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Abstract We study a simple motion evasion differential game of many pursuers and evaders.
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1 Introduction

Differential games have been an object of research since the 1960 (see, for example, Isaacs
[18], Friedman [12], Hajek [14], Pontryagin [27], Krasovskii and Subbotin [21], Petrosyan
[26]). A great number of works were devoted to simple motion pursuit and evasion differential
games of many players. Mainly, controls of players are subjected to either geometric or
integral constraints. In the case of geometric constraints, Croft [11] showed that in the n-
dimensional Euclidean ball n lions can catch the man while the man can escape from n — 1
lions. A similar game problem was studied by Ivanov [19] on any convex compact set and an
estimate from above was obtained for guaranteed pursuit time. In the case of an unbounded
region, interesting results were obtained by Alexander et al. [1].

A new evasion maneuver was proposed by Mishchenko et al. [25] in the game of many
pursuers. Chernous’ko [7] studied an evasion game of one evader and several pursuers where
the evader was faster than the pursuers. It was proved that evader can avoid pursuers by
remaining in a neighborhood of a given ray. Later on, the result of this paper was extended
by Zak to more general differential game problems (see, for example, [33]). Also, evasion
from a group of pursuers were studied by Borowko et al. [6] and Chernous’ko [9].

A simple motion differential game of many pursuers and one evader, when all players have
the same dynamic possibilities, was studied in R” by Pshenichnii [28]. Namely, it was proved
that if the initial state of the evader belongs to the convex hull of pursuers’ initial states, then
pursuit can be completed; otherwise, evasion is possible. Based on this work, Pshenichnii et
al. [29] developed the method of resolving functions for solving linear pursuit problems with
many pursuers. In the case of integral constraints, the method of resolving functions was
developed by Belousov [4]. Later on, the results of the paper [28] were extended by many
researchers. For example, when control sets of players are convex compact sets, Grigorenko
[13] obtained the necessary and sufficient conditions of evasion of one evader from several
pursuers. The papers [8,23] are also extensions of [28]. In the work [22], the game problem of
many pursuers and one evader was studied on a cylinder. In the recent work of Kuchkarov et
al. [24], the results of [28] were extended to differential games on manifolds with Euclidean
metric.

Petrov [5] obtained necessary and sufficient condition of evasion in a simple motion
differential games of a group of pursuers and a group of evaders in R” where all evaders
use the same control. By definition, pursuit is considered completed if the state of a pursuer
coincides with the state of at least one evader. Also, the works [3,32] relate to such games.

The present paper is devoted to the evasion differential game of K pursuers and M evaders
described by equations

X =ui, x(0) =x0, i=1,...,K, (1D
)'7j=Uj, yj(()):yj(), j=1,...,M, (1.2)
with integral constraints
o0
/|u,-<s)|2ds5p,-2, i=1,...K, (13)
0
o0
/lvj(s)lzdsfcrjz, j=1,..., M, (1.4)
0
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where x;, yj,u;,v; € R", n > 2, and p;, o; are given positive numbers, x;o # y;o for all
i=1,...,K,and j = 1,..., M. Control systems with integral constraints on the control
functions arise in problems, where the control resource is exhausted by consumption, such
as energy, finance, food (see, e.g.,[10,15,20]).

A linear differential game of many pursuers and one evader (M = 1) when the control
functions of players are subjected to integral constraints was first studied by Satimov et
al. [30]. For the game (1.1)—(1.4), the result of that paper can be formulated as follows: if
,012 + -4+ p%( > 012, then pursuit can be completed. In the paper of Satimov et al. [31], it
was shown that if

,012+-"+,0%(§<712, (1.5)

then evasion is possible from some initial positions of players. In general, an evasion game
of K pursuers and M = 1 evader was studied in the work of Ibragimov et al. [17], and it
was proven that if (1.5) holds, then for any initial positions of players evasion is possible.
Later on, Ibragimov and Satimov [16] studied a pursuit game problem of K pursuers and M
evaders described by Eqs. (1.1)—(1.4) in a closed convex subset of R”. It was established that
if
TR S R4
then pursuit can be completed. In the evasion game problem studied by Idham et al. [2]
in ¢;, strategies of evaders were constructed based on the fact that the space ¢; is infinite
dimensional.
In the present paper, we study the game (1.1)—(1.4) in R” in the case where

pr+-+pg Sof 4ty

If this is the case, we show that evasion is possible from any initial positions of players. In
addition, we construct explicit strategies for the evaders.
We use the following notations.

e ¢o = (x10, ..., XK0, Y10, - - - » YMo0) 18 initial position of players.
e V; is the strategy of j-th evader,

t t
o pi(t)=p? — [lui(s)Pds, q; (1) = 07 — [ |vj(s)|ds,
0 0

12 12 .
e o= (0f+ - +0o5) / o= (p}+-+0%) / ,d=i=1 L in_ ”_Mlxio—yjol,

R Yj0—z0

° ¢ = [yjo—zol’

(970 .
by rotating 1t2to the angle — 7,

o Sj={ R | —yjo.e))l =a+b,(—yjo,e;) = —b}, and

S =6 €R2| (6 — yjo.€) < a. (& — yjo.ej) = —b) are strips,

L) ={s e{l,.... K} [x;(1) € S},

do = min{|y;o — yjol | yio #yjo.i,j=1,..., M},

aji,ajz, ...are given numbers that satisfy a; ;11 =« - “j.i where « € (0, 1),

7j; is the aj;-approach time of the evader y; with some pursuers; x j; is the pursuer that

is chf)sen to apply maneuver at 7;;; T]’.i =71 + % (later they a’re used without j),

e Continuous attack of a group of the pursuers x,, ,+1, ..., Xy, is started at 7,, ,+1 and

is completed at 7, = max{r,:)k71+1, e ra/)k}, wo=0, 1§ =0,7)=r1{,

* Jiv1 = U?":i‘_;,_‘][ij T, o1+ 1_ St <o Jorr = @,

e z; is i-th fictitious evader, and wj is its control parameter.

and e/i is a unit vector orthogonal to the vector e; to be obtained from e;
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2 Statement of Problem

We consider a differential game described by Eqs. (1.1)—(1.4) where K > 1, M > 1. First,
we give definitions for control functions of players and strategies of evaders.

Definition 2.1 Borel measurable functions u;(t), t > 0, and v;(¢), t > 0, that satisfy the
constraints (1.3) and (1.4), respectively, are called controls of the pursuer x;,i € {1, ..., K}
and evader y;, j € {1, ..., M}, respectively.

Definition 2.2 If y;(¢;) = x;(¢;) atsome j € {l,...,M},i € {1,..., K} and t; > 0, then
we say that the evader y; is captured by the pursuer x; at the time ¢;.

