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Abstract We consider a noncooperative game in infinite time horizon, with linear dynamics
and exponentially discounted quadratic costs. Assuming that the state space is one-
dimensional, we prove that the Nash equilibrium solution in feedback form is stable under
nonlinear perturbations. The analysis shows that, in a generic setting, the linear-quadratic
game can have either one or infinitely many feedback equilibrium solutions. For each of
these, a nearby solution of the perturbed nonlinear game can be constructed.
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1 Introduction

Noncooperative differential games with linear dynamics and quadratic costs have been widely
studied in recent literature [2,11-14,16,19]. The existence of explicit solutions, determined
by a finite set of algebraic equations, makes them a very attractive modeling tool. They have
been used in a variety of applications, particularly in economics and management science.

In most of these applications, the underlying dynamical equations are nonlinear and the
cost functions are not exactly quadratic polynomials. Prices, interest rates, inventory levels,
etc., assume only positive values, while in a linear-quadratic game all functions must be
defined on the whole real line.

In spite of these discrepancies, linear-quadratic games can be regarded as a natural approx-
imation to more realistic models. In an attempt to justify this approximation, one is led to the
following
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Question Starting from a linear-quadratic differential game for two players, suppose that
some small, nonlinear perturbations are added to the dynamics of the system and to the cost
functions. Does the perturbed game still have a Nash equilibrium solution in feedback form,
close to the original one?

For noncooperative differential games on a finite time interval [0, T'], the analysis in [5,9]
shows that the answer is largely negative. Indeed, the value functions for the two players are
determined by a system of two Hamilton—Jacobi equations, with given terminal conditions
att = T. When the state space has dimension n = 1, in some cases this leads to a hyperbolic
system, which has unique solutions [8]. However, in dimension n > 2 the system is not
hyperbolic and the backward Cauchy problem is generically ill posed. A small nonlinear
perturbation of the terminal costs may produce a large change in the solution.

Aim of the present paper is to prove some positive results, in the case of differential games
for two players in infinite time horizon, with exponentially discounted costs.

Let uy, up be the controls implemented by the two players, and assume that the state of
the system x € IR" evolves according to

X = f(x,up,u2), ui(t) €Uy, us(t)eU. (1.1)

Moreover, let

Ji :/OO eV i (x(0), u1 (1), ur (1)) dr i =1,2, (1.2)
0

be the exponentially discounted costs. Here and in the sequel, an upper dot denotes a derivative
w.r.t. time, while the constant y > 0 is a discount rate.

Since the dynamics and the payoffs do not depend explicitly on time, it is natural to seek
a Nash equilibrium solution consisting of time-independent feedbacks.

Definition 1 A pair of functions x + u](x) € Uy, x > u3(x) € Up will be called a Nash
equilibrium solution to the noncooperative game (1.1)—(1.2) provided that:

(i) The map u7j(-) is an optimal feedback, in connection with the optimal control problem
for the first player:

oo
minimize/ eV py(x(0), ur (1), u3(x(1))) dt
0
subject to

X = flx,ur,u5(x)), u() € U.

(ii) The map u3(-) is an optimal feedback, in connection with the optimal control problem
for the second player:

o
minimize/ e o (x (1), ui(x (1), uz) dr
0
subject to

X = fx,ui(x),uz2), us(t) e Us.

This equilibrium solution can be found by solving the corresponding PDEs for the value
functions. Assuming that the feedbacks u7, u; implemented the two players are sufficiently
regular, let f > x (¢, xo) be the trajectory of the system starting from an initial state xq. This
is obtained by solving the Cauchy problem

X = f(x, uj(x), uz(x)), x(0)=xo. (1.3)
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The value functions for the two players are then computed by

V,-(xo)i/ooe_”tqbi(x(t,xo), w (x (1, x0)). u§(x(r,xo))) dr, i=1,2. (1.4
0

In the following we assume:

(H) For any x € IR" and every pair of vectors (&1, &) € IR" x IR", there exists a unique
pair (u°, u3) € Uy x Uy such that

uie 61,8 = argmin {61 £ 0,ud) + ¢1(x, 06D |, (1.5)
wel]

Whx 61,8 = argmin (& £, uf. @) + o, uf, 0. (1.6)
wels

On an open region where Vi, V, are continuously differentiable, a dynamic programming
argument (see for example [1,6,15]) shows that these value functions satisfy a system of
Hamilton—Jacobi equations:

— g
[VVI—H (x, VV1,VVa), (w7

yVa=H®(x,VV|, VW),

where, fori =1, 2,

HO@ 6,8 =6 f (v, w0 61,8, i 81.8)) +oi (v, ui o 61,8, 1h(x 61, 8).

If a solution to system (1.7) can be found, then the Nash equilibrium feedback controls are
computed by

ui(x) = u?(x, VVi(x), VWa(x)), i=1,2. (1.8)

In general, system (1.7) is highly nonlinear and difficult to solve (globally on the entire
space IR"™). Even in one space dimension, examples are known where this system admits
infinitely many solutions, or no solution at all [7,17]. In the case of linear dynamics

X = Ax + Biuj + Baus, (1.9)

and quadratic cost functionals
o0
Ji :/ e (aTx() + X" OR W +ul OSui0) dr, i =12, (110)
0

a particular solution to the system of PDEs (1.7) can be found in terms of quadratic polyno-
mials. Namely

Vi) = ST mx4nlx 4+ e -
i(x) = 2x Mix +n; x +e;, i=1,2,

where the superscript I denotes transposition. To determine this particular solution, it suffices
to solve a system of algebraic equations for the coefficients of the matrices M|, M», the vectors
np, ny, and the scalars ey, e.

Our present goal is to understand whether this solution is stable w.r.t. small nonlinear
perturbations of the dynamics and of the cost functionals. This issue can be studied in two
separate settings: either on a bounded domain or on the entire space IR".
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(D) Letuj, u} be the affine feedback controls in a Nash equilibrium for the linear-quadratic
game (1.9)—(1.10), and consider any bounded domain 2 which is positively invariant
for the corresponding dynamical system

% = Ax + Buut(x) + Baub(x). (1.11)

We recall that €2 is positively invariant if, for every solution x () of (1.11), one has the
implication

x(0)eQ — x()eQ forallr > 0.

In this setting a natural question is whether, for a suitably small perturbation of the
dynamics and of the cost functions, the system of H-J equations (1.7) admits a solution
defined on €2, close to the original one. The uniqueness of this solution is also an
important issue, both for the linear-quadratic game and for the nonlinear perturbation.

(IT) A further question is whether a solution to the perturbed game can be constructed on
the entire space IR", under suitable assumptions on how the perturbation grows as
|x] = oo.

We remark that, for many applications, the models are meaningful only on a proper subset
of IR". For example, state variables should often satisfy nonnegativity constraints. It is thus
natural to construct solutions to the system of H-J equations (1.7) on a bounded domain €2,
as long as this domain is positively invariant for the corresponding dynamics. In this case,
the feedback controls u}:Q ~— IR™ will still provide a Nash equilibrium for a game where
the state is required to remain inside €2, assuming that the cost functions ¢; in (1.2) satisfy

$i(x) = +00 if x¢Q.

In this paper we confine the analysis to the one-dimensional case, under generic assump-
tions (i.e., valid as the coefficients range on an open dense set). Denoting by & = V/ € IR,
i = 1, 2, the gradients of the value functions, the Hamilton—Jacobi equations (1.7) can be
reduced to a system of two implicit ODEs, of the form

E\ _ (Vi1(x, &1, &)
A(x, &1, 8) (%) = (wz(x,él,gz)), (1.12)

where A is a suitable 2 x 2 matrix.
In the linear-quadratic case, one can find a solution (Sl*, 55‘) of (1.12), where each
&'(x) = a;x + f; is an affine function. Moreover, the determinant det A(x, &1, &) is a

)

£

-

Fig. 1 The position of the line & = &*(x), relative to the double cone I'~ where detA (x, &1, &) < 0. Left:
the line is always outside I' . Center: the line is inside I' ™ for x in some bounded interval [a, b]. Right: the
line is inside '™ for x outside a bounded interval ]a, b[ . Notice that trajectories of the implicit ODE (1.12)
typically become singular as they approach the boundary of '™ and cannot be prolonged any further (left

figure)
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0 X

Fig. 2 If det A(x, & (x), Si‘ (x)) # 0 for all x € IR, then the linear-quadratic game has infinitely many
solutions. In one of these solutions the feedbacks u7}, u3 are affine, while in all the others they are fully
nonlinear functions. All these solutions are stable under small nonlinear perturbations of the dynamics and of
the cost functions

|
X 0 X,

Fig. 3 A case where det A (x, g-‘]*(x), 3;‘;‘ (x)) vanishes at two points X; < X1 and the linear-quadratic game
has a unique solution, which is stable under small nonlinear perturbations of the dynamics and of the cost
functions. The graph of £*(-) contains a heteroclinic orbit of a related dynamical system

homogeneous quadratic polynomial of the three variables x, &1, &. It vanishes on the sur-
face of a double cone I'", shown in Fig. 1. Looking at the relative position of the line
£ = {(x, EF(x), 65 (x); x € ﬂ?} w.r.t. the cone I'", under generic conditions two main
cases can occur.

Case 1: The line &* lies entirely outside the cone (Fig. 1, left). As a consequence, the
matrix A(x, &1, &) is invertible in a neighborhood of £*. The system of ODEs (1.12) can
thus be written in the standard form

£ _ .1 Yi(x, &1, 8)
(&) =rene (RE6E)- (13

In this case, by solving (1.13) with slightly different initial data at x = 0, one can construct
infinitely many Nash equilibrium solutions in feedback form for the same linear-quadratic
game (Fig. 2). These solutions vary continuously under small nonlinear perturbations of the
data.

