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Abstract The real analytic Eisenstein series is a special function that has been studied classically. Its general-
ization to the case of many variables has been studied extensively. Moreover, the analytic properties of certain
Eisenstein series on the Siegel modular groups have also been investigated. The purpose of this study is to provide

concrete forms of the residue of E(()m)(z, s)ats =m/2.
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1 Introduction

The real analytic Eisenstein series is a special function that has been studied classically. It is used in the repre-
sentation theory of SL(2, R), and in analytic number theory (e.g., cf. [4]). Its generalization to the case of many
variables was initiated by Siegel and later studied more extensively by Langlands [5] and Shimura [10]. Let

E™(z,5) = det(y)* Z det(cz + d)~* |det(cz + d)| >
{c.d}

be the Eisenstein series of degree m (for a precise definition, see § 3.1).

Shimura [10] studied the analytic properties of the Eisenstein series, including this type. He reveals the
holomorphy of E ,Em) (z, s) in s at s = 0 by analyzing the Fourier coefficients. The Fourier coefficient essentially
consists of two parts. One is the confluent hypergeometric function, and the other is the Siegel series. Therefore, the
analytic properties of Fourier coefficients, and the Eisenstein series results in the study of the analytic properties
of these two parts. In [9], Shimura established the analytic theory of confluent hypergeometric functions on tube
domains and then applied them to analysis of Eisenstein series. The results of holomorphy of E ,Em) (z, s) studied
and extended by Weissauer [11].

In Shimura’s paper [10], apart from the holomorphy, the residue of Eisenstein series is mentioned. His
statement is as follows:

The residue of the Eisenstein series E ((,'Zl 1 /2(z, s) at s = 1 can be expressed as the product of 7~ and a
holomorphic modular form of weight (m — 1)/2, with rational Fourier coefficients.
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(It is known that the holomorphic modular form stated above is a (rational) constant multiple of Eisenstein
series E((Z)_l)/z(z, 0).)

Other than his work, few papers mention concrete forms of the residue for the Eisenstein series, except for
the classical work by Kauthold [3] (see § 5.2).

This study aims to provide concrete forms of residue E(()m) (z,s) at s = m/2. Our results strongly depend

on Mizumoto’s work [7], especially his work on the Fourier expansion of E ,Em)(z, s), which is a refinement of
Maass’s result.

Theorem
(m)
Res E
sz}g% 0 (z,5)
=A™ () +B™ () Y oo(cont(n)nm 2y, wh; m/2, m/2)e(o (hx)),
heA,(,})

where
1 1 e
AT () = 2 ey, m/2) - Cuy () + g vim = Dder(2y) ™" D Pa, (5. m/2)

1
+ g Bu (v, m/2),
B (y) = 222" der(y)™/ 2T, (m /2) " ¢ (m) ™!

m—2 m—1
JTem—p []eem—2i".

j=1 j=1

Here, Cy(nm_)1 is the constant term of the completed Koecher—Maass zeta function érf:’i)l 2y, s) ats = m/2 (see
(4.3)), and oy, (y, s) and B, (v, s) are defined in (4.2) and (4.7), respectively, which are essentially products of
the gamma functions and zeta functions. The set A,(n1 ) is the set of half-integral matrices of size m and rank 1, and
for an element /& € A,(nl), cont(h) is defined by cont(h) := max{{ € N | ¢ lhe A,(nl)}, and og(a) = ZO<d|a 1
(the number of the positive divisors of a € N).

In the degree 2 case, the constant C fz) (y) can be calculated explicitly from the first Kronecker limit formula.

Corollary
Res EQ (7. 5) = — L D og 2 logln(wy?
=10 T ey \27 T 2 gy TR
36 det
+ 0990 S o cont(myma@y. 7 1. el (). (0
T
heAs)

(for the notation, see § 5.1.1.) In [8], the author provided a formula for E;z) (z,0) (Siegel Eisenstein series of
degrees 2 and 2):

) 18 1 1 U/ 2
E;7(z,0) :l—m 1+§V+§10g5_10g|77(wy)|
72
——= > epoolcont(h))na 2y, wh: 2, 0)e(o (hx))
T

0£heAs
discr(h)=0

+288 Y Y dH(%#)e(o(hz)). (1.2)

0s#£heA; d|cont(h)

It is interesting that the same term appears in each Fourier coefficient in (1.1) and (1.2).

@ Springer




Residue of some Eisenstein...

2 Notation

1° For an m x n matrix a, we write it as ¢, and as a™ if m = n, 'a denotes the transpose of a, and a;;
denotes the (i, j)-entry of a. For a matrix a, we write o (a) as the trace of a. If the right-hand side is defined as
the identity matrix (resp. zero matrix) of size m and is denoted by 1,, (resp. 0,,). For a commutative ring R with
1, we denote R"" by the R-module of all m x n matrices with entries from R. We set R?) := R and
R™ := R(M,

2°  We put

k() = ”TH forv € Z>.

e(z) = exp(2riz) for z € C.