To define the strategies of evaders, we introduce new scalar parameters g; = g (¢),t > 0,
by equations

gj =—l;OP ¢j0) =0}, j=12,...,M.

t

Clearly, g (t) = sz - f v (s)|%ds, and q(t) expresses the amount of energy of evader y;
0

remained at the time ¢. Let {o = (X10, ..., XK0, Y105 - - - » YMO)-

Definition 2.3 A function Vj({o,t,yj,qj,xl,...,xK,ul,...,uK), j e {1,...,M}, is
called strategy of the evader y; if

(i) for any controls of the pursuers u#; = u;(t),i =1, ..., K, the initial value problem
X1 = uy (1), x1(0) = x10,
ik = ug (1), xk(0) = xgo, (2D
yi=Vio.t.yj.qj, X1, ..., xg, ur(t), ..., ug (1)), v;(0) = yjo.
Gj = —1ViGo, 1, ¥, qjs X1, - X, ur (1), ug )P, q(0) =07,
has a unique solution (x1 (), ..., xg (1), y;(t),q;(®)),t > 0,

(ii) along this solution
o0
f|vj<;o,r,y,-(r),qja),xl(r),...,xK(r),m(r),...,uK<r>>|2dr <ol (22
0

By a solution of the initial value problem (2.1), we mean (K +2)-tuple (x1(¢), ..., xx (1),
vj(®),q;()),t > 0, with absolutely continuous components x;(¢),i = 1,..., K, y;(¢), and
q () that satisfy initial conditions in (2.1), differential equations in (2.1) almost everywhere
on [0, c0) and ¢;(¢) > 0.

Definition 2.4 We say that evasion is possible in the game (1.1)—(1.4) if there are strategies
of evaders such that, for any controls of the pursuers, forall > Oandi = 1, ..., K, there
exists jo € {1,2,..., M} such that x; (¢) # yj, (¢).

Thus, evaders apply strategies, whereas the pursuers use any controls. In other words,
behaviors of pursuers are any. Pursuers try to capture each evader, and evaders try to avoid.
If at least one evader is not captured by pursuers for all # > 0, then by Definition 2.4 evasion
is possible. It should be noted that we will not study the existence and uniqueness of solution
for the system of Eq. (2.1). We construct strategies V;, j = 1,..., M, for evaders such that
the initial value problem (2.1) has a unique solution and (2.2) is satisfied as well.

Now, formulate the problem.
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Problem 1 Find a condition of evasion in terms of p1, ..., px and oy, ...,0pM.

3 Main Result

172 1/2
) )

Leto = (012+-~-+a/%,1
following statement.

, p=(p?+ -+ p%) . The main result of the paper is the

Theorem 3.1 If o > p, then for any initial position of players ¢y, evasion is possible in the
game (1.1)—(1.4).

First, we give the structure of proof. In constructing the strategies for evaders the fact that
o > p is crucial. Therefore, the case 0 = p is reduced to the case ¢ > p (Sect. 3.1). Then
disjoint strips corresponding to evaders are constructed and each evader further moves only
in his own strip (Sect. 3.2). Next, strategies for evaders are constructed (Sect. 3.3).

If for a pursuer x; € S, the inequalities (y(¢), e) > (x;(¢), e) and y(t) # x;(¢) hold at
some time ¢t = 6 > 0, then they hold for all # > 6 while the pursuer moves in the strip S
and the evader’s energy is positive (Sect. 3.4). In particular, this is true for all pursuers x; for
which x;p € S and (yo, e) > (xj0, ), where 6 = 0. In other words, such pursuers moving in
S can never capture the evader while its energy ¢(¢) is positive.

To estimate the distance between any pursuer x;, moving in S and the evader y on the
time interval [7), r[’)], where 7, is ap-approach time, we introduce fictitious evaders (FE)
z; (Sect. 3.5) and estimate their energies. Then, we estimate the distance |z, (¢) — x,(#)| on
[tp, tfy] from below (Sect. 3.6). Next, we estimate |z, () — y(#)| from above (Sect. 3.7). Use
these estimates to estimate |y(¢) — x,(f)| on [T, r;,] from below, which allows to conclude
that x,(t) # y(t), and moreover, ap-approach will not occur with the pursuer x, on
[1p, r;] (Sect. 3.8). In addition, we show that (y(r;), e) = (x, (rl’,), e) and y(rl’,) # xp(t[’,).
As mentioned above, pursuer x,, moving in S cannot capture the evader on t > r;, as long as
q() > 0.

Further, we estimate the evaders’ energies to prove that g;(t) > 0, ¢ > 0, for some
j €{1,..., M} and then prove that evasion is possible on any interval [0, 7] providing that
the number of approach times in [0, 7'] is finite (Sect. 3.9). Then finiteness of the number of
approach times in any interval [0, 7] is established (Sect. 3.10).

Finally, we choose parameters to satisfy all imposed conditions throughout the paper
(Sect. 3.11), show that evader moves by remaining in the set S’ whose width 2a can be made
as small as we wish, give a method of reduction of the game in R” to the game in R?, and
then discuss the strategies of evaders (Sect. 4).

Proof The fact that evasion is possible in R? implies that evasion is possible in R” (see
Sect. 4.2). Therefore, we prove the theorem for R2. O

3.1 Reduction to the Case o > p
Show that the case 0 = p can be reduced to the case o > p. Indeed, let 0 = p. Set
Vi) =0, 0<t<7° j=1,....M, (3.1)

where 1 = 79 is the first time at which

d
|xi (1) — xiol = T where d = 1’_“’lgnin_l ” |xio — yjol (3.2)

Birkhauser



Dyn Games Appl (2018) 8:352-378 357

for at least one of the numbers i € {1, ..., K}. Such a time 70 may not exist meaning that
|xi(t) — xjo| < d/4foralli € {1,...,K} and r > 0. In this case, we let 79 = o0, and
evasion is possible since

lxi (1) — y; (O] = |x; (1) — xi0 + xi0 — yjol

> |xio — yjol — |xi (£) — xiol

d d
>d—— = 3

4 4
forall i and j, and, hence, x; (t) # y;(¢),t > 0. Let 70 be finite. Say |xs(t) — x50| = d /4 at
somet =t%ands € {1,..., K}. Then in view of (3.1) at the time ¢ = 7° the total resource
of the evaders is still 012 +-- 4+ o,%,, since they have not moved on [0, 79]. The total resource

of the pursuers remained at the time 79 is

p(r)—Zmr) pi(t) = p; — f|u(s)|ds

i=1

We have
P )—Zp, Z/m OPdr < p —/|u;<r)| dr. (3.3)
i=17y
Since
‘[0 ‘EO 1/2
= = |xs(r%) — x0] = / us(de| < [ <° / ug()Pde |,
0

-0

the pursuer x; has spent a positive resource f lug (£)]2ds > and so by (3.3) p(ro) < pZ.

0 = W’
Thus, at the time 7 = t°, we have [see (3.1)]
M d2 0
Zl]](f)—ff >P—T>P( )

meaning that the total energy of evaders is greater than that of pursuers at the time 7°.

Moreover, x; (%) # y i (z%) for all i and j. Thus, without loss of generality, we can assume
thato > p.

Remark 3.2 According to Definition 2.3, evaders are not allowed to know information about
pi (9. Hence evaders do not know the value p(z°). However, evaders know the fact that

& . . .
p(ro) < p?— —0 < o2 at the time t°. Therefore, if o = p, then at the time t° evaders use

p=./p%— 127 instead of p to construct their strategies at r > 79, At the time 7° evaders
exactly know that o > p.

3.2 Disjoint Strips

To construct disjoint strips, consider two cases.
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Fig. 1 Sets S; and S}

Case 1 yjo # yjo.foralli # j,i, j =1,..., M. Let z9 be any point that doesn’t coincide
with yjo if M = 1; and any point that doesn’t lie on any straight line passing through the
points y;o and yjo foralli, j = 1,..., M,i # j,ift M > 2. Hence,zo # yjo, j =1,..., M.

