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Abstract The main contribution of this paper is providing families of examples conjecturally generalizing the
almost unique known so far example introduced first by Mills and Robbins (J Number Theory 23:388-404, 1986)
of quartic power series over F3(7) having an approximation exponent equal to 2 in relation with Roth’s theorem
as proved by Lasjaunias (J Number Theory 65:206-224 1997), and having a continued fraction expansion with
an unbounded sequence of partial quotients.
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1 Introduction

Let p be a prime number and let F be a finite field of characteristic p. We let F[T], F(T) and F((T~'))
respectively denote, the ring of polynomials, the field of rational functions and the field of power series in 1/T
over IF, where T is a formal indeterminate. These fields are valuated by the ultrametric absolute value introduced

on F(T) by |P/Q| = |T|%eP)~dee(Q) where |T| > 1 is a fixed real number. We recall that each irrational
(rational) element o of F((7 1)) can be expanded as an infinite (finite) continued fraction. This will be denoted
o = lag,aiy, ..., ay,...] where the a; € F[T], with deg(a;) > 0 fori > 1, are the partial quotients and the tail

o = laj,ajt1,...] € F(T™Y)) is the complete quotient. As in the classical theory, we define recursively the
two sequences of polynomials (P,),>0 and (Q,)s>0 by Py = ay Py—1 + Pn—2 and Q,, = a, Q-1 + Qn—2, With
the initial conditions Py = ag, P = ajaz + 1, Q9 = 1 and Q| = a». We have P10, — Qn+1 P, = (—1)",
whence P, and Q,, are coprime polynomials. The rational function P,/Q, is called a convergent to « and we

have P,/Q, = lag, a1, ...,a,] and P,/P,—1 = [an, an—1, ..., aol. The following property of the continued
fraction is easily checked: when B, C are nonzero polynomials in F[T'], then
C [Bag, Cay, Bay, ...] = B[Cag, Bay, Cas, ---]. (L.1)
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As for real numbers, the continued fraction expansion of formal power series is fundamental to measure the quality
of their rational approximation. The irrationality measure (or the approximation exponent) of an irrational power
series @ € F((T ™)) is defined by:

v(a) = — limsup log(ja — P/Q[)/log(|Q])

[Q]—>00

where P, Q € F[T]. It is directly related to the growth of the sequence of the degrees of the partial quotients in
the continued fraction expansion of «. Indeed we have

v(a) = 2 + lim sup(deg(ay,+1)/ Z deg(a;)). (1.2)
n>1

1<i<n

Note that the irrationality measure is stable under a Mobius transformation.

For a general presentation of continued fractions and diophantine approximation in the function field case,
the reader may consult [15] or ([16] Chap. 9).

We consider infinite continued fractions in F((7~!)) which are algebraic over (7). The study of their
rational approximation was initiated by Mahler [9]. The starting point in the study of rational approximation
to algebraic real numbers is a famous theorem of Liouville established in 1850. This theorem was adapted by
Mahler in the fields of power series with an arbitrary base field: if « is an element of F((7~!)), algebraic of
degree n > 1 over IF(T'), then for all element P/Q of [F(T'), there exists a positive real number ¢ such that

lo = P/Ql = c/|QI".

This result implies that v(«) < n. In the case of real numbers, a well known improvement to Liouville’s theorem
was established in the form of Roth’s theorem [14]. This improvement on the exponent is that for any irrational
algebraic real number «, v(a) = 2. It carries over to fields of power series if the base field has characteristic
zero, as proved by Uchiyama in 1960 [17], the exponent of an irrational algebraic power series is still 2. In this
case the exponent n in the right hand side of the above inequality can be replaced by 2 4+ ¢ for all ¢ > 0 .
But a naive analog of Roth’s theorem now fails in positive characteristic and consequently the study of rational
approximation to algebraic elements becomes more complex. Mahler [9] gave an example showing that the
approximation exponent v(«) could as large as n, the degree of «. He considered the irrational solution in
IFP((T’I)) of the equation x = 1/T + x”. For this element «, algebraic of degree p, we have rationals P/Q,
with | Q| arbitrarily large, and |« — P/Q| = |Q|P.

Regarding diophantine approximation and continued fractions, a particular subset of elements in F((7 1)),
algebraic over F(T) is worth considering. For r = p’ with r > 0, we denote by H(r) the subset of irrational «
belonging to F((T ™)) and satisfying an algebraic equation of the particular form Ae”+! + Ba” +Ca + D = 0,
where A, B, C and D belong to F[T]. Note that H(1) is simply the set of quadratic irrational elements in
F((T~')). The union of the subsets H(p'), for ¢ > 0, denoted by H, is the set of hyperquadratic power series.

The rational approximation properties of the elements of H, were studied independently by Voloch [18], and
de Mathan [10]. They proved that:

Ifa € H,and P/Q € F(T), either we have

liminf |Q*la — P/Q| > 0 (1.3)
10|—> 00

or there exists a real number @ > 2 such that

liminf |Q[*|a — P/ Q| < oo. (1.4)
10]—>00

With respect to this, de Mathan and Lasjaunias [6], have shown that if an algebraic element does not belong to
'H, then it cannot be too well approximated by rationals : if @ ¢ H and it is algebraic of degree n > 1 over [F(T),
then, for all € > 0, we have | — P/ Q| > |Q|~1*/21%1+€) ‘forall P/Q € F(T) with | Q| large enough. This last
property highlights the peculiarity of the set . If rational approximation to certain hyperquadratic power series
is well known, this is also due to the possibility of explicitly describing their continued fraction expansion. The
first works in this area were undertaken by Baum and Sweet [3]. Later this has been done for many examples
and for different subclasses of hyperquadratic elements (see in particular [15]). Nevertheless, the possibility of
describing the continued fraction expansion for all hyperquadratic power series is yet an open problem. In [13]
Mills and Robbins studied this problem by describing an algorithm to obtain, in certain cases, the continued
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fraction expansion for a hyperquadratic power series. They ultimately considered (p.403) the following algebraic
equation:

4P —Tx+1=0. (1.5)

They observed that this equation has a unique solution « in IFP((T’I)) for all primes p noting that for this
solution, the continued fraction expansion has a remarkable pattern in both cases p = 3 and p = 13. The
expansion in the case p = 3 was explicitly described by Buck and Robbins [4], and later by Lasjaunias [5] who
used another somewhat easier method. Indeed, they recursively defined the following polynomial sequences:

Q=0 =T, Q= 1.-T.Q0, -T.Q_1 for n=2.

(here Q,(f) denotes the sequence obtained by cubing each element of €2; and commas indicating juxtaposition

of sequences); then they proved that [0, €2,,] is the beginning for all n > 0 of the continued fraction expansion

of this solution. This element satisfies, |ler‘n inf |0 — P/Q| =0and |lérln inf |Q|*|a — P/Q| = oo for all
—> 00 —> 00

w > 2. So it satisfies neither (1.3) nor (1.4). Thus it does not belong to the set 7. This result was given by
Lasjaunias in [5], by proving that there are two real positive constants A1 and A, such that, for some rationals
P/Q with | Q| arbitrary large, we have [o — P/ Q| < |Q|~ @+ 1v10glQD "and for all rationals P/Q with |Q| > 1,
we have o — P/ Q| > |Q|~@+*2vIogl@D  For instance, this element seems to be the first algebraic element for
which the exponent approximation is equal to 2, although its partial quotients are unbounded.

Note that for each prime p > 3, the continued fraction expansion of the solution of (1.5) is remarkable and
it has two different regular patterns and two different values of irrationality measure according to the remainder,
1 or 2, in the division of p by 3, see [2,8] for more details.

