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Abstract

The paper deals with a zero-sum differential game for a dynamical system described by
neutral-type functional-differential equations in Hale’s form with initial conditions deter-
mined by piecewise continuous functions. It is proved that the differential game has a value
and optimal positional (feedback) players’ strategies. If the value functional satisfies cer-
tain smoothness conditions, the optimal strategies are constructed based on its gradient. In
the general case, such strategies are described using quasi-gradient constructions. The fact
that the quasi-gradients under consideration require looking for extremum points only on a
finite-dimensional set is the crucial contribution of this paper.
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1 Introduction

In differential games for dynamical systems described by ordinary differential equations
satisfying the Isaacs condition [11] (or the saddle point condition in a small game in other
terminology [14]), it is known (see, e.g., [14, 25]) that the value of the game exists and can
be achieved by positional (feedback) players’ strategies. If the value function is continuously
differentiable, then the optimal positional strategies can be obtained utilizing its gradient.
If the differentiability of this function is not assumed, they can be constructed by various
regularizing tools [2, 6, 14, 22, 25, 27]. In particular, under fairly general conditions, the
optimal positional strategies can utilize the quasi-gradients of the value function [25]. This
paper aims to describe optimal positional strategies for more general differential games in
which dynamical systems are described by a functional-differential equation of neutral-type
in Hale’s from [10].

Such equations represent a fairly general class of functional-differential systems which
contain not only a delay in the state vector but also a delay in its derivative. They arise in
studying, for example, transmission line nonlinear oscillators [4, 5], torsional motions of
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driven drill strings [1] and other applications (see [13]). As a quality index for the differential
games under consideration, we choose a Boltz cost functional, which is quite a typical choice
for the differential games [14, 25] and natural for applications. In a particular and often used
case, it estimates the distance from the target point at the terminal time and the integral of
the players’ control cost.

Note that the usage of the previously developed optimal positional strategies in differen-
tial games for both time-delay [15—17, 23] and neutral-type [9, 18] functional-differential
systems is problematic since their application requires looking for extremum points on
infinite-dimensional sets of continuous functions (possible histories of system motions).
However, recent papers [20, 21] devoted to optimal control problems and differential games
for time-delay systems established that it is possible to look for extremum points on finite-
dimensional sets if motion histories are piecewise continuous functions. Therefore, starving
to obtain a similar result in differential games for neutral-type systems, we also consider a
motion history space with jumps. Namely, following [24], we choose the space of piece-
wise Lipschitz continuous functions. In particular, paper [24] established the uniqueness of a
generalized (minimax and viscosity) solution of the Hamilton-Jacobi equations arising from
control problems for neural-type systems in this space. Thus, proving that the upper and
lower values of the game in the class of non-anticipatory strategies are the viscosity solu-
tion of the corresponding Hamilton-Jacobi equation, we obtain the value of the game exists
(Theorem 1).

Next, we describe the smoothness conditions under which optimal positional strategies
can be constructed based on the gradient of the value functional (Theorem 2). Note that,
in contrast to time-delay systems (see [16, 17]), we cannot use the ci-smoothness condition
since, even in the simplest case of neutral-type systems, the gradient is not continuous (see
[8]). Instead, we use conditions considering possible discontinuities of the gradient following
[8]. However, the choice of the motion history space with jumps allows us to obtain more
general smoothness conditions than in [8].

Finally, thanks to such a choice of the motion history space, for the general case when
the value functional is not smooth, we prove the optimality of positional strategies based,
in fact, on the classical quasi-gradient definition [25] (Theorem 3). Let us emphasize again
that, unlike previous papers [9, 18] devoted to optimal positional strategies for neutral-type
systems, such quasi-gradient constructions requires looking for extremum points only on a
finite-dimensional set, which is the crucial contribution of this paper.

Note also that the usage of the motion history space with jumps creates various additional
difficulties in proofs. Namely, motions of neutral-type systems on such space have a certain
periodicity of jumps during the control interval (see Remark 1), which is not typical for time-
delay systems, for example. In addition, the value functional has rather specific continuity
properties (see condition (p1) and (p2)) that are different from [9, 18], where Lipschitz motion
histories were considered. Nonetheless, the accounting of this specificity in the proofs allows
us to obtain the above results.

2 Results
2.1 Functional Spaces

Let R" be the n-dimensional Euclidean space with the inner product (-, -) and the norm || - ||. A
function x(-): [a, b) — R" (or x(-): [a, b] — R") s called piecewise Lipschitz continuous
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if there exist points a = &y < & < ... < &74+1 = b such that the function x(-) is Lipschitz
continuous on the interval [&;, &;41) for each i € 0, I. Note that such a function x(-) is
right continuous on [a, b) and has a finite left limit x(§ — 0) for any £ € (a, b]. Denote by
PLip([a, b), R") and Lip([a, b), R™) the linear spaces of piecewise Lipschitz and Lipschitz
continuous functions x(-): [a, b) — R", respectively.

Let ¥, 2 > 0. Without loss of generality of the results presented below, we can sup-
pose the existence of J € N such that ¥ = Jh. For the sake of brevity, we set
PLip = PLip([—h, 0), R") and, for any w(-) € PLip, we denote

0
IIw(‘)||1=/h||w(S)||dE, lwlloo = sup [w@El. w(=0)=w(0-0).

§€[—h.0)

Following [24], define the space PLip,, of functions w(-) € PLip continuously differentiable
on [—h, —h + §,] for some §,, > 0 and the spaces

G =1[0.9] x R" x PLip, Gy =U/Z}(jh. (j + h) x R" x PLip,. )

2.2 Differential Game

For each (7, z, w(-)) € G, consider a zero-sum differential game for a dynamical system
described by the neutral-type differential equation in Hale’s form [10]

d
E(x(t) —g(t, x(t — h))) = f(t,x@), x(@ —h),u(),v()), tcelr,], @)
x() eR", u@t)eUCR!, v()eVcR™,
with the initial condition
x(t)y=2z, x@®)=wE—r1), tel[t—~hr1), 3)

and the quality index

0
Y ZG(X(ﬁ),xrsC))vL/fo(t,X(t),X(t—h),u(t),v(t))dl, “

Here ¢ is the time variable; x(¢) is the state vector at the time ¢; u(¢) and v(¢) are control
actions of the first and second players, respectively; U and V are compact sets. Hereinafter,
the symbol x;(-) denotes the function on the interval [—#, 0) defined by x;(§) = x(¢ + &),
& e[—h,0).

In this differential game, the first player aims to minimize y, while the second player aims
to maximize it.

We assume that the following conditions hold:

(g1) The function g is continuously differentiable.
(g2) There exists a constant ¢, > 0 such that

lg(t, Il < cg(1+lIxll), (2, x) € [0,9] x R".

(f1) The functions f and f° are continuous.
(f2) There exists a constant ¢y > 0 such that

£ x v u,0)| + [0 x, vy, u,0)| < ep(+ lxl+ Iyl
foranyz € [0,9],x,y e R",u € U,andv € V.
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(f3) Forevery o > 0, there exists a number Ay = A ¢(a) > 0 such that

||f(t,x,y, u,v) — f(t,x',y,u, v)|| + |f0(t,x,y, u,v) — o0, x', ¥y, u, v)|
<Ap(lx =x"I1+1ly = y'll)

forany r € [0, 9], x,y,x',y € Bla) ={x e R": ||x|| <a},u e U,andv € V.
(fa) The equality

minmax (¢, x, y,u,v,s) = maxmin x (¢, x, y, u, v, s)
uEUUGVX 2% Yo ¥ U, ueVuelUX ’ ¥ ’

holds for any ¢ € [0, #] and x, y, s € R", where

X x y uv,s) = (f(t.x.y,u,0).5) + £ x, .0, v). ®)
(01) Forevery a > 0, there exists A, = Ay () > 0 such that
o, r() =o', ()] < ho (I = X1+ 17 () =" ()h)
for any (x, r(+)), (x’,r'(-)) € P(a), where
P(@) = {(x,r()) € R" x PLip: x| < &, Ir()lloo < }. 6

(02) There exists ¢, > 0 such that
lo G, r()] < co (T4 x4+ 7 Ollo),  (x,7()) € R" x PLip.