Let
Yjo — 20

=200 i M,
lvjo — zol

€j
and let e//. be a unit vector orthogonal to the vector ¢; to be obtained from e; by rotating it to

the angle —Z, that is, by rotating clockwise to the angle Z.
We define a strip S; associated with each point y ;o as follows:

Sj =& eR*| | — yjo.e))| a+b. (& —yjo.ej) = —b},

where the positive numbers a and b are any if M = 1, and if M > 2, they are chosen so that
SiNS; =aifi # j,andzg ¢ S; foralli, j =1,..., M (see Fig. 1). If M > 2, we can
choose such numbers a and b, since the rays ;(t) = zo +e;t, t >0, j=1,..., M, have
no common point. Let

Ly ={sell,....K} | x() €S}, j=1,....,M, t>0.

In other words, I;(z) is the set of numbers of pursuers in the strip S; at the current time . In
the case M > 2, because of §; N S; = &, we have [; (1) N I;(¢) = D foralli # j.

Case 2 There exist initial states y;o, y;o, i 7# j with y;o = yjo. Let ylfo = yio + €vjp, i =
1,..., M, where unit vectors

2n(i — 1 2n(i — 1
vio = (cos 7 ), sin 7 )>, i=1,...,M, 3.4
M M

are the vertices of regular M-gon with the center at the origin, ¢ is a positive number that
satisfies the following condition
o2 —p?

M 64p%°

8<m11’1{ 3

0%, d—"}, 3.5
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where

dp = min{|y;o — yjol | yio # yjo, i,j=1,..., M},

and d is defined by (3.2). Since & < do/2, we have y/, # y}o foralli # j,i,j=1,....,.M
We now use the procedure of construction of strips in Case 1, with y;o replaced by y;, for all
i=1,..., M.

In Case 2, first we bring all the evaders to points ylfo, i=1,..., M. Tothis end, we let

v; (1) = v, jZl,...,M, 0<t<e.

Then, clearly, at the time ¢ = €, we have y;(¢) = ylfo foralli=1,..., M, and

M M K K
daje)=) o0f—Me>Y p’ =Y pie),
j=1 j=1 i=1 i=1
showing that the total energy of the evaders at the time ¢ = ¢ is still greater than that of the
pursuers. Moreover,
i) #x;(t), 0<t<e, j=1,...,0, i=1,...,K,
because by (3.5)

950 = x (0] = 1yo = xio] f Jods —fui(s>ds
0

3d 3d d
>?—£—\/Epzf—2\/§p25>0. 3.6)

Thus, Case 2 can be reduced to Case 1. Therefore, we can assume at the beginning that
vio #yjoforalli #j,i,j=1....M

3.3 The Construction of Strategies for Evaders

We construct a strategy for each evader y; to move in the strip (Fig. 1)

S; ={£ e R*| | —yjo.€p)l <a, (&—yjo.ej) = —b}.

Let us choose a number a;; that satisfies the condition

1 d
0 b, — ¢, 3.7
<aj <m1n{2 3 2} 3.7)

where d is defined by (3.2), and let a; ;11 = « - aj}i, i =1,2,.... The number « € (0, 1)
will be specified later.
Then, clearly, terms of the sequence a;i, a2, ... satisfy the following inequalities

ajivi <al;, i=12.., (3.8)
and, therefore, by the inequality aj; < 1/2, we obtain
. . - 4 16
ajit1+ajiva+--- <ajiyi +aj’l~+1 +aj’l~+1 + -

<ajiyi+al g+ <2aj00, i=012,.., (3.9)
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and

o
> Vaji < Jag+an +ab 4 < 2@ (3.10)
i=0

We say that a pursuer x; is j-active at the time t > 0 if x,(¢) € §; and (ej, x,(1)) >
(ej, yj(t)), otherwise x; is called j-passive at the time ¢. We say that t = 7;; > O1is aj;-
approach time of a pursuer x; to the evader y; if this pursuer is j-active at t;; and the equation
|xs(Tji) — yj(Tji)| = ajj; is first satisfied at the time 7;;. Thus, for the specified sequence of
numbers a1, aj2, ..., first we define 7 as the aj-approach time, then we define 75 as the
a jz-approach time and so on. Therefore, 7j1 < 7j2 < ---.

It should be noted that the same 7;; can be aj;-approach time for several pursuers to the
evader y;. If there are more than one of such pursuers, then we take any of these pursuers
and, for convenience, we denote this pursuer by x j;. Starting from the time 7;; on some time
interval, the evader y; uses a maneuver to be defined against the specified pursuer x ;;. While
a pursuer x; is j-passive, for x;, neither approach time is defined nor maneuver is applied
against. Note that j-passive pursuer at some ¢’ might be able to be j-active at some " > .
Therefore, one pursuer can have several approach times to the same evader.

We make the following convention: If a pursuer makes a j;- and a j;- approaches at times
7;; and 7, respectively, then this pursuer is labeled by x j; and x j; respectively at these times.
Also, for convenience, we’ll write xj;, y;, jo0.q;, Tji. aji, 1;(t), e}, e_/i, S, S’, v; without
jasxi,y,v0.q,Ti,ai, 1(t),e, e, 8,8, v.

Define numbers @

t=tu+—, i=12,...,
o

where « is a positive number, which will be specified later. Note that, in general, the sequence
7{, 75, ... is neither increasing nor decreasing. Throughout the paper we impose conditions
on parameters «, a1, a2, . . . and we choose the parameters in Sect. 3.11.

Describe the idea of construction of evader’s strategy. On the time interval [0, 71), the
evader y moves parallel to the vector e. Note that ty, the first time of aj-approach with a
pursuer may not occur. In this case, either |y(¢) — x;(¢)| > a; or (y(¢),e) > (x;(t), e) and
y(t) # x;(t) forall t > 0andi = 1,..., K. The latter case will be discussed in Sect. 3.4.
In both cases, we let 71 = oo, and because of y(¢) # x;(t), t > 0, evasion is possible.

Let a;-approaches occur at finite times 7;,i = 1,2, ....Ontheset[z;, T/)\U;>;41[7}, TJ’.),
the evader y uses a maneuver against the pursuer x;, 7 = 1, 2, .. .. Also we say that the evader
is under the attack of pursuer x; on this set.

Note that az-approach may occur before the time r{ , that is, 1p < r{ , and then ajz-
approach may occur before the time max({z{, 73}, that is, 73 < max{z{, 75} and so on. If

this process is broken off at some first time t;‘ = max{ty, ..., t;} with p > 1, that is,
7; < max{ty, ..., 7:]’471} (tp =t forall j=1,..., pand 1p4| > r*,'therll we say that the
evader undergo the continuous attack of the pursuers xi, ..., x,, on the time interval [71, ‘L';).

In other words,

@) [, r;) = Ule [T, 'L'i’), that is, at each t € [y, 1:;,"), the evader is under the attack of a

pursuer x;, j € {1,..., p},
(ii) all pursuers x;, i = 1, ..., p, participate in attack on [z, ‘L';],
(iii) Tpy1 > r; and on the interval [1:;, Tp41) the evader is not under the attack of any
pursuer.
It should be noted that one pursuer can attend several times in the sequence xi, ..., x, with
different labels.
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0 T, _, T2 T3 T4 Ts

Fig. 2 Continuous attack of the pursuers x{, xp, x3, and x4 is completed at ‘Cé

At the time 7,;, a continuous attack of the group of pursuers xi, ..., xp is stopped. The
evader y moves again parallel to the vector e on [r;,", Tp+1). In general, on the set R\ U;>
[T, r[/ ), the evader is not under attack of any pursuer. Starting from 7, the evader may
undergo a continuous attack of another group of pursuers. It should be noted that one pursuer
can participate in several continuous group attacks too.

