), we have

sup |ri(s,a,7) —ri(s, a, r))‘ < w,i Zpu,(t )
(s,a)eD!

As by (a) of assumptipn (A5), w,i(§) — 0 when § — 0, this implies that the family
{r'(s,a,-), (s,a) € D'} is equicontinuous. Moreover, the function

N _
Fl@ = sup |r'(s,a.7)—r'(s.a, 7 Y bu | = @,
(x,u)EDi j:1
~. = |I*
hence, it is real-valued and H F} ||*w < QTQ’ < 00, again by (a) of assumption (AS5). Now
. w
we can apply Lemma 4 to r*, obtaining the thesis of the lemma. O

The last lemma can be treated as a counterpart of Theorem 2.3 in [11] tailored to our
model. It shows that in our considerations we can restrict ourselves to the weakly continuous
deviations from the mean-field equilibrium strategy.
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Lemma 6 For any i, under the assumptions of Theorem 1,

Li — r= i —
sup E[J40 o, (71 7D | 5 ~ 75
rlemi

can be obtained using policies 71{ such that nf , is weakly continuous for any time t > 0.

Proof Without loss of generality, we may show the result only for i = 1. Let us choose an

arbitrary policy nll e M. We will show that for any & > 0 there exists nll e M! which is
weakly continuous and satisfies

B [fﬂl,’i@ [0, 7] | 50 ~ ﬁé] >E [Jé:,,‘(%, [T_11.7]) |50 ~ ﬁz;] —&  (12)

which will complete the proof.

We start by noting that the problem the first player in first population is facing is that
of finding an optimal policy in a Markov decision process with state space l'[’l.\’=1 ($7)mi,
time-dependent transition probability '

0,(d% |5.a}) = / - / MM, 0 (dxf 1] af 76 @)
Al(s2 Al(sh AN(sN) AN (s0)

mL 27Ty, k(dak |Sk)n —1”: k(dak |Sk)

and one-stage reward

Z(E,a})zf / / / r' (s, al, TG, @)
Al JAlst)  JANGY) JAN N )

Hk 2”:1((‘1"/{ |Sk)nN Zj lnrk(dak |Sk)

By Lusin’s theorem (see Theorem 7.5.21in[4]),forany 6 > 0, there exists a closed set Fg e st

such that Mol(FO) <6 and ”0 | is weakly continuous on F0 As A(A) is a convex subset
of a locally convex vector space of finite signed measures on A, by Dugundji’s extension

theorem (see Theorem 7.4 in [5]), we can extend n& | limited to Fg continuously to § I Let

N
/—\/

”o 1 3 denote this extension. We then apply the same method to 771 |» that is, we define the
measure 7I; on S' with the formula

1(B) :=// / /éo (B x (= x mYLy(87)" |5, a})
B (Sl)nlfl (SN)"N A

mo (daj | sDpg @s)) . opgtdsy) . ongN dst) gt ds),)

and construct a continuous nll’f that agrees with 77111 on a closed subset F{S of §!

satisfying i1 (F; 8) < 8. We continue in the same manner until time 7*, constructing mea-

/—\_/

sures 1i; and weakly continuous stochastic kernels n S for t = 2,...,t* and define

/\

711 (6,1*) as a Markov strategy for the first player in the first population of the form

“1s 16 1 1 { - )
(770 Lo T0 Lo oo Tt s g g s - ) (remember that the kernel 7, s weakly continuous
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for any ¢ by the assumption of the theorem). Now we can conclude as follows:
B[ @ o 7l 0,09 150~ 76|~ B [0 o - 7D 1 50 ~ 755 |

E,U«() On,[7- 11771(5[*) Zﬂt 11(sl‘ at)_EHO NO N 11777 Zﬁ[ ll(St,CTt)

=0 =0
1* o . r*
< EHo: Qna[T 1,170} 16,091 Zﬂ A&, a) — EHo: CnlT-1,1.7] Zﬂ'ﬁi’l@ @)
=0 t=0

/\OO

E“o O [T—1 1.7 (8,1)] Z ﬂt 1, l(sz a) _EHO JOnu[T—11, ﬂ1] Z ﬂt 1, I(Staat)
t=t*+1 t=t*+1

(13)

Note that by assumption (A1), (b) of assumption (A2’) and the definition of r,i’l, for any ¢
we have

