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Abstract

We study a simple motion evasion differential game of m pursuers and one evader. The
maximum speed of pursuers is 1, and that of evader is o > 1. If for all time the state of the
evader doesn’t coincide with the state of any pursuer, then evasion is said to be possible. The
evader strives to avoid capture. This problem was studied by F.L. Chernous’ko in 1976. We
propose a new evasion strategy, which guarantees evasion from any initial positions of players
and enables us to estimate the number of approach times from the above by m(m + 1)/2.
Also, it is established that all approach times of each pursuer to the evader may occur only
on the time interval associated with the first approach time of the pursuer to the evader.
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1 Introduction

The field of differential games was pioneered by Isaacs [17]. Evasion problem on the infi-
nite time interval [fg, co) was introduced and studied by Pontryagin and Mischenko [24].
Mishchenko et al. [23] proposed a new maneuver for evasion in the game of many pursuers.

A substantial part of the researches study simple motion pursuit or evasion differential
games with many players. Chernous’ko [9] studied an evasion game of one faster evader
and several pursuers with a state constraint for the evader. The evader must remain in a
neighborhood of a given ray during the game. It was proved that the faster evader can escape
from the pursuers. This result later on was extended by Chernous’ko and Zak [10, 27-29]
to more general differential game problems. Related problems of evasion from a group of
pursuers were studied in [7] and [11].

B Gafurjan Ibragimov
gofurjon.ibragimov @tsue.uz

Department of General and Exact Subjects, Tashkent State University of Economics, 100006 Tashkent,
Uzbekistan

Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s13235-023-00501-2&domain=pdf

666 Dynamic Games and Applications (2024) 14:665-685

Blagodatskikh and Petrov [6] obtained necessary and sufficient condition of evasion in a
simple motion differential game of a group of pursuers and a group of evaders in R" where
all evaders use the same control. By definition, pursuit is considered completed if the state
of a pursuer coincides with the state of at least one evader. Also, the works [5, 26] related to
such games.

In [25], a pursuit-evasion game involving one pursuer and multiple evaders motivated by
the seminal “selfish herd” model of Hamilton was considered. The pursuer can freely move
in any direction with bounded speed, and evaders move with bounded speed and bounded
turning speed. Using Isaacs’ heuristic argument, an optimal strategy for the pursuer was
constructed and it was concluded that the optimal strategy for the pursuer is to focus on a
single evader that can be captured in minimum time. Moreover, “non-targeted” evaders are
always able to escape.

The paper of Lee and Bakolas [22] studies a differential game of a heterogeneous group
of pursuers and one evader. Pursuers individually attempt to capture the evader, that is, the
strategy of the group of pursuers is not cooperative. The evader tries to delay or avoid capture.

Ramana and Mangal [30] studied pursuit-evasion games of multiple pursuers and a
high-speed single evader with holonomic constraints in an open domain. Using the idea
of Apollonius circle, an escape strategy was developed for the high speed evader. Jin and
Qu [18] also apply the Apollonius circles for the evader and each pursuer to study how the
evader can form a better strategy to avoid or prolong the capture time provided a successful
escape impossible. The work of Awheda and Schwartz [4] also relates to a multi-pursuer
pursuit-evasion differential game. Chen at al. [8] studied a simple motion pursuit differential
game of many identical pursuers and one faster evader. The evader is captured if the evader
becomes in d, distance from a pursuer. Sufficient conditions of completion of game were
obtained. We refer to work [21] for a detailed survey of results on differential games of many
players where the controls of players are under geometric constraints.

In the case of integral constraints, evasion differential games of many players were studied
in the papers [2, 14—16]. The work [15] is devoted to the differential game of many pursuers
and many evaders where the total energy of evaders greater or equal to that of pursuers.
Evasion strategies are constructed to avoid from any initial positions of players.

There are few papers on multi pursuer differential games with state constraints. For exam-
ple, interesting results were obtained by Alexander et al. [1] for a discrete time simple motion
differential game in an unbounded region. Kuchkarov et al [20] studied a differential game
of many pursuers and one evader on a cylinder, where all the players have equal dynamic
capabilities. The paper of Kuchkarov et al [19] is devoted to pursuit and evasion differential
games on manifolds with Euclidean metric where necessary and sufficient conditions of eva-
sion are obtained. The optimal number of pursuers in the differential games on the 1-skeleton
of orthoplex was found [3] to capture a single faster evader by many pursuers.

In the present paper, we study a simple motion evasion differential game of m pursuers and
one evader. The maximum speed of pursuers is 1 and that of evader is o > 1. This problem
of evasion was studied in [9]. In the present paper, we propose a new evasion strategy and
prove that the evader can avoid from pursuers moving in any e-vicinity of any straight line
passing through the initial state of evader. Also, we show that the number of approach times
doesn’t exceed m(m + 1)/2, whereas this number was estimated by 2" — 1 in [9]. Another
an important point to note is the fact that the approach times of each pursuer x; to the evader
may occur only on the time interval [1;, ‘L’i/ ) associated with the first approach time t; of the
pursuer x; to the evader.

It should be noted that the results of the current paper can be applied to multiple objective
adversarial games such as Reach-avoid (RA) [12, 31] and Capture-the-flag [13] games. For
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example, for the RA games, there are not only the attacker (evader) and the defender (the
team of pursuers), but there is also a target area. The attacker’s goal is to reach the target area
without being captured, while the defender team attempts to delay or prevent the attacker
from entering the target area by capturing attacker. The results of the current paper allow us
to conclude that a high-speed attacker can reach the target area without being captured.

