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Abstract We explore properties of Cauchy-Stieltjes Kernel (CSK) families that have the same counterpart
in natural exponential families (NEFs). We determine the variance function of the finite mixtures of a
CSK family with its length-biased family. We also prove that, for a more natural definition for the domain
of means, the new domain of means scale nicely under affine transformation.
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1 Introduction

According to Wesołowski [10], the kernel family generated by a kernel kðx; hÞ with generating measure m is
the set of probability measures

ðkðx; hÞ=LðhÞÞmðdxÞ : h 2 Hf g;

where LðhÞ ¼
R
kðx; hÞmðdxÞ is the normalizing constant and m is the generating measure. The theory of

natural exponential families (NEF) is based on the exponential kernel kðx; hÞ ¼ expðhxÞ. The theory of
Cauchy-Stieltjes Kernel (CSK) families is recently introduced and it arise from a procedure analogous to the
definition NEF by using the Cauchy-Stieltjes kernel 1=ð1 � hxÞ instead of the exponential kernel. Bryc [1]
initiated the study of CSK families for compactly supported probability measures m. He has shown that such
families can be parameterized by the mean and under this parametrization, the family (and measure m) is
uniquely determined by the variance function V(m) and the mean m0 of m. In [2], Bryc and Hassairi extend
the results in [1] to allow measures m with unbounded support, providing the method to determine the
domain of means, introducing the ‘‘pseudo-variance’’ function that has no direct probabilistic interpretation
but has similar properties to the variance function. They have also introduced the notion of reciprocity
between tow CSK families by defining a relation between the R-transforms of the corresponding generating
probability measure. This leads to describe a class of cubic CSK families (with support bounded from one
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side) which is related to quadratic class by a relation of reciprocity. A general description of polynomial
variance function with arbitrary degree is given in [4]. In particular, a complete resolution of cubic com-
pactly supported CSK families is given. Other properties and characterizations in CSK families regarding
the mean of the reciprocal and orthogonal polynomials are also given in [7] and [6].

The aim of this paper is to continue the study of CSK families. We explore properties of CSK families
that have the same counterpart in NEFs. In the rest of this section, we recall a few features about CSK
families. In section 2, we present some facts about length biased distributions and we determine the variance
function of mixing a CSK family with its length biased family. In section 3, we prove that for a more natural
definition of the domain of means, the latter scale nicely under affine transformation as in the case of NEFs.

The notations used in what follows are the ones used in [2, 4, 6] and [7].
Definition of CSK families. Let m be a non-degenerate probability measure with support bounded from

above. Then

MmðhÞ ¼
Z

1

1 � hx
mðdxÞ ð1:1Þ

is well defined for all h 2 ½0; hþÞ with 1=hþ ¼ maxf0; sup suppðmÞg and

KþðmÞ ¼ fPðh;mÞðdxÞ; h 2 ð0; hþÞg ¼ fQmðdxÞ;m 2 ðm0ðmÞ;mþðmÞÞg

is the one-sided CSK family generated by m. That is,

Pðh;mÞðdxÞ ¼
1

MmðhÞð1 � hxÞ mðdxÞ

and QmðdxÞ is the corresponding parametrization by the mean, which is given by QmðdxÞ ¼ fmðx;mÞmðdxÞ;
with

fmðx;mÞ :¼

VmðmÞ
VmðmÞþmðm�xÞ ; m 6¼ 0;

1 m ¼ 0; Vmð0Þ 6¼ 0;
V0

mð0Þ
V0

mð0Þ�x
; m ¼ 0; Vmð0Þ ¼ 0:

8
>><

>>:
ð1:2Þ

and which involves the pseudo-variance function VmðmÞ introduced later on.
Domain of means. Let kmðhÞ ¼

R
xPðh;mÞðdxÞ denote the mean of Pðh;mÞ. Then the map h 7!kmðhÞ is strictly

increasing on ð0; hþÞ, it is given by the formula

kmðhÞ ¼
MmðhÞ � 1

hMmðhÞ
: ð1:3Þ

The image of ð0; hþÞ by km is called the (one sided) domain of means of the family KþðmÞ, it is denoted
ðm0ðmÞ;mþðmÞÞ. From [2, Remark 3.3] we read out the following: for a non-degenerate probability measure m
with support bounded from above, define