Case 2: The line £* is partly inside, partly outside the cone '~ (Fig. 1, center and right),
crossing the surface of the cone at two points P = (¥;, £/ (X;), &5 (X)), i = 1,2, with
X1 < X2. In this case, the equation det A (x, &1, &) = 0 locally defines two surfaces X, X,
near the points P, P, respectively (see Fig. 3). Always for the linear-quadratic game, a
detailed analysis shows that a smooth solution of (1.12) can cross the surface X only along
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a special curve y; C ¥;. By the same argument, it can cross the surface ¥, only along a
curve y» C Xj.

In general, the graph of a solution to (1.12) can be constructed as a concatenation of orbits
of a related dynamical system on IR3, where all points on the curves y; and y» are steady
states. Smooth solutions correspond to heteroclinic orbits, connecting a point on y; to a point
on y2. Depending on the properties of the two equilibrium points P, P; (source, saddle,
sink), there can be a single orbit, or else a 1- or a 2-parameter family of heteroclinic orbits. In
a typical case, shown in Fig. 3, the points P € y; and P; € y, are both saddle points. The
2-dimensional center-stable manifold M through P;* and the 2-dimensional center-unstable
manifold M, through P;" are transversal. Their intersection is the unique heteroclinic orbit
joining y; with y».

Under generic assumptions, all of the above configurations are structurally stable. Namely,
the curves y; and the manifolds M; are still well defined in the presence of a small nonlinear
perturbation. The family of heteroclinic orbits is preserved as well.

The remainder of the paper is organized as follows. In Sect. 2 we recall the system of
Hamilton—Jacobi equations for a noncooperative 2-player game in infinite time horizon, while
in Sect. 3 we review the construction of affine feedback solutions for the linear-quadratic case.
Solutions of (1.12) on a bounded interval are studied in Sect. 4. The main tool in the analysis
is a representation of their graph as a concatenation of orbits, for a related dynamical system.
The case of a heteroclinic orbit joining two saddle points, illustrated in Fig. 3, is worked out
in detail in Sect. 5. This is the most pleasing case, where the linear-quadratic game has a
unique feedback solution, which is stable under small nonlinear perturbations. In Sect. 6 we
prove that, under suitable growth conditions, feedback solutions to the perturbed nonlinear
game can be extended to the entire real line. Up to this section, all of our analysis is concerned
with the system of ODEs (1.12) for the derivatives of the value functions. Finally, in Sect. 7
we show that, by constructing a solution to (1.12), one can recover the value functions Vi, V>
in (1.7) and provide a Nash equilibrium solution to the noncooperative differential game.

Remark 1 All of our results hold under “generic’” assumptions on the coefficients ag, b;, R;, S;
of the linear-quadratic game (3.2)—(3.3). In other words, they are valid as these coefficients
range in an open dense set. In some cases, this set can be precisely determined. In general,
this set is described by a finite set of inequalities:

®j(ao, b1, b2, R1, Ry, 81, 8) #0, j=1,...,N,

where the @ are analytic functions. Having constructed examples where these inequalities
do hold, by analyticity we conclude that they must hold on an open dense set.

In earlier literature, a few examples of feedback equilibria for nonlinear infinite horizon
differential games have been studied in [4,7,17]

2 The Basic Setting

Throughout the following, we consider a system whose dynamics is linear w.r.t. the controls
u1, uy. The state x € IR thus evolves according to

X =)+ g1(ur + g()uz, w1 (@), uz(t) € R. 2.0
Here f, g1, g2:IR — IR are smooth maps with sublinear growth:
|f GO+ 181 (0] + lg2(x)] < C(1 + |x]), 2.2)
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for some constant C. The cost functionals for the two players are

o u(t
Ji :/ e_Vt|:<p,~ (x(@)) + %] dr. 2.3)
0
Call Vi, V; the value functions in a Nash equilibrium in feedback form. By the previous
analysis these functions satisfy the system of Hamilton—Jacobi equations (1.7), where

(Mﬁ 2

)
L i=1,2.024
> i (2.4)

HO 61 8) = 6 [ () + giuf + g200u3 ] + @) +

The optimal feedback controls are given by the formulas

2
u}(r €1, 82) = argmin [sl o+ “;1 = —&1 1),

(2.5)
. w
”g(x, §1,5) = argmin ’52 &) w+ 7] = —§& g2(x).
Inserting (2.5) in (2.4), from (1.7) one obtains the implicit system of ODEs
yVi =|f(0) = 3810V = &3 (0)V3 |V] + o1, 06
yVa=|f(x) = g (V] — 383()\V3 Vi + 2. '

Differentiating (2.6) w.r.t. x we obtain a system of two ODEs for the derivatives of the value
functions: & = V/, & = V,. Namely

3 Y1(x, &1, &)
A(x, &1, 82) = , 2.7
133 Yo (x, &1, 82)

where
f— gl — g6 —836
Awgne = (3147 - e
—g7& gl — g6
Vi(x, &1, 82) (v — € + g1816% + 28285616 — @)
= (2.9)
Va(x, &1, 62) (v — )& + 828567 + 281816162 — ¢h)

When both players adopt the equilibrium feedback strategies (2.5), by (2.1) the system evolves
according to

X = f—gle - g6 (2.10)

3 Review of the Linear-Quadratic Case

In this section we review the construction of feedback equilibrium solutions for the linear-
quadratic case. Assume that in (2.1) and (2.3) one has

1
fx) =aox, gi(x)=0bi, ¢i(x)=Rix+ ESixz, i=12, (3.1
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for some constants a;, b;, R;, S;. The dynamics and cost functionals thus become

X = apx + biuy + bouy, (3.2)

© t 1 2 uzz
Ji = e V| Rix + =S;x~+ =L | dr. 3.3)
0 2 2

Notice that, if ayp # 0, the more general case where f(x) = apx + b can be reduced to (3.2)
by a translation of coordinates. The following assumptions will be used throughout.

(A1) The coefficients Sy, S, y are strictly positive. Moreover, one of the following alter-
natives holds.

Case 1: ap > 4§ > O and Slb% + Szb% > (2ag — y)?/2.
Case 2: ag < 0.

In the linear-quadratic case, the matrix A and the right-hand side i in the system of ODEs
(2.7) take the special form

aox — bi& — b3& —b3&
Alx, &1, 8) = (ﬁ; ﬁg) = L (3.4)
—bi& apx — bi&| — b3&
Vi (x, &1, &) (y —ao)§1 — Ry — Six
= (3.5)

Vo (x, &1, 6) (y —ao)é2 — Ry — Sox

Under the assumption (A1), one can construct an explicit solution where &1, &, are affine
functions, namely

Ef(x) =a1x + B1, & () =ax + fo. (3.6)
Indeed, inserting (3.4)—(3.6) in (2.7) one obtains

(aox — B + B1) = b(@ax + B) o — b3 e + Br)ces
= (y —ao)(e1x + B1) — (R + Six),
(aox = bH@ax + B2) — DR + B) otz — b2 + Po)au
= (y —ao)(oax + B2) — (R2 + S2x).
Since these equalities must hold for every x, we obtain a system of four quadratic equations
for the unknowns a1, a2, B1, Ba.

b%otl2 + Zb%alaz + (¥ —2ap)a; = S,
bgag + bealaz + (¥ = 2ap)ar = S,

3.7
(biay + byay —ag + y)B1 + b3a o = Ry, S
(b%otl + b%az —ao+y)B2 + b%azﬂl = R,.
To solve (3.7), it is convenient to introduce the variables
) b? _Sib?
A=2a()—)/, X,’:X(x,‘, K,'= Az, l=1,2. (3.8)
The first two equations in (3.7) can then be written as
2 — =
X7 +2X1X2 — X1 =Kqy, 3.9)

X3 4+2X1Xo — Xo = K».
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Equivalently,
(X1 + Xz — (X1 — X2) = K1 — Ka,
[ 3(X1 + X2)2 — (X1 — X2)? = 2(X1 + X2) = 2(K| + K»). (3.10)
Introducing the further variables
N=X1+X2—-1, L=X|— X,
we obtain
[ ;}?—i— 411511— 1222: 2(K; + K») — 1. (3.11)

By the first equation, Y» = (K1 — K3)/ Y. Inserting this expression in the second equation,
we find

G(Y1) =3Y) +4Y] + (1 - 2(K + K2)) Y} = (K1 — K2)*. (3.12)

By the assumption (A1) and the definitions (3.8), two cases can arise.
Case 1:ap > & > O and K| + K > 1/2. This implies

G0)=G'(0) =0, G'(0)=2—-4(K;+K3) <0, lim G(s)=-+oo. (3.13)
s§— 400
Hence Eqg. (3.12) has a solution Y} > 0.
Case 2: ap < 0. This implies
G(—1)=-2(K;1+ K3) <0, lim G(s) = +oo. (3.14)
§—>—00
Hence Eq. (3.12) has a solution Y} < —1.
In both cases, reverting to the original variables we find
A K| — K> A K1 - K>
= —|Yf+14+ —"], = —|Yf+1—-—=].
. 2b%[1++ Yy } = 2b§[1+ Y ]
As soon as «1, o have been determined, the last two equations in (3.7) provide a linear

system for the variables S, B2. This can be uniquely solved under the condition

(biay + b3as —ag + y)? — bfarblan # 0. (3.16)

(3.15)

We observe that, under the assumption (A1), this inequality always holds. Indeed, dividing
by A2, (3.16) can be rewritten as

a2
(X1+X2—1+—0) — X1X2 #£0.
A
Equivalently,
ap\? 1 I
Y 7) S D24 (Y2 A0, 3.17
(ri+ %) - W+ 2?2 G.17)

Two cases are considered:
e Ifap > % > 0and K| + K> > 1/2 then

ag 1

Y >0 and 2 _ > —.
A 2a0—y 2

Thus
ag 1
YI*—I—Z> E(Yl*—l—l)>0.
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e Ifap < O then

ap aop 1

= < .
A 2a0 —y 2

Y/ <-1 and 0<

Hence
agp 1
Yl*—i—Z <§(Y1*+1)<0.
Therefore,
(Y*+“—°)2—1(Y*+1)2 >0 (3.18)
LA 4! '

in Case 1 as well as in Case 2. Hence (3.17) holds.