Note that these conditions are quite typical for differential games theory [11, 14, 25]. In
particular, condition ( f1), called the Isaacs’s condition [11] or the saddle point condition in
a small game in other terminology [14, 25], is crucial for proving the existence of a value
(see Theorem 1 below).

Define the set of piecewise Lipschitz continuous right extensions from the point
(t, z, w(-)) as follows:

A(t,z,w() = {x() € PLip([t — h, 9], R"): x(v) = 2, x: () = w()}.

By admissible control realizations of the first and second players, we mean Lebesgue mea-
surable functions u(-): [t, 9] — U and v(:): [7, ?] — V, respectively. Denote by U/, and
V; the sets of admissible control realizations of the first and second players. Under conditions
(g1) and (f1) — (f3), following, for example, the scheme from [7, Section 7] (see also [12,
Section 4.2]), one can show that each pair of realizations u(-) € U; and v(-) € V; uniquely
generates the motion x(-) = x(- |, z, w(-), u(-), v(-)) of system (2), (3) that is the func-
tion from A(z, z, w(-)) such that the function x(¢) — g(¢, x(t — h)), t € [z, ¥] is Lipschitz
continuous and x (-) satisfies Eq. (2) almost everywhere.

Remark 1 Note that the motions of system (2), (3) have a certain structure of Lipschitz
continuous pieces (and discontinuity points). Namely, if —h =& < & < ... <&41 =0
such that the function w(-) is Lipschitz continuous on [§;, &;+1), i € 0, [ then the motion
x(:)y=x(|7,z, w(), u(-), v(-)) is Lipschitz continuous on the intervals [t + & + jh, T +
&1+ Jjh)NI[r,9],i €0,1,j €0, J. This fact can be proved similar to Proposition 8.

We first consider differential game (2)—(4) in classes of non-anticipative strategies of
players (see, e.g. [2, Chapter VIII, Section 1]) or quasi-strategies in another terminology
(see, e.g. [25, Chapter 111, Section 14.2]).

By a non-anticipative strategy of the first player, we mean a mapping Q% : V; +— U; such
that, for each v(-), v'(:) € V; and ¢ € [, ¢], if the equality v(§) = v/(§) is valid for a.e.
£ € [, t] then the equality Q¥[v(-)1(§) = Q%[v'(-)]1(§) holds for a.e. £ € [, t].
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A non-anticipative strategy of the first player Q% and a control realization of the second
player v(-) € V. define the control realization of the first player u(-) = Q¥[v(:)](:), the
motion x(-) = x(-| 7, z, w(-), u(-), v(-)) and the value y = y (7, z, w(:), Q¥, v(-)) of quality
index (4). The lower value of differential game (2)—(4) is defined by

p“(t,z, w()) =inf sup y(r,z,w(), 07, v()). )
27 v()eV,
The functional G > (t, z, w(:)) — p" = p%(7, z, w(-)) € R is the lower value functional
of differential game (2)—(4).

Similarly, a non-anticipative strategy of the second player is a mapping QY: U; +— V¢
such that, foreach u(-), u’(-) € U and t € [, ¥], if the equality u(§) = u’(§) is valid for a.e.
£ € [, t] then the equality Q¥[u(-)1(§) = Q¥[u’(-)1(§) holds for a.e. £ € [z, t]. Such a non-
anticipative strategy together with u(-) € U, define the realization v(-) = Q¥[u(-)](-), the
motion x(-) = x(- | 7, z, w(-), u(-), v(-)), and the quality index y = y(z, z, w(-), u(-), Q¥).
The upper value of differential game (2)—(4) is

p'(r,z,w(:)) =sup inf y(r,z, w(), u(), Q7). 3)
Q? u(-)elUs

The functional G > (7, z, w(:)) — p¥ = p?(7, z, w(-)) € Ris the upper value functional of
differential game (2)—(4).
Note that the functionals p* and pV satisfy the following conditions:

(po) The equality p (9, z, w(-)) = o(z, w(-)), (z, w(-)) € R" x PLip holds.

(p1) For each pair (r,w(-)) € [0,9] x Lip([—h,0),R"), the function 5(r) =
p(t, w(=0), w(-)) is continuous on [z, ¥].

(p2) Forevery a > 0, there exists A, = A, () > 0 such that

lo(r, z,w() — p(r, 2, w' )| < Apv(r,z — 2, w() —w'() )
for any t € [0, #] and (z, w(-)), (z/, w'(-)) € P(a), where
u(t, z, w) = llzll + lwOll + lw=m) + lw(ih — ) (10)

in which j € —1,J — lissuch that t € (jh, (j + DA].
(p3) Forevery (t,z,w(:)) € G, 7 < 9,¢ > 0, t, € (z, 9], and v(-) € V;, there exists
u(-) € Uy such that the motion x(-) = x(-| 7, z, w(-), u(-), v(-)) satisfies the estimate

P (L, x (1), X1, (1)) +/* SO x (@), x(t = h), u@), v(@)dt < p(x, 2, w() + ¢

(pg) Forevery (t,z,w(:)) € G, 7 < ¥,¢ > 0, t, € (7, 9], and u(-) € Uy, there exists
v(-) € V¢ such that the motion x(-) = x(- | 7, z, w(-), u(-), v(-)) satisfies the estimate

P (1, x (1), X1, (1)) + / * SO x (@), x(t = h), u@), v(@)dt = p(x, 2, w() = ¢

The fulfillment of terminal condition (pp) follows directly from definitions (7) and (8)
of value functionals p” and p". Conditions (p1), (p2) naturally generalize the continuity
properties of value functionals to the case of neural-type systems considered on a set G (see
[24, Remark 2]) and are proved in Proposition 10. Conditions (p3), (p4) describe the dynamic
programming principle for the functionals p* and p¥ and can be proved following the scheme
from [2, Chapter VIII, Theorem 1.9] if we take into account that any non-anticipative strategy
Q% defines a rule—for every v(-) € V; there exists u(-) € U, and similarly for Q?. Note
also the fact that system (2) has a delay does not in any way affect the proof scheme.
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2.3 Hamilton-Jacobi Equation

In this section, we consider the corresponding to differential game (2)—(4) Hamilton-Jacobi
equation with coinvariant derivatives to prove the existence of the value and other auxiliary
properties.

Following [24] (see also [12, 15]), a functional p: G — R is called coinvariantly (ci-)
differentiable at a point (7, z, w(-)) € G, T < ¥ if there exist agpr(t, z,w(-)) € Rand
V.p(t, z, w(-)) € R” such that, for every ¢ € [t, 9],y € R?, and x(-) € A(z, z, w()), the
relation below holds

p(t7 Y, xl(')) - P(T’ 2, w()) = (t - T)ag,lwp(ra 2, w()) (1])
+Hy =2z, Vep(r, z,w)) + ot — |+ lly — zl,

where the value 0(8) can depend on x(-) and 0(§)/8§ — 0 as § | 0. Then 8§pr(r, z, w(+))
is called the ci-derivative of p with respect to {t, w(-)} and V,p(z, z, w(-)) is the gradient of
p with respect to z.