2 Statement of Problem
Consider a simple motion differential game of m pursuers xi, ..., x,, and one evader y in R?,
d > 2, whose dynamics are described by the following equations
Xi =ui, x(0)=xj0, [luill =1, "
y=v, y(©0) =0, [p]] <o,

where x;, xj0, ¥, Yo, i, v € R", x;0 # yo,i = 1,2,...,m,and 0,0 > 1,is a given number,
u; is control parameter of pursuer x;, and v is that of evader y.

Definition 1 Measurable functions u;(¢), ||u;(¢)|| < 1, and v(?), ||[v(@®)|| < o,t > 0, are
called controls of the pursuer x; and the evader y, respectively.

Definition 2 The strategy of evader is defined as a function V : Rx Rx RxR@7"+Dd _, Rd

(t, 01,00, y, X5 ooy Xy ULy oo lty) —> V(E,01,02, 9, X1, 000y X, ULy oo Uy)
for which initial value problem (1) with v = V(¢,61,62, y, X1, ..., Xm, U1, ...Uy) has a
unique solution (y (), x1(¢), ..., x,(¢)) for 61 = 61(t), 6> = 6>(t), and arbitrary controls

Uy = uy(t),..., Uy = y (t) of pursuers, where 0 (¢) and 6,(¢), t > 0, are given functions.

The behaviors of the pursuers are arbitrary, that is, the pursuers apply any controls and
the evader applies a strategy.

Definition 3 We say that evasion is possible in the game (1) if there exists a strategy V of
evader such that, for any controls of pursuers, x;(¢) # y(¢t) forallt > 0andi =1, ..., m.

Problem 1 Construct a strategy V for the evader, for which evasion is possible in game (1).

It is sufficient to consider the case where d = 2. We therefore study the evasion of one
evader from many slow pursuers in the plane.

3 Evasion from One Pursuer

In this section, we consider an evasion differential game of one pursuer and one evader in R
We use the temporary notation x = (x1, x2) for the pursuer and u = (u1, u) for its control
parameter only in this section. The dynamics of pursuer x and evader y are described by the
equations
x =u, x(0) = xo,
y =, y(0) = yo,

where xo # yo, ¥ = (1, ¥2), and v = (v, v2) is control parameter of evader. The controls
of players satisfy the inequalities

(@3

llu@| =1 and [[v(@®)|| =0, t=0. 3
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y(7')
x(t)
£ y(t)
zi(r)  y(7)
Fig. 1 Trajectory of the evader when x1(7) < y1(7)
We fix the numbers « and a
1
0<a<5(0—1), 0 <a < |lxo— yoll- 4)

The pursuer x applies an arbitrary control u(¢t) = (u;(z), u2(t)), t > 0, and let x(¢) =
(x1(), x2(¢)) be the corresponding trajectory of the pursuer.

We now construct a strategy for the evader. Fist, the evader starting from the initial time
t = 0 moves with the velocity

Vo=1(0,0), tel0,1), 5)

i.e.,, v1(t) = 0, v2(t) = o, parallel to the Oy-axis, where t is the first time when ||x(¢) —
y(t)|] = a. We call t the a-approach time of pursuer to the evader. The segment between the
points yg and y(7) in Fig. 1 is the trajectory of the evader corresponding to (5).

Note that time T may not occur. In this case, we have ||x(¢) — y(¢)|| > a forallt > 0
and, clearly, x(t) # y(¢) for all # > 0. Therefore, we assume that the time t occurs. Also,
we define v/ =7 + %.

Also, we use temporarily the notation V (t) = (V1(z), V2(¢)) only in section, where

) @4 a, xi1(7) < yi(1) _ 2 2
Vl(”‘=—(|u1(r)|+a>,x1(r)>y1(r>’ Valt) =y o= = Vi ). ©

Clearly, |Vi(#)| < |lu1(®)| + %(a — 1) < o, and so V(¢) is defined. The evader applies the
following strategy on [z, T/):

V() = Vi), Va(0), t €z, 7). )
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We call V (¢) defined by (7) a maneuver of the evader y against the pursuer x. For the final
part of evader’s strategy, we let
Vo=(0,0), t=1". 3)

The main result of this section is the following statement which will be used to prove the
main result of the paper in Sect. 4.

Lemma 1 Let the evader use the strategy (5), (7), and (8), where T is the a-approach time of
the pursuer x to the evader y. Then,
Iy —x®ll za, 0=<t=7,
aa ,
y@® —xll > 5=, Tt =7, ©))
20

y(t) —x2(t) >a, t>1. (10)

Proof We will prove this lemma by considering the three parts of evader’s strategy defined
by formulas (5), (7), (8), respectively. First, the evader moves with the velocity v(t) = (0, o),
0 <t < t, along the vertical line. The corresponding trajectory of the evader is a segment
with the endpoints yg and y(7) (see Fig. 1). By definition of t, we have ||x(¢) — y(#)|| > a
forO<r<r.