Having determined the constants «;, f;, the affine functions £, &5 in (3.6) yield a solution
to the system (2.7). According to (2.5), the corresponding Nash equilibrium feedback controls
are

ui(x) = =bi(arx + p1), u3(x) = —ba(ax + fa). (3.19)

In the following, given a solution («p, @2, B1, B2) of the algebraic system (3.7), recalling
(3.8) we shall write

b} b3
XT:Z]()[]7 X;:Zzaz, Yl*: T—}—X;—l, YZ*ZXT—X; (3.20)

Remark 2 When the Nash equilibrium feedbacks (3.19) are implemented, the system (3.2)

evolves according to

& = aopx — b (a1x + 1) — b3 (aax + Bo)
2 2 2 2 (3.21)
= (ao — byoy — bya) x + (=byB1 — b3 82).
Under the assumption (A1), if either ag < 0 or 0 < y < ayp, then the stationary point

o b2Bi + b3 B>

_ 3.22
ap — b%al — b%az ( )

is an asymptotically stable equilibrium for the ODE (3.21). However, this equilibrium is
unstable when ag = y /2.

To prove the above claims, we examine various cases.
e Ifap < 0, then A = 2ap — y < 0, while X7 + X5 = Y} + 1 < 0. Therefore
ap — b%al - bgaz =ap— AXT+X3) <ap <0.

e If0 < ¥y < apand K| + K> > 1/2, recalling that X] + X5 = Y+ 1 > 1 and
A =2ap — y > 0, we obtain

ao—b%ozl —b%a2=ao—A(XT+X§) <ap— A=y —ay<0.
e On the other hand, if 0 < y = 2agp, then A = 0 and
ag — b%al - b%az =ap— AXT+ X3) =ap > 0.
Remark 3 Under the assumption (A1) one has oy, @y > 0. Therefore, the value functions of

both players approach +o00 as x — Fo00.
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Indeed, from (3.9) it follows
XF-(XF+2X5—1)>0 and X3i-(X3+2X}—1)>0. (3.23)
Without loss of generality we can assume that X} > X7. There are two cases:

o Ifay > % >0and K1+ Ky > 1/2then A =2ap—y > O0and X7 + X5 =Y+ 1> 0.
This implies that X} > 0 and

X;+2X] —1=X{+Y>0.
Recalling (3.23) we have X3 > 0. Thus

AXF
o =—->0 i=12 (3.24)
b?
1
o Ifag <Othen A =2ap—y < Oand X] + X; =Y 4+ 1 < 0. This implies that X5 < 0

and
X{+2X5-1=X5+Y<0.
Recalling (3.23) we have X} < 0. Hence (3.24) again holds.

4 Perturbed Solutions on a Bounded Domain

Together with the linear-quadratic game (1.9)—(1.10), we now consider a perturbed game,
where the dynamics and the cost functions have the form

x = (aox + fo(x)) + (b1 + hi(x))ur + (ba + ha(x))uz, (4.1
+00 2
Ji = / e ! (Rix + Six? + i (x) + L;) dr, (4.2)
0

for some perturbations fo, i1, h2, 11, n2. The gradients of the value functions & (x) = V/(x)
will again satisfy the implicit system of ODEs

13 Yi(x, &1, 82)
A(x, &1, &) = , 4.3)
& Yo (x, &1, 82)

where now
(A A
Alx, &1,8) = (Azl Azz)
aox + fo — (b1 + h1)*&1 — (by + h2)*& — (b2 + h2)*& )
—(b1 +h)*E apx + fo — (b1 + )& — (b2 + h2)?62
4.4)
(Wl(&él;&)) ((V—uo—fé)él - R —S1x—77’1)
Va(x, &1, &) (y —ao — )& — Ry — Sax — 11y
4.5)
Throughout the following, we assume that the condition (A1) holds, and let
) =V/x)=aix+pi, i=1.2, (4.6)
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be the gradients of the value functions in the affine solution of the linear-quadratic game. We
denote by
apx — bi&} — b3&} —b3g}
AF(x) = Ax, §{ (0), & (1) = 4.7
—bi& aox — big} — b3&]

the corresponding matrix at (3.4). Its determinant is

2
det A*(x) = [aox — bi(@1x + B1) = b3(enx + B2)]” — bib3(erx + i) (eax + B2).
(4.8)
Under generic assumptions on the coefficients, det A*(x) is a polynomial of degree two,

either with no real root or with two distinct roots. These two cases are qualitatively very
different.

4.1 Det A* has no Real Roots

In this case, the matrix A*(x) is invertible for every x € IR. In a neighborhood of the line &*
the system (4.3) can be written in explicit form as

3 1 Y1 (x, €1, &)
=A"(x, &, &) . 4.9)
13 Va(x, &1, 8)
In this setting, the standard theory of uniqueness and continuous dependence for solutions to
ODE:s yields

Theorem 1 Assume that the quadratic polynomial det A*(x) in (4.8) has no real roots, and

let Q C IR be any bounded interval. Given e > 0, there exist 8y, 81 > 0 such that the following

holds. Consider any point xo € K, any perturbations fo, 11, n2 € Cl(Q), hy, hy € CO(Q),
and any data &1, & € IR, satisfying

&1 — & (x0)| < b0, [&2 — &5 (x0)| < b, (4.10)

I follct + lImller + lIm2ller + llhtllco + ll72llco < 81 (4.11)

Then the ODE (4.3)—(4.5) has a unique solution on 2, with initial data
£1(x0) =&, &(x) =&.
Moreover, this solution satisfies
§1(x) — &7 ()] + 162(x) — &5 (x)| <& forallx € Q. (4.12)

Notice that in this case, setting fo = hy = hy = n; = n2 = 0, one can already find
infinitely many solutions to the implicit system of ODEs (4.3) on the interval €2. One of these
solutions is affine, given by (3.6), while the others are fully nonlinear. In Sect. 6 we shall
analyze whether these nonlinear solutions can be extended beyond €2, to the entire real line.

Remark 4 Assume that the stationary point x* in (3.22) is an asymptotically stable equilib-
rium for the linear ODE (3.21), contained in the interior of 2. Then, choosing &g, 61 > 0
sufficiently small in (4.10)—(4.11), the interval Q will be positively invariant for the corre-
sponding feedback dynamics

& = apx + fox) — (br +h1 ()’ E1(x) — (b2 + ha (X)) &2(0). (4.13)
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Example 1 Consider the linear system
X =3x+u; +us. 4.14)
and the cost functions
o 1 o 1
Ji :/0 et (25x2 +3x + Eu%), ) :/0 et (25x2 —3x + Euz). (4.15)
The corresponding constants in (3.8) are
A=5 and K| =K, =2.
Solving (3.12) and (3.11) we obtain
YrP=1, ¥y=0 X{=X;=1.
After a few computations, we find that (4.3) admits a linear solution
Ex)=5x+1, &x)=5x—1.
The corresponding dynamic is
X =3x —§(x) — & (x) = —Tx,

having x* = 0 as asymptotically stable equilibrium point. By (4.8), the determinant of the
corresponding matrix A* is

det A*(x) = (=7x)> = Gx+ 1) - (5x — 1) = 24x% + 1,
which is always positive.

4.2 Det A* has Two Real Roots

We now assume that the determinant of the matrix A*(x) at (4.7) vanishes at two distinct
points X; < x» and so that
X1, % #x* and p(x) =det A*(x) = CaA(x — X1)(x — X2) (4.16)

where x* is the stationary point in (3.22) and C, is a nonzero constant. Notice that, if this
assumption holds, the coefficients R; in (3.3) and §; in (4.6) must satisfy

(R1. R2) # (0,0),  (B1, B2) # (0,0). 4.17)

Indeed, if (R1, R2) = (0, 0), then the last two equations of (3.7) together with (3.16) imply
(B1, B2) = (0,0). By (3.6), for i = 1, 2 we thus have & (x) = o;x. This yields

det A*(x) = [(ag — bio — b3an)* — bibsajan] - x2. (4.18)

Hence x; = x; = 0, against the assumption.
We rewrite (4.3) as a Pfaffian system

A11dé + Apdé — ¥ dx =0, 4.19)
Aoy dé + A dé — Ypdx = 0. '
Consider the vectors
=1 )
v=| A |, w=| Ay |, (4.20)
A Ay
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and denote by v A w their wedge product. To construct trajectories of (4.3), we seek continu-
ously differentiable functions x — (£1(x), & (x)) whose graph is obtained by concatenating
trajectories of the system

x A11Axn — ApAn
E1] =vAaw=| Anyi—Apy: |. 4.21)
& Ay — Aavn

Let us first consider the unperturbed linear-quadratic case, where the matrix A and the vector
Y are given by (3.4) and (3.5), respectively. By (4.16), the equation det A*(x) = 0 has two
solutions. These correspond to the two points

Pl = (51,6 (X1). & (1), Py = (32,6 (12), &5 (¥2)). (4.22)

Moreover the derivative % det A*(x) does not vanish at x = x| and at x = X;. By the
implicit function theorem, there exist two surfaces X1, X» C IR3, containing the above two
points, where the determinant of A (x, &1, &) vanishes (see Fig. 3).