Denote

G(t,x,y) =0g(t,x)/0t + Vyig(t,x)y

H(t, x,y,s) =minmax x(f, X, y, u, v, 5)
uel veV

t€[0,9], x,y,s eR", (12)

and consider the Cauchy problem for the Hamilton-Jacobi equation

A, (T, 7, w()) + (G(t, w(=h), d*w(—h)/dE), V.p(t, z, w(-)))

FH(T, 2 w(—h), Vap(r, 2, w() =0, (1,5, w() € Gy, )
and the terminal condition
p(@, z,w() =0z, w()), (z, w()) eR"xPLip, (14)

where dTw(—h)/dE is the right derivative of the function w(£), & € [—h, 0) at the point
& = —h. The properties and singularities of such Cauchy problems were studied in [24].
In particular, this paper proves the existence and uniqueness of the generalized (minimax
or viscosity) solution of such a problem. Thus, showing in Proposition 11 that the both
functionals p* and p"? are the viscosity solution of problem (13), (14), we obtain the following
statement.

Theorem 1 Differential game (2)—(4) has the value functional
IOO(Ta 2, U)()) = pu(Ta 2, U)()) = pv(‘[9 Z, w())7 (Ta Z, w()) S G (15)

Note also that from this theorem and [24, Theorem 5], we get the following auxiliary
property which directly connects p° and equation (13):

(ps) Let the value functional p° be ci-differentiable on G,. Then p° satisfies Hamilton-
Jacobi equation (13) for any (z, z, w(-)) € G,.

2.4 Optimal Positional Strategies

In this section, we introduce the concept of positional (feedback) players’ strategies following
the scheme from [14] (see also [16] for time-delay systems). Note that the positional strategies
are a particular case of non-anticipative strategies, and therefore, their guaranteed results
cannot be better than values (7) and (8). Below, we present positional strategies capable
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of providing precisely these values (i.e. optimal strategies), which is the main result of
this paper. Namely, following the differential game theory [25], firstly, we describe optimal
strategies based on the value functional gradient if it satisfies certain smoothness conditions,
are secondly, we present strategies utilizing quasi-gradients for the general case.

By a positional strategy of the first player, we mean an arbitrary function U : G +— U. Let
us fix (7, z, w(-)) € G and a partition of the interval [z, #]:

A,s:{tj:tlzf,0<tj+1—tj§5,j=1,7k, ter1 = U (16)

The pair {U, As} defines a control law that forms a piecewise constant function u(-) € U,
according to the following step-by-step rule:

u(t) =U(tj, x(1;), %, (), t €ty tj41), j =1k a7

This control law together with any function v(-) € V; uniquely determine the motion x(-) =
x(-1t,z, w(), u(-), v(-)) and the quality index y = y (¢, z, w(:), U, As, v(-)) of quality
index (4). The guaranteed result of the strategy U is defined by

pu(T, 2, U)(), U) = lim sup Supy(f, Z, U)(), Ua A57 U()) (18)
30 A5 w()

Similarly, with the corresponding changes, for the second player, we define a positional
control strategy V : G — V, control law {V, As} that forms a function v(-) € V; by

v(t) = V(tj, x(1), x; (), 1 et v, j=1k,
the guaranteed result of the strategy V

) — Tim inf ) . ) 19
pu(T, 2, w(), V) 18%1 1§3f nggy(t,z,w(),u(), V., As) (19)

Theorem 2 Let the value functional p° = p°(t, z, w(-)) is differentiable by z on G and

ci-differentiable on G, (see (1)). Let the functional V,p° = V,p°(t, z, w(-)) satisfy the

condition

(p}) For each (t,w(")) € [0,9] x Lip, the function p(t) = V p°(t, w(=0), w(")) is
continuous on [t, 0] N (jh, (j + 1)h) foreach j € 0, J — 1.

and condition (p2). Then, for every (t, z, w(-)) € G, the players’ strategies

U(t,x,r(-) € argminmax x (¢, x, r(—h), u, v, V.p°(t, x, r(-)))
uely VeV

V(t,x,r(-) € argmaxmin x (¢, x, r(—h), u, v, V;p°(t, x, r(-)))
vey uel

provide the equalities
pu(T, 2, w(), U) = p°(r, 2, w()) = py(r, 2, w(), V). (20)

Thus, the positional strategies U and V described above are optimal.

The simplest example of a differential game in which the conditions of Theorem 2 are
satisfied can be found in [8]. This example also forces us to use a weaker condition (o) than
(p1) in this theorem because we can see that even in such straightforward cases, condition
(p1) for the value functional gradient does not hold.

Next, determine the optimal strategies for the general case following [25]. For every
A, & > 0, denote

r,e re e e _a
e, x) =07 ()ut(x), 6~°(@) = (e —g)/e, )
1 @) = Vet + a2, (t,x) €[0.2]xR" (21
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and consider the functionals
pHE(, x, r () = argmin (0°(t, p, () + 0" (t, x — p)),
peR”

gt e x r () = argrgax (p°(t q. r() —n*E(t. x — q)),
qeR”

(22)

where (¢, x, r(-)) € G. Proposition 14 proves the argmin and argmax values are archived
for sufficiently small ¢ and therefore, these functionals are well defined. Let us consider the
quasi-gradients

VIO po (1, x,7() = Voo (1, x — pHE(e, x, (),

Vz)ha’_po(ty X, r()) = Vzn)h’s(t, X — q)\’a(tv X, r()))a (23)

and describe the optimal strategies that does not require additional smoothness conditions
for the value functional.

Theorem 3 For every (t,z, w(:)) € G and ¢ > 0, there exist . > 0 such that the players’
strategies

UME(t,x,r() € argntf[ljin max (t, x, (=), u, v, V2o  po(t, x, 7 ()
ue

he ~ he— o 24
VRE(t, x, r(-) € argmaxmin x (¢, x, r(—h), u, v, V2" p°(t, x, r()))
vev ueU
provide the equities
Ii Lz w(), UM) = p°(t, z, w()) = Ii Lz w(), VAo,
lim pu (7, 2, w() ) =p°(t, 2, w()) %pv(f z,w() ) 25)

Note that, in contrast to Theorem 2, Theorem 3 describes strategies providing
p°(t, z, w(-)) only in the limit. Nonetheless, this result is typical for the theory of differential
games (see, e.g., [25, Section 12.2]) since, even for ordinary differential equations, universal
positional strategies (i.e. positional strategies independent of a particular initial condition)
that provide the value without ¢ may not exist [26].

3 Proof
3.1 Properties of the Dynamical System

In this section, we give some properties of dynamical system (2). Proposition 4 follows
directly from condition (g;). Proposition 6 was proved in [24, Lemma 1]. The proofs of the
remaining propositions are given below.

Proposition 4 For every o > 0, there exists Ag = Ag(t) > O such that
gt x) — g(t' x| < dg(lt =11 + lx — xIl)
foranyt,t’ € [0,%]and x,x’ € B(a) :={x € R": ||x|| < a}.

Proposition 5 There exists cx > 0 such that, for every (t,z, w(:)) € G, u(-) € Uy, and
v(:) € Vg, the motion x(-) = x(-| t, z, w(:), u(-), v(-)) satisfies the estimate

e < ex (14 llzl + lwO)lloo), 1 € [T, 9], (26)
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Proof Define cg, ¢y > 0 according to conditions (g2), (f>). Denote ¢ = 1 + 2¢¢ 4+ 20 and
putcy = c*“‘le"f’?, where J is from (1). Then, due to (2), we have

t
X < Cg(1+IIX(Z—h)||)+||Z||+Cg(1+||w(—h)||)+6f/(1+IIX($)||+||X($—h)II)d€

for any ¢ € [z, ©]. Define the function k (t) = 1 + max{||x(&)| | € € [t — h, t]}, t € [z, D].
Denote ¢; = min{t + jh, 9}, j € 0, J. Then, we derive

t
k(1) < cak(t)) + 5 / k(@E)dE, et i), je0.T—1.
L
From this estimate, applying the method of mathematical induction and Gronwall-Bellman
Lemma (see, e.g., [3, p. 31]), we obtain the estimate

k() < el Me@er O, et tip), je0,J -1 27)
which implies (26). O

Proposition 6 For every a > 0, there exist ax = ax(a) > 0, oz)g( = oz)g((o{) > 0, and
A%y = A% () > 0 such that, for each T € [0, 9], (z, w(-)) € P(a) (see (6)), u(-) € Uy,
and v(-) € Vy, the motion x(-) = x(- | t, z, w(-), u(-), v(-)) and the function x8(t) = x(t) —
g(t,x(t —h)), t € [t, V], satisfy the relations

(), x () € Plax), X8I < ag, I¥@) —x8@ < rgle = 1|, 1,1 € [z, 9].