To prove (9), we consider the case x1(t) < y;(7), hence, by (6) Vi(t) = |ui(s)| + .
The argument when x1(t) > y1(t) is completely analogous. The curve between the points
y(t) and y(z’) in Fig. 1 is the trajectory of the evader corresponding to the maneuver (7).
We have, fort <t < 7/,

t

t
[y(@) —x@OIl = y1(1) —x1(1) = y1(z) —x1(7) + / Vi(s)ds —/ul(S)dS

T T

t t
— () —x1(0) + /<|u1<s)| +a)ds — /ul(S)ds

T

> a(t — 7).

On the other hand,
t t

1y = x(D)][2 11y(2) — x(@)]| - [V(sms - [u(s>ds

t t
Za—fIIV(S)IIdS—fIIM(S)IIdS

>a—(c+ 1 —1).

T

Hence,
ly@® —x®ll = h(t) = max{a(t — 7),a — (o + D(t — 1)}.

Since the function /() = a(t — 7), t > t, is increasing, and the function /() = a —
(0 +1)(t—1),t > t,is decreasing, therefore the function i(¢), t > 7, achieves its minimum
a

att = t* where hy(t) = hy(¢) (see Fig.2). We can see that t* = t + TForT €T 7’]. Hence,
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Fig.2 Graph of the function /(z)

forany r € [t

which proves (9).

h
hl(t) " ha(t)
o g o
T +* t
, '], by (4) we have
Iy = xOll = h(t") = a(* = 1) = — > 22

> —,
o+1+4+a«a 20

Next, to prove (10), first we show that

Indeed, fort < ¢ < 7/, due to the obvious inequality y,(t) —x2(7) > —||y(r)—x(7)|| = —a

we have

»() = x(t) > a.

(an

t

t
y2(t) — x2(t) = y2(r) — x2(7) + / Va(s)ds — /uz(S)ds

T T

t

-a+/(JaZ—(|u1(s>|+a)2—m>ds- 12)

v

T

Noting that the function

achieves its minimum at &y =

fE& =vVol—(E+a)?-y1-8, £€l0,1],

= ~%;, it follows from (12) that

y2(t) —x2(t) = —a+ (t — 1) («oz —(Eot+a)?—,/1- sé)

—a+ @t —1)V (0 —1)2 —a?.

In particular, for + = 7’ we obtain

Birkhauser
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Hence, (8) implies that, for 1 > 1/,
t t
y2(t) — x2(1) = y2(t') — x2(x') + / va(s)ds — / u(s)ds
T/ T

>a+ (@t —1)o—-1)>a.

The proof of the lemma is complete. O

In particular, Lemma 1 implies that even though the pursuer is on the vertical line and
above the evader, the evader can avoid from capturing using the maneuver.

4 Evasion from Many Pursuers

We prove the following statement.
Theorem 4.1 For any initial positions of players, evasion is possible in game (1).

We have divided the proof into subsections.

4.1 Definitions of Parameters

Let «, a1 and B be any fixed numbers that satisfy the following relations

(0 — Da

1
0<a<min{1,§(o—1)}, 0<a1<i:1}1in”m||yo—x,»0||, B = cio2

We define a decreasing geometric sequence {ax }72 | by theequationax 1 = Bax, k = 1,2, ...

Next, we assume that the evader is moving under some strategy. We say that t = 71 >
0 is the aj-approach time of a pursuer x;, to the evader if ||x;,(t1) — y(71)|| = a1 and
[|xi(®) — y(@®)]| > ay forall0 <t < ryandi = 1,2,...,m. In general, if 7x_1, k > 2, is
the a;_1-approach time, then we define the time t = t; > ;] to be the a;-approach time
if for a pursuer x;, ||x;, (tx) — y(w)|| = ar and ||x; () — y(@)|| > ai forall 0 < ¢ < 7} and
i=1,2,....m.

Thus, we have defined a monotone increasing sequence 7; < 72 < ... of the approach
times. Notice that the same time t; can be the ai-approach time of several pursuers to the
evader. For example, in Fig. 37y is an ai-approach time of the pursuers x;, x; and x to the
evader. If there are more than one pursuers, for which t is the ax-approach time, we choose
any of these pursuers and, without restriction of generality, label it by x;. Hence, by the
definition of t; we have

ly@®) —xi®Oll >ar, i=1,2,...m, 0=t <7, [|ly(w)—x(m)ll = ax. (14)

It should be noted that the same pursuer x; can have several other approach times tz/,

Ty/,...., beyond the approach time t.
Let
day,
=T+ L k=1,2,..., 10 =0, 1) = o00.
o—1
Notice that the sequence 7], 75, T3, ... is not necessarily monotone.
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wk(Tk—l)

i(Th—1)

zj(Tk—1)

© Y(Ti-1)

Fig.3 7y is the ag-approach time of the pursuers x;, x; and xi to the evader y

Vo Vi(t) Va(t) Va(t) Vo Vi(t) Vs(t) Vo
el =0 o OB
™o 2 ™o, T T ™ T 74

Fig.4 Group attacks of x1, x, x3 on [t], r3/) and x4, x5 on [14, rs’)

4.2 Strategy for the Evader

Without loss of generality, we assume that yo = (0, 0), that is, the evader is at the origin
at the initial time. For k = 1, 2, ..., we define the maneuvers Vi (1) = (Vk1(t), Via(2)), as
follows

_ w1 (O] + o, xei(m) < yi(w), _ 2
Yo = { QO]+ @), xar (@) >y, RO=VO VRO 09

First, the evader moves starting from the time tp = 0 along the y-axis with the velocity
v(t) = Vo = (0, 0).If the aj-approach time t; > 0doesn’toccur, thatis, ||y(t)—x; (t)|| > ai
foralli = 1,2,...,m and ¢t > 0, then, clearly, x;(¢) # y(t),t > 0,i = 1,2, ..., m, and so
evasion is possible in the game.