H, :={ze€C"™ | 'z =z, Im(z) > 0} :upper half space.
Vip={x e RM™ | 'x =x}.

Py,:={xeV, | x>0}

Vin(p, g, r): subset of V, consisting of the elements with p positive,
q negative, r zero eigenvalues.

3° The function I';,(s) is defined by

m—1

m(m—1) vV
Cu(s) =5 ] F(s—z)

v=0

form > 0, and ['g(s) := 1. 4° The set of symmetric half-integral matrices of size m is denoted by A,,. We set
AV :={h e A, | rank(h) = v}.
Forv € Zwith1 S v < m,

Zf,'ﬁ,;f) ={a € Z""Y) | a is primitive }.

5° Throughout the paper, we understand that the product (resp. sum) over an empty set is equal to 1 (resp. 0).

3 Preliminary
3.1 Eisenstein series

Form € Z~ and k € 27>, let

E{(z.5) = det(y)* Y det(cz +d) ¥ |det(cz + d)| 7> 3.1)
{c.d}

be the Eisenstein series for I';, = Sp;, (Z) (Siegel modular groups of degrees m). Here, z = x +iy is a variable on
H,y, s is acomplex variable, and {c, d} runs over a complete system of representatives (% 1) of { (3 %) € 'y} \I'm.
The right-hand side of (3.1) converges absolutely, locally, and uniformly on the

{(z,s) e H, xC | Re(s) > (m+1—k)/2}.

As is well known, the Eisenstein series E lgm) (Z, s) has a meromorphic continuation to the whole s-plane (Lang-
lands [5], Mizumoto [7]).

o
& o)
2 H
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3.2 Confluent hypergeometric functions

Shimura studied the confluent hypergeometric functions on the tube domains ( [9]) and applied his results to
develop the theory of the Eisenstein series ( [10]). In this section, we summarize some results on the confluent
hypergeometric functions that will be used later. For g € P,,, h € V,,;, and («, B) € C?,

Em(g, h:a, B) = / e " det(x +ig) *det(x —ig) Pdux, (3.2)

Vin

with dx = ]_[,.S/ dx;j, which is convergent for Re(a + B) > m;

(g, h; o, B) = / y e 7@ det(x + h)* M det(x — h)P M qx, (3.3)
x:l:}:n>0

which is convergent for Re(«) > k(m) — 1, Re(B) > m.
We also use

My (8, by @, B) = det(g)* P~ ", (g, by a, B),
which satisfies the property
n(glal, Wla 1 a,B) = ne (g, h;a, B) forall a € GLy(R).
By [9, eqn.(1.29)],
Em(g. hya, B) =i P 2T, (@) T () 0w (28, whs @, B). (3.4)
for Re(o) > xk(m) — 1, Re(B) > m. When h = 0,,, the following identity holds:
Proposition 3.1 (Shimura [9, eqn.(1.31)]) If Re(e + B) > 2« (m) — 1, then

gm (g’ Om; a, 13) — l-mﬁ—moz .2m(l—f((m)) (zn)mk(m)
T (@) ' T (B) T + B — k(m))
- det(2g)<m—a=F, (3.5)

Forg € Py, h € V,,,(p, q,r) with p + g +r = m, we put

84 (hg) := the product of all positive eigenvalues of g%hg%,
§—(hg) :=84+((—h)g).
We then put
o (g, h; @, B) =277, (B — (m = p)/2)"' Ty (@ — (m —q)/2)”"
Ty (@ + B —k(m)™!
84 (hg) T4 —(hg) W EP I (g, s, B), (3.6)
One of the main results in [9] is as follows:

Theorem 3.2 (Shimura [9, Theorem 4.2 ])Function wy, can be continued as a holomorphic function in (o, B) to
the whole C? and satisfies

o (g, hya, B) =wp (g, h;k(m) + (r/2) — B, k(m) + (r/2) — ).
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3.3 Fourier expansion

Form € Z-gand k € ZZEO’ let s be a complex variable, where Re(s) > «(m), and let z = x + iy be a variable
on H, withx € V,,.and y € P,,. Maass ( [6]) provided a formula for the Fourier expansion of the Eisenstein
series E,Em)(z, s):

E,Em)(z, s) = det(y)* + det(y)* Z Z Z

v=1 heA, qezgﬁ;n“)/cu(z)
Sy(h,2s + k)&, (gl h: s + k, s)e(o (h['q]x)), G-D
where

Sy(h,s) = Z n(r) ‘e(o(hr)) (3.8)

reV,NQMmod 1

is the singular series (Siegel series), where n(r) is the product of the reduced positive denominators of the
elementary divisors of 7, and &, is the confluent hypergeometric function defined in (3.2).
From [7, Lemma 1.1], we have