Let [T +1, T(jk), k = 1,2,...,(wg = 0), be time intervals where the evader

. * —

undergoes a continuous attack of a g.roup. of pursuers Xe, 41, ..., Xq,, Where T =
max{ra’)k71+l, e, ra/)k}. Hence, on the time intervals [rcjk, To+1), Kk =1,2, ..., the evader

is not under attack of any pursuer. For convenience, let 7 = 0. If for some wy there is no
approach time greater than 7 , then we put 7., 41 = 00.
Define a natural-valued function r = r(t), 74, _,+1 <t < 7., which may change its

wy
value only at points t;, ti’, i=wr_1+1,...,w, as follows:

r(t) =max{j € {ox—1+1,..., 00} 7; <t < ‘L']’-} if 1€ [Top_1+1, ‘c;jk). (3.11)

Here some properties of the function r(z).
Property 3.3 Leti € {wi—1 + 1, ... wy} be any number. Then

W) r@) =i, iftelu, tH)\Jiy1, where Jiy) = Uj’k:i+1[rj, ‘c]’»), i <o Jop+1 =9,
(3.12)

(i) if 11 < 7/, thenr(t) =ion|v, Tiy1),

(iii) if i1 = t/, thenr(t) =ion|z, ).

Proof (i) Indeed, let € [z, T[/;)\Jp+l- Then t € [1p, 1:1/,), and so by (3.11) r(t) > p.
However, because of t ¢ Jj, 11, we getr(¢) < p + 1. Hence, r(¢) = p.

(ii) Let 741 < 7/. Then [t;, Ti41) C [, T/)\Ji+1, and therefore by (3.12) r(r) = i.

(iii) Let now ;41 > t/. Then [7;, t/)\Ji+1 = [7, ), and so therefore by (3.12) we get
r(t)y =i, t e[y, ). O

Thus, r(t) is a step function.

Give an example (see Fig. 2). On the interval [0, 71) the evader is not under attack of any
pursuer; #(t) = 1if t € [t, w);r(t) = 2ift € [, ) U[tf, 1) Uy, 1)) r(t) =3
if r € [13,75); r(t) = 4 if t € [14, 7;) and the evader uses (3.14). At the time t; = 1),
continuous attack of the pursuers xp, x2, x3 and x4 is completed. Then on the interval [ré, 75),
the evader is not under attack of any pursuer. Starting from the time 5 the evader undergoes
an attack of another group of pursuers.

We now start constructing a strategy for the evader y. Set v(¢) = 0if 7 (r) = ¢, else

2 1/2
U(t) — (ZkEl(t) |Mk([)| ) e, CI(I) > 07 . r € [f:; , ka+l)’ k = 0’ 1’ 2’ .
0, q() =0,

(3.13)
Fork = 0, we have [rafo, Twy+1) = [0, 71), therefore, the evader uses (3.13) on [0, 71) as well.
Thus, by (3.13) the evader moves parallel to the vector e on the intervals [, , Toy+1), k =

0,1,2,....
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Fori=1,2,...,let

Vii(t) = {a o), el (), €)= (xi(m), &),
l —(a+ i @), ), (), e) < (xi(n),e),
12

i) =a+ | Y P + @), e)

kel ()\{i}
Fort € [ty +1, r:)k), k = 1,2, ..., the maneuver of the evader against the pursuer x, is
defined as follows:
Vlr(t)e + Vor(t)e, Q(t) >0,
v(t 3.14
"= { q(t) =0, G194

where r = r(¢) defined by (3.11).

3.4 Evasion from the Pursuer x; for which (y(#), e) > (x;(0), e)

Let (y(0),e) > (x;(0), e) and y(0) # x;(0) for a pursuer x; at some time 6 > 0. We show
that if x;(s) € S,0 < s <t, then x;(t) # y(¢) for any behavior of the pursuer x;, as long as
q(t) > 0.Letx;(s) € S,0 <s <t.

Considertwo cases 1) 6 € [t* s Twp+1)s and2)60 e [Twp+1, - H)atsomep €{0,1,...},
where 7.5 is the time when contlnuous attack of a group of the pursuers Xopi+ls - s Xayp
is completed and the attack of another group of pursuers X, +1, - - -, Xa,,, 1s started at the
time Tw,+1 and completed at the time 7, opit”

CaselLet@e[c’;,tpr) pef0,1,...}.
A.Letd <t < Top+1- Since (y(#) — x;(6),e) > 0, then by (3.13) we have (y(0) —

t
xi(0), [v(s)ds) > 0, and hence
)

¢ 2
@) = 5 ©OF = 16) — 5O + y(@)—x,w),/v(s)ds + fv(s)ds
0 0
/ 12 2
> |y(O) —xi @) + Do lmP | ds
5 \kel()
2
> 1y©) = x O] + /|ui<s>|ds
0
Therefore,
t
() — 5 (0)] = [y() —x:(0)] - / i (s)ds
0
‘ 2 .
> | 1y®) —x@)P + /|ui<s>|ds —/9 1 (s)ds.
0
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Since the right-hand side of this inequality is positive, and so y(¢) 7# x;(¢). Moreover, in
the view of (3.13), (y(#) — xi(1),e) >0, 6 <t < 7, +1.
B. Letnow 7,41 <t < ‘ca’ij . We get

(@), e) = (xi(1), e)

t t
(@), e) — (x;(0),e) + /(v(S), e)ds — /(ui(S), e)ds
0 0

Twp+1 t
> / (v(s), e)ds + (v(s), e)ds
0 Twp+1
Top+1 t
— / (ui(s), e)ds — (ui(s), e)ds.
0 Twp+1

In view of (3.14), we then have
Twp+1

(y(@),e) = (xi(1), e) = / ((v(s), e) — (ui(s), e)) ds
0

t 1/2
+ / at+ | D P+ @)’ | = wis).e)|ds >0,  (3.15)
Tt kel (O\(r)

where r = r(t). The first integral is not negative since by (3.13), (v(s), e) > (u;(s), e), 0 <

! < Tw,+1, and the second integral is clearly positive. Hence, y(t) # x; (1), Tw,+1 <1 <
:’p+1 :
C.Letnow ¢t > t} e Then it can be shown that inequalities (3.15) and (v(f),e) >

(ui(t), e) [see (3.13) and (3.14)], imply that (y(¢),e) — (x;(¢),e) > O for all > r;j”
Hence, x;(t) # y(¢) forall t > 6.
Case2 Letf e [Tw,+1 ). Then according to (3.14)

'
’r;;p+l
W@, 0) = a+ ()] > wi0),e), 6<t<7),

and therefore for any ¢ > 6, we obtain (y(t), e) > (x; (), e), provided x;(s) € S, s € [0, ¢].