Let the a;-approach time 71 > 0 occur. In general, the evader constructs its strategy as
follows. Let the time 1, k > 1, occur.

(i) if the time tx41 occurs in the interval [z, r,é), then v(r) = Vi (¢) on [k, Tkt1)-

(ii) if the time ;41 doesn’t occur in [, ), then v(z) = Vi (¢) on [y, T}).

(iii) if the time 7z 41 occurs in [7;, 00), then v(r) = Vo on [1}, Tx41).

(iv) if the time 741 never occurs, then v(¢) = Vp on [r,;, 00).

For the times in Fig. 4, t; occurs in [17, tl’); therefore, by item (i) v(¢) = Vi (¢) on [71, T2).
Similarly, 73 < t5; therefore, v(t) = Va(z) on [12, 73). However, 74 is not in [z3, 73);
therefore, by item (ii) v(r) = V3(¢) on [13, 75), and by item (iii) v(t) = Vj on [z}, 7).
Finally, since there is no an approach time on [rs’, 00), therefore by item (iv) v(t) = Vp on
this interval.
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y(75)

z3(13) @

as @ z2(m2)

x1(71)

Fig.5 Trajectory of the evader

The functions 0;(¢) and 6,(¢) in Definition 2 are defined as follows. Let 0;(t) =
maxy <; Tt = Tk for some K > 1. In other words, tx is the greatest of the values i
defined by the current time ¢. Then, we define 6;(¢) = ‘L';(. For example, if 79 < ¢ < 11, then
K =0;if 11 <t < 1y, then K = 1. The strategy of the evader described by steps (i)-(iv)
means that at the current time ¢ (recall t > tg) v(t) = Vg () if t < 'L';<, and v(r) = Vo(¢) if
1> 1.

According to the description of evader’s strategies (i)-(iv), there are two possible cases.

Case A. The finite approach times 11, 72,..., Tt; With 71 < 72 < ... < T, occur so that
T < T, T3 < Ty Ty < tlélfl’ and there is no an approach time in [z, r,él) for some
k1 > 1. Then, we say that the evader is under a group attack of the pursuers x1, x2,..., Xk, on
the time interval [7, 1',21 ). Thus, the first group attack of pursuers ends at T,é] .

By items (i)-(iv), the strategy of the evader on the interval [7, 'L',il) can be written as
follows:

Vo, 0 <t <T,
v(t) = Vk(®), <t <Tk+1, k=1,2,..., k1 — 1, (16)
Vi, @), o, <t < rk’l.

By item (iii) starting Tli. , the evader starts to apply v(f) = Vj and after some time the evader
may undergo another group attack of pursuers.

Figure 4 illustrates two group attacks of pursuers. The evader is under a group attack of
the pursuers xp, x2, x3 on [7y, 13’), and it is under a group attack of the pursuers x4, x5 on
[t4, ‘L'S/)

Figure 5 illustrates the three sections of the evader’s trajectory between the points y(t1),
y(12), y(t3), and y(t3’) corresponding to some maneuvers v(t) = Vi(t), v(t) = Va(¢), and
v(r) = V3(t) where 7 < 1y, 73 < 75 and there is no an approach time in [z3, 73).
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Since by the definition of approach times we have tx < x4+, k > 1, therefore, in view of
the conditions 4] < 1:,2, k=1,..,k — 1, we get in Case A the following inclusion

k-1 k
[1, f;il) = UL [, Thgn) U gy, t;él) C UL [w, ), (17)

For example, for the interval [7q, 7;) in Fig. 4, we have [11, 73) C U,f:l[rk, 7).

It is natural to ask questions: Can the same pursuer participate several times in the same
group attack? Can the number of approach times in a group attack be finite? Description
(1)-(iv) doesn’t exclude the case where the number of pursuers in a group attack is infinite.

Case B. Let infinitely many successive approach times 7y, 72,... of pursuers xi, x2,...
to the evader occur satisfying the conditions 7z < ;41 < r,; forall k = 1,2, .... Then,
[Tk, Tk+1) C [, r,i) and so, for any n > 1, we have

[11, T) = U2 [tk Te1) C Ui [, 7). (18)
Clearly,
n—1 n—1 oo 4ay 4a,
h—T=) (a1 —w) < Y (T, —w) < = < 00.
B A Tt T

This means that the increasing sequence 7, is bounded. Then, the limit 7o = lim, o 7,
exists. Note that in Case B inclusion (18) holds for any n > 1, and passing to limitasn — oo
in (18) we obtain

(71, Too) C URZ, [, T7)- (19)

By items (i)-(iv), the evader’s strategy on the interval [71, Too) i
() = Vi), t€lt, 1), Tk <Ty, k=1,2,.... (20

From now on, we use T to denote r,él in Case A, and to denote 7o, in Case B. We’ll discuss
in detail the first group attack, which starts at the time t; and ends at 7. Another group attack
may occur after the time 7 as well, which can be studied in a similar fashion.

The results of Sect.4.4 show that Case B will not happen. Also, in the following subsec-
tions, we’ll answer the questions: Can the same pursuer participate in several group attacks
as well? Is the number of group attacks finite?