Our work is organized as follow. In the second Section we will extend the set of counter-examples initiated
by Mabhler [9]. We will compute the continued fraction and the approximation exponent of some quartic power
series which are hyperquadratic over 3. For this, we will use an earlier theorem which allows us to determine
the approximation exponent of an algebraic element when it is large enough, i.e, not close to 2. The basic idea
of this theorem is due to Voloch [18]. It has been improved by de Mathan [11].

Theorem 1.1 ([7] p. 219) Let o € F((TY)). Assume that there is a sequence
(Pu, Qn)n=0, with Py, Q, € F[T], satisfying the following conditions:
(1) There are two real constants ). > 0 et ;u > 1, such that

|Onl = A Qn—1" and [Qnl > 1Qn-1| for all n>1.
(2) There are two real constants p > 0 and y > 1+ /i, such that

n
o — —

=p|Ou7Y for all n>0.
On

Then we have v(a) = y.

This Theorem allows us to find the approximation exponent of several examples of hyperquadratic ele-
ments(see [1,7]).

In Section 3 of this work, we will study the continued fraction expansion of the solution « of the quartic
equation

C’a* +2Ca> — A’a+1=0 (1.6)

where A and C are nonzero polynomials in F3[ 7] such that A is not constant, C divides A and deg A > deg C. By
computing the approximation exponent of the solution of this equation, we will prove that is not hyperquadratic.
Our observation, based on computer calculation giving a finite number of partial quotients for many couples
(A, C) of polynomials, implies that the solution of the equation (1.6) has very regular pattern in its continued
fraction expansion. Note that this equation can be viewed as a generalization of the equation (1.5) introduced by
Mills and Robbins. The properties of rational approximation of @ were studied by Lasjaunias in [5] for the case
A =T and C = —1. For this case, the tools used to obtain a proof might well be applied in the general case, but
we are aware that a different approach would be desirable. We will recall the steps of the proof and we will just
give our result conjecturally. Thus we present a large family of algebraic power series having an approximation
exponent value equal to 2, even though the degrees of their partial quotients are unbounded.
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2 Diophantine approximation for some hyperquadratic power series of degree four over F3(7T)

In this section we will study respectively the properties of rational approximations of the solutions of the equations
Cp* — AB+1=0and —p* — AB + C = 0, where A and C belong to F3[T].

Theorem 2.1 Let B be the irrational solution of the equation

CB*—AB+1=0 2.1)
such that deg A > deg C. Assume that C divides A. Then the continued fraction expansion of B is

[bo, b1, ... by, .. .]
such that bo = 0, by = A and for alln > 2:

3 . . .
b, — { Cb,_, if n is odd; 2.2)

bg_l/ —C ifniseven.
Furthermore, v(B) = 4.

Proof . Clear we have |8| < 1 then by = 0. Let 81 = B! then f; satisfies the equation ,Bf — Aﬁl3 +C =0.
Clearly [B1] = b1 = A.1In fact, as |i] > 1 then |B}| = |AB; + C| = |AB}| so |Bi] = |A|, and since

1B1—A| = |C/,3]3| < 1 then we obtain that [81] = A. We can write the equation satisfied by 81 as ﬁ13 =

pr—A
So
Bl = —Cho. 2.3)
Applying the Frobenius automorphism to both terms of the identity 8y = b; + 1/8, and using 8, = by + 1/83
1 b
we obtain by + — = — + 7. As C divides A = by then C divides b7, so we get that by = b}/ — C and
B —C —CB;
By = —CB3.
. . . 1 3 -C . 3
Again, this gives that b3 + /3_ =—-Cb; + ? So we obtain b3 = —Cb5 and
4 3
A3
= — 24
Pa=—¢ (2.4)
This gives that C divides b3 and (2.3) has the same shape as (2.4). We now claim that for all k > 1,
{bzk =b3_y/ = C.byy1 = —Cb}, 2.5)
Bok+2 = B3t/ — C. Boks1 = —CB3, '

Clearly (2.5) is true for k = 1. So we assume (2.5) for k =/ > 1. Then

1
=(b3. ) -C)+ ——].
,321+2 (( 21+1/ ) _C:B%Jrz)

From (2.5) we have C divides b3, , |. This implies that by = b3,, |/ — C and o143 = —CP5,,,. Then
1 —-C

Pa+3 = —C <b§z+z + 3—> = —Cbyyo+ —5—,
2143 20+3

which implies by 3 = —Cb%l+2 and B4 = ,3231+3/ — C. Thus (2.5) is also true for k = [ + 1. By induction,
we see that (2.5) holds for all kK > 1.
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972 K. Ayadi et al.

Furthermore, we can verify that the equality (2.2) gives that for all n > 1:

3n—l+(71)n
4 .

by = (—1)" LAY -
Thus the continued fraction expansion of § can be written as
[0, A —A3C AT 2 AT T, (A o T } .

Now let a = deg A and ¢ = deg C. Knowing all the partial quotients of §, we can compute its approximation
exponent by the formula (1.2):

n _1yn+l
Mg — %c

v(B) = 2 + lim sup S
ZZ:I(Sk_la_ 3 -Z( 1) )

—2+4+2=4.
O

In the next Theorem, we will give the value of v(B) for B satisfying the equation (2.1) with the condition on the
coefficients of this equation that is: C does not divides A.

Theorem 2.2 Let 8 be the irrational solution of equation (2.1) such that deg A > deg C. Assume that C does
not divide A. Then
degC

v(p) =4 deg A’

Proof Let 81 and B, be the first and the second complete quotient of 8. So B satisfies the equation ﬁf —A,313+C =
0. We have that [1] = A and since 81 = A 4 1/B> then we can easily see that B, satisfies the equation
CB; + A3B3 + 1 = 0. Hence |81] = |A| and |B2| = |A3/C]. Let s be a positive rational number such that
|A| = |C|*. We consider the following sequence: Py = 1, Qo = A and forn > 1

Pn = Q,3171
0, =AQ}_| —CP}

n—1-

Then for all n > 0:

"3 _ ﬁ — ‘ 1 _ Q131—1 _ CPn3—1 - CQ2—1ﬁ3
On CB*—A AQ} | —CP}, (CB = A)AQ, | —CP)_))
As|CB® — Al =|Aland [AQ3 | —CP? || =]AQ3 ,|foralln > I, then we get
‘ CPa| _ICNPai = QP ICT|, Pu
On |A12|Qn1]3 |A|2 On—1
We show by recursion that for all n > 0:
”3 P _ |C|(3 {l) Py 4
On |A]3" 1 Qo
P 1 A— 1 c P ” ; .
Since ﬂ——o :‘ﬁ——‘:' ﬂl': 3 :|_|5then‘ﬁ__0 =|C|3 |A|75'3.S0
Qo A IBillAL AR IA] Qo
‘ﬂ - 3 = 1CIP TP A A = (e A e )
n
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s P, _ @s—D3 oy 3 3
Let|A| = |C|*. Then |8 — E = |C| 2 . Secondly, we have foralln > 1 0, = AQ; | —CP;_,
then
10nl = 1A11Qn—11.
Again by recursion we show that
3)1;] 3n 3;1+17] S3n+175.
|Onl =1AI"Z | Qol” =A] 27 =I[C| 2
So we obtain foralln > 0 :
P 1
' - = (2.6)
Qul|CI1Qul
4s — 1

Since deg A > deg C then s > 1. So

1 .
=4—-- > 1+«/§.Hence,1fweputu=3,k=|A|,p=
s

1
1/|C1*,y = (4s — 1)/stheny > 1 + /1 and following Theorem 1.1 we conclude that v(8) =4 — —. O
s

N

Theorem 2.3 Let B be the irrational solution of the equation

—B*—AB+C=0 2.7)
such that deg A > deg C. Assume that C divides A. Then the continued fraction expansion of  is

[bo, b1, ..., by, ...]
such that bo = 0, by = A/C and for alln > 2:

311—I+(71)n
4 .