Lemma 3.3 Forv € Z-q, eachh € A, of rank . > O (that is, h € A,(,)‘)) is expressed uniquely as
h = hol['w]
with ho € A and w € Z.):7) | G L, (7).
Mizumoto provided a reduced formula for &, ( [7, Lemma 1.4]):

Proposition 3.4 Let h = ho['w] be, as in the above lemma. Suppose that Re(s) > v. Then, in (3.7), we have
& (vlgl, by s +k,s)
= (=) WD (2 4k — k)T ()T To(s + k)7
-det2y[g) P * B pFylqw], whos s + k4 (0 —v)/2,5 + (A — v)/2). (3.9)

Letm, A € Z withm = A = 1. We define the subgroup Aim) of GL,,(Z) by

k *
A = {(0(m_m *> € GL,(Z) }

Forr e Zg:'i;r)l‘ ) u » 1s an element of G L,,(Z) corresponding to r under a bijection

Z8Y IGL(Z) GLu(Z)/A™

r — u,

which is determined up to the right action of A;m).
For y € P,,, we write the Jacobi decomposition of y[u,] as

y[ur] = dlag(y[r]v g(y’ ur)) [% 1mb_)h} ’

Explicitly, we place u, = (r r1) and then
g(y,ur) = ylril— D' 'ryrl. (3.10)
Next, we provide a definition of Koecher—-Maass zeta functions. For I £ v < m and g € P,,, we define

Mg =y det(gla)” (3.11)

aeZ™ /GL,(Z)

‘prim
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which is convergent for Re(s) > m /2. By definition,
(g, 5) = det(g) ™.
For later purposes, we put
g“ém)(*, s):=1 forall m e Zx.

Mizumoto’s refinement of Maass’ expression is as follows:

Theorem 3.5 (Mizumoto [7, Theorem 1.8]) For m € Z-q, k € ZZ;O; and Re(s) > m, the Eisenstein series

E ,gm) (z, 8) has the following expression:

m v
EM @)=Y Y R (s (3.12)

v=0r=0
where

Fo (2, 5)
= (—=D)22V g O 25 + k — k(W)Ty(s) ' Ty(s + k)7!

- 8,0y, 25 + k) det(y)* ¢ 2y, 25 + k — i (v)), (3.13)
for0 < v < m, and
FW @sy= > Y b l'r].y. s)e(o (h['r]x) (3.14)
heA reziil) |G LL(2)

for1 <X < v < mwith

b, (hl'r). y. 5)
= (= )V 2 g vk WFAO=D2P 25 + k — k(W) (s) Ty (s + k)7
- 8, (diag(h, 0,_3), 25 + k))det(y)* det(2y[r])*< k=2
i Qylrl,wh;s +k+ (A —v)/2,s + (L —v)/2)
e 2y, ), 25 + k — k(v)). (3.15)

Here, g,f'”)(g, s) for 0 < v < m is the Koecher—-Maass zeta function defined in (3.11), and g(y, u,) is defined
by (3.10). Matrix h['r] runs over the set Af,i" ) exactly once if h runs over A(;”) and r runs over a complete set of

representatives of Zgg;é‘ ) /GL;(Z).

3.4 Siegel series

In this section, we summarize the results of the Siegel series S, (%, s) that appear in the Fourier expansions (3.7)
and (3.15).
Forh € Ay‘), we set

d(h) = (=) =3=D/2 geq2h)
where

1 xeZ,

S0 =10 ez
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for x € Q. By [7, eqn.(5.1)],

Sy (diag(h, 0y—3), 8) = ¢(s + A — V)¢ (s) ™!
V—A

JJe@s—v—jees -2

j=1
Si(hy s — v+ A) (3.16)

and

Si(h,s) = (det@d)) S, (h[d "], ),

deA(h)
5 R - d(\ )P
Sy(h, s) = C(s) ]]j[l C(2s —2)) L<s—k/2, (T)) l;[a,,(h,s)

where L (s, (@)) is Dirichlet L-function associated to the quadratic character (@), the product of p runs

over the prime divisors of d (h),
A(h) = GL,(Z)\{d € Z™ | det(d) #0 and h[d"'] € A; },

and from [2], we have

ap(h,s) =
1721 = pi =132 (.,r)=(1,0) (mod 2),
(1 +)Lp(h)p(“’)/2_“) HEFZ—II)U(I - p2j—l+k—23) (L, r)=(1,1) (mod 2),
1Y% = p2ita=2s) Gur)=(@0,1) (mod2),

(14 dp () pOtDP2=) TT27 (= p2TH=2) Glr) = (0.0)  (mod 2).

h* 0

Here, r := r(p) is the maximal number, which is the condition h[u] = ( 00
;

) (mod p) for some u € Z®

and A, (h) := (%ﬁ’*)).