Thus, in both cases, if (y(9), e) > (x;(0), e),y(0) # x;(f)and x;(s) € S,0 < s <t,fora
pursuer x; and some time 6, then (y(¢), e) > (x;(¢), e) and y(t) # x; (). What if this pursuer
goes out of the set S and moves outside S till some time t for which (x;(7), e) > (y(7), e)
and gets again into the set S to make some a;-approach? We will discuss this question in
Sect. 3.10.

3.5 Fictitious Evaders

To estimate distances between pursuers and evaders, we define fictitious evaders (FEs) z;, i =
®k—1, - - - , Wk, by the equations

Gi=wi, zi(w)=y@), uw<t<t, (3.16)
where w; is the control parameter of the FE z;. According to (3.16), the initial position

of FE z; at 7; coincides with the position of the evader at the same time t;, and FE
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z; is defined only on the time interval [t;, rl./ ). We define the strategy of FE z; as fol-
lows:

w;(t) = Vij(0)e' + Vo, (e, © <t <7, (3.17)
1

where V,,(t) is the same as in (3.14). Note that (w;(¢),e) = (v(t),e) = Vo, (t), 7, <
t < 1/, that is speeds of the FE z; and the evader y along the direction e are the
same. Also combining (3.14) and (3.17), we observe that z,(t) = y(t), 7, < t <
7).

Next, show that

’

T
/ lw; (s)]%ds < 202 (3.18)
J

i

Indeed, introducing the following vector functions

1/2
f) = (@ ayand g(s) = | i) Nl [ D @ + ur(s), ) :
kel (H)\{r}
we obtain
VE(s) + Vi (s)
12\ 2
=@+ 1wi(s), D>+ at+ | D )P+ w(s), )
kel (s)\{r}
= /() + g
Then by the Minkowskii inequality
o 1/2 y 1/2
/lwi(s)|2ds = /(vl%.(s)+v22,(s)) ds
T Ti
T/ 1/2 7/ 172 7/ /2
= flf(s)+g(s)|2ds < /If(s)lzds + /|g<s)|2ds
T T T
7/ 172 7/ 172
- / 22ds |+ f W e+ Y R+ ), 0 | ds
T T kel (s)\{r}
(3.19)

Since
T[/ Ti/
f (i (s), ¢)*ds < / lu; (s)|*ds < p7?,
T Ti
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and

D k@ + wr(s). ) | ds < o7
n \kel(\{r)

then requiring that
aay < (0 = p)* (3.20)

and using definition of ‘L’i/ , we obtain from (3.19)

y 12
[rwtas | = Vaaa + o+ 7
T

< V2aa; + pv2 < oV/2
which is the desired conclusion.

3.6 Estimation of the Distance Between FE and Pursuer

Let us estimate the distance |x, (t) —z, ()|, t € [Tp, r;,), between the FE z;, and pursuer x,
forany p € {wx—1 + 1, ..., wi}. To this end, estimate |x,(t) — z,(¢)| in two ways. Since
|xp(tp) — 2p(Tp)| = ap, then by the Cauchy—Schwartz inequality and inequality (3.18), we

have
t t
B (6) = 2p(0)] = 12 (Tp) — 2p(Tp)] — ‘ [ wy(s)ds| - ‘ f p(s)ds
>a,—(V24+1)/i—1,-0 (3.21)
provided

t
[ ntorias < o2,
T

On the other hand by (3.14), signs of
(Zp(Tp)’ e — (xp(Tp)’ e = (y("-'p)a e — (xp(Tp)’ e
and £ (o + [(up(s), ¢')|) are the same, and therefore
|2p (1) = xp (O] = |(zp (1) = xp (1), )| = [(zp (1)), €) — (xp(1p), )
t t
+/(a+ [(up(s), eds —/I(up(S),e’)lds

P p

>t —1p). (3.22)
From (3.21) and (3.22), we conclude that

lzp(t) — xp(O)| = h(t), h(t) = max{a, — (\64— Do/t —1p, at—1p)}.
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Since the function h(t) = a, — (W2 + Do Ji— T, decreases on [7,, ‘E;] from a, to

ap — W2 + 1)0,/%, and hy(t) = a(t — t,) increases on [7,, T;] from 0 to a,, and
therefore the function A (¢) has the only minimum point ¢, € (), r;,), which is the only root
of the equation /&1 (t) = hy(t). We can see that

2
4ap

.
((ﬁ + o + \/(3 +24/2)02 + 4aap>

L =Tp +

2
Then, h>(t,) > ZGLZ, provided « and a, are required to satisfy the inequalities

0<a<l, 120a, <o’ (3.23)
Then we obtain the following estimate for the distance between FE z;, and pursuer x,
aa[% ,
lzp(®) — xp ()] > o2 WIS (3.24)

In addition,

(Zp(fll;) - xp(rl/;)7 e) = (Zp(rp) - xp(fp)7 e) + /((U(S)’ e) — (MP(S), e))ds

P

’

%

s
Cap+ / (@ + 1Up(s), O] — (up(s), €))ds

> —ap+a(t, —1,) =0,

then according to (3.16) and (3.17), we obtain

(7). e) = ((zp), ©) + /(U(S), e)ds

/

= (zp(zp), e) + /(wp(S), e)ds
= (zp(1)), €) = (x,(1)), €). (3.25)

The inequality (3.25) shows that at the time 7:,’, the pursuer x,, becomes passive.

3.7 Estimation of the Distance Between Evader and FE

To estimate the distance |x,(f) — y(¢)| between the evader y and pursuer x, for ¢ € [z, r;,),
we first estimate the distance |y(¢) — z,,(¢)| between the evader y and FE z, on the time
interval [z, ‘C’;) assuming that ¢ (¢) > 0.

If apyi-approach time 7,41 > 7, then by Property 3.3 (iii) r = r(t) = p for all
t € [1p, 'L'I/,). Hence, comparing (3.14) with (3.17) we get w,(t) = v(t), 1, <1t < 'L'I/,.
Consequently y(t) = z,(1), t € [tp, rl’,], and so |y(t) —z, ()| =0, 1 € [tp, rl’,].
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Fig. 3 Evader y and FE z) 2p(7,)

Y(Tpt+1) = 2p(Tpt1)
Y(mp) = 2p(7p)

Let now 7,41 € (7p, 1.'[/7). Then by Property 3.3 (i) r = r(t) = p fort € [1p, Tp+1), and
comparing (3.14) with (3.17) we get w, (t) = v(t), Tp <t < Tp41.
Then (see Fig. 3)
Tp+1
y(Tp1) = y(tp) + [ w(t)dr
Tp
1"]7+I
=2p(1p) + [ wp()dt = zp(tps1).
T

Therefore, for 7,41 <t < ‘C]/,, we get

t t

ly@) —zp@®)] = |y(Tpsr1) + / v(s)ds — zp(Tpr1) — / wp(s)ds

Tprl Tp+1

t
< / [v(s) —wp(s)|ds (3.26)
Tp+1
Since w,(t) = v(t) on [tpy1, t]\Jpy1, where Jj, 11 is defined in (3.12), then combining
(3.14) and (3.17) with (3.26), yields

() — 2, (0] < / lo(s) — w, (s)]ds
[Tp+l,t)mjp+l
< f Qe + [y (), €)) + G (s), )i, (327)

Jp+1
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where r = r(s). As

K
|G (), €] < Jur ()] < | D ui(s)|?ds
i=1
then from (3.27) by using the Cauchy—Schwartz inequality we get
K
ly(@) — zp ()| < 2 mes(Jpq1) + 2 / Z lu; ()]%ds
s Ni=l1

< 2a mes(Jp41) +2p,/mes(Jpt1), (3.28)

where mes(J,41) denotes the Lebesgue measure of the set J,yi. Since J,y1 C
Uisp+1lTp, 1:;,), then (3.9) implies that

oo

a; 2a,+1
mes(Jp_H) < Z (‘cl./—-[i) < Z et < i,

. . o o
i>p+l1 i=p+1

Thus, the last inequality and (3.28) yield that

2a 2a
Y() = 2p(O] < daper + 20 = < dp [ ZEE (3.29)

provided that the parameters a1 and « satisfy the condition
2ap11a < p*. (3.30)
Thus, we have obtained an estimate for |y(f) — z,(¢)| which is given by (3.29).