The following analysis will show that, under generic conditions, there exist

e Two curves y; C ¥y and y» C X, containing the points P and PJ', respectively, where
the right-hand side of (4.21) vanishes.

e Two 2-dimensional invariant manifolds M, M>, containing y; and y», respectively,
which intersect transversally.

As shown in Fig. 3, the transversal intersection M N M5 defines a heteroclinic orbit con-
necting P with P;. Since this configuration is structurally stable, it is preserved by small
C! perturbations of the vector fields v, w in (4.20).

The next lemma provides generic conditions on the coefficients R;, S;, b; which guarantee
the existence of two smooth curves y1, y» where the vector fields v, w are parallel.

Lemma 1 Together with (A1) and (4.16), assume that at least one of the following equalities
does not hold:

R]_S]_b%

A% (4.23)
R S b}

Then the Jacobian matrix of the vector field v A w has rank 2 at both points P and P;. As
a consequence, the equation
vAW=0¢e R’ (4.24)

defines two smooth curves y1, y»:[—so, so] — IR, which we can parameterize by arc length,
such that

¥i([—s0.50]) C & and ¥ (0) = PF, i=1,2. (4.25)
Proof 1.Fori = 1,2, since we are assuming x; # x*, at the point P* we have
A1 = Axn = ap — bi&] — b3E} #0.

Indeed, by (3.21) the above quantity coincides with the time derivative x, which vanishes
only at the equilibrium point x*. In turn, detA*(x;) = 0 implies A12A2; # 0 as well. By
continuity, all four coefficients A j; in (4.19)-(4.21) are nonzero on a neighborhood of P;.
As a consequence, if the first and second components (or the first and third) of the wedge
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product in (4.21) vanish, then the remaining component vanishes as well. Next, by (4.16) it
follows

V(A11A2n — ApA)(PF) #0, i=1,2.

By the implicit function theorem, it thus suffices to show that the Jacobian matrix of the map

X A11A2 — A2Ao
&1 = | Axvi—Apy:
& A1y — A2y
has rank > 2 at the points P;* and P;'. In the following we denote by
Ji V(A11A2 — ApA2y)
T=|T|=| V(Any — Anyn) (4.26)
T3 V(A2 — Aavn)

this 3 x 3 Jacobian matrix. Moreover, for a fixed index i € {1, 2}, we denote by J * this
particular matrix computed at the point P in (4.22). ‘

2. We claim that the range of the linear map u — J'*u has dimension > 2.

Indeed, since the function §* = (£, £5) in (3.6) is an affine solution of (4.3) through P/,
the system (4.21) has a corresponding solution of form

1 0
ap | -x@)+ | B
as B2

This solution satisfies
x =det Ax, & (x), & (x)).

Therefore, as x(r) — X;, we have the convergence

jé(l N /(f.) 75 0
i P
where p is defined in (4.16). This implies
_ 1 1
T* a1 | =p'G) |1 ], (4.27)
an o)

Next, we observe that all functions

A1t = A2, A, A, Y1+Ri, Y2+ Ry,

are linear homogeneous w.r.t. the variables x, &1, &. In general, if a function ¢:R3 — IR is
homogeneous of degree , so that ¢ (1z) = P ¢ (z), its directional derivative satisfies

d
(V@) 2) = -¢(z)| = po@). (4.28)

=1
Moreover, since all A;; are linear, for every z € IR we trivially have
(VAij(@), 2) = Ajj(2). (4.29)
For convenience, for a fixed i € {1, 2} we shall write

A= Aj(PY) and ¥ =y (P).
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We now claim that

' Xi K1 0
T NEG) | = k2| = | RiA% — RaAY, |- (4.30)
& (x1) K3 RoAT| — RiAS

Indeed, applying (4.28) to the function ¢ = A1 A2 — A12A2] at the point Pl.* we obtain

Xi
k1 =V(A11Axn — Az - [ £ (i) | = 2(AT, A5, — AT,A5) =0.
£5 (i)
Using (4.28)—(4.29), we then compute
Xi
k2 = V(A — Apyn) | & ()
£ (%)
X
= [V(Azz(lﬁl +R1) — A2+ R2)) — (RiVAx — R2VA12)] & (i)
&7 (x;)

After an entirely similar computation is yielded the value of 3 given in (4.30).

If (k2, k3) # (0, 0), comparing (4.27) with (4.30) we conclude that the Jacobian matrix
J* has rank 2.

Otherwise, if (k2, k3) = (0, 0), recalling that A1; = A2z, by (4.30) we obtain

AT, AT Ry R
11 2712 =2A7, - . 4.32
(A§1 A?z) (RZ) ! (R2) ( )
By (4.3) it follows

- () (326 - 6)
=2A7, - and = .
(A§1 A% ) \v3 H 12 A3 A5) \@2 12

Since (R1, R2) # (0, 0), we have

() =c () e (G A2 @) =2emin () e
for some constant C. Two cases are considered:
e If C # 0 then (4.32) and (4.33) imply
Ri_¥i_Ah_a

= = = > 0. (4.34)
Ry 1&; ATl [+ %)

To achieve a contradiction, let jk" * be the k-th row of the Jacobian matrix JJ'*, as in
(4.26). Using the relations

K ork Ak gk K ork Ak gk
A YT = ARy, ALY, = Ay YT,
one obtains

AL TS 4 AT = (., YTb3 A%, YTDTAT,),

Birkhauser



58

Dyn Games Appl (2018) 8:42-78

Ji* = (v, —2bIAT, + BIAY, —203A%, + BTAT,).

If the Jacobian matrix J'* has rank < 1, then the above two vectors must be parallel.
Hence

by A3 ATy = DIAT, AT
This yields

Ah &G b3

Al &) b}

Recalling (4.34), we obtain
Ri_ar B _b
Ry a po b}
Thus, from the first two equations of (3.7), we deduce
ﬁ _ b%oclz + 2b%oz1a2 + (y — 2ap)a _ b%

S b3a3 +2b3ajan + (y —2a0)er b))’

contradicting the assumption (4.23).
If C = 0 then (4.33) implies the identities

* * * * * *
Y =y; =0, Al =—Aj0n, Ao =—Ajan.

AT, A¥ o o
11 12 _ *
(Aa Azz) (—az) =240 (—az) |

Recalling (4.32), we obtain

Therefore

Riay = —Roa;.

Since a1, ap > 0, this implies Ry # 0, R» # 0. Recalling (4.30) and (4.17), we thus
have A}, # 0.
On the other hand, using the identities ¥ = 5 = 0, a direct computation yields

* (y — aO)ATl —(y — aO)AT2
T* =« * *
* —2bTAY| + D3NS —2b3A%, +bIAT,
‘We claim that this matrix J at Pl.* has rank > 2. If not, then
T (F2D3AT) + BIAT) + ATy - (=2bTAT, + b3AS) = 0.

This implies

b3AT +bTAT, =0, bTA% +b3AT = 0. (4.39)
Recalling (4.30) we obtain
R A* b3
_a M 12— 2 (4.36)
o R; 1\11 bl
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Hence
blay = blas. (4.37)
Moreover, (4.35) also implies
bi - &} (%) = b3 - &5 (%),
which yields
bip1 = b3ps. (4.38)

Inserting (4.37) and (4.38) in the last two equations of the system (3.7), we obtain b%R 1=
b%Rz, reaching a contradiction with (4.36).

In all cases, we conclude that the Jacobian matrix 7 has rank > 2 at the points P;* and P;'.
Hence the curves y1, y» are well defined. O

The same conclusion remains true also in the presence of sufficiently small nonlinear
perturbations. Indeed, a straightforward application of the implicit function theorem yields:

Lemma 2 Under the same assumptions as in Lemma 1, there exists 6o > 0 sufficiently small
such that the following holds. Let fy, n1, n2, h1, ha, be perturbations such that

I folle2 + limllcz + limzllez + llhilier + llhzller = 8 < do. (4.39)

Then there exist equilibrium points P, P> for the ODE (4.21), with A, vV given at (4.4)—(4.5),
such that

IP: = P*|l < Cé.

Moreover, there exist two surfaces X1, Xy C IR3, containing the above two points, where the
determinant of A(x, &1, &) vanishes. Equation (4.24) defines two curves y;:[—so, so] = Zi,

parameterized by arc length, such that y;(0) = P; and
[7:(0) — 7" (0)| < C$ (4.40)
for some constant C > 0.

‘We observe that

e Since the vector field v A w vanishes on the curve y; and P; € y;, the curve y; describes
the unique local center manifold for P;.

e Atevery point Q € %;\y;, the vector field v A w is vertical (i.e., its first component is
zero, while the last two components do not both vanish). Hence, a trajectory through Q
cannot be the graph of a C! solution of (4.3).

To construct a global, continuously differentiable solution to (4.3), we need to concatenate
orbits of (4.21) which cross the surfaces ¥; through some point along the curves y;,i = 1, 2.
This can be achieved by a trajectory which lies in the intersection of two invariant manifolds
My, Ma, as shown in Fig. 3.