BðmÞ ¼ maxf0; sup suppðmÞg ¼ 1=hþ 2 ½0;1Þ: ð1:4Þ

Then the one-sided domain of means ðm0ðmÞ;mþðmÞÞ of is determined from the following formulas

m0ðmÞ ¼ lim
h!0þ

kmðhÞ ð1:5Þ

and with B ¼ BðmÞ,

mþðmÞ ¼ B� lim
z!Bþ

1

GmðzÞ
: ð1:6Þ

Remark 1.1 One may define the one-sided CSK family for a generating measure with support bounded
from below. Then the one-sided CSK family K�ðmÞ is defined for h�\h\0, where h� is either 1=bðmÞ or
�1 with b ¼ bðmÞ ¼ minf0; inf suppðmÞg. In this case, the domain of the means for K�ðmÞ is the interval
ðm�ðmÞ;m0ðmÞÞ with m�ðmÞ ¼ b� 1=GmðbÞ. If m has compact support, the natural domain for the parameter h
of the two-sided Cauchy-Stieltjes Kernel (CSK)family KðmÞ ¼ KþðmÞ [ K�ðmÞ [ fmg is h�\h\hþ.

Variance and pseudo-variance functions. The variance function
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VmðmÞ ¼
Z

ðx� mÞ2QmðdxÞ ð1:7Þ

is a fundamental concept of the theory of CSK families as presented in [1]. Unfortunately, if m does not have
the first moment (which is the case for 1/2-stable law), all measures in the CSK family generated by m have
infinite variance. Therefore, authors in [2] introduce the pseudo-variance function. It is easy to describe
explicitly if m0ðmÞ ¼

R
xdm is finite. Then, see [2, Proposition3.2] we know that

VmðmÞ
m

¼ VmðmÞ
m� m0

: ð1:8Þ

In particular, Vm ¼ Vm when m0ðmÞ ¼ 0. In general,

VmðmÞ
m

¼ 1

wmðmÞ
� m; ð1:9Þ

where wm : ðm0ðmÞ;mþðmÞÞ ! ð0; hþÞ is the inverse of the function kmð�Þ.
The generating measure m is determined uniquely by the pseudo-variance function Vm through the

following identities (for technical details, see [2]): if

z ¼ zðmÞ ¼ mþVmðmÞ
m

ð1:10Þ

then the Cauchy transform

GmðzÞ ¼
Z

1

z� x
mðdxÞ: ð1:11Þ

satisfies

GmðzÞ ¼
m

VmðmÞ
: ð1:12Þ

The effects of affine transformations. Here we collect formulas that describe the effects on the corresponding
CSK family of applying an affine transformation to the generating measure. For d 6¼ 0 and c 2 R, let f ðmÞ be
the image of m under the affine map x�! ðx� cÞ=d. In other words, if X is a random variable with law m
then f ðmÞ is the law of ðX � cÞ=d, or f ðmÞ ¼ D1=dðm�d�cÞ, where DrðlÞ denotes the dilation of measure l by

a number r 6¼ 0, i.e. DrðlÞðUÞ ¼ lðU=rÞ.
The effects of the affine transformation on the corresponding CSK family are as follows :

• Point m0 is transformed to ðm0 � cÞ=d. In particular, if d\0, then f ðmÞ has support bounded from below
and then it generates the left-sided K�ðf ðmÞÞ.

• For m close enough to ðm0 � cÞ=d the pseudo-variance function is

Vf ðmÞðmÞ ¼
m

dðmdþ cÞVmðdmþ cÞ: ð1:13Þ

In particular, if the variance function exists, then

Vf ðmÞðmÞ ¼
1

d2
Vmðdmþ cÞ:

A special case worth noting is the reflection f ðxÞ ¼ �x. If m has support bounded from above and its right-
sided CSK family KþðmÞ has domain of means ðm0;mþÞ and pseudo-variance function VmðmÞ, then f ðmÞ
generates the left-sided CSK family K�ðf ðmÞÞ with domain of means ð�mþ;�m0Þ and the pseudo-variance
function Vf ðmÞðmÞ ¼ Vmð�mÞ.

Remark 1.2 The upper end of the domain of means do not satisfies a simple formula under affine
transformation. This question is well studied in Section 3.