3.8 Estimation of Distance Between Pursuer and Evader

Finally, estimate the distance between the pursuer x, and evader on the time interval [7, T ,’,)
when evader’s energy is positive. It follows from (3.24) and (3.29) that

[xp ) =y = |xp) — zp(O)] = |z2p() — y(@)|
aa? 2a aa?
D 4p )20t z 3.31
~ 602 P o = 1202 (3D

. Solve this inequality for a; | to obtain a new requirement

2llp+1

2
provided that " >4p
for parameters ap+ 1, ap, and o

3
o a

WH =003 2 oA 332
Thus, for any ¢ € [, 7)),
ozaf,
X, (1) — ()] > sk (3.33)
Also, require that
oza,z7
T apit. (3.34)
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Then (3.33) implies that |x, (t) — y(¢t)| > ap41. Therefore, forany j > p+1, aj-approach
doesn’t occur on [z, r;)] with the pursuer x,. According to (3.25) (y(r;), e) > (xp (r;,), e).
As it was proved earlier in Sect. 3.4, the inequalities x p(‘c[’j) * y(r[’,) [which follows from
(3.33)] and (y(t;), e) > (xp(T;), e) imply that (y(7), e) > (x,(1), e) and y(t) # x,(t) for
all t > r;, while x,(s) € S for all tfn < s <t,and g(¢) > 0. That is this pursuer becomes

passive while x,(¢) € S, > r}’j.

3.9 Estimation of Evaders Energy and Possibility of Evasion

Let T be any positive number, and ‘L':El (wo =0, 75 =0), ] =0,1,..., be the times when
continuous attack of a group of pursuers is completed, and 7,41, [ =0, 1, ..., be the times
when continuous attack of a group of pursuers is started. The time 7 can be either in an
interval [r;p, Tw,+1) OF in an interval [Tw, 1+1s ra”jp) for some p. First, estimate the energy of
the evader spent on the time interval [0, T']. Since on the intervals [ra’ﬁl, To+1), L =0,1,...,
the evader uses (3.13), and on the intervals [7,,_, 41, T:)z)’ [ =1,2,..., the evader is under
the attack of pursuers and uses (3.14). Consequently, the evader spends the following amount

of energy

T
/ lu()Pdt < Ay + Ay + As, (3.35)
0
where
p—1 Twy+1
A=) / 3 i@ | dr,
1=0 5 \iel(t)
@]
p—1 o
A=) / (VE(t) + V2(0)) dt,
I=1g,"
T
f (Zie](;) |ui(t)|2) dr, if Te [‘E;)p, Twp+1)’
A3 = rpr
[ (VEO+V5m)dt, i T €ltw, 11,7,
Twp_1+1

P

where r = r(1).
Since (u, (1), €')> + (u, (1), €)> = |u,(t)|%, then similar to (3.19), with i replaced by r, we
obtain for any A, u € [rwqu, r;p) and A < p that

" 12
2 2
/(Vlr(s)+v2r(s)) ds
A
m 1/2 m 1/2
= / 20%ds |+ / (). + D P + (), ) | ds
Iy X iel(s)\{r}
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“ 1/2
=2e2(n — M) + / > ui)* | ds

5 \iel©)

"
Then, by the inequality [ (Ziem) |u,~(s)|2) ds < p?, we can see that
s
"
f (VE(s) + Vi(s)) ds
s

"
=2a2(u—)\)+2\/2a2(u—k)p+/ Z lui ()1 | ds.

5 \iels)

Therefore, (3.35) can be rewritten as follows:

T T
[woka < [ 5 wiorkar+ g+ 5+ b2+ 5,
0 0 iel(t)

where

p—1 p—1
Bi= 20—ty 1), Ba= 3 2/202( — 0 1100,
=1 =1

(T =0, +1), T €lTw, 1+1,T,,)s
/ 0, T €z, Twp+1):
B = {Zp [202(T = 1, 1 41). T €ltw, 1. 75)-

Next, estimate By, By, By, B}. Using (3.9) yields for [ =1,..., p — 1,

o? Z (T = 1)) =a? Z 4

Tje[fwl,ﬁr]vfj)]) Tje[fwl,1+]v7::)1)

IA

2
o (T(:k)l - Twl—l"l‘])

IA

a(aw1,|+l + aw[,]-i-z +.. ) =< 2aaa)[,1+11

Similarly, for T € [Tw, 1+1 TZ:,))’

2 2
(T = T, 41) S @ (T, = T, 1+1) < 200w, 1.

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

Then, combining the inequalities (3.40) and (3.41) with (3.38) and then using (3.9), we get

p—1
Bi+ B £2) (1) = Tu_ 1) + 207 (T — Ty, 11)
=1
p—1 o]
< 4a ZawHH +4ocawp71+1 < 4a Zai < 8aaj.

i=1 i=1
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Combining (3.40) and (3.41) with (3.39), and then using (3.10), we obtain

p—1
By By <20 ) 2025l — 1y 1)+ 20,/202(T — 1, ,11)
=1

p—1 [e9)
<4p Z [y +1+4p/aay, +1 <4p Za/om,‘ < 8p /aaj. (3.43)
i=1 i=1

Therefore, using (3.42) and (3.43), we obtain from (3.37)

T
/|v(t)|2dt < daa) + 8pJaa; +/ D7 lui (). (3.44)
iel(t)
Let «, a; satisfy the following inequality
o2 — p?
4aa; + 8p/aar < M (3.45)

Then it follows from (3.44) that

T

O’2 —
/|v(t)|2dt <
0

T
2
+f Z |u; (1) |2dr. (3.46)

o i€l (1)
We again think of all evaders moving in the sets S;, j = 1,..., M, and proceed to show
that evasion is possible in the game (1.1)-(1.4). For the evader y;, j € {l,..., M}, the

inequality (3.46) can be written as follows:

T
/lvj(t)|2dt <
0

Clearly, the evader y; can move using strategies (3.13) and (3.14) not being captured on
[0, T'] providing that g ;(¢) > 0 and the number of approach times in [0, T'] for this evader is
finite. We claim that for any 7 > 0, the inequality ¢; () > 0,0 <t < T, holds for at least
onei € {1,..., M}. Finiteness of approach times will be shown in the next subsection. This
means that at least one of the evaders is not captured on [0, 7']. Assume the contrary, that is

/ D7 lui(n)dr. (3.47)

iel;(t)

T
/|u,~(z)|2dr >0} forall j=1,.... M,
0

at some T > 0. Since I, (1) N I}, (t) = @ for every ji # jp,and I;(t) C 1,2,..., M, then
from (3.47), we obtain

M T
o2 =0l +- Z/ vj(t)2de
j=1 0

j=1 iel;(t)

M T
+Z/ > luio)ds
0
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2 2
o —p > o+ p )
<——+p'=——<o0".
) P 2

A contradiction. Thus, for any time 7 > 0, at least one of the evaders is not captured on
[0, T']. Note that strategies of evaders do not depend on 7.