Birkhauser



60 Dyn Games Appl (2018) 8:42-78

4.3 Constructing a Solution as a Concatenation of Orbits.

Let us first consider the unperturbed, linear-quadratic case. As before, fori = 1, 2, we denote
by J'* the Jacobian matrix 7 at the point P;* = (X;, &/(X;), &5 (X;)). Two of the eigenvalues
of J™* are known, namely

M1=0, A, =pE) =Ca(ii— %) and A5, = p/(%2) = Ca(Fr — F1). (441)

On the other hand, at an arbitrary point (x, &1, &), by (3.4) the Jacobian matrix in (4.26)
has the form

2a0A11 * *
TJ=| * by +b3Yr+ (v —ao)An *
* * b3y + b3y + (v — ag) A1

At the point P/, the trace of the matrix J =7 (PF)is
Trace(J™) = ZyA"l’j.
The third eigenvalue of 7%* is thus computed as
Ay = Trace(J™) — A, = 2y Al — p/(%). (4.42)

To proceed, we now impose generic conditions implying that, at P, the three eigenvalues
of the Jacobian matrix 7 are distinct. By (4.41) and (4.42), this will be the case if

i )=
[ i’;\?{ﬁ z i /Eii i=1,2. (4.43)
Let x = x; be the solution to the equation
2y AT (x) = pl(x) = A;ﬁz fori =1,2. (4.44)
The first condition in (4.43) is equivalent to
Xi #x; fori=1,2.

We observe that, since x; and x; depend on the coefficients of the dynamics and the cost
functions (3.2)—(3.3), the inequality (4.43) will be satisfied for generic values of these coef-
ficients.

In order to construct a solution £(-) as a concatenation of orbits of (4.21), one needs to
study the flow in a neighborhood of the equilibrium points P} and P;". We recall that, since
all points on the curve y;, i = 1, 2, are steady states, the 3 x 3 Jacobian matrix 7 in (4.26)
always has a zero eigenvalue at P;*. Different cases arise, depending on the sign of the two
remaining eigenvalues 17, A75. In turn, these signs depend on the relative position of Xi
with respect to ;.

Case 1 If Cp > 0, then (4.41) implies

)ff,z <0< )\;2.
Recalling that
A (x) = (a0 — bay — blax) x — (bIB1 + b3B2), (4.45)
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with (ag — b%al - b%ag) < 0, from (4.44) we obtain x; > X. Moreover, fori =1, 2,

)\.?3 >0 if )?i <)’5,‘,
(4.46)
)L:f3 <0 if x > x;.
Three subcases can occur:
e If X; < X; and x» > X2, then

M2 <0<Aiiz; and A33 <0 <2A3y;

hence both P;* and P; are saddle points.
e If X; > X, then ko > X, and

AM2:A3 <0 and A33 <0 <Aj,.

In this case P;* is a stable point, while P;" is a saddle point.
e If ¥» < X then X < X; and

M2 <0<ii; and A3,,453 > 0.
In this case P;* is a saddle point and Py’ is an unstable source.
Case 2 If Cp < O then (4.41) implies

A3, <0<Ai, and X < %.

Recalling (4.45), with (ag — b%ozl — bgaz) < 0, from (4.44) we obtain X < X, together
with (4.46).
Four subcases can now occur:

o If [X, ] C [X1, X2], then
A’fﬁ <0< )\T,z and )\;2 <0< )\;3,

In this case, both P}* and P; are saddle points.
o If [Xy, X2] C [X1, X2], then

* * * *
Mz i > 0 and Ay3sApn < 0.

In this case, P|" is an unstable source, while P;' is stable.
o If X; < X1 < X2 < X2, then

M3 <0<Aii, and 33,15, <O0.

Hence P is a saddle point, while P;' is stable.
o If X; < X1 < X2 < X2, then

AM3:A1, >0 and A3, <0 < A3
Hence P} is an unstable source, while PJ" is a saddle point.

Consider again the affine solution £* = (£, £}') of the system (4.3) in the linear-quadratic
case, constructed in (3.6). Depending on the signs of the eigenvalues A7 ,, A7 3, by looking at
the dynamics generated by (4.21) we see that the following cases can occur, under generic
assumptions.
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(D Assume that A7, - A7 3 < Oand 15, - A3 3 < 0, so that both P[" and P} are saddle
points. Then in the linear-quadratic case £* is the unique globally smooth solution to
the system (4.3). If a small nonlinear perturbation is present, so that A, v are given by
(4.4)—(4.5), then (4.3) has a unique globally smooth solution close to £* (see Fig. 3).

(IT) Assume that )‘*2 < 0 < A} 13 and Az 2 2\33 < 0, so that P} is a saddle and Py
is a sink. Then in the linear- quadratlc case system (4.3) has a 1-parameter family of
globally smooth solutions close to £*. The same holds in the presence of a small
nonlinear perturbation.

(III) Assume that A7 ,, )“T,3 > 0 and k;z, )‘3,3 < 0, so that P}* is a source and P is a sink.
Then in the linear-quadratic case system (4.3) has a 2-parameter family of globally
smooth solutions close to £*. The same holds in the presence of a small nonlinear
perturbation.

To conclude this section we give three examples corresponding to three cases I, II and III.
Example 2 (Two saddle points). Consider the linear system (4.14), but with cost functions
o 1 * 1
I = /O e (2557 + 13x + 5u%), b =/0 e (2597 +13x + 5ug). (4.47)
In this case, (4.3) admits the affine solution
E(x) =& x) =5x+ 1.
This yields equilibrium point x* = —%, which is asymptotically stable for the dynamics
Xx=3x—&x) —&x)=-Tx =2
The determinant of the corresponding matrix A* is computed by
* 2 2 1 1
det A*(x) = (=T =2)? = (5x + 1)? = 24(x + ) (x + 5).

It vanishes at the two points x; = —%, Xy = —%. We thus have x* € ]x1, X[ . Moreover, the
equilibrium points

. 1 3 3 . 111
P] = -, ==, —= and P2 = ——, ==, —— .
2’22 44 4

On the other hand, the constant in (4.16) is Cx = 24 > 0. Hence, (4.41) implies that
Al, = —6and13, = 6.By (4.42), the remaining eigenvalues are then computed as A} ; =9

and 15 5 = —%. Therefore, both P} and P; are saddle points.

Example 3 (One saddle point). Consider the linear system (4.14), but with cost functions

0 1 00 1
I = / e (4x2 I Eu%), b :/ e (4x2 T Eug). (4.48)
0 0

In this case, (4.3) admits the affine solution

E(x) =& (x) =2x+ L
This yields equilibrium point x* = —2, which is asymptotically stable for the dynamics

X=3x—§&(x) —&(x)=—x—2.
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The determinant of the corresponding matrix A* is computed by

det A*(x) = (—x —2)2 = 2x + 1)?> = =3(x — D(x + 1).

It vanishes at the two points Xx; = —1, X = 1. Notice that now x* ¢ [X1, X»]. At the
equilibrium points P = (-1, —1,—1), Py = (1,3, 3), the second eigenvalues of the
Jacobian matrix J are found to be )‘T,z = 6 and )\;2 = —6. Moreover, recalling (4.42), the
third eigenvalues are computed as A7 ; = —14 and A3 ; = —18. We thus conclude that Py

is a saddle and P is a sink.

Example 4 (No saddle points). Consider the linear system (4.14), but with cost functions

[ 1 o0 1
I = / e (4x2 P fu%), I = / e (4x2 +3x+ fug). (4.49)

0 2 0 2

In this case, we find that (4.3) admits the affine solution
E)=2x—1, &x)=2x+1.
This yields equilibrium point x* = 0, which is asymptotically stable for the dynamics
X =3x—§&(x)—&(x) =—x.

The determinant of the corresponding matrix A* is computed by

det A*(x) = (—x)> = 2x = DQ2x + 1) = 1 — 3x2.

It vanishes at the two points x| = —1 /\/g, Xy =1 /ﬁ. Notice that x* € [X;, X2]. Moreover,
P*_( 1 _2 iH) P*_(L 2 iH)
! AV IV S AR W AV BV, S
The eigenvalues of 7* at P} and at P} are found to be
23 2V/3

=23, A=, My =-2V3 Ay=-—

3

Therefore, P} is a source and Py is a sink.

5 The Case with Unique Solutions

In this section we study in greater detail the case where both P and P; are saddle points,
for the auxiliary dynamical system (4.21). We consider first the linear-quadratic case. To fix
the ideas, let )\’1‘,1 = A;’] = 0 and assume that

Mo <0<2Aiz and 133 <0<2A3,. (5.1)

Notice that this will be the case if the constant Cp in (4.16) is positive and the equilibrium
point x* is asymptotically stable and lies in the interior of the interval [x;, X»]. Indeed, in
this case

Mao= p'(X1) =Ca(X1 —X2) <0 and A3, = p'(¥2) = Ca(X2 — ¥1) > 0.
Moreover, the matrix A* in (4.7) satisfies

det A*(x1) > 0, detA*(x2) <O.
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Therefore
T3 =27 A" GD) =41, >0, A5 =2yA%(E) — 43, <0.

By continuity, we can then choose § € ]0, so] sufficiently small such that forevery s € [—5, 5]
the Jacobian matrix 7 at the equilibrium point y; (s) defined at (4.25) has three real distinct
eigenvalues A; ;(s), j = 1,2, 3, which satisfy 2; ;(0) = )‘?,j’ together with

Ai1(s) =0, A12(5) <0 < A13(s) and Ap3(s) <0 < Az2(s). 5.2)

Let M be the center-stable manifold for the equilibrium point P;*. In other words, M is an
invariant 2-dimensional manifold, whose tangent space at P|" is spanned by the eigenvectors

ay1(s
vi = y1(s) w=Pi— Pl
as $=0
corresponding to the eigenvalues AT’] = 0and )‘3,2 < 0, respectively.