A n—1
by = (6)3 (©) (2.8)

Furthermore, v(B) = 4.
Proof Clearly we have |8| < 1 then by = 0. Let 8; = B! then B satisfies the equation C,Bf — Aﬂl3 —-1=0.

A 1
Clearly [B1] = b1 = A/C. So the first partial quotient of 81 isb; = A/C and 81 = I + ’3— We can easily see
2

that 8 satisfies

3 1 B
Bi=——F7 =",
“AfCBC

C
then Cﬂ% = B2. So Cb% + F = f,. Hence by = Cb? and B3 = ﬁg /C. We apply again the same reasoning
2

by 1
and we obtain that 3 = EZ + a so by = bg /C and B4 = C,333 . By recurrence on k we prove easily that
3

Bok = CB3,_,. Bo+1 = B3,/ C and

3 Py .
b — { Cb;_, ifkiseven; 2.9

b}_,/C ifkisodd.

2_
On the other hand, we have by = bg/C = Czb%2 and by = Cbg = C32_2bf3. We remark that b3 = C3le?2

EGLETC |
T

3
and by = C 347“19%3. So by a simple recurrence on k we can prove that by = C by . Then we deduce
that the sequences of partial quotients of g is given by: by =0, b1 = A/C and for alln > 2:

3l
4

by = (A/C) ' C
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974 K. Ayadi et al.

Let a = deg A and ¢ = deg C. We can compute the approximation exponent of 8 by the formula (1.2):

i 3'a—c)— —3n+(;1)n+1 c
v(B) = 2 + lim sup

Zzzl(3k—l(a —c) — wc)
=2+2=4.

O

In the following Theorem, we will give the value of v(8) for B satisfying the equation (2.7) with the condition
on the coefficients of this equation that is: C does not divides A.

Theorem 2.4 Let 8 be the irrational solution of equation (2.7) such that deg A > deg C. Assume that C does
3
not divide A. Suppose that |A| = |C|* withs > ———. Then

3-3
3

vie) =4— -
s

Proof . Let B be the first complete quotient of 8. We can easily see that 8 satisfies the equation CS f - A,B? —1=
0and |B;| = |A/C|. So we have |81 = |C|*~ L.
We consider the following sequence: Pp = A, Q¢ = C and forn > 1

Py = AP + 05,

On = CP;—l
o 1 A P Q0 A
It is easily to see that 81 = ——+= and — = — + = Then for all n > 0:
cpy C O, cp_, C
P, 1 3 1 Py P 1
ﬂl__—'_3_Q”3l = 3ﬂ_ n-l = =|B1 — Fot .Weshowby
On CBy CP; [CUBLIP[1B1] 1B11Qn—1 IClIB11 On-1
recursion that for all n > 0:
P, <3"—1) Po
Br——|=IC Br — —
Qn QO
. Py A 1 P il
Smceﬁl——=,31——’= Sthen B — —| =|C|7 (g7
Qo C [C|B1] Qo
P, ol 2 yantl ¢ (=132t 1)—1
,31—Q— ICI™ 2 |Bil 2 =IC 2
n

On the other hand, we have foralln > 1 Q, = CPn3_1 and since |P,—1| = |C*"!'|Q,_1] then

5—2
|Onl = 1CI*721Qu P
Again by recursion we show that

(Bs—2)3"—1)

1041 = 1175100 = 101

—%+2

So we obtain for all n > 0:

3(3 I)

Br——=IC|" |0
Qn !
i i 3 4s — 3
We can verifies that if 5 > 3= then > 1 + /3. Hence by Theorem (1.1) we conclude that
— S
3 3degC
=4——-=4- . O
v(B1) . deg A
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3 Diophantine approximation of some not hyperquadratic power series of degree four over F3(7)

Now we will give a family of formal power series, defined by their continued fraction expansion, having a
minimum value of approximation exponent. Before this, we recall some usual properties of continued fractions.

If Q¢ = a1, ap, ..., ar is a sequence of polynomials, we denote €2 the sequence obtained by reversing the terms
of Q, 1.e, Qi = ay, ax—_1, ..., a;. If B is nonzero element of F3[7T] such that B divides a; for all odd i then

B~'Qy = B lay, Ba, . . .,
B(")kak. Also, if B is nonzero element of IF3[7] such that B divides a; for all even i then
BQ = Baj, B lay, ..., B(’l)k_lak. In particular, if € is nonzero element of F3 then we write €2 for

k—1 . —
eaj, e lay, ..., e ay. Moreover, in [F3 we have ¢ I — ¢

Theorem 3.1 Let A and C be two nonzero polynomials in F3[T'] such that A is not constant, deg C < deg A and
C divides A. Let us define the sequence (2,)n>1 0f finite sequences of elements of F3[T] recursively by Q0 = 0,
Qi = A% and foralln > 0

1 ~
Qopy1 = Q. 242, Esz;?,)_l, 242, D,

Qonin = Qonsr, A2/C, 0P 242, Lo G
2n+2 = Na2n+1, / 7% o ai 2n+1
Let Qoo = lim . Let 0 € F3((T™Y) such that 6 = [0,a1,...,ay,...] = [0, Qeol. Then, there exist
n—-0o0

explicitly positive numbers A1 and \y such that for some rationals P/ Q with | Q| arbitrarily large, we have

0 — P/Q| < |Q|”@tHi/vdee D) (3.2)

and, for all rationals P/Q with | Q| sufficiently large, we have

6 — P/Q| > | Q| @tra/vdee D) (3.3)

where A1 = 2/~/3 and }y > 2/~/3.

Proof . We have Q) = A%, A®,2A%,2A?/C. Since C divides a; = A% and a3 = 2A?, then C divides the partial
quotient of odd index in 2,. Suppose that C divides the partial quotients with odd index in €2, for an even n.

n—1°

1 ~
From (3.1) we have Q41 = Q,, 242, EQG) 2A%, Q,. As Q, has even number of partial quotients then 2A2

1
is a partial quotient with odd index and C divides it. Furthermore, EQS’)I has odd number of partial quotients

and begins with a partial quotient with even index, then the partial quotient 2A2, coming after it, has an odd
index and C divides it. Finally, as C divides all the partial quotients with odd index in €2, then it divides all
partial quotients with even index in £2,,. So we can compute all the partial quotients of C ™', | which is

C'Qu =C7'Q,,24%/C, %fo_)l, 242/C, CSQ,.

By recursion, we prove that we can compute all partial quotients of C ', for all n.
We put a = deg A and ¢ = deg C. Let us define for each n > 0, the sequence €2 of the degrees of the elements
of ,,. The sequence ¢~ Q¥ is the sequence of degree of C~'$2,. We get, from the recursive definition (3.1),
Qp =9 and

Qf =2a

Q; =2a,2a —c,2a,2a —c¢

Qg‘ =2a,2a —c,2a,2a — c,2a, (6a — 2c),2a,2a — c,2a,2a — c,2a

Q =Q3,2a —c, (6a —c,6a —2c,6a — c, b6a —2c), 2a, c’ng‘

Q5 = Q},2a,6a —2c,6a —c,6a — 2c, 6a — ¢, 6a — 2c, (18a — 4c), 6a — 2¢, 6a — ¢, 6a — 2c,

6a — c,6a — 2c, 2a, EZI

From the definition of the approximation exponent, we see that we shall use, forall k > 1, Q; 141 L0 compute
the value of the approximation exponent. Again, from (3.1) and by induction on k we see that 3, | has an odd

3k + (_1)k+l

number of terms, has 2(3¥a — fc) as the central term, and is reversible.
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976 K. Ayadi et al.