Remark 3.6 (1)  We understand that So(*, s) = 1. Therefore, from (3.16), we obtain the following. Formula
for S, (0,, s):

S0y, 5) = 2(s =) [[@@s —v = jye@s—2j)7"
j=l
v/2]
=i =@ J]@@s—2v—1+42j)c@2s —2)7"). (3.17)

Jj=1

(2)  Inthe following discussion, the concrete form of a, (4, s) is not needed, only its holomorphy in s.

3.5 Koecher—Maass zeta function

Analytic properties of the Koecher—Maass zeta function {U(m) (g, s) are important for the analysis of the Fourier
coefficient F, k(’ﬁ)k (z, s). In this section, we recall Arakawa’s results for the Koecher—Maass zeta function.

For 1 £ v < mand g € P, we define the completed Koecher-Maass zeta function by

v—1

£ (g,5) =[] e@s =)™ (g, ) (3.18)

i=0
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where

§(s) =T (s/2) ()
and we understand
£ (g,5) = 1.
The following result is due to Arakawa, which plays an important role in our investigation.

Proposition 3.7 (Arakawa [1])

v—1

(1) Suppose m = 2v — 1. The function Slgm)(g,s) has simple poles at s = 0, %, e, and s =
m_T”'H, oo, B For0 < u S v — 1, the residues of £ (g, s) ats = 5 and s = "5 are given by
Res £ (g, 5) = —2v(v — WEM (g, ) (3.19)
s=pj2? 2 w20 '
1 v
R () (g §) = —v(v — w)det(g) 2EM (g7, 2y, 3.20
s=(mgi)/2s” (g:9) 2U(V wdet(g) 28, (g, 3) (3.20)
where
v
[[66) v=2.
U(V) = i=2
1 w=1).

(2) Supposev < m < 202, Thefunctionéém)(g, s) haspolesats = 0, %, -+, 5 of whichs =0, %, e, B3
and s = % VTH -+, I are simples poles. The poles at s = % m_T”"rz cee %1 are double poles.
For 0 £ u < m — v, the residues ofésm)(g, s)ats = 5 and s = "5 are given by (3.19) and (3.20),
respectively.

Remark 3.8 Whenm = 2 and v = 1, the function ;‘1(2) (g, s) appears as a simple factor of Epstein’s zeta function
for g. Therefore, the residue and constant term at s = 1 is explicitly expressed by the Kronecker limit formula
(see § 5.1.1).

4 Residue of Eisenstein series

In the rest of this paper, we assume that m = 2. In this section, we provide an explicit formula for
Res E(()m)(z, s)
s=m/2

which is the main result of this paper.

4.1 Fourier coefficient of Eém) (z,8)

We recall the Fourier expansion

m v
E(z,5) = > Fo(y"z?)\(z, 5)
v=01=0

in Theorem 3.5 and study the analytic property, particularly the singularity of Fém) ,(z,5) and b(()%), , Gk, v, 5). For

v,
this purpose, we use the results introduced in § 3 and consider them dividing into several cases. 1° (v, A) =

(0, 0):

Fy'0)0(z, $) = det(y)".
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2° (W, A)=,0),0<v<m):
Fo'o(z.8) = 0Ty ()22 (2s — 1) (25) 7!
JJees =27 6@y, 25 — k().
j=1
(m)

where c¢),0(s) is a holomorphic function in s. The equality is the result of (3.13) and (3.17), and we rewrote ¢,
with the completed Koecher-Maass zeta function .f;(m) in (3.18). 3° (v, A) = (m, 0):

F 02, 8) = em0() T (25 — k (m) Ty () 22 (25 — m)¢ (2s5) ™!

: 1‘[(4(4s —m—j)¢(4s —2j)7h),

J=1

where ¢, 0(s) is a holomorphic function in 5. The above expression is also the result of (3.13) and (3.17). In this
case, the factor g(m M2y, 25 — k(v)) is just 2™ 2y, 25 — k(m)) = det(2y)25+< M which is holomorphic in
s.4° (v, D) = (v, v)(0<v§m)

[v/2]
by ey, 8) = cpu@ () 20 @) 7 [ ¢@s —2/)7" - i, 515, 9),
j=1

where ¢y, (s) is a holomorphic function in s. 5° (v, 1),(0 <A < v < m):

v—A
by (e y.8) = a9 20 @) [ cds — 27!
j=1
[(2/2]
J]e@s—2v+20—2j)7"
j=1

Gr ks 4 O —1)/2, 5 4+ O —1)/2) - £V (%, 25 — 1c(v),

for a holomorphic function ¢, 5 (s). 6° (v, 1) = (m, 1),(0 < L < m):

by") (%, .5) = Cma($)Tm—s (25 — k()T (s)

n— (/2]
s —m—peds =27 [] ¢@s —2m +2x —2j)7!
j=1 j=1

MG x5 + (A —m)/2, s + (A —m)/2),

where ¢, 5 (s) are holomorphic function in s.