We observe that, for general systems, a center manifold is not uniquely defined [3,10,
18]. However, in the present setting it is clear that the local center manifold through P} is
unique, because it must coincide with the curve of steady states y;. Indeed, the 2-dimensional
manifold M can be uniquely determined as the union of the 1-dimensional stable manifolds
of all equilibrium points y; (s).

Similarly, let M> be the center-unstable manifold at Pj. Notice that M> is uniquely
determined as the union of the 1-dimensional unstable manifolds of all equilibrium points
y2(s). Its tangent space at P;’ is spanned by the two eigenvectors

_ 9y2(s)

, V2= PZ* — Pl*'
ds s=0

Vi
The segment joining P, with P (with endpoints removed) is a heteroclinic orbit of system
(4.21), contained in the intersection M| N.M>. To proceed, we now make the key assumption
that this intersection is transversal:

(A2) At any point P along the segment joining P with P, the manifolds Mjand M>
intersect transversally. Namely, the union of the tangent spaces to M| and M5 spans
the whole space IR.

Clearly, if the intersection is transversal at one such point P, then it is transversal at every
other point.

For reader’s convenience, we collect all the assumptions that will be used in our main
theorem.

—
j=]

(i) The assumption (A1) holds, providing the existence of the affine solution (£, £5) i

(3.6).

(ii) The determinant of the matrix A(x, &1, &) at (3.4) vanishes at the two points P =
(B, & () 85 ()i = 1,2,

(iii) At least one of the equalities in (4.23) does NOT hold. By Lemma 1, the curves of
steady states yj, y» are thus well defined.

(iv) Atthe points P| and Py, the eigenvalues of the Jacobian matrix 7 in (4.26) satisfy the
sign conditions (5.1).

(v) Asin (A2), the manifolds M1, M, intersect transversally.

We are now ready to state our main uniqueness and stability theorem, for feedback solutions
to the noncooperative differential game.
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Theorem 2 Let the above assumptions (i)—(v) hold, and let 2 C IR be any bounded interval
containing X1, X2 in its interior. Then, for any ¢ > 0 there exists § > 0 such that the following
holds. If the perturbations fo, h1, ha, n1, n2 are small enough, i.e., if they satisfy (4.39), then
system (4.3)—(4.5) has a unique C 1 solution (&1, &) defined on the whole interval <2, such
that

§1(x) — & (O] + [&2(x) =& ()| <& forallx € Q. (5.3)

Remark 5 In the above theorem, the interval €2 can be taken large enough so that it contains
the stable equilibrium point x* in (3.22). Choosing § > 0 sufficiently small, the set  will
then be positively invariant for the corresponding feedback dynamics (4.13).

Proof of Theorem 2 Consider the vectors v, w introduced at (4.20). To prove the result, it
suffices to check that all steps in the construction of the heteroclinic orbit connecting P;* with
P; remain valid also in the presence of a small C ! perturbation of the vector fields v, w.

1. Thanks to the assumption (iii), by the implicit function theorem the two curves y1, y»
where v A w = 0 (i.e., where v and w are parallel) are still well defined also in the
presence of a small C!' perturbation. By continuity, at every point along these curves, the
eigenvalues of the Jacobian matrix 7 in (4.26) still satisfy the strict inequalities (5.2).

2. Given the dynamical system

X =v(x) Aw(x), 54

let M be the 2-dimensional manifold obtained as the union of all the 1-dimensional
stable manifolds of the points along y. Similarly, let M» be the 2-dimensional manifold
obtained as the union of all the 1-dimensional unstable manifolds of the points along y».
By the regularity theory of invariant manifolds (see Chapter 4 in [10]), the tangent space
to these manifolds varies continuously with the vector field v A w, w.r.t. the C I horm. In
particular, if a small C! perturbation is added to v and w, then the intersection M| N M
is still transversal. This 1-dimensional intersection provides the unique heteroclinic orbit
connecting a point P; € y; with a point P € y».

3. The graph of the desired solution x +— (&1, &)(x) of (4.3)—(4.5) is now obtained con-
catenating the 1-dimensional stable manifold for P; with the 1-dimensional unstable
manifold for P,. O

We conclude this section by providing an example where the crucial transversality con-
dition (A2) can be directly checked.

Example 5 (continued). Consider again the linear-quadratic system with dynamics (4.14)
and cost functionals (4.47). In this case, we have

S1=8=50, Ri=Ry =13, bi=by=1, ay=3,

E ) =8 =5c+1, i) =y5(x)=—60x —15. (5.5)
and

AT (x) =—Tx =2, T2(x) = A3 (x) = =5x — 1.
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At the point P(x) = (x, &](x), &5 (x)), the Jacobian matrix takes the form

—42x — 12 9x +3 9x +3
J*(x)=] —-80x+5 14x+4 50x+13

—80x+5 50x+13 14x+4
The eigenvalues are
A(x)=-9@x +1), Aa(x) =48x+18, Az(x) =—-132x+1)

with corresponding eigenvectors

0 1 18x+6

16x—1
vik)=| 1 |, va()=(5] vilx)= 1
—1 5 1

Notice that v; and v, are independent of x. As in Fig. 3, let M/ be the center-stable
manifold for the point P", and let M be the center-unstable manifold for the point P;". Then
the line { P (x) = (x, & (x), £ (x)); x € IR} lies in the intersection M| N M;. To check that
this intersection is transversal we observe that, at every point P(x) = (x, £ (x), & (x)), the
tangent space to the manifold M is spanned by the vectors v and v, independent of x. On
the other hand, at P(x,), the tangent space to M is spanned by v, and v3(x2). Hence M/
and M have transversal intersection.

6 Perturbed Solutions on the Entire Real Line

In the previous sections we studied the existence of solutions to the perturbed system (4.3)
on a bounded interval 2 C IR, possibly containing the two points where det A*(x) vanishes.
We now examine whether these perturbed solutions can be extended to the whole real line.
The heart of the matter is illustrated in Fig. 1. In the linear-quadratic case, the determinant
of the matrix A(x, &1, &) in (3.4) is negative inside the double cone

I = {(x 61, £2): (aox — bTé1 — b362)” — bibykiz < 0. .1

To fix the ideas, assume that det A*(x) # O forall x € [xg, +oo[ . Notice that trajectories
of the implicit ODE (4.3) can become singular near the boundary of I' . In this case, they
cannot be prolonged any further (Fig. 1, left). To make sure that a small perturbation of the
trajectory &£*(-) is well defined for all x € [xp, +0o[ we must check that it never approaches
the surface where det A (x, &1, &) = 0.

Recalling (3.8), set ap = %‘). By (3.6) and (4.7) all entries of the matrix A*(x) are
polynomials of degree one. Recalling (3.20), the matrix of leading coefficients is computed
as

A*(x) apx — b%otl — b%az —b%%’]
A3 = lim =
e X —b%az apx — b%al — b%&z 62)
_ b3 :
ap— X7 — X3 —éXT

I
N

b% * = * *
—pX5 a-X{-X3
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Throughout the following, we assume that A is invertible, i.e.,
* . * 1 - * * 2 * *
Ps = deth3 = — - [(ao -Xi-x3) - X XQ] £0. 6.3)
The inverse matrix of A; is
= X* X* b% X*
| ao— A — 4y TR
A-([ao - X — X3P - X{X3)

(' =
h% X* p X* X*

TR ap — A1 — 4y

Let A1, A2 be the eigenvalues of (A’z‘)_1 and denote by rq, r; the corresponding normalized

eigenvectors, so that ||| = |rz| = 1. We have

2ag — X* — X3)

At A= = )
A ([ao — X7 — X31* — X7X3) (6.4)
Al A2 !
1 = _ .
A?- (lag — X = X317 = X{X3)
We introduce the constant
Amax = max {Re(A1), Re(A2))}. (6.5)
Lemma 3 Under the assumption (A1), if
* 1 - * ES 2 * *
then there exists xo > O such that the affine solution (3.6) satisfies
(. 65 (0)), & (x) e TH = {(x, &, &) det A(x, &1, &) > 0}
forall x €] — 0o, —xp] U [x0, 0o[. Moreover, one has
Amax < 0. 6.7)

Proof For |x| large, the determinant of A*(x) has the same sign as the determinant of the
matrix of leading-order coefficients A%. Hence the first assertion of the lemma is clear.
To prove (6.7), we consider two cases.

e Ifag < 0, then
A<0, a >0 and X|+X; <O.
Recalling (6.6) and (6.4), we obtain
A A2 >0 and A+ A2 <O. (6.8)
e If0 < & <agand Ky + K3 > 1/2, then
A>0, a>0, X{+X;>1>ap and X/ > 0.
By (6.6) and (6.4) one again obtains (6.8).
In both cases, (6.8) implies (6.7). O
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Lemma 4 Under the assumption (A1), if
1 2
= [(a - x7 = x3) = xix3] <0, 6.9)
then there exists xo > O such that the affine solution (3.6) satisfies

(0, E7 (0, & (0)) € T7 = {(x, &1, 6); det A(x, &1, &) < 0}

forall x €] — 0o, —xp] U [xg, oo[. Moreover, the eigenvalues A1 and A 0f(A§)‘1 are real,
with opposite signs. In particular,

Amax = max{ii, A2} > 0. (6.10)

In the case ag > 0 there exists a constant 0 < y|* < 2ao, depending on Sy, S», a1, a2, such
that

Yo dma <200 0 <y <y 6.11)
Y Amax > 2 lf)/l*<)/<2a(). ’

Proof Asin Lemma 3, the first statement is clear, because for |x| large detA™(x) and detA§
have the same sign.
By (6.4) and (6.9) we have
1

Al - Ay = < 0.
VT AT (a0 — X7 - X3P — X{X3)

Hence the eigenvalues are real, and (6.10) holds.
To prove the last statement, we observe that

y 1
2a0 =y (do— X} — X3+ JX1X3)'

This yields (6.11), for some y; €10, 2ag[ . O

Y+ Amax =

The following theorem provides the existence of solutions to the perturbed ODE (4.3) on
an unbounded interval [x(, +0o[. An entirely similar result holds on a domain of the form
] — 00, —xg]. We recall that A, is the constant introduced at (6.5).