R > B0 [fh G @] = —Ry B9 [w(s! D] = —Ry'a'M,  (14)

regardless of the strategy used. Therefore, the second term on the RHS of (13) can be bounded
above by

o * *
X R RMa" !
Z B’ (R + Ry’a’M) =gt + ¥V ,
r=r"41 I-# I —apy

which goes to 0 as t* — oo. Obviously, this implies that there exists a value of ¢*, call it * R
for which the second term on the RHS of (13) is smaller than %

Next, note that, by (14) and (b) of assumption (A2’), the first term on the RHS of (13) is
bounded above by

Zﬂ
+Zﬂ
+ ..+Zﬂf

t=t*

Ry'a / w(S()l)M (ds01)+R8

Ry'a'™ l/Fa w(Sll,l)ﬁl(dsll,l)‘i'R‘s

0

Ry'a'™" fa w(sp D (dsp ) + RS
FO

This sum can be made arbitrarily small, say smaller than § for r* = * by taking appropriate
3 =§8*%

This however implies that 71,: = 7111 (8%, tA*) satisfies (12). m]

Proof of Theorem 1 Take & > 0 and note that by Lemma 6 for each population i there exists
a weakly continuous policy rrf € M’ such that

[Jﬁn(so (i1, ”1])|50 Mé] > sup E[Jﬁn(so [7-i1, 7;1])|S0 Mé]—g
ne./\/l’
(15)
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Next note that for any t* > 0 we have

[5G (70, 7D 155~ 75| — B [ 66 16 w1700 | s~ |
t*

52/3[ ]E[rl(Aznll’A?ll’ )]_E[rl(th z1sfz)]’

|:Z B ( '<?1I!A;11177>_ri<z1s tlvfr)):H

t=t*+1

The first #* terms on the RHS go to zero as n — oo by Lemma 5, while (14) implies that the
last term can be bounded above by

o0 * *
. R RMdo' +1,,t%+1
Z B! (R + R)/’ottM) =4 +1 n o )4 e 0.
t=t*+1 1= I —apy

S BN | . .
Hence, we can fix * such that 87 *! (% + %) < Sandni(e), ..., n'y (e) such

that for n > nl (s), e AN > nl (g), we have
1 N

2¢e
—. 16
<3 (16)

[5G (70, 7D 155~ 75| = B [Jhs6 b 7700 | s~ |

o~

Using similar reasoning, we may find n’] (&), ..., n’)v(g) such that for n; > n’1 &), ....,nNy >

niy (),
Li e = | — % P S S xi 2e
B[/ 6o ) |50~ 25 ) — E[Jtsh oo ml D s ~ il < T+ (D)
If we take n;(¢) = max{max{n!(e), j = 1,..., N}, max{n/(e),j = 1,...,N}}, i =

1, ..., N, the definition of the Markov mean-field equilibrium, (16) and (17) imply that

E[J5060.7) |5~ | — B[ /s 6o, it 7)) |56~ T |

ik

> B[ 7} (s g 7 ) | sh ~ i | — B[ T oo ) |5 ~ i
B B

B[ T 2 156~ 5| — B [T sh T 7 70 s~ wi ]

. . . ) , 4e
~ B[40, ™) 155 ~ 72| B [Jheh w7 s ~ 5] > -5
forny > ni(e),...,n1 > ni(¢). Combining it with (15) we get that
E[J5aG0.7) |50 ~T25) > swp E[J5G0 Foin i) 155~ 75| -
T feMi
forany i € {1,..., N} and n1 > ni(e),..., n1 > ni(e). As all the players within each
population are symmetric, this implies that the profile of strategies 7 is an e-equilibrium in
the n-person counterpart of the discounted-payoff mean-field game in this case. O
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5.2 Results for the Total Payoff Case

In the remaining results we address the n-person counterparts of total-payoff game.

Theorem 7 Suppose assumptions (Al”), (A2”), (A3), (A4”) and (A5) hold and suppose ™
and (g, 17, - . ) form a Markov mean-field equilibrium in the multi-population discrete-
time mean-field game existing by Theorem 8 in [18]. If in addition, for each t > 0 and
i=1,...,N, nti is weakly continuous, then for any ¢ > 0 and any T > 0 there exist
positive integers ni(e, T), i = 1, ..., N such that the vector of strategies where each player
from population i uses policy 7' is an (e, T)-Markov—Nash equilibrium in any n-person
stochastic counterpart of the total-payoff mean-field game ifn' > ni(e, T), i =1,..., N.