4.2 Analytic property of Fourier coefficients

We investigate the analytic property of Fo(nz)x (z,s) and bgnv)’ , (x,y,5) ats = m/2, based on the description in §

4.1.
Proposition 4.1 Functions Fé"l? ,(z,8) and b(()f':))’ 5, Gk, ¥, 8) are holomorphic in s at s = m/2, except for the
following three cases:

Dv=m—1, A=0 (@G)v=m, A=0 (@Gi)v=m, A=1.
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Proof We use the expressions 1° — 6° given in the previous section.

The holomorphy for the case 1° is trivial.

First, we consider the case 5°. The I'-factor I',, (s)’z, and ¢-factors ;“(2s)’1, -+ are all holomorphic at
s = m/2. From Theorem 3.2 and (3.6), the holomorphy of 1, (x, *; s + (A — v)/2, s + (A — v)/2) is reduced to
that of

Pps+ (A =1)/2-¢q/2) Tys+GR—=v)/2=p/2) (p+q=2»),

and are both holomorphic at s = m /2. (Note that the factor I', () ! does not appear in 7;,.)

Function Ev(’f;)”) (*, 25 —k (v)) is holomorphic at s = m /2 because Re(2s —k (v)) > (m—2X)/2. Consequently,
the functions in the case 5° are holomorphic at s = m/2.

By a similar argument, we observe that the functions in the case of 4° are holomorphic at s = m /2. The
cases we must consider are the cases of 2° and 6°.

In the case of 2°, only F(g’”,;)_l,o(z, s) and Fo(’r:’n)’o(z, s) are non-holomorphic ats = m /2 because Fo(ffn)_w (z,8)

has a factor £ (2s — m + DEM™ (%, 25 — m/2), and F\") ,(z, 5) have the factors ['(2s — m)Z (4s — 2m + 1),

,m,
respectively. In fact, the factors above have double poles at s = m /2.
In the case 6°, only the function b(()"'z’] (*, y, s) is nonholomorphic at s = m /2, because it contains the factor
¢(4s — 2m + 1), which has a simple pole at s = m /2.
These facts complete the proof. O
Remark 4.2 The explicit formulas for Fé”:'n)_lyo(z, s), Fo(ﬁn;n)ﬁo(z, s), and FO(T;’n)

sections.

1(z8) will be given in the next

Here, we arrange functions Fé”]')) , as follows:

(m)
FO,O,O

(m) (m)
FO,I,O FO,l,l

(m) (m)
FO,m—Z,O FO,m—2,1 te

(m) (m) (m) (m)
FO,m—l,O FO,mfl,l FO,mf],Z te FO,mfl,mfl

(m) (m) (m) (m) (m)
FO,m,O F0,m,1 FO,m,Z ce FO,m,m—l FO,m,m

The proposition asserts that only functions F(%)x printed in bold are non-holomorphic at s = m/2.

4.3 Residue of the constant term

We investigate the analytic property of the constant term
m
> Foo(zs)
v=0

at s = m/2. More specifically, we show that the constant term has a simple pole at s = m /2 and calculate the

residue. By Proposition 4.1, it is sufficient to investigate only Fé";n) _1.0, ) and
Féy":rfyo(z, s) as far as considering the residue.
Analysis of F{f":,z_l 0(z58) :

From the definition of Féﬁ?o(z, s) (see (3.13)), we have

F oz s) = 2 2008 et (1) Ty ()72 (25 — m + 1)¢(25)

m—1
JTe@s -2 60" @y.25 —m/2). (4.1)
j=1
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(We rewrote (3.13) with the completed Koecher—Maass zeta function & (m)l )

We separate F(g m—1.0(2, 8) into holomorphic and non-holomorphic parts. We define the function v, (y, )
by

Fo 1 0z, 8) = £(2s —m + D& 2y, 25 —m/2) - an (3, 9).
Explicitly,

m—1
(v, 8) = 2" 2D det(y) Ty ()70 @29) T [ ] ctds —2/) 7 (4.2)
j=1

(m)

m—1°

Functions ¢ (2s —m + 1) and E(m)l (2y,2s —m/2) have a simple pole at s = m /2 (for &

and o, (v, s) is holomorphic at s = m /2. These facts imply that Fo(,r:ln)_Lo(Zv s) has a double pole at s = m /2.
We set

see Proposition 3.7),

o0
F(;":n) 1. oz, 8) = Z Al(m)(y) (s — m/2)l (Laurent expansion at s = m/2)
I==2

and calculate A(_mz) (y) and A(_ml) ).