Proposition 7 For every a > 0, there exist Axx = Axx(x) > O such that, for every
T € [0,7]) (z,w(-)), (p,r()) € P(a), u(-) € Uy, and v(-) € Vi, the motions x(-) =
xClt, z, w),u-),v(-)) and y(-) = x(:|t, p,r(-), u(-), v(-)) satisfy the inequality

t
x(@®) —y®l +/ , X&) = y&)lld§ < Axxv(r.z— pw() —r()), te[r, V]

Proof Let @ > 0. According to Propositions 4, 6 and condition (f3), define the numbers
ax = ax(a) > 0, A, = Ag(ax) > l,and Ay = As(ax) > 0. Define also the numbers
Ay =1,15=1,and

M= A ap @4 an5 et 1S =14 jhas 4225, jel ). (28)

Putiyx = (JAAS + 25)A,.

Let 7 € [0, 9], (z, w(-)), (p,r(:)) € P(a), u(-) € Uy, and v(-) € V;. Define the motions
x() = x(lt, z, w(), u(-), v(-)) and y(-) = x(-|z, p, r(-), u(:), v(-)). Denote
s() =x()—y@), te[t—h,0v] s5@)=st)—g, x(t—h)+g(t,y@t—h)), t €[z, ?].

Let us prove the estimates

t

Is# @1 < 25 (s @I + sz Olh), / , Is)lldg < 25(Is¢ @I+ llselh) (29

T

forany ¢t € [t,7 + jh] N [r,¥] and j € 0, J. Note that these estimates hold for j = 0.
Following the method of mathematical induction, we assume that these estimates are proved
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for j — 1 and prove them for j. Due to the definitions of x(-), y(-), s(-), and A4, A 7, using
the second estimate in (29) for j — 1, we derive

t +(j—Dh
s8I < IsE@)Il + Ay / [s8ENdE + Ap(2+ Ag) / s)lIdg
+(—Dh T—h

t
< (4224225 (IS @I+ s Oll) + Ay / lls¥(©)IIdE.
T+(j—Dh

Then, applying Gronwall-Bellman Lemma (see, e.g., [3, p. 31]), we get the first estimate in
(29)on [t + (j — Dh, T + jh]. Since A% > Af forany i € 0, j — 1, this estimate also holds
on [t, T + jh]. The second estimate for j follows from the relations

t—h

t
| IS@IE < lIse Ol + f s ©)IldE + iy / Is(®)llde
T—
< st + Jh)»g(llsg(f)ll + sz 1) + Ag A (Ilsg(f)ll + sz (ll1),
in which, we use the choice of Ag, the first estimate in (29) for j, and the second estimate in
(29) for j — 1. Thus, we have proved (29) for any j € 0, J.

Lett € [, ?]. Let j; € 0, J be such that t — (j; + 1)k € [t — h, 7). Then, applying (29)
fori € 0, j;, taking into account the choice of A¢ and Axx, we conclude

Ji

t
||s<r>||+/ ||s<s>||ds<ZA’||sg<t—zh)||+Af'“||sg<t—<1* 1)h)||+/h||s@)||ds

=0
< (JAIAS + A5 (IS5 Ol + lIse Olh) + 22 1550 = (G + DA < Axxv(T,s(0)., 5¢())
and, hence, prove the proposition. O
Let (r, w(:)) € [0,9] x PLip. Let —h = §y < & < ... < &741 = 0 be such that the
function w(-) is Lipschitz continuous on [&;, &;11) for each i € 0, I. Denote j; € 0, J such

that j:h — t € [—h, 0). Then, without loss of generality, we can assume that §; = j:h — 7
for some i € 0, /. Denote

Oyt w() = {[t + & + jh T+ &1+ jh—v) N[0, 9): i €0, 1, j €T, T}, (30)

where v € [0, v,) and v, = min{(§4; — &)|i €0, I}/2.

Proposition 8 For each w(-) € PLip, there exists Ax = Ax(w(-)) > 0 such that, for every
T €[0,9], z € R", u(-) € Uy, and v(-) € Vs, the motion x(-) = x(-| 7, z, w(-), u(:), v(-))
satisfies the inequality

x(@) — x| + llxt —h) —x(@" = h)|| < Aixlt —1'|, 1,1 €6, 6 € Bz, w()).
Proof Due to the inclusion x; (-) = w(-) € PLip, there exists A,, > 0 such that

lx(t —=h) —x(@' =Wl = lwt =t —h) —wt' =7 =h)|| < rult —1'|

foranyt,t € [&,&+1)andi €0, I.Leta > 0. Takingay = ay(a) > 0, AX =28 Y (@) >0,
and Ay = A4(ax) > O from Propositions 6 and 4, respectively, define

A=Ay, Ajp=Ay+A+Arj, je0,J, Ax=Axry.
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Then, denoting x8(t) = x(t) — g(¢, x(t — h)), we derive

lx(@) = x| + llx(t — k) —x(@" = )|
< @) + 2O+ (1 + 2 llxt —h) —x(@' = h)| < 2% + (1 +Ahj = Aji

foranyt,t' € [t +& + jh, T +&41 + jh),i €0,1,and j € 1, J. Since Ax = Ay > A;,
j €0, J, from this inequalty, we get the statement of the proposition. O

3.2 Property of the Value Functional

Proposition 9 Let p satisfy (o) and (p2). Let (t,z, w(-)) € G and v € (0, vy). Then, for
every ¢ > 0, there exists § > 0 such that, for every u(-) € Uy and v(-) € Vy, the motion
x(-) =x(Clt, z, w(), u(-), v(-)) satisfies the inequality

’p(t7x(t)7xl(')) - ,O([/,X([/),Xt/(’))’ = {
foranyt,t' €0: |t —t'| <38, and 0 € O©,(r, w(-)).

Proof For the sake of contradiction, we assume the existence of ¢ > 0, u”(-) € U,
vV"(:) € Vi, Oy € O, and 1,1, € 6, such that |t,, — 7/,| < 1/m and the motion
X" =x(|t, z, w(-), u™(-), vV (-)) satisfies

[0t X ), X1 () = Pty X" 01), X7 (D)] > €. 31

Without loss of generality, taking into account definition (30) of ®,, (7, w(-)), we can assume
the existence of #, € [t, ?] such that |t, — t,y| + |tx — 1,,| < 1/m,m € Nand t,,, 1), t,. € Oy
for some 0, € ®,(t, w(-)). Moreover, in accordance with (10) and Proposition 8, we can
assume the existence of x*(-) € Lip([t — &, T], R") such that

(e, x™ (@) —xF @), x" () —x[ () <1/m, te€b,, m=>eN.
Let A, be a Lipschitz constant of x*(-). Then, due to (10) and Proposition 8, we have

Ut X () = 20, 57, () = 27 () = " (1) = 2" (1) e
Hlx*(tm — h) —x*(t = D) + llx; () —x2 Ol < 2+ h)dy/m, ’
According to (o), there exists M, > 0 such that
1 (s X*(82), X7 () = Pt X*(1), xE (DI < £ /4, m > M.