Theorem 3 Let the assumption (A1) holds together with (6.3).
If

V- Amax <2, (6.12)

then there exist 8o, 81 > 0 sufficiently small and xo > 0 such that the following holds. For
any perturbations such that

I foller + lmtller + lm2ller 4 Atlico + h2llco < 81 (6.13)

and any initial data
Ei(xo) =& with |E —& (xo)| <8 -x0, i=12, (6.14)

the implicit ODE in (4.3)—(4.5) admits a unique solution (£1, &) which is defined for all
x € [xg, +ool.

Remark 6 There are two main cases where Theorem 3 applies.
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(1) If (6.6) holds, then Lemma 3 implies that y A4, < 0 < 2. In this case, for | x| sufficiently
large, we have detA*(x) > 0, and the solution £* lies outside the cone I'". This is
illustrated in Fig. 1, left and center.

(1) If (6.9) holds, then Lemma 4 yields y A4 < 2, provided that y < 2ayg. In this case, for
|x| sufficiently large, we have detA*(x) < 0, and the solution &* lies inside the cone
['~. This is illustrated in Fig. 1, right.

Proof of Theorem 3 By arescaling of coordinates, without loss of generality we can assume
that xo = 1. The proof will be given in several steps.

1. We first consider the unperturbed case, where fo = g1 = g2 =h1 = hy = 0.
From (4.3) it follows

3 &Y (y —ao)(&1 — &)
A(x, &1, &) —A*(x) =
& &) (y —ao) (62 — &)

o2
is constant, according to (3.6). Introducing the variable ¢ = & — £*, by a direct computation
we obtain

Notice that & is determined by the implicit ODE (4.3), while the derivative (§*) = (al)

e bic + b3 b3 ag (y —ao)ty
A(x, &1, &) - =
¢ bt bigi+ b3 ) \@ (y —ao)t2
This can be written as
et &1
A()C,%.l,SZ) :(yI_Ai) )
e o)

where A is the matrix of leading-order terms (6.2) and I is the 2 x 2 identity matrix. We
thus have

¢ g1
= [A7 (x &, &) A @[ )T (T - AD)] : (6.15)
4 ¢}
To bring out the leading-order terms in the right-hand side of (6.15), we estimate
_ 1 _ 1
(A*(x)) l(J/I—Aﬁ):;'[V(A;) l—I]—I—O(l)-ﬁ (6.16)

and

b2y + bl b3 -

AN (x ELE)A () = [ T — (A% () ! :
b2, b2¢ + b3

where the Landau symbol O(1) denotes a uniformly bounded matrix-valued function.
Observing that [(A*(x))~!'| < C/x, for some constant C and all x sufficiently large, we
can thus write (6.15) as

;1/ 1 ;l ;1
=y~ =1l Jreeae || 6.17)

s ) )
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Here the remainder term satisfies the bound

C
W (x, ¢1, &) < 72 (L4 1¢1] + 12)), (6.18)
as long as
111+ 122 <5,
x|

for some large constant C; > 0 and for §; > O sufficiently small, depending on all coefficients
a;, b,‘.
2. Given any solution &(-) to the implicit ODE (2.7), we introduce the auxiliary variables

o1 1 1 «f 1
b () () e ()] e

Here x € [1, 4o00[,t € [—1,0[, while ¢ = ({1, &) (x) is a solution to (6.15). Denoting the
derivative w.r.t. ¢ by an upper dot, we obtain

'—lr—l/(l) 6.20
Z—?Z() ?5 jt (6.20)

To bring out the leading-order terms in the above equation, we use (6.17) and obtain

AT =2
() = (V(Q)MI +KG, z))z(t) te[—1,0[ (6.21)

where

1 1
Kit.o)=— w(—, 2L 2).
I it Jel Je]

By (6.18), the matrix K (¢, z) remains uniformly bounded, as long as |z| = |{|/|x| remains
sufficiently small. Notice that )/(Aﬁ)’1 — 21 is a matrix with eigenvalues yA; —2,i =1, 2.
By the assumption (6.12) the real parts of these eigenvalues satisfy

max{Re(yi1 —2), Re(yir —2)} < —A. (6.22)

for some constant A > 0. By a classical result on the stability of linear systems (see for
example Theorem 2.61 in [10]), there exists an equivalent norm || - || on IR? such that every
solution to the homogeneous equation

t=[yaynt 2]z (6.23)
satisfies

d A 6.24

m lz®I < =Allz®)]l. (6.24)

Let C3 be an upper bound on the corresponding operator norm of the matrix K, as long as
llz|l < 83, for some constant 83 > 0. Then the solution of (6.21) satisfies

d A
7 17Ol = (—m + Cs) Iz, ¢ e[-1,0L (6.25)

as long as ||z(?)|| < 83.
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Fig. 4 Fort € [tg, O[, the domain ||z|| < 83 is positively invariant for the ODE (6.21)

‘We now choose #y < 0 such that

C3 < *
= 20|
For t € [#9, O[, (6.25) implies
d Iz < . lzOl (6.26)
N = Ty P '
hence
¢ M2
lzOl < ’* lz(2o) -
Iy

Ifnow ||z(—1)|| is sufficiently small, then ||z(#p)|| < &3.Inturn, (6.26) implies that z(¢) is well
defined for all ¢ € [t, O[ and z(#) — 0 as t — 0— . Returning to the original variables x, &,
we conclude that if ¢ (1) = &(1) — £*(1) is sufficiently small, then the solution x > &(x) of
(4.3) is well defined for all x € [1, 4o0[ . This proves the theorem in the unperturbed case,
where fo = hy = hy =n1 = ny =0 (Fig. 4).

3. In the remainder of the proof, we check that the same conclusion holds for the perturbed
problem, where the dynamics is determined by (4.3)—(4.5). A minor modification of the
argument in step 2 yields O

Lemma 5 Assume that both eigenvalues of the matrix y (A;)’1 — 21 have strictly negative
real part. Given C3 and §3 > 0, there exist sufficiently small constants 84, 85 € 10, 63] such
that the following holds. Let z:[—1, 0[— IR? be a solution of the Cauchy problem

y(A) -2

(=) =z z(t)= ( ] ! + M(t, z))z(t) + v, 2), (6.27)

with |z| < és5 and
8
M (t,2)| = C3 (1 + ﬁ) o W@, ) =684, fort € [-1,0[ |z] =83.  (6.28)
Then z satisfies

lz(t)| < 8 forallt € [—1,0[. (6.29)
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Indeed, let & > 0 be as in (6.22). Using the equivalent norm introduced at (6.23)—(6.24),
we obtain

el < -2 o1+ 2 DIl + €8
a||z(>||_[—m+ (+m)]llz()ll+ -

for some constant C, depending on C3 and on the equivalent norm | - ||. Choosing &4 and
then #p < 0 so that
A A
Cés < -, —=C,
3 3ol
for all ¢ € [y, O[ we obtain
d Izl < 2 +C)llz®ll + Cés = . [zl + C8 (6.30)
dar =Ty ¢ MR + '

By possibly taking a smaller constant 84, from (6.30) we deduce that the ball {z €
IR%; ||z||l < 83)is positively invariant for the ODE in (6.27), for t € [#g, O[ . Next, by choosing
the initial condition z(—1) = |z| sufficiently small, we can achieve the bound

lz(O|| <83 forallt € [—1, 1p].

By positive invariance, this implies ||z(¢)|| < é3 forall t € [—1,0[.

We have thus proved (6.29), with the Euclidean norm replaced by the equivalent norm
I - II. Since the constant §3 was arbitrary, this achieves a proof of Lemma 5.