As a preparation, we investigate the analytic behavior of 5;51”:)1 2y,2s —m/2) at s = m/2. We consider
the completed Koecher—Maass zeta function g,;”fl (2y, s). According to Arakawa’s result (Proposition 3.7), this
function has a simple pole with residue

1
Res £ (2y,5) = ~v(m — Ddet(2y)~ "~ D/2,
s=m/2°™" 2

From this, we see that

1
Res 67,2y, 25 = m/2) = Ju(m — Ddet(2y) ™" VP2, 4.3)
Definition 4.3 Define a constant C( )1 (y) by
) = lim (s(’") (2y.5) = Res &2y, ) - m/zr‘) .

Thatis, C,, (m) _1 () is the constant term of the Laurent expansion of 5,51 )1 2y,s)ats =m/2.

Remark 4.4 (1) It should be noted that the constant C( )1(y) is defined from s(m)l 2y, s) not 5r£zm—)1 (v,s), and
the constant term of the Laurent expansion of Er(”JI (2y,2s —m/2) ats = m /2 is equal to that of érf:")l 2y, s).
(2) Inthe case m = 2, the constant C 1(2) (y) is explicitly expressed by the Kronecker limit formula (see § 5.1.1).

Proposition 4.5 Explicit forms of A(_mz) (y) and A(_ml) (y) are given as follows:
AT ) = < vlm — et ™" ey (v, m/2), (4.4)
A" () = o (y. m/2) ( i)+ 5 v(m — Dydet(2y)~"" ”/2)
+ % v(m — Ddet(2y) "= D/2 ol (v, m/2), (4.5)

where y is the Euler constant and c,, (y, m/2) = %am (v, s) |S=m/2.
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Proof The formulas are derived from the expression
£@2s —m+ DEY 2y, 25 —m/2)

= é v(m — Ddet(2y)~ "= D2 (g —my2)~2

+ (% o) + L v(m - 1>det(2y>—<'"—”/2) s —m/2)"!

+ (a holomorphic function at s = m/2).

Analysis of F{f’",’,z,o(z, s) : By (3.13) and (3.17),

Fé’m)’o(z’ S) — 2—2ms+m(m+3)/27_[m(m+1)/2det(y)—s+(m+l)/21—~m (2S _ K(m))

m

T ()22 2s =m)z@2s) " [ [€@ds —m = j)cds —2))7"). (4.6)

j=1
Similar to that in case Fé’":,?’_l,o(z, s5), we define the function 8, (v, s) as o, (v, s):

FS™ (2, 5) = T(2s — m)g(ds — 2m + 1) Bu(y, ).
Explicitly,
B (y, 5) : = 27 2mstmmt3)/27mm+3)/4 ey () =s+0m+1)/2

m—2 m—1
JIres—m+i1+p/2[[re—i/27°
Jj=0 Jj=0
m—2 m—1
c@s =@y [Je@s—m— iy [T eeds —2)7" (4.7)
j=1 Jj=1
Functions I'(2s — m) and ¢(4s — 2m + 1) have a simple pole at s = m/2, respectively, and B,,(y, s) is
holomorphic at s = m /2. Consequently, we observe that Fé’:;)
previous case.
We set

’0(z, s), has a double pole at s = m /2, as in the

o0
Foo 0(z.8) = Y B™ (y)(s — m/2)!
[==2

and calculate B(f'é) (v) and B(,"f)(y)-

)

Proposition 4.6 The explicit forms of B(_2 (y) and B(_W{)(y) are as follows:
(m) 1
BZy () = 3 Bm(y, m/2), (4.8)

m 1 /
B™ (y) = % Bu(y.m/2) + 2 B,(v.m/2) 4.9)

where y is the Euler constant and B,,(y, m/2) = j—sﬂm (y, S)‘s:m/Z'
Proof Function I'(2s — m)¢ (4s — 2m + 1) has the Laurent expansion as

r2s —m)t(ds —2m+1)

1
=3 (s — m/2)_2 + % (s — m/2)_1 + (a holomorphic function at s = m/2).

The formulas for Bg) (y) and B(_"})(y) are obtained from this expression. O
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An important point is the following relationship between A(_mz) (y) and
(rn)
2 ().
Proposition 4.7 The following identity holds.
A" () ==B% (). (4.10)
Proof A direct calculation shows that
A(m)(y) 2(7m2+4n178)/27[(m3+3mf2)/4det(2y)1/2§(m)71
m—1 m—2 m—1 m—1
JIra [Irwm—p/22 []e@ [Jeem—2in7" (4.11)
i=2 j=0 i=2 j=1
Meanwhile,

B () = _z<—m2+4m—8>/2n<m3+3m>/4det(2y>”%(m)“

m—2
: H L(m—1-j)/2) H M((m — j)/2)7*
=0 j=0
m—2 m—1
JTem—n[]eem—2pH" (4.12)
Noting that
m—2 m—1
[[rm—1-jp/2=ras-[]ra/2,
j=0 i=2
we conclude that A(_mZ) (y) = B(m)(y) |

From this proposition, we observe that the singularity of function

Foym—1.0G:8) + Flp (2. 5)
ats = m/2 is a simple pole.