Thus, defining o = max{||z|, lw(:)lco} and taking ax = ax(x) and A, = A,(ax) in
accordance with Propositions 6 and condition (p;), we derive

[0 Cms x™ W), X)) = ot X* (1), X7 ()| < /44 1o (1+ Q4 h)Ay) /m < ¢/2

forany m > My := max{My, 4r,(1 + 2+ h)ry) /).
By the same way, we can find M, > 0 such that

o x™ @), X7 () = p (1 x*(0), 57 ()| < £/2, m > Mo,

and, thus, obtain the contradiction with (31). O

Proposition 10 The functionals p* and pV satisfy conditions (p1) and (07).
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Proof We prove the statement only for p* since it is proved similarly for the p".

First, we prove that p“ satisfies condition (p3). Let o« > 0. According to Propositions 6, 7
and conditions ( f3), (01), define ay = ax(a) > 0, Axx = Axx(ax) > 0,Ar = As(ax) >
0,and Ay = As(ax) > 0. Put A, = (A + 21 )Axx. To prove that p* satisfies condition
(p2), it suffices to show the inequality

P, p,r() — p* (T, z, w(®) < Apu(t,z — p,w() —r()) + ¢,

forany 7 € [0, #], (z, w(-)), (p,7(-)) € P(a),and ¢ > 0.
Let us take 7 € [0, z?A], (z, w(")), (p,r(-)) € P(w), and ¢ > 0. According to definition
(18) of p“, there exists Q¥ such that

sup Y@z, w), 0%, v() < p"(t, z, w() + ¢/2,

there exists 0(-) € V; such that

sup y(@, pr(), Q% v() < v(t, p,r(), 0% 0()) +¢/2,
v()eVy

and therefore we have
P (T, p.r()) — p(T, 2. w()) < ¥ (1, p, (), Q4 () — y(T. 2, w(), Q% () +¢.
Define u(-) = Q‘r‘[ﬁ(-)](), the motions x(-) = x(-|7,z, w(-),u(-), 0(-)) and y(-) =

x(-|t, p,r(-), u(-), v(-)), and the function s(t) = x(¢t) — y(¢), ¢t € [t — h, ©?]. Then, due to
the definition (4) of y and the choice of the numbers A, A 7, and Ay x, we derive

»
y (T, p,r(), 07, 0() — y(t,z, w(), 07, 0()) < AsllsM [ + (Ao +2)»f)f . ls@)llde
—
= Apu(t,z—p,w() —r()).
Thus, we has shown that p* satisfies (02).

Now, let us prove that the functional p* satisfies condition (p;). Let (7, w(-)) € [0, ¥] x
Lip. Let us show the function p“(¢) = p"(t, w(—0), w(-)) is uniformly continuous on [z, #].
Let ¢ > 0. According to Proposition 6 and conditions (f2) and (p2) proved above, define
ax(ap) > 0, cy > 0, and Ap(ax) > 0, where a9 = [|lw(-)|lo. Note also that, since
w(-) € Lip due to [19, Lemma 3], there exists Ax = Ax(w(-)) > 0 such that, for every
t € [1,0], u(:) € U, and v(-) € Vy, the motion x(-) = x(- |, w(—=0), w(-), u(-), v(-))
satisfies

|x@&) —x@®| < rxIE' —&1, && elt—h,v]

Put§ = ¢/3max{A,(2 + h)Ax, cr(1 + 2ax)}.

Let ¢, t. € [t, 7] be such that |t — .| < §. Without loss of generality, suppose that
t < t,. Let v(-) € V;. According to (p3), there exists u(-) € U; such that, for the motion
x()=x(|t,w(=0), w(), u(-), v(-)), we have

t
p"(t*,X(t*),Xr*(~))+/fO(S,X(E),Xg(-),M(S),v(é))dé <Pt w(=0), w() +¢/3.
t

Due to the choice of A,, Ax, and §, we derive

0" (i, X (1), X1, () — p" (ts, w(=0), w(-))|
< ApU(t, X (1) — w(=0), x1, () —w()) < 4,2+ h)Axd < /3.
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According to the choice of ax, cr, and §, we get

/ |0, x(8). xe (), u(8). vEN|dE < ey (1 + 2ax)(ts — 1) < £/3.

Thus, we obtain p“(t, w(=0), w(-)) — p", w(=0),w()) < ¢. The inequality
P4 (te, w(=0), w()) — p*(t, w(—=0), w(-)) > —¢ can be proved in the similar way, using
(p4) instead of (p3). ]

The subdifferential of a functional p: G — R at a point (z, z, w(-)) € G, T < ¥ is a set,
denoted by D™ (z, z, w(-)), of pairs (pg, p) € R x R”" such that

(p(t,x, Kl(')) - (p(.[a 25 w()) - ([ - T)PO - (X - %, P) >0 (32)

lim inf
8=0 (1,x)e0; (v.2) [t — ]+ [lx — zl
where «(t) = w({t —1),t € [t —h, 1), k() = z,t € [tr,9] and 0;“(1, 7) = {(t,x) €
[z, 91 xR": t € [t, T +3], ||x —z|| < §}. The superdifferential of a functional ¢ : G — R at
apoint (z, z, w(-)) € G, T < ¥ isaset, denoted by DV (z, z, w(-)), of pairs (gg, g) € RxR"
such that

(p(tvxal(l(')) _(p(ra Z,U)(')) - ([_T)‘IO— (X — % Q) <

lim sup <0. (33)

=0 vyeof (t.2) [t =7+ llx =zl

Proposition 11 Let a functional p: G +— R satisfy conditions (p2)—(p4). Then, for every
(z, z, w()) € Gy, the following inequalities holds:

po + (G(t, w(—h), dTw(—h)/d§), p)
+H(z,z,w(=h), p) <0, (po,p)e€ D p(r,z,w())
q0 + (G (z, w(—h), dTw(—h)/d§), q)
+H(t,z,w(—h),q) =0, (q0.9) € D" p(r,z, w())

(34)

Proof We prove only the first inequality from (34) since the second one can be shown
similarly. Let (z, z, w(:)) € G4 and (pg, p) € D™ p(z, z, w(-)). Note that the estimate

po+ (G(z, w(=h),d*w(=h)/dE), p) + H(z,z, w(=h), p) < ¢ (35)

for any ¢ > 0 implies the first inequality from (34).
Let ¢ > 0. According to Proposition 8, define Ay = Ax(w(-)) > 0. Due to definition (32)
of D™ p(t, z, w(-)), there exists § > 0 such that

p(t7x7K[('))_p(Tvsz('))_([_T)p()_<x_Z7p> - {

> - (36)
It — 7|+ llx —zll 31+ 2x)

for every (z,x) € 0;(r, z). Since w(-) € PLip,, (see (1)), taking into account (5), (12), and
(p2), there exists € (r, T + §/(1 + Ax)) such that, for every u(-) € U, and v(-) € V;, the
motion x(-) = x(-| 7, z, w(-), u(-), v(-)) satisfies the estimates

|X(T, 2, w(_h)5 u, U) - X(Ea x($)9x(€ - h)v u, 'U)| S {/67
|Gz, w(=h), d*w(=h)/d§) — G(&, x(E — h), d*x(& — h)/dE)| <¢/6,  (3T)

forany & € [1,t],u € U, and v € V. Define

vy € argmax min x (, z, w(—h), u, v, p). (38)
vey uel
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Due to condition (p3), there exists u(-) € U, such that the motion x(-) =
x(- 17, z, w(), u(), v(-) = vy) satisfies

t
p(t, x(1), x:(-)) +/ FOE x(E), x(§), (&), va)dé < p(r, 2, w() + (1 = T)¢/2. (39)

Thus, due to (2), (5), (12), (37), and (38), we derive
(G(r. w(=h). d*w(=h)/dE). p) + H(x. 2. w(=h). p)
1 d
< I_T/T (E(g(%‘,X(é—h))+x(5,x(5),X(é‘—h),u(é),v*,p)>d%‘+§/3
-z 1 t
= EOZRD [0 5@, 2 u@). v + £

t—1

From this inequality, using (36), (37), and (39), we obtain (35).