3.10 Finiteness of the Number of Approaches

Is the number of approach times 71, 72, ... in any time interval [0, T'] finite? or are there
infinitely many approach times 7y, 72, ... on an interval [0, 7]? We show that for any finite
time interval [0, T'], the number of approach times 71, 72, ... is finite. To see this, we take

any pursuer x; and show that the number of approach times of x; in [0, T] is finite.

Let 7; be the first an a;-approach time of the pursuer x; with the evader. On the interval
[T, ri/), as shown in Sect. 3.9 that a new aj-approach (j > i + 1) will not occur with this
pursuer. According to (3.33), at the time 7/ the inequality (y(z/), ¢) > (x;(z/), ¢) holds. It
was shown in Sect. 3.9 that, if x;(s) € S for all ti’ < s < t,then (y(t),e) > (xi(t),e)
and y(¢) # x;(t), and therefore, starting from ri/ , this pursuer is passive, and because of
the inequality (y(1), e) > (x;(¢), e), t > 7/, further approach times are not defined while
xi(t) € S.

There is only one way for the pursuer x; to make a new a ;- approach with the evader: The
pursuer x; has to go out of the set S, and move outside S for some time to get (x;(t), ¢) >
(y(1), e), then get into the set S again to make a new approach with the evader.

Show that at any approach time 7 the pursuer x; will be in §’. Indeed, by the definition
of the approach time i, we have |y(tx) — x; ()| = ax and therefore

[(xx (1) — Yo, €] < |k (k) — (), €N + [y () — yo. €]
<ar+ g <a,

meaning that x; (tx) € S'. Here, the inequality |(y(tx) — yo, €')| < %, which will be proved

2 9’
in Sect. 4.2, and assumption
a
ak<§ foralli =1,2,..., (3.48)

are used.

We now estimate the number of approach times on the interval [0, 7']. Let #’ be an approach
time. Then by the reasoning above we have x; (¢') € S’. Let x; (") ¢ S at some time ”. That
is, at the time ¢’ the pursuer is in S’, and at the time 7" the pursuer x; is outside S. Then

t// t//
b <|x(t") —x(th = / ui(s)ds| < / u;(s)|ds. (3.49)
t! t/
If there are N approach times in (z;, T'], then the pursuer x; must have gone out of S at
least N times. Note that at each approach time the pursuer is in S’. Let x; (t;) € § and

X; (tj//) ¢S, j=1,..., N. According to (3.49),

1"

j
b§/|ui(s)|ds, j=1,...,N. (3.50)
t
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Clearly, tj < t iy, j=1,2,..., N, and so intervals [;, ;./], j=12,...,N,are
disjoint. Then, we obtaln from (3. 50)

N T
Nb < Z/ lui (5)\ds < / lui()lds < VT - pi < pVT.
=ty

0

Hence, N < #. Thus, the number of approach times with the pursuer x; on [0, 7] is finite

and does not exceed # + 1.

Therefore, the total number of approaches with all pursuers on [0, T'] does not exceed
K ([#] + 1). Thus, we can conclude that the number of approach times 7y, 12, ..., is
finite on any interval [0, T'] and hence they have no limit point on [0, T].

3.11 Estimate of Parameters

We imposed the following conditions on the parameters «, «, a;, i =1,2,...:

O<k<l O0<a <rmn{2 5. b, d} [see (3.7)];

0<a<l1, 12aa; <o? [see (3.23)];

2
oz > aivi [see (3.34)];
aip1 < a? [see (3.8)];
daa) + 8pJaar < S [see (3.49)];
< % [see (3.48)];
2aa; 41 < p? [see (3.30)];
3
ajy1 = ma? [see (3.32)];
2aa; < (o — p)? [see (3.20)];

~FQom YN w>

To satisty all these inequalities, we choose parameters. Let

a2a

a = ——,
'~ 1602

where a is the number in definition of S’. Next, choose the number o, 0 < « < min{1, 02},

to satisfy the inequalities

12 (0 — p)> ©° = p*) Lota s,y (3.51)
aa; < (o — , oad] < ——————, a] <miny—, —, —, b, d}. .
! P V= eamz2p + 120 M 222
Then choose « by the formula
3
&
= 3.52
144 - 3200 ( )
Observe that k < 1. After that choose numbers as, as, ... by the formula
aiv1=kal, i=12,.... (3.53)

Note that by the third inequality of (3.51) and (3.53) the inequalities 1/2 > a; > a; > ...
hold. Then, we show that all the above inequalities A—I are satisfied.
Indeed, A follows from (3.51) and (3.52). B is satisfied since by the first inequality of
(3.51)
12aa; < 12aa; < (0 — p)? < o2 (3.54)
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Next, show the inequality in C. Indeed, to show

otaiz - _ ot3a;}
1202 ~ YT 1443266

it is sufficient to show that
afa? <12-320".
This inequality is valid since by (3.54)
(aia)* < (a10)* < 0*/144 < 12-320%.

Since ¥ < 1, then (3.53) implies D. Since « € (0,1),0 < aj4+1 < a; and a; < ,02/2, then
we obtain
2eaiy1 < 2ai41 < 2a; < ,02,

which gives us the validity of option G.
‘We now think of E. The numbers « and a; are less than 1, and therefore awa; < Jaaj.
Then according to the second inequality of (3.51) we have

2 ,02

daa) + 8p/aa) < 4/aa) + 8pJaa; = 4(1 + 2p)Jaa; < %

)

and so Eis satisfied. Next, F follows from the inequalities a; < min{%, %} anda; > ajy1, 1 =
1,2, ....Sinceo > p, Hfollows from (3.52) and (3.53). [ also follows from the first inequality
in (3.51).

Now, we turn to the game with the evaders yj, ..., yy. We choose the parameters
Q;, aji, ajz,...as follows. Let aji = aj forall j =1, ..., M. We choose o; = «.
We define the numbers a2, a;3, ... by formula

4
aji+1 = Ka

Soi=l2.. j=1,. M

Note that by the choice of the numbers a;; we obtain aj;; = ... = ap;, i = 1,2,....
Therefore, inequalities a; < § are satisfied. Proof of Theorem 3.1 is complete.

4 Discussion
4.1 The Evader Moves in a Corridor of width a

If parameters are chosen as in Sect. 3.11, then we show that the evader moves in a corridor
of width a. More precisely, we show that |(y(z) — yo, €')| < a/2. Indeed,

t t
6:(0) = yo, )] = / (0(s), )ds| < / ((s). &)lds
0 0

IA

/+/ (w(s), &)lds
E  [0M\E
where

E= |J .7l

{ilri€l0,2]}
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Note that by (3.13), (v(1),¢’) =0, t € [0, t]\ E. Therefore,

G:() — y0. &) sf|(v<s),e’>|ds

</
[ee)

Z/Kv(s) e)|ds < Z (1] —T,)/(U(S) e')2ds

O MCETEE 3EE

I/\
3

2
a”o
16522 WE get

a] a
(1) — yo, )| < 20\/j .
o 2

This means the evader always moves in the set

From this using (3.10) and the formula a; =

a

= (&1 1 = yo, €Nl = 5 € =yo.e) = b}
We have shown that the evader moves in a /2 neighborhood of the ray ¢ (¢) = yo+et, t > 0.