4. To complete the proof of the theorem it now suffices to check that, if (6.13)—(6.14) hold
with 8¢, §1 > O sufficiently small, then the change of variables (6.19) yields a function z(t)
which satisfies the assumptions of Lemma 5. This is achieved by a lengthy but straightforward

computation.
Repeating the argument in step 1, one obtains
Z el Dy (x)
Axane) [ ) =[o-mi-as+a,@] )+ :
e el D5 (x)
where
a1(2by + hi)ht + 02(2b2 + ha)hao a1(2by + ha)ha
Ap(x) =
a2(2by + h1)hy a1(2by + h)hy + a2(2by + ho)hy
and
@ (x) (—fo+ foar —n) a1x + B
= + A () -
D) (x) (—fo+ fooz + 15 arx + B

As long as that matrix A (x, &1, 52) is invertible, we can thus write

et . & » ®1(x)
=A@ .8) [ -l -+ A, [ )+ Al g)
& & Dy (x)
6.31)

We now have

AT (e, &L E) AT ) = (AT ) T A(x, &1, 8)17 =T+ Ka(x, 81, )
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for some matrix K> whose norm satisfies the bound

|Ka(x. ¢1. )| < (1+|§1|+|§2|)
provided
9] +[2] 2

for some constant Cg > 0 and some §¢ > 0 sufficiently small.
Recalling (6.16), one can write (6.31) in the form

Cl/ 1 O 1 Cl
( ) =(1+K2(x,€1,§2))[;~[(V*fo')(/\ﬁ)_l —I]+ ( ) + (A 'A (x):|
s )

Dy (x)
+ I+ Ka(x, &1, &) (A% (x) 7! .
D5 (x)

We now have the estimates

A= O) - (|1 (x)] + [h2(x)]),
|P; ()] = O() -

[Ifo(X)l + 1 fo I+ 1)+ ()] + (A1 (O] + 1ha (0D - (1] + IXI)]~

In turn, these yield

Cll 1 : 1 1
= [; ran- —I]+;-K3<x,cl,§z>] +bx, 81, 02),
s o

where the matrix K3 and the vector b satisfy

K3(x, 61, 8) =01) - (Ifo(X)I + [h1 ()] + [ha(x)] + (1 + 18l + |§2I)) (6.33)
and

1
b(x, ¢1, 82) = O(1) - (|h1(x)| + 2] + = - (| fo()| + [ f5 () +Iny (0] + In’z(X)I))

|x]
(6.34)
as long as (6.32) holds. Under the assumptions (6.13) and (6.32) we thus have
14683
IK3(x, 1, &)l < C7 ({01 + o Ib(x, &1, &)l < C7 61, (6.35)
for some constant C7.
Performing the change of coordinates (6.19) we obtain
d y(AH~t—21
az(t) il AP + M@, z(@) | z2() + ¥ (@, z2(1)), (6.36)

where

1 I z1 2 1 z1 2
M(t Z) 3(77777)5 w(tvz):b(iai’i)-
11l 2] el 1e] el {2 1]
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By (6.35) one has the bounds

)
M, )|l < C7 (ﬁ +(1 +53)) o @ DI = Crér. (6.37)

Given the constants C7 and 83 > 0, set C3 = C7(1 + §3) and let 84, §5 be as in Lemma 5.
By choosing 61 > 0 sufficiently small, we achieve

51 84
M@, 9l < C; (|7| +a +53)) <c (7 . 1) |

It

while |[{(f, 2)|| < C781 < 84. An application of Lemma 5 now yields the existence of
a solution z : [—1,0[+— IR%. Going back to the original variables, we obtain a solution
x — &(x), globally defined for all x € [1, +o0].

Remark 7 From the inequality (6.30) it follows
lim [[z()[| = 0.
t—0—

In terms of the original variables, this implies that the perturbed solutions satisfy

§() — £l _

|x|—+o0 | x|

0.

7 Equilibrium Solutions to Differential Games

All previous analysis has been concerned with the system of ODEs (1.12) describing the
derivatives of value functions for the two players. We conclude the paper by showing that,
starting with a smooth solution to these ODEs, one obtains a pair of value functions Vi, V;
satisfying the H-J equations (2.5). In turn, this yields the existence of a Nash equilibrium
solution to the differential game (1.1)—(1.2), in the sense of Definition 1. Since here we are
dealing with smooth value functions, all these claims can be proved by standard arguments.

Proposition 1 Let f, g1, g2:IR — IR be smooth maps with sublinear growth, as in (2.2),
and let ¢; be such that

lgi(x)| > Ci|x|> = Ca, i=1,2 (7.1)

for some positive constant Cy, Ca. Let x +— (£1(x), &2(x)) provide a solution to the implicit
system of ODEs (2.7)—(2.9), and assume that the corresponding feedback dynamics (2.10)
has a unique equilibrium point x*, which is stable. If in addition

&) <alx|+8, i=12 (7.2)
for some positive constants o, B, then the feedback controls
uj(x) = —§)gi(x), xeR,i=12 (7.3)

provide a Nash equilibrium solution to the differential game with dynamics (2.1) and cost
functionals (2.3).

Proof 1. Define the functions V1, V; by setting

(7.4)

1
PVie) = [ £ = 58880 — G@am [am + e
]Sz(x) + ¢2.

. 2 1 2
yValx) = [f(X) — 810E1(x) = 58 (N5 (X)
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By (2.7)—(2.9), a direct computation yields

£ — '8 + 18162 + 2828561862 — @) A%
A(x, &1, &) = +
13) —f'& + 828565 + 28181616 — ¢b) YV,

Since (&1, &) is a solution to the implicit system of ODEs (2.7)—(2.9),fori = 1, 2 we have
Vi =&. (7.5)

Therefore V1, V, satisfy the H-J equations in (2.6).
2. Consider the optimal control problem for the first player:

+00 2( )
minimize / e [T + @i (x(t))i| (7.6)
0
subject to
x(t) = f(x) + g (u(?) + g (x)uz(x), x(0) = xo. (7.7

Here u3(-) is the feedback control of the second player, defined at (7.3). We claim that V/ (-)
is the value function for this problem.

Indeed, if the first player implements the feedback control u = 7 (-) in (7.3), then for any
initial datum x (0) = xq the system evolves according to

x(t) = fx(@®) + g1 (0)ui(x) + g2(x)uz(x), x(0) = xo.
By (7.4) and (7.5) it follows

d 2
Vi) - yVix() = — [”1;’)]

ar P1(x(0).

Hence, for every ,

T *(f 2
/ e [ 4 gy e Jar = i) — e Vi,
0
Letting T — oo and recalling that lim;_, o x(7) = x*, we conclude that the right-hand side

converges to V1 (x(0)). Calling V*(-) the minimum value function for the problem (7.6)—(7.7),
we thus have

Vi (x0) < Vi(x0). (7.8)

To prove the converse inequality we need to show that, for any control «(-) such that the
Cauchy problem (7.7) admits a global solution in time, one has

(e 2
Vixo) < /0 . [# +¢1(x(r>>] (79

Indeed, consider the function
T 2( )
d(1) = / e |: + <p1(x(t)):| dt +e7 VT Vi(x(1)).
0
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For a.e 7 € [0, +00), we compute
u?(7)
15
+ V@) [ fE(D) + @1 (@u(D) + g2 @i x() | =y Vi (x(r))]
g [[MT(r)]2
- 2

d
L o d(r) = 7"
i (t) =e

+ ¢1(x(7))

+o1(x(7)
+ V@) [ f(0) + @1 @) + g2(x (O3 ()] = ¥ Vi (x(r))]
=0.
Hence, ®(7) is a nondecreasing function. We now estimate

Vi(xo) = ©(0) < lim ®(7)

Y e VR0 .
= e 3 +@1(x()) | dr + 11111 e Vix(7)). (7.10)
0 T—1+00

If now

lim e 7" Vi(x(7)) <0,

T—+00

then the inequality (7.9) follows. Assume that, on the contrary, there exist g, ¢ > 0 such
that

e "7 |Vi(x(7))| > e forall T > 19.
By (7.2) and (7.5), we have
ViG] < 1+ ealx |

for some constant ¢y, ¢ > 0. Hence, for all r > 19,

& Cl
x> = e — — —.
(&) (&)

Recalling (7.1), we now estimate

T u2(t) T 5
[ e [T i (pl(x(t)):| az [ e [anor - cla
T0 70
e C C 1
> j_e—m[ﬂJrCz]d,=718(,_,0)+,[
©w €2 o (%) 14

Cicy
2

+ Cz](l — e,

Letting t — +00, we thus obtain
00 u2(t) 00
/ e [T + o1 (x(t))} dr z/ e "1 (x(1)) dt = +oo.
0 70

Hence (7.9) trivially holds.

3. Having proved that V() is the value function, it is clear that the feedback control u7 (-)
in (7.3) is optimal for player 1. An entirely similar argument shows that «}(-) is an optimal
feedback control for player 2. O

A similar result holds in the case where the solution (£1, &) of (2.7)—(2.9) is constructed
only on a bounded interval.
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Proposition 2 Let f, g1, g2:IR +— IR be smooth maps with sublinear growth, as in (2.2). Let
x > (£1(x), &2(x)) provide a solution to the implicit system of ODEs (2.7)—(2.9) restricted
to some interval |a, b], and assume that the corresponding feedback dynamics (2.10) has
a unique equilibrium point x* € [a, b], which is stable. Then the controls u;k in (7.3) are
optimal for the game with dynamics (2.1) and cost functionals

Ji :/ eV Li(x(0), ui(0))dt, i=1,2, (7.11)
0
where
u?
Li(x,u;) = @i (x) + 71 if x€la,bl, (7.12)
400 if x¢la,b].

Indeed, by (7.12) both players face an optimization problem with state constraint x €
[a, b]. The proof is achieved by the same arguments used in the previous case.

Remark 8 As a consequence of Proposition 1, the perturbed solution (&1, &) constructed in
Sect. 6 on the whole real line yields a Nash equilibrium solution to the differential game
with dynamics (2.1) and cost functionals (2.3). Indeed, (6.13) implies (7.1) and (2.2). By
Remark 7, there exists a constant C > 0 such that

1§ (x) = (ix + B = 16 (x) =& < x|+ C, i=12.

Hence the condition (7.2) holds.

On the other hand, by Proposition 2 the perturbed solution (£, &) constructed in Sects.
4 and 5 on a bounded interval [a, b] yields a Nash equilibrium solution to the differential
game with dynamics (2.1) and cost functionals (7.11)—(7.12).
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