Proposition 12 There exists c, > 0 such that p° satisfies the equality

P (T, 2, wO)| < ep(1+ Izl + lwO)lleo), (7,2, w()) €G. (40)

Proof Let us take cr, ¢y, and cx from conditions (f2), (02) and the Proposition 6. Then,
putting ¢, = ¢ (1 4+ cx (1 +h)) +crP(14+2cx), forevery (7, z, w(-)) € G, u(:) € Uy, and
v(-) € V¢, the motion x(-) = x(-| 7, z, w(-), u(-), v(-)) satisfies

9
G(X(ﬁ)»xﬂ(~))+/ FOut, x (), x(t — h), u(t), v(r))dt

’ 9
< co (L4 Ix@)I + lIxs (lloo) +Cf/ (T+ lx@N + llx@ — R))dt

<co(l+cx(L+h) 4+ crd(1+2cx) +cx(co (1 +h) + 2c )0 < cp(1 + ap)

where og = max{||z||, [|w(-)|lco}. Thus, from (4), (7), and Theorem 1, we obtain (40). O

Proposition 13 Let the value functional p° = p°(t, z, w(-)) be differentiable by z. Then, for
every a > 0, there exists A, = A,(c) > O such that

IVop (2o w() | < hp. T €001, (z.w() € Pla). (41)
Proof Due to Theorem 1 and Proposition 10, there exists 1, = A, () > 0 such that
lp°(x, 2, w() = p° (T, pow(N| < Apllz — pll, TE[0,9], (2, w()) € Pla).

Since p° is differentiable by z, from this estimate, we obtain (41). O

Proposition 14 Let A > 0. Let e, = €4(X) > 0 be such that O™ (1) > 2¢p foranyt € [0, U]
and ¢ € (0, &), where 0*¢ and ¢, are from (21) and Proposition 12, respectively. Then, the
argmin and argmax values in (22) are achieved.

Proof Let us prove the statement for the argmin value. Let (7, x, r(-)) € G. Consider the
function ¢(p) = p°(, p,r(-)) + et x — p), p € R". According to Theorem 1 and
Proposition 10, this function is continuous. Due to the choice of ¢, and c,, we derive

o(p) = —cp(L+ Ipll + Irlloc) + 6% @) lx = pll = cp (1 + 1Pl = 20x1 + I (lloo)-

Hence, the function ¢ (p) is bounded below and ¢ (p) — 400 as p — oo. Thus, the minimum
of ¢(p) is achieved. O
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3.3 Proof of Theorem 2

Proof The proof is carried out by the scheme from [16] (see also [8]).

Let us fix (7, z, w(-)) € G. According to Proposition 6, define o, = ax(ax(og)) and
A$ = A% (arx (), where g = max{]|z|l, [|w(-)[loo}. Then, for every u(:) € Us, v(-) € Vr,
t, € [, 7], and for every r(-) € PLip such that |[7(-)[lcc < Xz, (-)llcc, Where x(:) =
x(-t,z, w(), u(-), v(-)), the motion y(-) = x(- |4, x(#x), r(-), u(-), v(-)) and the function
y8(t) = y(t) — g(t, y(t — h)), t € [t4, ¥] satisfy the relations

(@0, () € P, [y8@) —ysa)| <afle =), 1.0 e[t 0] (42)
Moreover, due to condition (f2) and Proposition 13, there exist 87, Bv > 0 such that
Hf(tv y([)7 )’(t - h)! M(t), U(t))” + ‘fo(t7 y(t)7 y([ - h)? M([), U([))‘ S :3f7 (43)
V0o, (&), (D] < By, t € [t D1,

Note that (42) and (43) are also valid for x(-) if we take ., = t and r(-) = w(-).

Since both equalities in (20) are proved similarly, we present only the proof of the first
equality which, according to (18), will be proved if we show that, for every ¢ > O, there
exists § > 0 such that, for every partition A (see (16)) and every v(-) € Vy, if u(-) € Uy
satisfies the relation

u(t) = uj € argminmax x (t;, x(x;), x(t; — h), u, v, Vop°(t;, x(t;), x1; () (44)
uely vev

foranyt € [tj,tj1+1) and j € 1, k, then the motion x(-) = x(-| 7, z, w(-), u(-), v(-)) satisfies
the estimate

)
o (x(@), x9(-) +/ SO x(0), x(t = h), u(), vD)dt < p°(z, 2, w() +¢. (45)

Let ¢ > 0. According to the definition (30) of the set ®, (z, w(-)), the number of intervals
in the set [t, ¥]\ ©, (7, w(-)) does not depend on v € (0, v,). Denote this number as /.. Due
to Proposition 10, define 1, = A, (). Set

S _ g __ &
THRE: } B. = max {48, 42, (425 + 2ha)), & = = O

Due to condition ( f1), Propositions 8, 9, and (43), there exists § € (0, min{v, #}) such that,
for every u(-) € Uy, v(-) € V;, 0 € O,(t,w(:)), t,t' € 0: |t —t'| < S,andu € U,v € V,
the motion x(-) = x(-| 7, z, w(-), u(-), v(-)) satisfies the inequality

| X (2, x(0), x(t = h), u, v, Vo p° (1, X (1), % (-)))
—x (', x(@), x(t" = h),u, v, Vop°(t', x(1), xp ()| < &e/16.

and, taking into account (12), as a consequence, the estimate

|[H (@t x(0). (1t = h), Vop® (2, x (1), % () 48)
—H(', x(t"), x(t' — h), V_p°(t', x(t"), Xy (-))] < &i/16.

Let us take a partition As and a realization v(-) € V;. Define the index sets

Ki={je0.k[30c0,(.wO): .1 o). Ka={je0k|j¢Ki} 9

v:min{

47

Then, according to the choice of the numbers v, [, and §, we have

D=t <0 =1 Y (i — 1) <30l < 5/(2By).

JjeK JjeK>
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Thus, to show (45), we need to prove the inequality

i+l
POt 41, X (tj41), X, () + / FOE, x(), x(E — b, u(E), v(E))dE
1j

(50)
<Py, x (@), x; () + (tj41 — 1))8,  J € K1,
and the inequality
Tj+1
po(tj+l7x(tj+l)sxtj+1(.))+/ fo(éj,x(é'),x@ _h)su(g)s U(S))dé (51)
‘

J
< p°(tj, x (@), x; () + (tj11 — 1))Bs, j € Ka.

Let us prove (50). Let j € K;. Then, due to Proposition 8, the function x(-) is Lipschitz
continuous on [t; — h, tj41 — h]. One can take a sequence of continuously differentiable on
[—h, —h 4 tj11 — t;] functions ™ (-) € PLip, m € N such that

7" oo < llxt; Olloes N7, () = r™ (Vlloe < 1/m, m € N.

Define the sequence of motions y™ (-) = x(-|t;, x(¢;), r™(-), u(-), v(-)). Note that, according
to Proposition 7 and (10), there exists Axyx = Axx (cx) > O such that

Ix(@) — y" @I < Axx2+h)/m, meN.

Then, due to condition (f3), Proposition 10, and relations (42), (43), we can take y(-) €
{y"(-) |m € N} such that

|0°@t, x(1), x,()) — p°(t, (), ye ()| < (tj41 — 1;)8x/4,
| O, x(@), x(t — h), u@®), v(1)) — fO(r, y(0), y(t — h), u(), v))|| < &e/4,
x(@ x@), x(@ —h),u), v(t), Vop°(t, x (1), x;(-)))
—x(t, y(@), y(t = h), u(t), v(t), V.p°(t, y(t), y ()| < ¢+/16

for any ¢ € [¢;, tj41], and, taking into account (12), as a consequence

|H (2, x(1), x(t = h), Vep©(t, x (1), x:()))
_H([9 y(t)! y(t - h)7 VZIOO(Z’ )’(1)7 yl()))| =< ;*/16

for any ¢ € [t;, tj41]. Thus, in order to conclude (50), it is necessary to prove

(52)

(53)

Lj+1
P° (i1, Y(Ej+1)s Yijy () +/ FUE, y(&), y(E — h), u(E), v(E))dE
4
< P, (@), yi; () + (tj41 — 1)) 8« /4.