123

1188 R. Fakhfakh



2 Finite mixtures of CSK families

2.1 Motivation

The weighted distributions are widely used in many fields such as medicine, ecology and reliability, to name
a few, for the development of proper statistical models. Weighted distributions are milestone for efficient
modeling of statistical data and prediction when the standard distributions are not appropriate. Suppose X is
a non-negative continuous random variable with pdf (probability density function) f(x). The pdf of the
weighted random variable Xw is given by

fwðxÞ ¼
wðxÞf ðxÞ

mw
; x[ 0;

where w(x) is a non-negative weight function and mw ¼ EðwðXÞÞ\1. Note that similar definition can be
stated for the discrete random variables. For the weight function wðxÞ ¼ x, the resultant model is called
length-biased distribution (or size biased distribution) and its pdf is given by

fwðxÞ ¼
xf ðxÞ
m

; x[ 0;

with m ¼ EðXÞ\1:
Patil and Rao [8] examined some general models leading to weighted distributions and showed how the

weight wðxÞ ¼ x occurs in a natural way in many sampling problems. Size-biasing occurs in many unex-
pected context such as statistical estimation, renewal theory, infinite divisibility of distributions and number
theory. Mixtures of distributions are also of great preeminence in such area as most population of com-
ponents are indeed heterogenous.

On the other hand, most of probability distributions in classical probability theory are elements of NEFs.
Seshadri [9] considers finite mixtures of a NEF where one component is a length-biased version of the other
component. Since the variance function is the fundamental concept for NEFs, then some examples of
variance function of the form

VðmÞ ¼ PðmÞ þ QðmÞ
ffiffiffiffiffiffiffiffiffiffiffi
DðmÞ

p
; ð2:1Þ

(where P, Q and D are polynomials in m with degree of P� 3, while the degrees of Q and D are � 2), are
explained of the result of mixing a NEF and its length-biased family. A general classification of the class of
variance function of the form (2.1) is given in [5].

The theory of CSK families is based on notions from free probability theory and it provides probabilities
distributions of importance in literature. In the rest of this section we are interested in the CSK-version of
finite mixtures where one component is a length-biased version of the other component. We provide new
form of variance function given by:

VðmÞ ¼ PðmÞ þ QðmÞ
ffiffiffiffiffiffiffiffiffiffiffi
DðmÞ

p

TðmÞ þ
ffiffiffiffiffiffiffiffiffiffiffi
DðmÞ

p

" #

; ð2:2Þ

where Q and T are polynomials in m with degree 1, while P and D are polynomials of degree 2.

2.2 Variance function of finite mixtures

In this paragraph, we relate the variance function of the mixed CSK family to the original CSK family. The
following result is used in the proof of Theorem 2.3.

Proposition 2.1 Let KþðmÞ be the one sided CSK family generated by a compactly supported probability
measure m concentrated on the positive real line with mean m0ðmÞ. Consider the probability measure
lðdxÞ ¼ ð cþx

cþm0ðmÞÞmðdxÞ with c� 0. We have that

(i) MlðhÞ exists for h 2 ð0; hþÞ, and is given by

123

On some properties of Cauchy-Stieltjes Kernel families 1189



MlðhÞ ¼
MmðhÞðcþ 1

hÞ � 1
h

cþ m0ðmÞ
:

(ii) For all h 2 ð0; hþÞ,

klðhÞ ¼
kmðhÞð1 þ chþ hm0ðmÞÞ � m0ðmÞ

hðcþ kmðhÞÞ
: ð2:3Þ

(iii) For h 2 ð0; hþÞ, denote P�
ðh;mÞðdxÞ ¼ x

kmðhÞPðh;mÞðdxÞ, then

Pðh;lÞðdxÞ ¼
c

cþ kmðhÞ
Pðh;mÞðdxÞ þ

kmðhÞ
cþ kmðhÞ

P�
ðh;mÞðdxÞ:

The CSK family KþðlÞ appears to be the mixture of Pðh;mÞðdxÞ and P�
ðh;mÞðdxÞ.

Proof (i) The probability measure m is compactly suppoted and the function x�! cþ x

cþ m0ðmÞ
is bounded on

the support of m, so that MlðhÞ exists for h such that MmðhÞ is well defined.