Theorem 4.8 The residue of the constant term is as follows:

Res ZF( Doz, s) = Res, (FM 0@ 8) + By (2, 9))

s=m/2
1
= 5 an(y.m/2) - c<’”>1(y>+—v(m— Ddet(2y)~"=D2a! (v, m/2)

1
+ 3 Bu(m/2) (413)

where the notation is as above.

Proof We have
Res (F\™ | 0z 5) + F™ oz 9) = A” (3 + B ()
somga " 0.m=1,01% 0,m,0'%> Y Y
1 —(m—
= S om(y.m/2)- C () + % v(m — 1)det(2y) """ 2q,, (y, m/2)
1 o 1 14
+ g v0m = Ddet(2y) m=D12g! (y,m/2) + g B /2) + 7 By, m/2).

By the identity (4.10), the sum of the second and fifth terms in the last formula is equal to zero. This implies
(4.13). m|
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4.4 Caleulation of F\") | (z.'s)

m

‘We have one more non-holomorphic term, that is, F(g’";l)’l (z,9).
m)

Proposition 4.9 Function Fé P

.1(z, 8) has the following expression.:

Fi 1(2,9)

m—1

= 2" 7" M det(y) T (s) 20 25) " [J€ds —m = j) - c4s —2j)7")
j=1
- Y omas(cont(h)) - nu 2y, whi s, s)e(o (hx)),

heAlp
where og(a) = 20<d|a d*, and for 0 # h € A,,;, cont(h) := max{l € N | I=h e Al
Proof By definition (3.15),
F™ (2, 5)

,m,
= 2" =DD, (25 — ke (m)) T (s) 2 det(y)* det(2y) <M=
- Y > Su(diag(h, 0,-1),29)
0#heZ ez D) /(1)
- y[w)> " @ylwl, whi s — (m = 1)/2,s — (m = 1)/2)e(o ([ ).
It follows from (3.16) that
S (diag(h, Op—1). 25)

m—1
=¢Q2s—m+ D@2 [[@@s —m = j)cs —2j) )Si(h, 25 —=m + 1)
j=1
m—1

=on2s (Mt 2s)" []@ls —m — jyctas —2j)7".

j=1
In the above, we used the formula
Si(h,s) =¢() o1_s(h)

for h € Z~¢ (e.g. cf. [3, eqn.(8)]).
From Proposition 3.4, function n; is expressed as

mQ@ylwl, whys —(m —1)/2,s — (m — 1)/2)
= =D, (25 — c(m)) T det@y) P T 2ylw]) T
N Qy, whl'wl, s, 5).
Substituting (4.16) and (4.17) into (4.15), we obtain the equality (4.14).

From the above proposition, we obtain the following result:

Theorem 4.10 Function Fé’":n)’l (z, 8) has a simple pole at s = m /2.

Res, Folp1(29) = 22 0det ()" 2 o /2)7 ¢ ()~
m—2 m—1
JTem—n[]eem—2p)"
j=1 j=1

- > oo(cont(h)) 2y, whi m/2, m/2)e(o (hx)).
heh,’
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Residue of some Eisenstein...

Proof Intheexpression (4.14) of Fo(m) 1(z, ), only the last factor ¢ (4s —2m+1) in the product ]_[;'-:11 C(4s—m—j)

Jn,
has a simple pole at s = m /2 with residue 1/4. From this fact, we obtain (4.18). O
4.5 Conclusion

We summarize our results in the previous sections.
The following is a main result of this study.

Theorem 4.11

(m)
Res E
s=r;c1§2 0 9

=A™ () +B™ () Y oo(cont(n)nm 2y, wh; m/2, m/2)e(o (hx)),
heA,(,,l)

where
1 1
A (y) = 5 om(y.m/2) c™ (y) + g U = Ddet(2y)~ " D2a (v, m/2)
1
+ g Bn.m/2),

B (y) = 2" 25" der(y)™ 2T,y (m/2) " ¢ (m) ™"

m—2 m—1
JTeom=p [Teem—2pn7".
j=1 j=1

5 Remarks

5.1 Low degree cases

In this section, we provide more explicit formulas for Res,—;, 2 E(()m)(z, s), m = 2, 3. We used the notations in
the previous sections as they are.