4.3 Estimation of Distance Between Evader and FE

Take any aj,-approach time 7, of the pursuer x,, to the evader y, where p € {1,2, ..., k;}in
Case A, and p is any positive integer in Case B, and we will estimate the distance between
xp(t)and y(t) fort > 7,.In order to obtain the desired estimate, we introduce for ¢ € [z, r;,]
a fictitious evader (FE) z,, whose motion is described by the equation

Zp = wp, Zp(Tp) = ¥(Tp),
where w), is control parameter of FE z,,. We let
wp(®) = V() = (Vp1(1), Vpa()), 1 € [7p, 7)) 21
Then, by (9) we have

l2p(6) — xp(0)]] > % for 7, <t <7 (22)
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Fig.6 Evader y and fictitious e zp(7)
evader z g

-
—_——
-
-
-

Y(Tp+2)

‘y(Tp+1) = zp(Tp+1)
y(Tp) = Z;D(Tp) @

Moreover, by (10)
ng(rl’)) —xpz(r;,) > ap. (23)
Note that FE z,, moves only on the time interval [z, rl/,) and its initial state z(z)) coincides

with the initial state y(t,) of the real evader.
In Case A, by (16) the strategy of evader on the interval [z, r,él ), k1 > p,is

V@, telu, wr), k=p,p+1,.... k=1,
v = { Vi (), 1 € [T T,,). 24
where
%<t . k=p+1p+2 .. ki (25)

and in Case B, by the description (i)-(iv) the evader’s strategy on the interval [7), 7o0) is

v(t) = Vi(0), t €[tk Tht1), Tk <Tp_y, k=p,p+1,.... (26)

For the distance between the points y(¢) and z,(¢) on [Tp, T4], T« = min{r[’,, 7}, where

T = r,él in Case A, and T = 7, in Case B, we prove the following lemma, where we use the
inclusion

[f,/,, 1) Cltpt1. 1) CUpsptt, q=tlTh, T0)s Tpp1 <t < T, 27

following from (17) and (19) for both Case A and Case B.

Lemma 2 Let the evader use strategy (24) in Case A and (26) in Case B. Then,

o
[y(®) —zpI = [apt1 Jor Tp St =T (28)

o —

’, and

This lemma says that if r;, < 1,thent, = rl/, and estimate (28) is trueon 7, <t < T,

that if TI; > 7, then 7, = 7 and estimate (28) istrueon 7, <t < 7.

Proof Note that y(t,) = z(t,) and there is no an approach time in the interval [, rl’,), then
by (21) and (24) v(t) = w, () = V, (1), t € [1p, rl’,), and so (28) is satisfied.

We let now one or several approach times 7,1, Tp2,... occur in the interval [z, rl/,). In
Fig. 6, the sections of the trajectory of evader correspond to distinct maneuvers.
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Since by (21) and (24) v(t) = w,(t) = V, (@), t € [1p, Tp41), therefore, y(t) = z,(1),
t € [1p, Tp41), and so (28) is satisfied.
Fort € [tp41, T«), we obtain

Tp+1 t Tp+1 t
ly@®) —zpOIl = ||y(zp) + / Vp(s)ds + / v(s)ds —z(tp) — / Vp(s)ds — / Vy(s)ds
T Tp+l T Tp+l
1 1 t
= / W(s) = Vp(s))ds| < / lv(s) — Vp(s)llds < / 20ds, 29)
Fp+1 Tp+l Tp+1

where we used the inequality [[v(s) — V,(s)|l < [lv()]l + V()] < 20. Since due to the
condition t < 7, < 7 we have inclusion (27), and 8 < 1/2 implies that Z,foz 1k =

el < 0g p+1, therefore we obtain from (29) that

1-p
YO - 50 <206 -t <20 Y (-m=20 Y
Yy 'p = ptl) = kT = o—1
k>p+1, i<t k>p+1, <t
8o e 8o apt1 160
= . < . 30
< o1 X %= o 11—~ 61! 30)
k=p+1

The proof of the lemma is complete. O

4.4 Estimation of Distance Between Evader and Pursuer
We estimate now the distance between the evader y and pursuer x .
Lemma 3 Let the evader use strategy (24) in Case A or (26) in Case B. Then,
ly@®) = xpOIl > apr1, Tp <1 =< T4, (€2
and if for the pursuer x, the inequality rl’] < T holds, then
Y2(t) = xp2(0) > api1, =1, (32)

Proof To prove (31), we observe that both inequalities (22) and (28) are trueon 7, <t < T,
and therefore,
ly(@) = xp @O = llxp @) —z2pO ) — llzp ) — y@)
o 160 o
> %al’ — ﬁapﬂ = Eap.
Consequently,

o
ly(@) —xp @O > Eap > Bap = apt1, Tp <t < T,

and (31) is proved.
Next, to prove (32), we let ‘C]/, < 7. Since sz(‘lf’;) — xpz(fé) > ap by (23) and

Iy (@) = 2p (@Il <

o
et
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by (28), therefore we have