Let us consider the function

(54)

t
w(@®) = p°(t, y(©), () +/ FOE Y&, yE =), u®),vE)dr, t€ltj,tj41]. (55)
1

Since y(-) is continuously differentiable on [¢t; — h,t; 1 — h], we have y;(-) € PLip,
for any t € [tj,¢;11). Then, taking into account definition (1) of the set G, we derive
(t, y(t), y:(-)) € Gy for almost every t € [t;j,t;j41). Since y(-) is Lipschitz continuous
on [¢;,tj4+1], there exists dy(t)/dt for almost every [¢;,¢;+1]. Then, from the coinvariant
differentiability of p° on G, we obtain

d . d
S0 = 00,p°(1 3 (1), yi ) + (- y(0). Vep® (L. y (1), 3 ()
+ 0, y(@), y(t — h), u(t), v(r))
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for almost every ¢ € [t;, tj11]. Then, due to property (ps), taking into account (5) and (12),
we have

d
Ew(t) = x@,y@®),y@ —h),u®),vt), V.p°t, y(), ¥ () (56)
—H(t, y(), y(t — h), V.0°(t, y(1), y:(-)))
for almost every ¢ € [t;, t;11]. Next, in accordance with (44), (47), and (52), we derive
X, y(@), y@ —h), u(), v(t), V. p°(t, y(t), y: ()
f X(ta x(t)v x(t - h)v u(t)a U(t), Vzpo(tv )C(t), xl())) + C*/l6

= X(tj7x(tj)ax(tj - h)7 M([), U(t)v Vzpo(tjax([j)’xlj('))) + ;*/8
< Hvlea%),()((tj,x([j),x(tj - h)? Mj, v, Vzpo(tjﬁx(tj)vxlj('))) + é‘*/g

= gg{]lrig);x(tj, x(tj), x(tj — h),u,v, V,p°(t;, x(t}), Xt; () +&4/8.
Finally, according to (12), (48), and (53), we get
min max (1. x(t), x(tj = ), w, v, Vp (. 6015, 5, ()
< H@, x(0), x(t = h), Vop°(t, x(1), x¢ () + £/16
< H(@t, y(0), y(t —h), Vop°(t, y(@), y: (1)) + §+/8.

Thus, we obtain dw(t)/dt < ¢,/4 and conclude (54) which proves (50).
Let us prove (51). Let j € K». According to condition (p3), there exists u;(-) € Us; such
that the motion y(-) = x(-|¢;, x(¢;), X (), uj (), v()) satisfies the estimate

tit1
P (L1, Yt 1) Yoy () + / O, y(©), y(E — ), w(®), v(E))dE
t:

< P01, X (1), %, (D) + (41 — 1)Be/4,

Define the function s(¢) = x(¢) — y(¢),t € [t; — h, ¥]. Then, since tj;] —t; <8 < h and
according to (42), we have

s) =0, reltj—htl ls@l <2,
Is@Il = llx() — g(t, x(t = b)) = y(1) + g(t, x(t = W) < 225(tj41 — 1))

for any ¢ € [t}, tj11]. Hence, according to the choice of A, and B (see (46)), we derive

(57)

(58)

|10(lj+la X(lj+1), xtj+1 ()) - p(lj-‘rl! y([j-'rl)’ yth ()){ (59)
< Ap(IIs @D+ U+ llsj+1 Ol < (et — 1)) Be/4,

where [ € —1, J — 1 satisfies [h € [tj41 — h, tjy1). Due to (43) and (46), we have

/ FOE X (E), x(E =), u(®), v(ENE < (tj41 —1))Bu/4,

/ SOE YE), yE =), uj(®), vE)E < (tj11 — 1))Be/4. ©
From (57)—(60), we obtain (51). Thus, we have proved (57), (51), and the theorem. O
3.4 Proof of Theorem 3
Define the functional
o, x, () = 1172%[3‘ (p°@t, pr() =¥, x = p)), (1,x,7(:)) €G, (61)
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where 7€ is from (21).

Proposition 15 Let (7, z, w(-)) € G and 1, ;1 > 0. There exists &1 > 0 such that, for every
e € (0,e1], u(-) € Uy, and v(-) € V¢, the motion x(-) = x(-| 7, z, w(-), u(-), v(-)) satisfies
the estimates

" x@0), () — x| < &1, 1 elz, 9], (62)

where the functional p*¢ is defined in (22).

Proof Define ax = ax(ap), where g = max{|lzll, [[w(-)llc}, and c, according to
Propositions 6 and 12. Due to definitions (21), we can take £; > 0 so that

0% (1) = cp +3B/C1, 151,00 < B, B=co(1+(1+hax), t€[0,9], & (0,e]l

Letu() e Ur,v(:) € Vr,e € (0,¢1],and ¢ € [t, ¥]. Denote p = p)"a(t,x(t), x¢(+)). Then,
we have

38/611x(0) = pll = B = (00 = ¢) [x(®) = p]| = ¢ (1+ IOl + | O)llc)
<02 Olx@) = pll = cp(L+ 1P+ 15 Olloc) < O, pox1()) + 172, x(2) = p)
= M, (0, 7 () < 2, X(0), %)) + (2, 0) < 2.

Thus, we obtain (62). O

Proposition 16 Let (7, z, w(-)) € G and 1, &, > 0. There exists &y > 0 such that, for every
e € (0,e], u(:) € Uy, and v(-) € Vy, the motion x(-|t,z, w(-), u(-), v(-)) satisfies the
estimates

J@*2 @ x(0). 5 () = p°t x@). 1 (D] < Q2. 1 € (2,01, (63)

Proof In accordance with Proposition 6, define ax = ax(ag) > 0, where a9 =
max{||z|l, |[w(-)|lecc}. Due to Theorem 1 and Proposition 10, the value functional p° sat-
isfies condition (p2). According to this condition, determine A, = A,(ax) > 0. Due to
Proposition 15, putting {1 = {2/A,, define 61 > 0. Set &2 = min{ey, £2}. Then, in particular,
due to (21), we have n’\*e(t, 0) < &, t €[0,9], ¢ € (0, &2]. Thus, taking into account (61),
for every € € (0, &3] and ¢ € [1, 9], we obtain

—f < =M (1, 0) < p°(1, x (1), % () — 9MF (1, X (1), X%, ()
= p°(t,x(1), () = p°t, p, 7 () = nHE(t, x = p) < Apllx(®) — pll < &2,

where we denote p = p*¢(z, x (1), x; (). o

Proposition 17 Let (7, z, w(-)) € G and &3 > 0. There exists A, €3 > 0 with the following
properties. For every ¢ € (0, €3], there exists § > 0 such that, for every partition As and
every v(-) € Vs, ifu(-) € Uy is defined according to the strategy UM (see (24)), then the
motion x(-) = x(-| T, z, w(-), u(-), v(-)) satisfies the estimate

4
e, x(9), X9 () +/ FOE, X&), x(E —h), u(E), v(E)) < o™ (1, z, w()) + &.