For k > 1 we put dy = degay and P/Q = [ay,...,ar]. We define k; = inf{k > 1;dy = 23ia —
31’ + (_1)i+1
fc)}. So we have
31 —1 i+1
Y d=203a L ) +2) dr. (3.4)
aA692,+1 k<k

Now we put D,, = Z dy. Furthermore, we have D, = deg 2,, = 2deg Q.

ar €y
2i+1 k—1 k 2i+1 2i+1
_ 3 + (—1) 3 —1 3 -3
Doy :22(3" la—fc)zl( S 0
k=1

Hence, if (Ux/ Vi)ik>0 is the sequence of convergents of 6, the relation (3.32) implies, fori > 1,

deg Vi,—1 = Z dy

k<kl‘
) 3i -1 i+1
= (Dais ~ 20— 2oy
3241 230 c ic
=@ - DA+ )

) 3i -1 i+1
We can easily verify that 2(3'a — %c) >2/ x/g,/deg Vk; —1, which gives that

. 3[ + (_I)H-l )
— 'q— —m8
7| 4 < Vi [PV T,
On the other hand, for i > 1, we have
. 31' + (_1)i+1
-2(3la— ——————c L
|0 — Ug;—1/ V-1l = |T| 4 [Vig—1177.

So, we obtain the desired inequality for P/Q = Uy, 1/ Vi,—1 and fori > 1, with 4| = 2/\/§.
Furthermore if Uy / Vi is a convergent to 6, then

deg Vi,—1 < deg Vi < deg Vi,,,—1 implies |0 — Uy/Vi| = |T|%+1 U |2
) 3i —1 i+1
2(3ia — LC
As lim sup 4 = 2/«/§, then, if A, > 2/«/§, we can write

Jvdeg Vi, —1
; 3i + (_1)i+1
2(3'a — fc’) < Aay/deg Vi,—1 < Aay/deg Vi

for i large enough. It follows that (3.3) holds for Uy / Vi with k large enough. Since the convergents are the best
rational approximation, this is also true for all P/Q with | Q| large enough. m|

Let 8 € F3( (T~1)) be the solution of the equation (2.1) such that C divides A. We know from the Theorem
2.4 that the continued fraction expansion of 8 is:

[bo, b1, ..., by, ...]

such that bp =0, by = A and for all n > 2:

3= ‘+< n"

n_( l)n 1A3nlc—
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In the next part, we will compute the continued fraction expansion and the approximation exponent of o =

n—1 n
B2=10,A4,-A3/C,.... (=1)" 1A 'c= 5" .. ]2 Note that, from the equation (2.1), 8 satisfies f =
(CB*+1)/A. So B2 = (C,B4 1)2/ A2, which gives that C28% + 2C8* + 1 = A?>. Then we deduce that «
satisfies the equation C2a* + 2Ca? — A%a? 4+ 1 = 0 which is the equation (1.6).
We set « = [ag, ai,...,an,...]. Observe that ag = 0 from the definition of « since |8] < 1. Then we
introduce the usual two sequences of polynomials of F3[7'], defined inductively by

Up=0, Ui=1 W=1 Vi=a,
Up=ayUp—1 +Up—2, Vi=0ayVy—1+ Va2

forn > 2. So (U, / Vu)n=0 is the sequence of the convergents to «.
Now, in order to compute all the partial quotients of «, we need to introduce a series of Lemmas.

Lemma 3.1 Let (P,/Qn)n>0 be the sequence of convergents of B. Then Py =0, Qo =1, Pt =1, Q1 = A and
foralln > 1:

P2n+l = Q%n { P2n - Q2 l/C
and n- 3.5
{ Qa1 = AQ3, — CP;, Q2 = —(A/C)Q5,  + P5,_, o)

P
Proof . From the equality (2.8) defining the sequence of partial quotients of B we can easily check that Q_2 =

2
—A3/C P3 —AZ/C3+1
0,A,—A%/Cl = ———— and — = [0, A, —A%/C,A°/C?] = .So P, =
[ /Ol = ey ™, =1 /A% —ABCT A CT 0
-A3/C = -Q3/C, Q) = —A“/C +1 = —(A/C)Q3 + P}, s = —A2/C?* +1 = Q3 and Q03 =

—AB/C3 + A9/C2 +1= AQ2 CP2 Hence (3.5) is satisfied for n = 1. Suppose that (3.5) is satisfied for
n=1> 1. We know that Py;12 = byj42Paj+1 + Py and Qo142 = b2 Q21+1 + Q2. Then

Poya = b3,/ — C)Q3 — 03 _1/C = (b31,,0% + Q3 _)/ — C
= (by+10Qu + Qu-1)*/ — C=—03,,,/C,

and

Q42 = B34,/ — CO)AQ3 — CP3) + (—(A/C)Q3,_, + P3_))
—(A/C) (D34, Q% + Q3 1) + B34 P3y + P3 )
—(A/C)Q3 1 + Piy-

So the right part of (3.5) is satisfied for n = [/ 4 1. Samely, we can obtain the left part. By induction, we see that
(3.5) holds for all n > 1. O

We note that the polynomials P, and Q, defined in the previous Lemma will be used throughout the rest of
this section. Also, it is clear that C divides Q,, for all n odd integer. Moreover, for the proofs of the following
Lemmas, we will follow [5] fairly closely.

Lemma 3.2 Let P and Q be two polynomials of F3[X], with Q # 0, and n a positive integer. Suppose that
POy — QP #0.1f

|0nl?
10|

101 <|0n*> and |PQ2—QP? < (3.6)

then P/Q is a convergent to o. Moreover, if P and Q are coprime and the convergent P/Q is Ui/ Vi, then we
have

lak+1l = 1P Q2 — QPO 0ul (3.7)
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Proof We have forn > 0
1B = (Pu/Qn)*| = |B = (Pu/ Q1B + (Pa/ Q).

Since || = | P,/ Qx| = |A|”!, we have two terms in the sum, each with the absolute value |A|~! and the same
dominant coefficient. So this becomes

1B% — (Pa/ Q)| = 1B — (Pa/ Q)IAIT" =100 Qust 1A

So
18 = (Pon/Q2n)* = 1020 Q2ns11 AT = 1000744172, (3.8)
1B = (Pans1/ Qa0 1)?] = 102041 Qans2| AT = |Qansa | 7H1A%/C1 7N 3.9)
From the equalities (3.8) and (3.9) we have:
1 1 1 [P Q% — QP2
_ Pn u 2 < < < n n
o = Enl Q™1 = 16 31aT = TouF S 10nP101 = 10aPI0]
Hence
ot — (Pu/Qn)*| < |1P/Q — (Pu/Qn)?l.
Therefore,
lo — P/O| = |a — (Py/Qu)* + (Py/Qn)* = P/Q| = |P/Q — (Py/ 0)*|
and by (3.6)

lo — P/0O| < 0|72

This shows that P/ Q is a convergent to «. Now if P and Q are coprime and P/Q = Uy / Vi, we have |Q| = | Vi|.
Besides, we know that

lor = Ui/ Viel = Vil lags1| ™"
Since
lor = Ui/ Vil = |P/Q — (Pa/ Qu)?|.
then (3.7) holds and so we obtain the desired result. |
We denote by a = deg A and ¢ = deg C.
Lemma 3.3 We consider the following sequences of rational functions:
Ry

— = P2/Q%, for all n>1. (3.10)
Sl,n

Ry {c—lpfgg/(c—lgﬁ +1) ifnis odd;

S2.n P2QZ/(Q% + 1) ifnis even.
Ryn [ PXH—0QiC'+1)/—C 108 ifnis odd,
Sin P,%(Q: + 2)/Q2 if nis even.

