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Abstract By the Majorana representation, for any d > 1 there is a one-one correspondence between a quantum
state of dimension d and d — 1 qubits represented as d — 1 points in the Bloch sphere. Using the theory of
symmetry class of tensors, we present a simple scheme for constructing d — 1 points on the Bloch sphere and
the corresponding d — 1 qubits representing a d-dimensional quantum state. Additionally, we demonstrate how
the inner product of two d-dimensional quantum states can be expressed as a permanent of a matrix related to
their (d — 1)-qubit state representations. Extension of the result to mixed states is also considered.
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1 Introduction

Quantum states, represented by unit vectors a € C¢, form a fundamental aspect of d-dimensional systems. These
vectors are identified up to a phase factor, i.e., a and e''a are identified for any t € [0, 27). In the case of d = 2,
quantum states are commonly referred to as qubits. For qubits, there exists a one-to-one correspondence between
the state a = (ag, a1)’ with |ao|2 + |c11|2 = 1 and a point (cy, ¢y, ¢;) on the Bloch sphere:

B ={(cx,cy,c;) 1 cx,cy, 07 € R3, c)% +c§ —I—c? =1}

I+c; cx—icy

where aa* corresponds to (cy, cy, c,) by % .
p ( Xy by Z) y 2 C_x+le l—Cz

). The correspondence is established using
(cx, €y, €2) = (R(@oar), S(aoar), laol* — lai*)/2, ensuring that ¢ + ¢5 + ¢ = 1.

In [3], Majorana proposed a geometric method to represent a quantum state a € C? for d > 1 using d — 1
qubits. Consequently, a quantum state in C is associated with d — 1 points on the Bloch sphere. The Majorana
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representation provides a visual tool to understand the properties and transformations of quantum states. The
direct visualization of qubit rotations are useful in the study of different topics of quantum information science
such as quantum computation and communication; e.g., see [6] and its references.

In this note, we establish a connection between the Majorana representation and symmetry class of tensors
in V®U@=D for V = C? associated with the principal character £. Using this connection, we provide an easy
scheme to determine v{,...,v7—1 € C? associated with a given vector (ag, ..., aq—1) € c. Additionally, we
present a simple formula for the inner product of a and b in C? in terms of their (d — 1)-qubit presentations.
Numerical examples are given to illustrate the result. Extension of the result to mixed states is also considered.

2 Results
2.1 Preliminary

Let us present the following standard set up of a symmetry class of tensors in the (d — 1)-fold tensor space
V®@=D Tn our study we focus on V = C? and the principal character £ on the symmetric group Sy_; of degree
d — 1 such that £(0) = 1 forall o € Sy_;. Define the symmetrizer on the tensor space V&1 by

1

TV ® - ®ug—1) = @—n Z §(0)V-1) ® - ® Vo-1(4—1)-

gES -1

Then Védﬁl) = T(V®=D) is a subspace of V®@~1 known as the symmetry class of tensors over V associated
with & on S;_1. The elements in Véd_]) of the form 7' (v; ® - - - ® vy,) are called decomposable tensors and are

denoted by v® = v; e - - - @ . One may see [2,4] for some general background. In fact, researchers have used
decomposable tensors to model boson states; see [1].
Let {eg, e1} be the standard orthonormal basis of V = C? using the standard inner product (u, v) = u*v,

where X* denotes the conjugate transpose of X if X is a complex vector or matrix. Then Véd_l) is the subspace
of V®@=D spanned by the orthogonal basis

S={eje---0¢, :0<ij<---<ig_ <1}

using the induced inner product on decomposable tensor uj e --- e uy_1 and vy e - - - ® v7_1 so that

1
(U1 @---0Us_1,V] @ - OV_]) = mper((ui, V),
where
k
per(X) = Z ija(j) for X = (xij) € My,

oS, j=1
is the permanent of X € My; see e.g., [5] for basic properties of the permanent. If j; = --- = j, = 0 and
Jet1 = - = jg—1 = 1, then

d—1\"
(ejl""'ejd1’ej1°"'°ejd1>:per(-]/é@]d—l—t’)/(d—l)!=( , ) ;

where J, € M, has all entries equal to 1. Thus, after normalization S becomes an orthonormal basis
{fo,--» [} Let

Cj=leo---e e ---ei]€Mrg, j=0,....d—-1 1)
— ———
d—1—j j
Suppose v1, ..., vg4_1 € C%. Then the decomposable tensor

vVE=vie---evy_| =aofy + - +ai-1f]_,
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with

1 d
ajz(f‘.,v.>=m ( i )per(C;‘[vl-uvd_l]), J=0,....,d-1 3)

Moreover,

(@) y(vieo---ovg_1) = vy ®--- o pg_1Vq—1if 1, ..., pg—1,y € Csatisfy 1 -+ plg—1 =y,

(b) vie---0v4_| =Vy(1)® - ®Vs—1)if 0 € Sy_1 isapermutationof (1,...,d —1).
We will also use the following fact about the zeros of a complex polynomial. Let Ex (@1, ..., t4—1) be the
kth elementary symmetric function for uy, ..., ug—1,1.e.,
Ep(ut, ..., mg—1) = Z Wiy,  k=1,...,d—1.