MlðhÞ ¼
Z

1

1 � hx
lðdxÞ ¼

Z
cþ x

ðcþ m0ðmÞÞð1 � hxÞ mðdxÞ

¼ 1

cþ m0ðmÞ

Z
c

1 � hx
mðdxÞ þ

Z
x

1 � hx
mðdxÞ

� �

¼ 1

cþ m0ðmÞ
cMmðhÞ þ

1

h
ðMmðhÞ � 1Þ

� �

¼
MmðhÞðcþ 1

hÞ � 1
h

cþ m0ðmÞ
:

(ii) Using formula (1.3) and (i), we have that

klðhÞ ¼
MlðhÞ � 1

hMlðhÞ
¼

ðcþ 1
hÞMmðhÞ � ð1

h þ cþ m0ðmÞÞ
ð1 þ chÞMmðhÞ � 1

:

From the fact that MmðhÞ ¼
1

1 � hkmðhÞ
, we obtain,

klðhÞ ¼
kmðhÞð1 þ chþ hm0ðmÞÞ � m0ðmÞ

hðcþ kmðhÞÞ
:

(iii) For h 2 ð0; hþÞ, we have

Pðh;lÞðdxÞ ¼
1

MlðhÞð1 � hxÞ lðdxÞ ¼
cþ x

ðMmðhÞðcþ 1
hÞ � 1

hÞð1 � hxÞ
mðdxÞ

¼ cmðdxÞ
cþ MmðhÞ�1

hMmðhÞ

� �
MmðhÞð1 � hxÞ

þ xmðdxÞ
cþ MmðhÞ�1

hMmðhÞ

� �
MmðhÞð1 � hxÞ

¼
cPðh;mÞðdxÞ
ðcþ kmðhÞÞ

þ
xPðh;mÞðdxÞ
ðcþ kmðhÞÞ

¼
cPðh;mÞðdxÞ
cþ kmðhÞ

þ
kmðhÞP�

ðh;mÞðdxÞ
cþ kmðhÞ

:

h

Remark 2.2 If m is a non-degenerate probability measure with support bounded from one side (say from
below), it may happen that

R
xmðdxÞ is infinite as for example all probability measures that generates cubic

CSK family given in [2]. So, we restrict ourselves to compactly supported probability measure m, so that

lðdxÞ ¼ ð cþx
cþm0ðmÞÞmðdxÞ is also a compactly supported probability measure.

Next, we relate the variance function of the CSK family generated by l to the variance function of the
CSK family generated by m.

Theorem 2.3 Let KþðmÞ be the one sided CSK family generated by a compactly supported probability
measure m concentrated on the positive real line with mean m0ðmÞ. Consider the probability measure
lðdxÞ ¼ ð cþx

cþm0ðmÞÞmðdxÞ with c� 0. We have that
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(i) For h 2 ð0; hþÞ, denote m ¼ kmðhÞ and m ¼ klðhÞ, so we have:

m ¼ VmðmÞ
cþ m

þ m: ð2:4Þ

(ii) The one sided domain of means of the CSK family KþðlÞ is given by

m0ðlÞ;mþðlÞð Þ ¼ Vmðm0ðmÞÞ
cþ m0ðmÞ

þ m0ðmÞ;
ðcþ BÞmþðmÞ
cþ mþðmÞ

� �

: ð2:5Þ

(iii) The variance function of the CSK family KþðlÞ is

VlðmÞ ¼ ðm� m0ðlÞÞ
VmðmÞ

m� m0ðmÞ
þ m� m

� �

: ð2:6Þ

Proof

(i) From (2.3), it is easy to see that

m ¼ m� m0ðmÞ þ mðcþ m0ðmÞÞwmðmÞ
ðcþ mÞwmðmÞ

: ð2:7Þ

Using (1.9) and (1.8), equation (2.7) becomes

m ¼
m�m0ðmÞ
wmðmÞ

þ mðcþ m0ðmÞÞ
cþ m

¼
ðm� m0ðmÞÞ VmðmÞ

m þ m
� �

þ mðcþ m0ðmÞÞ
cþ m

¼VmðmÞ þ mðm� m0ðmÞÞ þ mðcþ m0ðmÞÞ
cþ m

¼ VmðmÞ
cþ m

þ m:

(ii) Using the definition of the domain of means, we obtain

m0ðlÞ ¼ lim
h�!0

klðhÞ ¼ lim
m�!m0ðmÞ

VmðmÞ
cþ m

þ m

¼Vmðm0ðmÞÞ
cþ m0ðmÞ

þ m0ðmÞ:

mþðlÞ ¼ lim
h�!hþ

klðhÞ ¼ lim
m�!mþðmÞ

VmðmÞ
cþ m

þ m ¼ lim
m�!mþðmÞ

m
VmðmÞ
m þ mþ c

cþ m

¼ cþ B

cþ mþðmÞ
mþðmÞ:

(From [2, Proposition 3.3], recall that limm�!mþðmÞ
VmðmÞ
m þ m ¼ B).