5.1.1 Casem = 2

In this case, the constant C 1(2) (y) appearing in the term A (y) can be expressed more explicitly because we can
apply the Kronecker limit formula. For g € P>, we consider the Epstein zeta function

L(s):= Y glal™,  Re(s)> L

0£acZ@D {1}

The first Kronecker limit formula asserts that £, (s) has the following expression:

1 ) 2
Le(s) = 5(4det(g)) 1 +4nB(g) + O —1) |, (5.1)
I S 2
Here, for g = (vw’ l;)) € P,
W Y +i4//det(g) .
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and n(z) is the Dedekind eta function:

n) =e@z/20) [ [0 —€"(2). zeH.

n=1
The relationship between the complete zeta function & 1(2) (g, s) and &4 (s) is expressed as follows:
£7(8.5) = £2)¢7 (g 5) = 7T ()84 (5).

Therefore, the constant sz) (y), which is the constant term of 51(2) (2y, s), can be expressed as
2 1 _ v
17 (y) = 5 @det(y))~"/2 (y +log o— — log(det(y)) — 2log In(Wy)I2> :

Concerning o, (y, m/2), a,,(y, m/2), - - - appearing in AU (), we can calculate them explicitly as

a(y, 1) = 2ndet(y) £(2) 72,

ab(y, 1) = 2mdet(y) £(2) 2 (2log w + log(det(y)) + 2y — 6¢/(2) ¢(2)71),

Ba(y, 1) = —m2det(y)' 2 ¢(2) 72,

By(v. ) = 22det()? £ )72 (2log 2 + S log(et(y)) — ¥ +2¢/(0) + 3¢’ ¢ () 7).

From these formulas,

2 2
AP (y) = Res(Fg 4(z.9) + Fo30(z.9))

1 @ 1 12 L,
= Eaz(y, D-C/7 () + 3 v(l) - detRy)” “ay(y, 1) + gﬂz(y, D

18 (1 e g (W)|2)
=——|= —log— —1lo .
22 Jdet) \ 27 T2 08 gy T ORI

Combining with Res,—; F{3 (z, s), we obtain

Proposition 5.1

18 IR T,
@ >
Res E(z.5) = ———— ( =y + = log — — log [n(W.
P E @0 = 2 ety <2”+2 %8 g ~loeh( y”)

36det

1 20det) Y oolcont(h)ma 2y, wh 1, De(o (hx)). (5.3)
T
heal)

Remark 5.2 In [8], the author provided a formula for Eéz) (z, 0) (Siegel Eisenstein series of degree 2 and weight
2):

EP( 0)—1—L 42y + 110 Y In(W,) 2
2 = w2./det(y) 2V T2 %% s eIty
72
- Y enoolcont(h)m 2y, wh; 2, 0)e(o (hx))
0£heh,
discr(h)=0
discr(h
+288 YN dH('lS:l#)e(a(hz)). (5.4)

0#£heA; d|cont(h)

Here, H(N) is the Kronecker—Hurwitz class number and ¢;, = 1/2 if rank(h) = 1; = 1 if rank(h) = 2.
It is interesting that the same term appears in each Fourier coefficient in (5.3) and (5.4).
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5.1.2 Casem =3
From Theorem 4.11, we can write
3)
Res E ,
Res Eo (z,9)

= AP +BY () Y oolcont(h)ns 2y, wh; 3/2,3/2)e(o (hx)).
heAgl)

The quantities A (y) and B®(y) are given as follows:

AP (y)
=2 7%det(»)2c @'t @) e@ - P () + 27273 det(n) 2e 3) e (4) 7!
(=27 (1) — 42’ (2)¢(2) " 4 42/ (0) + 21og(det(y)) + 4log 7w + 61og2), B (y)

= 22717/2det(y)3/2§(3)_1§(4)_1~

Remark 5.3 In the above formulas, we may substitute

t@ =m%/6, ¢@) =nr"/90, ¢'(0)=(—log2m)/2, T'(1)=—y.

5.2 Residue at the other point

The residue we considered above was to s = m/2, and it is represented as a Fourier series. The case
Ress—(m+1) /2E(()m)(Z, s) is easier than in the above case. In fact, it becomes a constant, explicitly

Res Eém)(z, s)

s=(m+1)/2
[m/2]
= _Res Qs —m)EQ2s)”! 4s —2m — 1 42j)&@s —2))7 ).
S:(misl)/zé(s m)&(2s) }:[l(é(s m—1+2j)&@s —2/)7h

Remark 5.4 Kaufhold [3] noted that the residue of
®o(s) := ES (2, 5/2)

at s = 3 is 9077 ~2. This is a special case of the above formula because

45

[Res B (2.5) = Res €25 = 6Qs)16(s = Des =27 = .
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