1<ji<<je<d—1

Let

_ _1 Cd—1
g@) =coz M iz Fca =co<zd 1+C—z(172+~-~+ . )
0 0

=co(z — p1) -+ (2 — Ka—1)s
where cg # 0. Then

Cj ] .
52(_1) Ej(lu’lv"'sl-’(/d—l)3 J=19"'sd_1'

2.2 Main result and examples

Theorem 2.1 LerV = C? and{fy, ..., f;j_,} bethestandard orthonormal basisforVéd_l). If(ag, ...,aq_1)" €

C4 is nonzero and r > 0 is the smallest integer such that a, # 0, then for y, = ay (d:l)

1
y_(aOf(). + - +ad—1fd.,1) =vVie---eVUj_|
-

so that

aofo + -t aa—1fj_y=vie---evse(yv4-1)

withvy =---=v, = (0, 1), andvj = (1, wj) for j=r+1,...,d — 1, where ju, 41, ..., lla—1 are the zeros
of the Majorana polynomial

d—1 ' d—1 )
g() =Y (=1)a; ( . )zd—l—f.
j=0 /
Ifb()fo° +"'+bd—1fa,71 =Uuje---0Uj_| andcofo' + - +Cd—1fd.71 =wije---ewWy_1, then
d—1
> hjci=(ure--oug1,wi e ewy_1) =per((uj, w;))/(d— ).
j=0

By Theorem 2.1, every vector f*® € Védﬁl) admits a representation of the form u; e - - - @ uy_1. In particular,

if (ag, ..., aq—1)" € C?isa quantum state, a unit vector, then
1/ v V41
aof().+"'+ad—1fd._1:_< ®---0 s
Y \vill lva—1ll
where vy, ..., vg_1 are defined as in Theorem 2.1 and

d—1

_ v Vd—1 _ . 1 . e
V‘”(uvlu' '||vd_1||)”_ﬂ"”’”{(d—l)!per“”””’))} '
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Proof of Theorem 2.1 If r = d — 1, then clearly yl(a,fdgl) =L@ f) )=cro-ee

Suppose r < d — 1. Construct the vectors vy, ..., vg—1 as described. We will show that
————=(aofo +--as—1fj_)) =vie---ev .
[ d—1
ar ( r )
Let 1; € C* has all entries equal to 1, C; be defined as in (1), and Q € My 41 have columns vy, ..., v4_1.
Then

Odfl,-ril ldflf‘lt_
CiQ= 5 Jrd—r )
/ ¢ < l.jli—l 1i(r, .o ha—1)

By a direct computation, say, using the Laplace expansion formula for permanent and induction, we have the
following. For j =0, ...,r — 1, we have per(C;fQ) = 0 and hence

d—1
(. v1 e ovg 1) = ( ; )per(CjQ)/(d—1>!=o.

Forj=r,...,d — 1, we have per(CjQ) =jld—1—j)NE;_(rs1, .., la—1), and hence

d—1
(ffvie---evs_1) = ,/( i )Per(C}’fQ)/(d— D!

d—1
=Ej (Wrs1, .05 a—-1)/ i)
Since [y, ..., Lg—1 are the zeros of g(x),

d—1 aj aj
Ej_r(lrsts ooy ha—1)/ i — =

Hence,
1
y—(aofo' +otago1f]_) =vie---ev 1.
;

The last statement is clear. |
The following numerical examples illustrate Theorem 2.1.
Example 2.2 Suppose d = 5 and a = (ag, a1, a2, a3, ag)’ € C? be a nonzero vector. Let r > 0 be the smallest

integer such that a, # 0. Then for y, = a,/(}),

1
y—(aofo' +aifl +arf; +azfs +asfy) =vievievieuy,
)

withvy =---=v, = (0, 1)’ and v; = (1, ,uj)’ forj=r+1,...,4, where ty11, ..., iLa are the zeros of the
Majorana polynomial

g(2) = /@aoz“ - \/661223 + @azzz - \/@aﬂ + /@M

(i) Leta = (1,3,13/4/6,6,4) € C°. Then g(z) = z* — 62> + 1322 — 12z + 4 = (z — 1)>(z — 2)> so that a
corresponds to 1] e uy @ uz ® ug with u; = up = (1, 1)" and uz = ug = (1, 2)".
(ii) Letb = (0,1/2,+/6, 11/2,6)". Then g(z) = z°> —6z>+11z—6 = (z—1)(z—2)(z —3) so that b corresponds
tovy e---evy withvy = (0, )" and vy = (1, 1)!, v3 = (1,2)" and v4 = (1, 3)".
(iii) Lete = (0,0, 1/4/6, 1, 1)". Then g(z) = z> — 2z + 1 = (z — 1)? so that ¢ corresponds to w; e - - - @ w4 with
w; =wy = (0, 1), and w3 = wg = (1, 1).
We have (a, b) = per([ujuuzus]*[vivovzvg]) /4! = 143/2,
(a, ¢) = per([uuruzus]*[wiwrwswy])/4! = 12 4 1/6, and
(b, ¢) = per([vivav3v4]*[wiworw3zwy]) /4! = 25/2.
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2.3 Mixed states

Recall that a general quantum state is called a mixed state and is represented by a density matrix p, which is a
positive semi-definite matrix with trace 1. If p is rank one, then p is pure state. If a correspondstouje---euy_1 €
V“;*l, then by (3) the corresponding density matrix p = aa* € Ml has (r, s) entry equal to

aﬁx:/Cﬁ_U(d_vPﬂWﬂm-~M4DWMMr~umﬂﬂﬂX O<rs<d—_1
r K d—1D'd—1)!

where C; is defined as in (1).

There has been interest in finding the Majorana representation for mixed states; e.g., see [6]. A general mixed
state can be written as p = Z;‘=1 pjpj € My, where (p1, ..., py) is a probability vector and p1, ..., o, are
pure states. We can apply Theorem 2.1 to each p;, and express it in terms of d — 1 qubit states. Then the mixed
state p can be associated with a collection of r sets of qubit states each has d — 1 elements and a probability
vector (p1, ..., Pr).

Alternatively, by purification one may express p as the partial trace of a pure stat [{) (¢ | with |¢) € (Cdz,
which admits a Majorana representation of d> — 1 qubits.
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