Then forall 1 <i <3, R;,/Si, is a convergent to o. Further R;, and S; , are coprime, and if we put m(i, n)
the integer such that Uy ny/ Vinii,n)y = Rin/Sin then:

deganm1,n)y+1 =2a if n is even and degapn+1 =2a—c if n is odd,
degam2,n)+1 =2a for all n,
degam@.n+1 =2a if n is even and degan3n+1 =2a—c if n is odd.

3,n Ry 1

Moreover, we have

is the convergent which comes before
3.n Sl,n+1

, L.

Un,n+1)=1/ Vi ,n+1)=1 = R3,1 /S35
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n .
= P2/Q2 is a sequence convergent of « such

N
that deg a,,(1,n)+1 = 2a if n is even and deg a,,,(1,n)+1 = 2a — c if n is odd.
On the other hand we have |S>.,| = [C|71Qn|* < |Qui1l? if nisodd and |S,| = [Qn]* < |Qny1l? if nis

even. Moreover, for odd n we have |S3 ,| = |Q,1|6|C|’1 < |Q,,+1|2, and for even n we have |53 ,| = |Qn|6 <
|Qn+1]% then we obtain the first part of the condition (3.6).
*)For odd n:

2 2 2 Q Q4
Rz»n Qn+] - S2,nPn+l - P Qn+1 — +1 n+]

C C
2 4 6
2 Qn Q Qn
= (1 = Py410On ?—<?+1>E
2
(1) % (2
C C C C?
_%
ol
2 4
Let H be a common divisor to R, and S», then H divides ?” and so H divides ?” Since H divides

4
Son = % + 1 then H divides 1. Thus, R> , and S , are coprime. On the other hand,

104> 1Qns1)?
<

= |A/C1*| 0,
IC| 182, "

2
|R2,nQn+1 SZ nP +1| =

Rop .
So —= is a convergent to o and
2.n

lam@m+11 = 10a 2ICPIQul ™ Qnt11? = 1041 72IC1210al ™A/ CP1Q4I° = |A.
*)For even n:
IRy Q%) — S2a P2 | = IP2Q202., — (0% + P2,

= (1 4+ Pyy102)20% — (04 + 1D QS|
=1+ 0hH%02 — (01 + DY)

1Qnt11?
=10, < |;2+| = |A]1Qn1%.
N7

n .
is a convergent to « and
2.n

Moreover, it is clear that R , and S3 , are coprime. So

lam@.m+1] = 10212100 " Qns1 1> = 10,1 721041 HAP1 0,10 = 1A

*)For odd n:

P, (—Q—+1)Qn+1 + % Pn-H

or 0508
Z‘—(l— n+1Qn)( )+?E

2
|R3,nQn+1 S3n +1|
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— _(1_Q_ﬁ)z(Q_ﬁ_l)_{_Q_SQ_S
C C C C?
2
:1§||Q;+1|| _ i)
3.n

3.n

This gives that R3 , and S3 , are coprime. So is a convergent to o and

3.n

lamGmy+1] = 10alC1C11Qni1 1> = 104178IC11A/ C1710.1° = 1A%/ C].

*)For even n:

IR, 02, — S3., P2 | = P20} +2)0%, | — 0SP2, ||
= [(1 = Pr102)*(QF +2) — 0508
=1(1-0H%0%+2) - 0P
2
w1l _ 2
|S3,n|

R3,n

This gives that R3 , and S3 , are coprime. So is a convergent to o and

3.n

lamGm+1] = 10l 01 0ns11* = 10,1701A1110,1° = |A%.

Furthermore, we note that we have |5} 41| = |Qps1|> = |A|2|Q2| = |S3,n||A|2 foreven n and |S1 41| =
|0ni1l> = |A/CI?1Qn1® = |S3.4|A%/C| for odd n, this leads to deduce that R3_,/S3., is the convergent coming
before R1 ,+1/S1,n+1- O

We introduce 21 ,, 22 , and €23, the sequences of partial quotients which represent respectively the convergents
R R R

L s 2n and 3.n . Then:
N 1,n S2, n S 3.n

Rin/Sin =10, ,] and Qi , =ai,...,anin for n>0and 1 <i <3.
We have Ry 1/S1.1 = 1/A2 s0 Q1 =a; = AZ. Further,
Ri2/S12 = P3/0Q3 =10, A% A%/C,2A%,2A%/C]

so Q10 = A%, A%/C,2A%,2A%/C.

Note that for n > 1, we have 1 < [S1,| < [S2.4] < |S3,,] then m(1,n) < m(2,n) < m(3,n). We put
Aoy = amam+2, -+ AGme,n) a0d A3, = Am@,n)+2, - - - » m(3,n)- Then, from the previous Lemma we can write
forn > 1:

QZ,n = Ql,ns Am(1,n)+1, A2,na
Q3. = Q1 s An,m)+15 A2,ns Gn@,n)+1, A3 0.

So, from (3.11) we can write for n > 1:

Qi1 = Qs A1) +15 A2y Q@) +15 D30 GGy +1- (3.12)

On the other hand, observations by computers of the first few hundred of partial quotients of the solution «
of (1.6) show that C divides all partial quotients with odd index of any sequence 2; = aj, as, ..., a; and we
can compute the sequence of partial quotients of C '€, as we have describe above. So, we admit this in the
following Lemma, more precisely, equality (3.17) below. However, we are not able to provide a proof. For this
reason, we will state our last result as a conjecture and we will expose this problem as an open question at the
end of this section.
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Lemma 3.4 There exists, a sequences (€n)n>1 0of nonzero element of F3, such that -)For even n:
! 3.13)
Am(l,n)—k = €n (ZC)(fl)k Ak+1 .
for each (k,n) with0 < k <m(1,n) — 1; n > 1. Further, we have forn > 2,
~ 1 ~
!A?a,n, Am@B,n)+1 = En—HQl,n = %Ql,n; AZ,n = €n+1A2,n
Am@Bm)+1 = Eny1 A% Am(1,m)+1 = €n+1am2,n)+1
-)For odd n:
Am(1,n)—k = €nAk+1 (3.14)
for each (k,n) with0 < k <m(1,n) — 1; n > 1. Further we have for n > 2,
~ 1 ~
AS,ns Am@3,n)+1 = 6n—HQl,n = Ql,n; A2,n = En+liA2,n
1
Am@B,n)+1 = en+12A2/C; Am(1,n)+1 = 6n+lfam(2,n)+l
Proof If n is even: By (3.10) and (3.11), we can write
Un(my = €4 Py, Viin) = €,02 (3.15)
and
_ _1p2 4 —1 _ 1 A6 " 2
Unany-1 =€, P;_1(=0Q0,_1C7 +1), Vinmy—1 = —€,0,_1/C =¢€,2CP, (3.16)

where €, and €,/ are nonzero elements of F3. We write €, = €, /€,..