4.2 Reduction to the Game in R?

Give a procedure of reduction of the game in R”, n > 3, to the game in R?. Given x;o— y 0 F
0,i=1,...,K; j=1,..., M, we choose a unit vector ¢ different from the vectors
£(xi0 — yjo)/|lxio—yjol, i=1,...,K; j=1,..., M. Let x stand for x — (x, e)ey, the
projection of x on the subspace L = {x € R"| (x, e;) = 0}. One can verify that x;o # yjo
implies that x;o # y;o. For the projections of the pursuers on L, we obtain from (1.1) the
following equations

Xi = u;, x;(0) = Xjo,

where
/|ﬁl~(s)|2ds = f (lui () 1> = (ui(s), e1)*) ds < / lu; (s)|?ds < p?.
0 0 0

Consider the evader’s projection y; € L whose motion is described by the equation

o0
i =vie 550 =50, [ 1000 =2,
0

where v;(t) € Ly, t > 0. Since x;(¢) # y;(t) implies x;(t) # y;(t), therefore if evasion
is possible in the game in L, then evasion is possible in the game (1.1)—(1.2). Note that
the evader y; (¢) uses the same control function v} (¢) as its projection y; (). Thus, evasion
problem in R” is reduced to an evasion problem in (n — 1)-dimensional space L. We can
proceed analogously to reduce the problemin L to evasion problem in an (n—2)-dimensional
space and so on. After some finite steps, we obtain a two-dimensional space.

Birkhauser



376 Dyn Games Appl (2018) 8:352-378

4.3 Important Points of the Solution

According to the constructed strategies of the evaders, the total energy of the evaders spent by
a time ¢ might be greater than that of pursuers. Indeed, it can be seen from (3.14) and (3.13)
that if any pursuer is in one of the sets S}, the total energy of the evaders can be estimated
from below as follows. When the evader y; is moving on the time interval [0, 7;], by (3.13)

t t
[wiora = [ ¥ wopa,
0 0

iel;(t)

meaning that the evader y; spends energy same as all the pursuers in the strip S;. When the
evader y; moves on a time interval [ty 41, 'L'::l], by (3.14) we have

* * *

T,

T T

u)l w, w]
/ |vj()[Pdt = > @a? + fui()Pdt > D i@
Twj_1+1 Twy_1+1 i€l (@) Twj_1+1 i€l;(t)

Hence, on the interval [t,, 41, r;)]], the evader y; spends energy more than that of all
pursuers in S;. In a similar fashion, we can verify that if the evader y; moves on the interval
[t¥, Tj+1] according to (3.13), then the evader y; spends energy same as all the pursuers in
the strip §; on the time interval [t}k, Tj+1], where 7:_7 is time group pursuit is completed at
and at 74 another group pursuit is started.

Therefore, we can conclude that the total energy spent by evaders at any time ¢ greater than
or equal to that of all the pursuers. By this reason, we first reduced the case 012 4+ 4 01%,1 =
,012 +...+ p,z( to the case 012 + -4 O'/%/I > pf 4+ 4+ p,z(. Then we constructed strategies
for the evaders, which depend on some parameters. We have chosen the parameters so that
the total energy of the evaders be less than 012 + .4+ 01%,1.

Next, the movement of the evaders in the disjoint strips S;, j = 1,..., M, is crucial.
Because of disjointness of the strips, the control parameter of any pursuer cannot appear in
the strategies of two different evaders y; and y; with i # j. This condition is important for
admissibility of the strategies of evaders.

The fact that approach times 7; have no finite limit point is another key point in the proof of
the main result since if the approach times have a finite limit point, the evader can be captured
before his energy is exhausted. In fact, one pursuer, say x;, can make infinitely many a, -,
dg,-, ..., -approaches at some times 7, , Ty,,... — 0O respectively.

4.4 Realization of Evaders’ Strategies

By Definition 2.3, to construct the strategy V/;, the evader y; knows information about param-
eterst, yj,qj, X1, ..., XK, Uy, ..., ug ateach time ¢t > 0.

The initial position ¢y, which is known to evaders, is used to find the numbers d, dy and
&. Also, the evaders employ only ¢p to construct the points y}o and vectors v o, e}, e}, and,
hence, strips S, S},j =1,....,M.

Step 1 Check the equation 0 = p. If it is so, using techniques of Sect. 3.1, we obtain
q(z%) > p(z°) where 70 is the time for which |x;(t%) — xjo| = d/4 atsome 1 < s < K
then we go to Step 2. Here, the evader y; needs the information about x; (z), i =1, ..., K,
and time ¢ to check the condition |x;(t) — x;o| = d/4. To this end, the evaders employ the
following controls
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vj() =0, j=1,....,.M, 0<tr<17"

As mentioned in Remark 3.2 that the evaders do not know p(z°), but they know p and the
fact that p(ro) < p. From now on the evaders use p instead of p. If o > p, then we put
79 = 0 and go to Step 2.

Step 2 Let ¢(z%) > p(r%). We check whether y;o = yjo for some i # j,i,j €
{1, ..., M}. If so the evaders move to the points y}o by using the following controls

vt =vjo, j=1,....M, "<r<"+e
This control is constructed based on ¢o. To choose the parameter a;; [see (3.7)], we use
d which depends also on ¢o. Note that aj; < d/2 and by (3.6) |x;(t) — y;(t)| > d/2 for
alli =1,...,K; j=1,..., M, and therefore there is no a;i-approach time in the time
interval 70 <t < 70 + ¢.

If yio # yjo foralli # j,i, j € {1,..., M}, then we put ¢ = 0 and go to Step 3.

Step 3 Let g(t° 4+ ¢) > p(z° + ¢) and Vip # y}o foralli # j,i,j€{l,..., M}. Then
evaders use strategies (3.13) and (3.14) where we have to put 7§ = 79 + . In this step, the
strategies of evaders are constructed based on the information about ¢, y;, g, x1, ..., Xk,
uy, ..., ug ateachtimet > 0. While g; () > 0 the evader y; is not captured by any pursuer.
If gj(t) = 0, the energy of the evader y; is exhausted, y; is not able further to move, and
then it can be captured by a pursuer.

Importantly, the number of summands in the definition of V,;(#) depends on ¢, therefore
the measurability of V,; (¢) needs to be explained. This follows from the fact that any pursuer
X; can stay in the strip S only on a closed time interval since x;(¢) is continuous and S is
closed.

5 Conclusion

In the present paper, we have solved completely the simple motion evasion differential game
of many evaders from many pursuers when control functions of the players are subject to
integral constraints. We have shown that if
PL+-+pg Sof++op,

then evasion is possible from any initial position g of players. In addition, we have constructed
explicit strategies for the evaders. Note that this inequality is a necessary condition of evasion
as well since if it does not hold, then pursuit can be completed from any initial position of
players [16]. Thus, the result of the present paper fills the long standing gap in the simple
motion differential game of many players with integral constraints. In future, this result can
be extended to differential games described by more general linear differential equations.
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