¥2(7,) — xp2(7,) = (2p2(T)) — xp2(7))) + (02(T)) — 2,2(7},))
1 (33)

o
=dp — ||y(T,/,) - Zp(":;)” >ap — ;%H > Eap-

Fort > ‘L';, using (33) and the fact that u > (s) < 1 we have

t t
y2(t) — xp2(t) = yz(T,;) — xpz(T;,) +f va(s)ds — f/ up(s)ds

’
T P

1 13
> Sap + /;/ v2(s)ds — (t — 1:;). 34)
P

First, we prove (32) for rjy < t < 7. Indeed, since vy(¢t) > O for all + > 0, therefore

fr’l,) v2(s)ds > 0. Also, by (27)

t— 1, =mes(t),, ) <mes (Uppi<t, gl 7)) < Y (4 — 1)

k>p+1, i<t
day 4 & 8
= kng,w — S k:’;lak < a1 (35)
Therefore, it follows from (34) that
8o 1 o 1 , -
y2(t) — xp2(t) > Eap — ﬁﬂp+l > Eap — 8—011,, > Zap >ap1, T, <tI=T, (36)

and (32) is proved for rl’, <t<T.
‘We conclude that, if l']/, > 7 for the pursuer x,, then (31) implies that

[y(®) —xpOIl > apy1, 7p <t =7, 37

and if r]; < 7, then combining the inequalities (31) and (36) we obtain (37). Hence, (37) is
true for each pursuer x,, in the group attack in both Case A and Case B.

An important conclusion to draw from the inequality (37) is that, for k > p + 1, there is
no an ag-approach time i of the pursuer x, to the evader on the time interval 7, <t < 7.
Indeed, if there was an ag-approach time 7 with 7, < 7p < 7 andk > p + 1, then we would
have had || y(zx) — xp(tx) || = ar. However, this is impossible since ay < a1 and by (37)
ly(ze) — xp (Tl > apy1.

Consequently, each pursuer x, in the group attack has only one approach time 7, on
the time interval 7, < t < 7. Therefore, all the pursuers in the group attack are distinct.
Moreover, the number of pursuers in the group attack < m since there are at most m approach
times in the group attack. Thus, Case B is excluded. There are only finite number of pursuers
X1, X2,..., Xk; With ky < m in the (first) group attack. Hence, we deal with only Case A where
7 = 7;, and the group attack ends at 7 .

Next, we proceed to prove (32) for ¢ > r,él assuming that rl’, < TIQ. . Clearly, the inequality
T]/J < 1:,21 is satisfied at least for p = ky, that is, for the pursuer x;,. We estimate now the
right-hand side of (34) for¢ > r,él . Note that if several group attacks occur on the time interval
[r,é1 , 1), by the description of evader’s strategy (i)-(iv) the evader moves with the velocity
v(t) = Vp between the group attacks and after the last group attack as well.
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Vo Vo Vi Vo
—o—»0 @ — >0 —— >0 o O— >

@
o ! ™ %, Thy+1 T Thatl  Th, t

Fig.7 Evader is under a group attack on the intervals [ty r,él ), [Ty 41 1122), [Thy+1, r,é})

Figure 7 illustrates three group attacks on the intervals [Tkj+1, T/éjH ), j = 0,1, 2, where
ko = 0.
To estimate the integral f;/ v2(s)ds in (34), we use the representation [7:1’,, t)y=1UJ,
P

I NJ = @, where the evader undergoes a group attack of some pursuers on /, and the evader
moves with the velocity v(#) = Vp on J. For example, for the interval [rl’,, t) in Fig.7, we
have

=11, 5 ) Ultt1, 7,) Ultigr1, 70y)s I =[5, Ty ) UL, Ty ) U T, 0.

In general, for ¢ > r,il , let jo > O be the greatest integer such that i ol =1 We then
have
/ / / . /
I = [Tp, Tkl) U (Ulfjfjo [Tijrl, ‘Ekj_H)) if 1 ¢ [Tkj0+17 Tkj0+1)’
I = [T;, T]él) ) (Ulfjfjo—l [Tkj+1, TléjJrl)) U [tk_,’0+1, nif t e [Tkjo-'rl? t]ijOJrl)-
Next, by (27)
[Tz/v 7)) C [Tpt1, 7)) C Uppi<isk [k, 7)

and, for the a group attack on [Tkj+], T]éj+1), we have 134 < r,é, k=kj+2,..kj1,and
so similar to (17) we can write

k4
[ty +1 Thy,) © Yl [ 7). (38)
therefore I C Ug>p41, ge<t [T 1.',2), and the length || of I can be estimated as follows

4ay, 4 8
1 , — = .
< Y (@G-w D e e D DI e YUSE R € )

k>p+1, <t k>p+1, <t k=p+1

Since v2(t) > 0 for all ¢ € I, therefore fl va(s)ds > 0. Using this and (39) we obtain

t
/ va(s)ds :/ va(s)ds :/vg(s)ds—i—/ ods Z/ods =ol|J|
7 10J I J J

8
=o|lt,, 11\ 1| zcr(t—r]’?—|1|)za(t—rl’7—ﬁa,,+1>.

Thus, it follows from (34) that if tI/, < r,;l, then for any ¢t > r,él ,

1 8o ,
) = xppt) > Jap — ——api1 + (0 = Dt — 7))

2 o—1
1 o 1
> Eap — 87‘11) > Z(lp > Ap+1,
which is the desired conclusion. The proof of the lemma is complete. O

We are now in a position to prove Theorem 4.1.
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Proof Let ‘L'I/, < r,él for a pursuer x, in the first group attack of pursuers. Note that this
condition is satisfied at least for p = kj. Combining the inequality in (14) with k = p,
inequality (31) where 7, = 1'[’,, and inequality (32) we obtain that ||y(¢) —x,(#)|| > ap1 for
all ¢ > 0. Therefore, the pursuer x,, for which ‘L’I/, < r,él, can never reach the aj1-vicinity
of the evader y. Hence, x,, will not participate in the further group attacks starting from the
second one satisfying the inequality y>(f) — xp2(f) > apy1 > ag+1,t > rl’, (p <k).