Proof Let (7, z, w(-)) € G. According to Propositions 6 and 8, define o, = vy (exx (2xp) + 1),
A$ =A% (ax (o) + 1), and Ay = Ax(ax(ao) + 1), where g = max{||z]l, [w(-)|loc}. Then,
forevery u(-) € Uy, v(-) € Vy,andt, € [1, 9], forevery p € R" suchthat | p|| < |[x(t)]+]1,
where x(-) = x(-| 7, z, w(-), u(-), v(-)), the motion y(-) = x(- |, p, x;,(-), u(-), v(-)) and
the function y8(¢) = y(t) — g(t, y(t — h)), t € [t4, U] satisfy the relations

(@), () € Plaw), Ny5@) =yl < Al =11, lly@) =yl < dalt — 1] (64)
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for any t € [t,, U']. Moreover, due to condition ( f2), there exist 8¢ > 0 such that

| £,y @),y =Ry, u@), v@) | + | £, y@), y(t = h), u@), v(0)| < By (65)

for any t € [t,, ¥]. Note that relations (64) and (65) are also valid for the motion x(-) and
the function x8(¢) = x(¢t) — g(¢, x(t — h)) if we take t, = t and p = z. In accordance with
condition ( f3), put

A= Ady(o). (66)

Let ¢&3 > 0. Denote
L =183/Q20 —1)). (67)

In accordance with condition (p), define A, = A, (). Due to Propositions 15 and 16, there
exists €3 > 0 such that, forevery ¢ € (0, &3], u(-) € Uy, v(-) € Vy,andt € [t, ¥], the motion
x()=x(|t,z,w(),u(-), v(-)) satisfies the estimates

| P* @, x(0), 2 () = x ()] = &/ (122,). (68)

Let us take ¢ € (0, e3]. Recall that, according to (30), the number /, of intervals in the set
[z, 7]\ ®,(r, w(-)) does not depend on v € (0, vy). Set

v =1{03/(60Bs), B = 20ax(1+ 1/¢). (69)
Using condition ( f1), Proposition 8, and (43), one can show the existence of
§€(0,8], 8 =min{v, h, &/(120,2%)} (70)

such that, for each u(-) € U; and v(-) € V;, the motion x(-) = x(-| 7, z, w(-), u(-), v(-))
satisfies the inequality
I, x (@), x(t —h), u, v, Van* (2, s(1)))
_X(t/’ x(t/)v X(t/ - h)v u,v, vx’?)h's(t/’ S(t/)))| = ;*/6

forany ¢, € 0: |t — 1’| < 6,0 € O,(r,w(-)), any u € U, v € V, and any function s(-),
satisfying

(71)

ls@t) —s@)| <228|t — |, t.t' €6, 6eOu(r,w()). (72)

Let us take Ag and v(-) € V;. Let x() = x(-| 7, z, w(:), u(-), v(-)) be the motion with
u(-) € U, defined by the strategy U *¢ Tn accordance with (17), it means that

ut) =u; € argminmaxx(tj,x(tj),x(tj —h),u,v, Vzn)"s(t,x(tj) - pj)) (73)
uell Vvev

for any ¢ € [tj,tj41) and j € 1, k, where we denote pj = p*'s(tj,x(tj), x¢; (). Let us
consider the index sets K; and K> from (49) and prove the inequalities

Ij+1
<p*'£(fj+17x(fj+1)»xt_,~+1(~))+/_ FOE x@), x(E — h), u(E), v(&))dE

(74)
< @M, x (1), X)) + (1 — 18, j € K1,
and -
O (L1 X (1), 31y () + /t R IO R L,
< M1, x (1)), Xy (D) + (a1 — 1B, € Ko
Let j € 1, k. From (22) and (61), we have
O™ (1, x (1), %1, () = p°(j, pjn X, () + 0™ (W5, x (1) — pj). (76)
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Define

v;(t) = v; € argmaxmin y (¢, x(¢;), x(¢t; —h),u, v, Vxn’\’s(tj, x(tj) — pj)) a7
vey uel

forany ¢ € [¢;, ¥]. Then, due to condition (3), there exists u ;(-) € Uy; such that the motion
Yy =xCltj, pj.x; (), u; (), v;(-)) satisfies the inequality
Lj+1 0
P @1, Y(Ejt1), Yipy () +/ SUE (&), yE —h),u;(§),vi(§))dE
1
< p°(tj, pjy Xe; (D) + (tj41 — 1j)8/3.

Denote s(t) = x(t) — y(t), t € [t; — h, ¥]. Due to the inequality ;41 —#; < 8 < h and
(64), the function s(-) satisfies estimates (58). Then, due to the choice of 1, the inclusion
j € K1, and the relations (70), we have

(78)

|100(tj+19 y(t‘{-i-l)s yth ()) - Po(tj+1» Y(tj+1)a xt_,‘+1('))| = )"p”sthrl ()”1
i+
< Xp// (&) —s@plds + 22, (tj1 — )X () — pjll < (tj41 — 1j)8/3.
t

J

(79
Denote p
k@) =1 s(0) +/ (/0 x(©), x(€ =1, u(®), v(&)

tj

— 1O y(E). y(E — ). uj (&), v,-(s»)ds.
Note that, due to (21), we have
IME(r, x)/3t = =AM (1) + Dpf(x), Ven™f(t,x) = @@ /uf(x)x  (80)

Then, taking (58) into account, the function s(-) and, as a consequence the function « (-) are
Lipschitz continuous on [¢;, z;+1], and, in accordance with (5), we obtain

dic(t)/dt = In™¥ (1, s(1)) /01 + x (8, x(1), x(t — h), u(t), v(t), Van* £ (1, s(1)))
—x (@, y(@©), y(t = h),uj(@0), v;(0), Van™* (2, 5(1)).

Now, let us consider the case j € K. Due to (58), estimate (72) holds for the function s(¢).
Then, using (12), (71), (73), and (77), we derive

X(t7 x(t)vx([ - h)a M(t), U(t), Vxnk’s(tv S'(t)))
< Teaéx(t,,x(tj), x(tj—h),uj, v, Ven™(t;, s(t;))) + £:/6

= H(tj, x(tj), x(t; — h), Van™£(tj, 5(1)))) + /6
< BEKI}X(fj»x(tj)7 x(tj—h),u,vj, Vinh (1), (1)) + /6

< x(tx(@), x(t —h),uj(@), vi(0), Van™ (1, (1)) + /3

and, hence, taking into account the inclusion in (64), choice (66) of A, and equalities (58),
(80), we obtain

dic(t)/dt < o™ (&, 5(1)) /0t + AsllsON (1 + Vin™# (1, 5(0))) + &/3 < &/3. (82)

Thus, due to (61), (76), (78), (79), and (82), we conclude (74).
In the case of j € K>, according to (21), (58), (64), (66), (69), (80), (81), we get

dic(t)/dt < MsOII(1 4 Ven™ (2, 5(1))) < 2ha,(1 + 1/e) < .
and, taking into account (61), (76), and (78), we obtain (75).

(81)
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From the inequalities (74), (75), and definitions in (69), we conclude the statement of the
lemma. O

Proof Letus prove the first equality in Theorem 3. Let (7, z, w(-)) € Gand { > 0. According
to Proposition 17, taking {3 = ¢ /3, define 13, €3 > 0. Due to Proposition 16, taking A = A3
and & = ¢ /3, define &3 > 0. Put &, = min{ey, €3}. Then, for every ¢ € (0, &,], there exists
8 > 0 such that, for every partition As and every v(-) € V;, if u(-) € U, is defined by U roe
(see (24)), then the motion x(-) = x(- | 7, z, w(-), u(-), v(-)) satisfies the estimate

9
P°(19,X(19),x19(-))+/ FOE x(&), x(E — ), u(§), v(€))dE

T

9
< @@, x (D), x5()) +f FOE x®),x(E =), u(@), v +¢/3
<M Tz w() +26/3 < p°(1 2 w() +

According to definition (18), the statement above means the first equality in Theorem 3 holds.
The second equality can be proved by the similar way based on the statements symmetrical
to Proposition 15-17. O
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