Remark 2 As in the case of discounted payoff, stationary mean-field equilibrium existing
according to Theorem 5 in [18] is a specific case of Markov mean-field equilibria with
stationarity condition imposed on global states of the game at subsequent stages. Hence, the
result provided by Theorem 7 holds in this case as well.

Before we pass to the actual proof of Theorem 7, we present an auxiliary result that can
be seen as a variant of Lemma 6 for the total payoff game.

Lemma 8 For any i and any ty € N under the assumptions of Theorem 7,
sup B[ G, 107 1, ) |55 ~ 725
nfe/\/l"

—

can be attained using policies ﬂ{ such that 71{ , Is weakly continuous for any time t > 0.
Moreover, these policies do not depend on to as long as ty < T for some fixed T € N.

Proof Without loss of generality we may only consider i = 1. As in the case of Lemma 6
what we need to prove is that for an arbitrary policy 7111 e M! and any ¢ > O there exists
nll € M! which is weakly continuous and satisfies for any fixed 1o < T

B[4 G, (0710, 07D 15 ~ 75| = B [ 2] G, 10710 D) 155~ 75| e
(18)
The beginning of the proof is the same as for Lemma 6: we construct a Markov

—

strategy for the first player in the first population 711] (8, t*) (with t* > T) of the form

I T R R : :
(710,1 ST s e T s Ty g - - .), where each 7, " is weakly continuous and agrees with

| with probability 1 — §.
Next, we define modified (non-time homogeneous) transition probability Q" as

0n(-|5,a), ifs| #s*ort <1
(s s if s =s*and ¢ > 19

E3( —
ngC18,a,7) = {

Let ( Zto)t (- | 5, @) denote the transition in ¢ steps when the initial state of the n-person game
is 5 and the players use Markov strategy vector . It can be checked that under assumption
(A4, 0110 satisfies

o0
=0,

w

lim sup
t*—00 — N N
aell)_ (M7)"Y,

(50,a0,51,a1,.-) M2 TN (D7)

/ wxhHe ™ (Q0) (d¥ | 5,5)
S1\(s*)

t=t*+1
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which can shortly be written as
lim Lx=0 (19)

t*—00

with L+ denoting the supremum under the limit.
Now we can proceed as follows:

(B[4 T 10710, 076, ) 155 ~ 72| — B [ G, 1070, 0] D) 155 ~ 72 )|

— 7' ~ T

J—— T 01 * o T 07 1051 —

— |pro*. Q.07 107 (8,%)] Z V,I,’I(Sr,at) R0 Qn [0y 1,07 ] 2 rrl,l(s[’at)
t=tg 1=to

. 00 ~ 00
—x ™0 [t9= 101 * . ——x *0 9= 101
, JO0T_y,1,/0m, (8.1 E 1.1 ar) Lo, L0711, 0m E 1.1
— |[EFA0%Cn I 1,1,0m (8,1%)] MG a) - A0 Cn sl 1,1,0my] o G5z, ar)

t=to =1

r* t*

— 0 9= ,)’T % o ——* )0 9= [0,\1 S
R0 Qn o[0T —1,1, /0y (8,1 )]Zr,i'l(st,at) — EH0* Q0T 11, ﬂ]]Zrivl(st’at)

=
=ty =1
—~ 00 ~ 00
M0 g = 101 % o ——* *0 1g= 10571 —
B OO OT 0 G NN L gy — BP0 0T 0] T L g g
t=t*+1 t=t*+1

As assumptions (A1”) and (A2”) are stronger than (A1) and (A2’), bounds given in (14) still
hold here. Hence, the first term on the RHS can be bounded above by

Ry'o! /a w(sé,l)uél(dsé’l) + RS
F

0

R)/tOll_l /5 w(sllql)ﬁl(dsll,l) + R§
Fy

Ly

t=max{l,tp}

-
fot Y

t=t*

Ry'a'™" /5 w(sp D (dsp ) + RS
FO

As far as the second term is concerned, (14) and the fact that r,}’] (s, @) equals zero whenever
sl1 = s* imply that it can be bounded above by

oo
E sup > Ry'a’/ wxHa™ (Q") (dx | 5,7)
551‘[;\’:1(/\41’)”1’ =11 ST\{s*}
o0
+ sup R(Q:0) (S'\ (5%} 15,3) | 5o ~ 7 | <2RM Ly~
Tl (MI)" 1= 41

with the last inequality following from the definition of L+, (A1”) (in particular the fact that
ay < 1) and the inequality w > 1.