If the time 74,41 occurs, then the evader undergoes the second group attack of some
pursuers on an interval [ty 41, r,éz) for some ko > k1 + 1. We can use similar arguments to
obtain ||y(t) — x4(t)|| > ag41 for all t > 0 and for some ¢ € {k; + 1, ..., k2} for which
r[; < r,iz. The pursuer x, will not participate in further group attacks starting from the third
one staying "behind" the evader satisfying the inequality y(t) — x,2(t) > agy1 > gy +1,
t > Tq’, and so on.

Thus, after the first group attack of pursuers x1, x7, ..., xx;, wWe can ignore at least one
pursuer, for example, xy, , after the second group attack of pursuers x, +1, Xk, 42, ..., Xk, We
can ignore at least one pursuer from this group of pursuers, for example, xy,, and so on. Since
the total number of pursuers is m, therefore after at most m group attacks of pursuers all the
pursuers remain "behind" the evader. The proof of Theorem 4.1 is complete. O

We can now estimate from above the total number of approach times. Since there are at
most m approach times in the first group attack of pursuers, there are at most m — 1 approach
times in the second group attack of pursuers and so on, therefore the total number of the
approach timesisatmostm + (m — 1) + ...+ 1 =m(m 4+ 1)/2. If Tk, is the last approach
time, then kj, < m(m + 1)/2 and

lxi(t) =y >r = Afjo+1, 1= 0, i=12,..,m. (40)

This means that the evader can avoid from all pursuers moving at the distance not less than
r from them.

5 Discussion

5.1 The Evader Moves in g-Vicinity of the Oy-axis

For any given positive number ¢, we can choose the number a; so that the trajectory of evader
is always in the e-vicinity of the Oy-axis (Fig. 8). Indeed, since v(¢) = Vy = (0, o), (hence,

vi() =0)ifr ¢ I = J[w, 7;), therefore if a; < ”8—;18, then
k>1

t t

Iy = /Ul(s)ds =/|Ul(s)|d5= / lvi(s)lds
0

0 LN[0,z]

/

Tk
< / vi(s)lds < Z/ lvi)lds <Y o ( — )

k=1g k=1

I
> doay 8o
= E < a; <e.
o—1 o—1
k=1
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Fig.8 Evader can avoid moving I\
only in an e-neighborhood of the
Oy-axis
]
@
0 )
@
@
@
y(t)
Q
@
@
(1)
@
@
Yo

Hence, |y1(#)| < € for all + > 0, meaning that the state of the evader is in the e-vicinity
of the Oy-axis for all t > 0.

For simplicity of the proof of Theorem 4.1, the evader moved around the Oy-axis. In fact,
we could take any ray / with the beginning at yo and construct a strategy for the evader to
escape from pursuers in the ¢-vicinity of the ray / as well.

Next, it follows from |/I1] < %a] = § < ¢ that the measure of the set /| can be made
smaller than any given positive number ¢ by choosing a;. Thus, the evader moves under a
group attack of some pursuers only on a subset of the set /; of measure less than ¢, and
outside the set /1 the evader moves with velocity v(¢z) = Vy = (0, o).

5.2 Informativeness

The estimate (40) allows the evader to weaken the condition to informativeness. We show
that it suffices for the evader to use only information about xi(¢), ..., X, (¢), y(t), ui(t —
8), ua(t —96), ..., uy, (t — 8) at the current time to avoid from capturing, where § is a positive
number.
Indeed, let
0, 0<tr<$

Mi(t):{ui(t_a)’t>8 , =12, m. 41)

Clearly, ||#;(#)|] < 1. We consider auxiliary objects (AO) %;(¢), i = 1,2, ..., m, whose
dynamics are given by the equations
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Vo Vo
@——»@ @ ———O— >0

To T1 Tp 7,

<L

Tky+1

’

. § ’
Fig.9 For the pursuer xp, T, <Tp

and their trajectories are defined as follows. AO x; moves with the trajectory x; (t) = x;o +
fot u;(s)ds,t > 0,if there is no an ag-approach time of the pursuer x; to the evader y. If the first
a;-approach time 7; occurs, then AO x; moves with the trajectory x; (t) = x; (tx) + fftk u;(s)ds
fort > 1;.

In general, whenever the a;,-approach time 7,/ = 1, 2, ..., of the pursuer x; to the evader
y occurs, X; moves with the trajectory £; (f) = x; (t;,) + |, ‘r[, ] i; (s)ds until the next approach
time 7;,,, . Clearly, the trajectory of AO £; is, in general, discontinuous at the approach times
Ti;-

For 0 <t < §, by (41), we have

[lxi (£) — % (D]

t t
Xi0 +/ui(S)ds — Xip — / ;i (s)ds
0 0

t

t
= /ui(S)dS Sfllui(S)lldS =1=9,
0

0

and, fort > dand 7;, <t < 7, we have

t t

() — 51 Ol = () + / ui(s)ds — xi(ti) — / ui(s — 8)ds
T Ty
T t T t
< / [|u; (s)||ds + / [[u; (s)||ds < / lds + / lds <268, (42)
r,-l—é t—§ r,-]—(? t—§

and so ||lx; (1) — Xx; (t)|| <28 forall r > 0.