We can write Viy(1,0)/ Vin(1,n) =1 = [@m(1,n), Gm(,n)=1, - - - » a1]. On the other hand, by (3.15) and (3.16), we

have
V(i) I Vaan 1 1 ]
T = s = e ;
Vin(,n)—1 2C Unq,n 2C [0, ay, ..., am,m]
therefore:
[am,nys Gma,my=1, ..., a1l = eni[al’ ces Q1)
Admit that

1 i m(l,n
ensglan . anaml = @0 ... 2O a, .. 0)Y o

Am(1,n)]-

Then we can write 51,,1 =€, ZLQ]’,, and we get equality (3.13).
If n is odd: Again by (3.10) and (3.11), we can write
Unty = €,Ps Vi = €,0;
and
Un(tm-1 =€ Py1(Qy =D Va1 = €,Q5_y = P;
Then we obtain

Vin(,n) _. Vinany 1

—=c ;
Vin(1,n)—1 " Ui "10,a1, ..., ana.n]
therefore:
[am.n), Gm =1, -+ a1l = €lat, ..., am )l

Then we can write Sﬁél,n = €,21 , and we get equality (3.14).

(3.17)

(3.18)

(3.19)
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Forn > 1, we put 1, = aj, A1,,. Hence, for n > 1, (3.12) becomes

Qi1 = A% Al Gty 1> D2ons @@y 11> D3y GmBny il - (3.20)

For each finite sequence of nonzero polynomials, we define its degree as being the sum of the degrees of its
terms. We have deg Qi = deg S1., =2deg Q,.

*)If n is even then Q4 ,4+1 = €,4+1S21,4+1. Further we have deg S> , = 4deg O, and deg 53, = 6deg Q.
As deg O, = 3deg Q,—1 + a — c then if we put w, = 6deg Q,,—1 — 2c then deg Q2 , = w,, 4+ 2a, deg $2., =
12deg Q,,—1+4a—4c = 2a+w,+2a+w, and deg S3,,, = 18deg Q,,—1+6a—6¢ = 2a+w,+2a+w,+2a+w,.

As degap1,m+1 = degamon+1 = degamany+1 = 2a then if we write the sequence of the degrees of
the components in the right side of (3 20), we obtain the sequence, of 7 terms:2a, wy, 2a, wy, 2a, wy, 2a, As
this sequence is reversible and Q] 41 = €nt1821 n41, it is clear that A3 n = €nt1l1n, Aoy = e,,+1A2 o

AnGy+1 = €nt1A%, Qn(i 41 = Ent1am@n)+1-
#)If n is odd then S~21,,,+1 = G"HEQI’"H' Further we have deg S», = 4deg Q,, — ¢ and deg S3, =

6deg O, — c. As deg Q, = 3deg Q,—1 + a then if we put w, = 6deg Q,_1 then deg 21, = w, + 2a,
deg S, = 12deg Q-1 +4a —c = 2a + w, +2a —c + w, and deg S3, = 18deg 0,1 + 6a — c =
2a +wy, +2a — ¢+ wy, +2a + wy. As deg ay (1,041 = 2a — ¢, deg a 2,041 = 2a and deg a,,3,1)+1 = 2a —c,
then if we write the sequence of the degrees of the components in the right side of (3.20), we obtain the sequence,

of 7 terms:2a, w,, 2a —c, wy, 2a, w,, 2a —c. As 91 ntl = e,H_lle n+1,1tis clearthatA3 n =€n+12CA1 p,

A2,n = 6n+12CA2,ns Am@3,n)+1 = €n+1A2/2Cs Am(1,n)+1 = €n+1 iam(zﬂ)‘i'l'

Lemma 3.5 There exists, a sequences (€n)n>1 0of nonzero element of F3, such that:
-)For even n: we have

Aoy = (6;1/C2 Q( )1 and Gy )41 = EnZA
-)For odd n: we have
3
Ay p = (Gn/2C)Q,(131 and Gy py+1 = €,2A%/C.

Proof #)If n is even: We have Uy (1.n)/ Vin1,n) = [0, Q1nls Unctny+1/ Vina.m+1 = [0, Q1.n, dm n)+1] and
Un@.ny/ Vimea,ny = 10, i, am m+1, A2,n]. If we put x2 ,, the element of F3(7) defined by [A3 ,], then
we have

Unony  *20Unm+1 + Una,n

== : . (3.21)
Vin@ny 220 Vmam+1 + Vin(i.n)
We know that Upy2.n)/ Vin@.ny = Ra.n/San = P2Q2/(Q% +1). So if we put
P'=P2Q> and Q =0%+1 (3.22)
the equality (3.21) gives that:
P2 ’_ ZP/
Xo = €, 1 Q/ 9, - (3.23)
Vin(.m+1 P — Un(1,ny+1Q
We should determine U,y (1 n)+1/ Vim(1,n)+1. We use the fact that R3 ,,_1/53,,—1 and
R(1,1)/5(1,n) are, from Lemma 3.3, the two reduced precedes it.
Hence we consider the polynomials P and Q of F3[T'], defined by:
=24A’P?> + P} 0, and Q=2A’Q2 - CP2. (3.24)

We will apply Lemma 3.2, to prove that P/Q is a convergent to «. First we have deg O = 2 deg 0, + 2a and
then Q # 0.From (3.24) and (3.5), we have PQ2 — QP? = P} Q3 +CP} = P> 03— P}0> | =1, hence
ged(P, Q) = 1. Since 2deg Q,, + 2a < 2deg Q41 for n > 2, the first part of condition; that is |Q| < |Q+1/%,
is satisfied. We should prove that |PQn+] QP712+1| < 10n+11%/10|. We put

Xl = Qﬁ—HP2 Qn n+1 and X2 - n lQnQn—H + CP n+1

@ Springer



Diophantine approximation and continued fraction expansion for quartic power series over [F3 983

From (3.24), we have PQ2% | — QP2 | = 2A%X| + X». Since P,41Qn — Qnt1 Py = 1, and by (3.5), we have

X1 =20,Pus1 +1=0}+1

then
Xy= Q2. P} 0y+CP. P =(Qus1/Q0)*(1 —CP})+CP2, P}
X2 = (Qn41/0n)* — C(Pa/Qn)* X1

X2 = (Qn+1/Qn)* = C(PyQn)* = C(Py/On)?.

We put X = PQ%_H — QPnz_H. Since X = 2A%X| + X, we have

X =2A% + 2420 + (Qu41/0n)? — C(PQn)* — C(Py/Q0)?

X =242+ 24203 + (AQ2 — CP3/0,)? — C(P./ O (Q4 + 1)

Since Q% — AP, Q} + CP} = P,y 10y — Qni1 Py = 1 then

X =242 4+ (ACQ, P} + C?PS/ Q2 — C(Py/0)* (0% — AP, Q} + CPY)

X —2A% =2ACQ,P}+CP}Q% = CP2Q, P> |.Since,forn > 2,|P> || <|Qu|and |C||P,|*> < |Q,I%
this equality implies:

101112
10|

Consequently, P/Q is a convergent to o, and since deg Q = deg V;,,(1,,) + 2a, then it is next Uy, (1,n)/ Vin(1,n)-
We can write

1X| < |04 =

Una,my+1 =mP and  Vyuam+1 =m,0. (3.25)
By (3.15), (3.16) and (3.24), and e~ = ¢ for € € F3, the first equality of (3.25) can be written
am(tmy41Um( ) + Un(iny—1 = Mn€y2A%Un(1ny + € Unm(1ny—1-

Since we have deg Uy (1,n) > deg Up(1,n)—1, it follows that a1 »)+1 = nne;,ZAz and nue) = 1,ien, =€),

I 1"

Thus, since €, = €,¢,/, we obtain:

Am(1,n)+1 = 6n2A2'
So the equality (3.23) becomes:

PO — 03P

P o (3.26)

Xon = €

We are able to compute x3 ;.