Both boundaries can be made arbitrarily small by taking ¢* big enough (by (19)) in
the second case and § small enough in the first one. In particular, if both are less than %

o~ —

nkl = 7111 (8%, t/;‘) satisfies (18). As boundaries do not depend on fy, the last statement of the
lemma has also been proved. O
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Proof of Theorem 7 Take ¢ > 0 and T € N. Note that by Lemma 8 for each population i
there exists a weakly continuous policy 71{ € M’ such that

B[ 24 G, (07 1.1, 1) | 56 ~ 72

S ~ £
> sup E [J*l,;’ (Fg, [°7—i,1, i) | 50 ~ MZS] -3 (20)
JT{EMi
for any 79 < T. Next note that for any r* > T we have

Li— i e _ T . .
(B[4 G, 1070, 0D |55 ~ 725 | — B [T 70, ], 070 | s~

min{7} —1,r*}
i (sni ~ni o =p i(ai AP TE
<|E Z (r (st’l,al,l,et)—r (st’l,am,r, ))
1=ty
7'11
i (~n,i ~ni = i ~i ~i =
+ [E § : (rl (St,l’at,l!/é;l) —r! (szl,l’a;,lvtt*))
t=t*+1

The first term on the RHS goes to zero as n — oo by Lemma 5. As far as the second term is
concerned, it can be bounded above by 2RM L+ in a similar way as in the proof of Lemma
8. By (19) this can be made arbitrarily small by taking #* big enough. In particular, we can
find t* such that 2RM L+ < % and n’1 (e, T),..., n’}v(e, T) such that for n| > n’1 (e, T), ...,
ny > n’}\,(s, T), for each to > T we have

2¢

< —.

5
2

B [0 G 007 i ) |56 ~ 72| = B[y Ty O], ) s~ i

Similarly we find nil(e, n, ..., né\,(e, T) such that for n; > n’l (e, T),...,nNy > n’}v(e, T)
andany o < T,

S . o S . . 2¢
B[4 . o) 1 56 ~ g | B il 7 o 1 sh i || < S @)

If we take n; (e, T) = max{max{nlj(s, T),j=1,...,N}, max{nl.j(e, T),j=1,...,N}},
i =1,..., N, the definition of the Markov mean-field equilibrium, (21) and (22) imply that

Vi e — i ro— -~ -
B[4 (. %) | 56 ~ 725 ) — E [ 11 (g, (9% —i.0, O} D) | 55 ~ 55 |
> B [V Gshys T 0] %) s~ i | = B[ it T o 07 |~ ]
— B[k G 107 i ) 1 55 ~ | — B [l T 0] ) | s~ ]

4e

5

— B[4 . o) 1 56 ~ | — B [ty T 0l 0 | s~ ]

forn; > ny(e, T),...,n1 > ni(e, T) and g < T. Combining it with (20) we get that

E[ 25 (I, ) |50~ ) > sup B[4 (. (97 -0, 7] | 55 ~ T | —
nfe./\/li

foranyi € {1,...,N},n; > ni(e,T),...,n1 > n1(e,T) and 19 < T. As all the players
within each population are symmetric, this implies that the profile of strategies 7 is an
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(e, T)-equilibrium in the n-person counterpart of the total-payoff mean-field game in this
case. O

6 Concluding Remarks

The paper is the continuation of our previous article [18], where we have presented the
conditions under which multiple-population discrete-time mean-field games admit Markov
(or stationary) equilibria. These results were presented for two payoff criteria: S-discounted
payoff and total expected payoff. In this article, we have presented the theorems showing that
under some rather unrestrictive assumptions equilibria obtained in the mean-field models
are approximate equilibria in their n-person counterparts when n is large enough. All of
them are presented for both payoffs considered. As games with total payoff have only been
studied in finite state space case, the approximation results presented here also extend those
for total-payoff mean-field games with a single population. The article is a part of ongoing
research on discrete-time mean-field games with multiple populations of players. The next
step should be extending the results presented in this paper to the case of long-run average
reward. This is an especially interesting case as standard ergodicity assumptions applied in
this kind of models to show the existence of an equilibrium do not translate well to the case
with multiple populations.
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