The evader knows now information about x; (¢), ..., X, (), y(¢), i1 (¢), ti2(2), ..., U, (¢) at
the current time 7. We let the evader use strategy (16) with u; (¢) replaced by ; (¢) in (15).
By Theorem 4.1, we have then || y(z) — x; (t)|| > ro for some ry > 0. Consequently, if we
choose § < ro/4, then by (42)

ly@) = xi@Ol = ly@) = %@l = 1% @) — xi (O] > ro — 28 > ro/2,

that is the evader can avoid from capturing moving from each pursuer at least /2 distance
away.

5.3 The Case Where 7, < T, for the Pursuer x,
Figure 9 illustrates this case. It is important to note that if t,il < ‘L';) (see Fig.4 where
‘L',i] =7 <1 = ‘c[’)), then the inequality ||y(r) — x,(®)|l > ap41 in (31) may not be true

for r,il <t < rl’j. Since (31) was proved based on (28), and in its turn (28) was proved
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using the fact that the interval [7,41, ?) is a subset of the set A = Up>py1, </ [, T]é).
However, if 7:,21 < 1:;,, then the interval [1'121 , 1) is not, in general, a subset of A. For example,

if max ¢ < min{tl’,, T+1pand max 1 <t < min{tl’,, Tg,+1}, then, clearly, the
p+1=<k<k; p+1<k=<k

interval [ max ‘L'];, t) is not a subset of the set A.
pH1<k=k

Also, note that if r,il < T;, then the pursuer x , in general, can approach to an a; distance
of the evader for some k > p + 1 on the time interval [1',21, ‘c[’)), but it is important to note
that after the time T; there is no an ax-approach time to the evader for k > p + 1. Indeed, by
(23) we have

¥2(1),) = xp2(7,) = y2(1,) = 2p2(T)) + 2p2(7),) — Xp2(7)) > 2(1,) — 22(T)) + ap

’ ’

T, T
=a,+ (7, + f va(s)ds — zp2(1;,) — / Vpa(s)ds. (43)
r,i] r,;l
Since, for the set b, = |J [, ) = U [w, 1)), similar to (39) we have || <
rkzrlél k>ki+1

2a 41 < S25ap11, and by (28)

V(T = 2T = =y (@) — 2@ ) = ———api,

o—1
therefore using the obvious inequality V,2(s) < vo> — a? we obtain from (43) that

\Y

o—1

T/
14
160
y2(t)y) = xp2(t,) = ap — ——api1 + / ods — / Vo?—a2ds
['L',\f1 T\ r,i]

160 8
ap = —ap+1+ T, =Ty — )0 - (t, =g )Vo? —a?

1

240 240 a
= ap = —dp+1 +(TI', — r,il)(cr —Vo2—a?)>a,— e > Tp'

A%

Then, for ¢t > t/, using the fact that v2(s) = o, s € [r,’,, H\I and va(s) > 0,5 € I, we
have
t t

y2(t) = xp2(t) = y2(t,) + / va(s)ds — xpo(t),) —/upz(S)ds

! ’
2 2

t

yz(rl’,)—xpz(‘l:]’,)—i— / ods—i—/vz(s)ds—/lds

[t).O\2 1 7,
a 8
> 7p+<1_1'1/)—map+1)0-—(t—f;7)
ap 8o

= oA + (o - D — ‘C,/]) > dpyl.

Hence, for the pursuer x,, there is no an ax, kK > p + 1, approach time to the evader on the
interval z > 7/ . This fact shows that the number of pursuers participating in the group attacks

b4
decreases more faster.
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6 Conclusion

We have studied a simple motion evasion differential game of many pursuers and one faster
evader and proposed a new strategy for the evader.

In in the paper of Chernous’ko [9], the evader first moves along a straight line /. Then, as
the a;-approach time t; occurs, the evader starting from this time moves along some spiral
curves and at most 2"~ approach times may occur until the evader reaches the straight line
[ again. The same pursuer can have several approach times during this period. As the evader
reaches the straight line /, it moves again along [ until the another approach time occurs.
Then, the evader moves again along some spirals and at most 2”2 approach times may
occur until the evader reaches the straight line / again and so on. Therefore, the total number
of approach times in that paper is < 2"~1 4272 4 ... 41 =2" — 1.

In the present paper, in the first group attack at most m approach times may occur and
the evader, in general, doesn’t reach again the Oy-axis after the first group attack, but moves
parallel to the Oy-axis with the speed o until the second group attack of pursuers occurs.
Any pursuer participated in a group attack cannot have another approach time in the same
group attack.

Also, we can specify at least one pursuer from each group attack, which will not participate
in the following group attacks. This is namely the last pursuer joined the group attack.
Therefore, the total number of approach times t; of m pursuers during the game doesn’t
exceed m(m + 1)/2 in the present paper.

The proof of Theorem 4.1 strongly depended on the inequality that 7, < 7/ . If 7, > 7,
for a pursuer x,, then this pursuer can have an ai-approach time to the evader for some
k > ki. In other words, this pursuer can participate in the next group attack of pursuers.
However, good news is that this pursuer will not have any ay-approach time to the evader for
k > p + 1 on the interval ['L'[;, 00). Hence, this pursuer will not participate in further group

attacks after the time r;,.
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