P2Q — Q2P = P2(Q} + 1) — Q2(P,0)* = P} = 08_,/C%.

From we have
QP —PQ = PIQ2(2A%Q2 — CP2) — (Qp + DQA’P} + P}, 0y)
QP —PQ' =—CP}Q>— 03P} | —2A’P> + P} 0,
QP — PQ' = QX(P,Qu_1 — QuPu_1)’ — QA’P} + Q% — AP, 0Q,)
QP — PQ' = A’P? + Q> + AP, 0,
QP — PQ' = (0, — AP)* = P{_,.

So (3.26) gives that
X = €/ C*(Qn_1/Pa-1)’.
Furthermore

[at, ...\ aman-1y] = (Qu_1/Pu1)?
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then

(€n/C*)(Qu-1/Pi1)® =€/ C?lai,....apq 1))

Thus, we conclude that (3.20)can be written as
Qinr1 = Q. n2A% (ea/CHRY) | €np16n2A%, €01 B, (3.27)

#)If nis odd:

We have Up(1,n)/ Vin(t.n) = [0, Qunl, Unimy+1/ Vinam+1 = [0, 1,5, Gm(1,m)+1] and

Un@.ny/ Vime.ny = 10, Q1. G m+1, A2,,]. If we put x2 ,,, the element of F3(7') defined by [A3 ], then
we have

Unony  *2,0Unm+1 + Un@,n

= 0N (3.28)
Vmeny  X2.0Viun+1 + Vinan
We know that Uy, 2.1/ Vin@.ny = Ran/Sam = C~'P2Q2/(C1 Q% + 1). So if we put
P'=C'P20? and Q' =C7'Q*+1 (3.29)

the equality (3.28) gives that:

P2Q/ _ Q2 P’
Xon = €t . (3.30)
m(1,n)+1 m(1,n)+10

We should determine U,y (1,1)+1/ Vin(1,n)+1. We use the fact that R3 ,—1/53,,—1 and
R(1,1)/S(1,n) are, from Lemma 3.3 , the two reduced precedes it.
Hence we consider the polynomials P and Q of F3[T'], defined by:

= (A2/C)P} + P2 |0, and Q = (A*/C)Q* + P2, (3.31)

We will apply Lemma 3.2 to prove that P/Q is a convergent to «. First we have deg Q = 2 deg Qn + 2a — c
and then Q # 0. From (3.33) and (3.5), we have PQ2 — QP? =P} Q3 — P} =P} |0} - P}Q}  =—
hence ged(P, Q) = 1. Since 2deg O, + 2a — ¢ < 2deg Q41 for n > 2, the first part of COIldlthIl that is
|0l < |Qn+1]%, is satisfied. We should prove that |PQ2, | — QPZ, || < |Qn1/*/|Q|. We put

2 2 2 p2
X =Qn+1P Qn n+1 and X> =P, n lQ”Qn+1 PnPn+1

From (3.24), we have PQn+1 Q il = (Az/C)Xl + X»5. Since Py4+10n — OQn+1 P, = —1, and by (3.5), we
have

X1 ==QuPiii+1=C""0p +1

then

X2=Qn+1 n— 1Qn n+1 n (Qn+l/Qn) (- 1+P4)_ n+]Py12

Xz = —(Qn+1/00)> + (Pu/0n)* X,

= —(Qn+1/Qn)2 + C NP Q0 + (P/ Q).

We put X = PQnJrl QPnZH. Since X = AZ/CX1 + X», we have

X =A2CT + A2CT20) — (Qnr1/Qn)* + CTH (P00 + (Pu/Qn)?

X =ACT 4+ A2C2Q) — (—ACT'Q2 4+ P} /00 + (Py/Qn)*(Q7/C + 1)

Since 204C~' + AC~'P,Q} — P} = P4 10, — Qni1 Py = —1 then

X =A2C7'"+24C7'Q, P} — P8/ Q%+ (P,/ Q)P (—QiC™ — ACT'P, 0} + P}

X —A’c7' = Ac7'Q,P} — P2Q2C' = P2Q,(AC™'P, —C~'Q,) = P}Q, P} _,. Since, forn > 2,
|Po_1]? < |Qnl and | P,|? < |Q,]?/C, this equality implies:

1 1Qnnil?

X Milelln
IX] < 1Q,IC] 0]
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Consequently, P/ Q is a convergent to ¢, and since deg Q = deg V,,(1,n) +2a — ¢, thenitis next Uy, 1,0y / Vin(1,n)-
We can write

Una,my+1 =mP and  Vypam+1 =m,0. (3.32)
By (3.18), (3.19) and (3.32), and e~ = ¢ for € € F3, the first equality of (3.32) can be written
a1+ 1Um,n) + Uniny—1 = nnG;,Azc_lUm(l,n) + M€y Um(1,n)—1-

Since we have deg Uy (1,n) > deg Up(1,n)—1, it follows that a1 n)+1 = nne;,A2C_1 and nye;) = 1,ien, = ¢€).

Thus, since €, = €€, we obtain

Am(1,n)+1 = EnAZC_1~
So the equality (3.30) becomes:

P2 ’r 2P/
X = enM. (3.33)
’ QP —PQ'
We are able to compute x3 .
P2Q — Q}P = PXCT'Or+ 1) - Q2CT (P, 00 = P2 = 05_,.

From we have

QP — PQ' =C7'PIONA’CT 05 + P)) — (CT' O + D(A’CT' P} + P) Q)

QP —PQ' =C7'P}O; —CT'O P} | — (A’CT' P} + P} 00

QP — PQ = C'QX(P,0n1 — QuPac1)® — (A*CT'P2 —C71Q2 + AP, Q)

QP — PQ =24A%C7'P? 4207102 +24P,0,

QP — PQ =20(C7'Q, —AC'P)?> =2CPS .
So (3.33) gives that

Xon = €n/2C(Qn-1/Pr—1)°.

Furthermore

[ar, ..., aman-1)] = (Qu_1/Pu1)?

then

€0/2C(Qn—1/Pu-1)° = (€2/20)[a7, ..., a1 ).
Thus, we conclude that we can write (3.20) as:
Qs = Qs &0 A’CT (€202 entienA?, (€nt1/20)82 . (3.34)
O

Finally, we have to determine €, foralln > 1. By Lemmas 3.3 and (3.14) we have simultaneously enafn (A1) =
6n+1enaf, which implies a,,(1,,—1) = €x+1a1 and ay,(1,,—1) = €,—1a1. Therefore, €,,11 = €,_ for even n. We
can verify that we have also €41 = €, forodd n. Since 212> = 1/2CQ 2 and Q13 = Qi 3thene; = €3 = 1.
§o, we obtain €, = 1 for all n > 1. Finally, by Lemma 3.4, the sequence €2 , is reversible for all n odd, and so
Q1.n = Q21 ,,. The equality (3.34) becomes:

Qi1 = Qi A2/C, (1720090242, (1/20)8 .

1,n—1>

The equality (3.27) becomes

Qi1 = Q1. 24% (1/CHQY) 242, Q.

1,n—1°

So we can deduce the following result.
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Conjecture 3.1 Let a € F3((T~")) be the formal power series, of strictly negative degree, satisfying (1.6). Let
(27)n>0 be a finite sequence of elements of F3[T'], defined by Qo = 0, Q21 = A% and for all n > 0:

[JPRG)

Qi1 = Qon, 24%, 595 1,242, Qs 439)
1 1 :
2 3) 2
an+2 = 9271-‘1—11 A /C’ 2C an ) 2A ) 2C an+1

Let Q2 be the infinite sequence beginning by €2, for all n > 1. Then, the continued fraction expansion of « is
o = [0, Lol

We see that the equality (3.35) has the same shape as the equality (3.1). So this gives that the formal power series
described in Theorem 3.1 is not other than the unique solution of the quartic equation (1.6).

Example 3.1 Let (2,),>1 be afinite sequence of elements of F3[7'], defined by 21 = T2,Q, = T2, T,2T%, 2T
and foralln > 0

1 4 ~
Qa1 = Qo 2T2, ﬁszg,f,l, 272, Oy,

Qo2 = Qpy1, T, LQ@), 272, LanH
2T 2 2T

n_ _1yn+l
Then, we have from conjecture (3.1): ¢ = [0, Q] = [0, T, -T2, 717, ..., (—1)”_1T3 G ,...]% and
according to theorem 3.1 we have v(x) = 2.

In fact, « is the solution of the equation (1.6) with A = C = T'. The partial quotients of Qs are:

[T2,T,2T2% 2T, 2T%, T*, 272, 2T, 2T%, T, T2, T, 27>, 2T*, T°, T*, 272, 2T, 27>, T, T2, T, 2T°, T,
T2, 7,272, 27,272, T4, 7°,2T%, 277, 27*, T4, 274, 277, 2T*, T°, T*, 272, 2T, 2T%, T, T2, T,
273, T,T?, T,2T%,2T,2T>, T*, T°,2T* 27>, T, T, T,2T?, 2T, 2T, T*,2T% 2T, 2T>, T, T?].
Note that in this case A% = T2, AZ/C = T and we have:
Rii/Si1=10,T*1=1[0,Q], =T~
Ro1/S21 =10, T T1; R3;1/S31 =[0,T? T,2T7%]
Ri2/S12=10,T2 7,272, 2T] = [0, 2] = [0, T?, A1 2]
So @2, = T2, T, 2T2,2T and we have ’{22 = (1/27)2, ama,1y+1 = a2 = T, ame,1)+1 = a3 = 2T2,
am3,1)+1 = a4 = 2T and we see that forall 1 <k <3:a4_y = (2T)(_1)k+lak+1.

R22/S22 = [0, T% T,2T% 2T, 272, T*] = [0, Q2.2] = [0, 2, 2T, A2 ]
R32/832 =1[0,T% T,2T% 2T, 2T% T* 272 2T,2T% T] = [0, Q32]
= [0, 22,272, A22,2T?%, A32]
R13/S13=1[0,T% T,2T2 2T, 2T, T* 272,27, 27>, T, T*] = [0, 23] = [0, T2, A1 3]
So Q3 = 91,3 = 91,2, 2T2, A2,2, 2T2, A3,2, T2 and we have am(1,2)+1 = ds = 2T2, am2,2)+1 = a7 = 2T2,

Am(3,2)+1 = aj| = Tz, Ao = T4 = T_ZQ?), A3 =2T, 2T2, T = X])z and we see that forall 1 < k£ < 10:
apl—k = Ag41.

Ro3/S»3 =1[0,T% T,2T% 27,272, T* 21% 2T, 2T, T, T, T, 2T°,2T*, T°, T4
=10, 23] =1[0,3,T, Az 3]
R33/S33 =[0,T% T,27% 27, 2T%, T* 212 2T, 2T* T, T?, T, 2T°,2T*, T3, T*,
272, 27,27, T, T, T,2T°, T, T?, T,2T?]
=10, 233] = [0, Q3,273 A2 3,272, A33].

Ri4/S1.4 =1[0,T% T,2T2 27,272, T* 272, 27,27, T, T?, T,273,2T*, 7%, T*,
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272, 2T,2T*, T, T>, T,2T°, T, T>, T, 2T, 2T] = [0, Q]

So Q = Q4 = Q3,T,A23,2T% A33,2Tand we have api3+1 = a2 = T, am@3)+1

a7 = 2T% anap1 = ag = 2T, Aoz = 3T5,2T4, T3, T4 = (1/2T)Q§3) = 2TAy3, A3s =
27,272, T, T?, T,2T3, T, T?, T,2T> = (1/2T)A3 and we see that for all 1 < k < 27: apg_y =
Q7).

Remark 3.1 Note that the equation (2.1) can be written as & = (Ca* + 1)/A, so v(a*) = v(w). Let B = 1/a*.
We will determine the equation satisfied by . We have (Aa)* = (Ca* + 1)* = C*al® 4+ C3a'2 + Ca* + 1.
Hence g satisfies the equation g% 4+ (—A* + C)B3 + C3B + C* = 0. So it is clear that 8 is hyperquadratic. We
can describe its continued fraction expansion as follow. We put y = 1/«. Then y satisfies the equation

yr=ayd-c. (3.36)
We know that the continued fraction expansion of y is

3l
)

v =[A, —A3C™ !, A¥c 2, —A¥ 7, AN e L

From the property (1.1) of continued fractions and the equation (3.36) we get

]/4 = |:—C + A4, _A32_1C_3, A33+1C_6, _A34_1C_21, o (_1)n—lA3"_(l)nc_W’ - i|
=p=1/"

This led us to deduce the following curious relation between square of continued fractions:

3 e 3n—1 1\
[0,A, —A3C~!, A¥C2, —A¥c7, . (—1) A T P =10, Qul:
_ 343D

7

[0, Quo]? = [0, —C 4+ A%, —A¥~1c73 A3+ =6 (L Ia3 -0 ==

Remark 3.2 From Theorem 2.4, the continued fraction expansion of B solution of the equation (2.7) can be
written as:

3 32 2 3n—| 311—1+(_1)n
B=10,A/C,(A/C)’C,(A/C)" C~,...,(A/C)” C 4+ —,...L
We wish to compute the continued fraction expansion and the approximation exponent of @ = f% =

n—1_ . _1\n
[0, A/C, (A/C)3C, (A/C)FC2, ... (AJC)Y " ¢, .. 2. Note that, from the equation (2.7), B sat-
isfies B = (—B*+ C)/A. So g% = (B* — C)?/ A2, which gives that 88 — 2CB* + C? = A%B2%. Then we deduce
that « satisfies the equation

at +Ca? — A2a+C*=0 (3.37)

We have to state the following Conjecture.

Conjecture 3.2 Leta € F3 ((T™1)) be the formal power series satisfying (3.37).
Let (€2,,),>1 be a sequence of elements of F3[T'], defined by Q9 = 0,
Q) = A%/C? and foralln > 0

{ Qo1 = R, 247/C%, €200, 24%/C, 338)

Qonya = Qany1,242/C, CQY) 242/C2, CQpy1

Then o = [0, Q2x].
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Note that obtaining this conjecture was achieved in the same way as conjecture 3.1. It is interesting to state
that we can add the family of power series satisfying (3.37) to the set of elements admitting 2 as a value of their
approximation exponents agreeing with Roth value.

At the end, we point out a question related to this work:

Open question: Let n be a positive integer and (a;)1<i<, be a sequence of polynomials with coefficients
in a finite field such that dega; > 0. Let D be a nonzero polynomial with coefficients in a finite field and with
strictly positive degree such that D divides aj. Suppose that

[an, ...,a11= D ay, ..., a,].

Thennisevenand forall0 <k <n — 1:

1

Gn—k = Hir

Ak41-
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