(iii) For h 2 ð0; hþÞ, we have wlðmÞ ¼ h ¼ wmðmÞ. This with equations (1.9) and (1.8) implies (2.6). h

Note that the function m�! m ¼ klðwmðmÞÞ is a bijection. To obtain the expression of VlðmÞ, we express
m in terms of m from (2.4) and insert it in (2.6).

The following special cases are of interest as they exhibit mixtures of CSK families generated by laws of
importance in free probability.

Example 2.4 Consider the (one-sided) CSK family generated by the semicircle law

mðdxÞ ¼ 1

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � x2

p
1jxj\2dx

with m0ðmÞ ¼ 0. The variance function is VmðmÞ ¼ VmðmÞ ¼ 1 and the domain of means is (0, 1). Consider
the image uðmÞ of m by the map u : x�! xþ 2. The CSK family generated by

uðmÞðdxÞ ¼ 1

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð4 � xÞ

p
1ð0;4ÞðxÞdx

with m0ðuðmÞÞ ¼ 2 has variance function VuðmÞðmÞ ¼ 1. We have that BðuðmÞÞ ¼ 4 and
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mþðuðmÞÞ ¼ BðuðmÞÞ � lim
z�!BðuðmÞÞ

1

GuðmÞðzÞ
¼ 4 � lim

z�!4

1

Gmðz� 2Þ ¼ 3:

For c� 0, the probability measure

lðdxÞ ¼ cþ x

cþ 2

� �

uðmÞðdxÞ

generates the CSK family with domain of means, according to (2.5), given by

m0ðlÞ;mþðlÞð Þ ¼ 2 þ 1

cþ 2
; 3 þ 3

cþ 3

� �

:

From equation (2.4), solving m in terms of m we get

m2 þ ðc� mÞmþ ð1 � cmÞ ¼ 0 ð2:8Þ

It is clear that 1 � cm is negative for c�
ffiffiffi
2

p
� 1. In that case the product of roots in (2.8) is negative and m

must be the positive root of (2.8), that is

m ¼ m� cþ
ffiffiffiffiffiffiffiffiffiffiffi
DðmÞ

p

2
; ð2:9Þ

with DðmÞ ¼ ðm� cÞ2 þ 4ðcm� 1Þ. On the other hand, from (2.4), we have that
VuðmÞðmÞ ¼ ðm� mÞðcþ mÞ. This, with equations (2.6) and (2.9) implies that the variance function of

KþðlÞ is

VlðmÞ ¼ cþ m0ðuðmÞÞð Þ m� m0ðlÞð Þ m� m

m� m0ðuðmÞÞ

� �

¼ðcþ 2Þ m� 2cþ 5

cþ 2

� �
mþ c�

ffiffiffiffiffiffiffiffiffiffiffi
DðmÞ

p

m� c� 4 þ
ffiffiffiffiffiffiffiffiffiffiffi
DðmÞ

p

 !

:

It can be written in the form

VlðmÞ ¼
PðmÞ þ QðmÞ

ffiffiffiffiffiffiffiffiffiffiffi
DðmÞ

p

TðmÞ þ
ffiffiffiffiffiffiffiffiffiffiffi
DðmÞ

p

" #

; ð2:10Þ

with PðmÞ ¼ ðmþ cÞ½ðcþ 2Þm� ð2cþ 5Þ�, DðmÞ ¼ ðm� cÞ2 þ 4ðcm� 1Þ, QðmÞ ¼ ð2cþ 5Þ � ðcþ 2Þm
and TðmÞ ¼ m� ðcþ 4Þ.
Example 2.5 For 0\a2\1, the (absolutely continuous) centered Marchenko-Pastur distribution

mðdxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � ðx� aÞ2

q

2pð1 þ axÞ 1ða�2;aþ2ÞðxÞdx

generates the CSK family with variance function VmðmÞ ¼ 1 þ am ¼ VmðmÞ and domain of means (0, 1).

• Suppose that 0\a\1 and consider the image uðmÞ of m by the map u : x�! axþ 1. The CSK family
generated by

uðmÞðdxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððaþ 1Þ2 � xÞðx� ða� 1Þ2Þ

q

2pa2x
1ðða�1Þ2;ðaþ1Þ2ÞðxÞdx;

with m0ðuðmÞÞ ¼ 1, has variance function of the form VuðmÞðmÞ ¼ a2m: With BðuðmÞÞ ¼ ðaþ 1Þ2
and using

[1, formula 3.9] , the upper end of the domain of the mean is
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mþðuðmÞÞ ¼BðuðmÞÞ � lim
z�!BðuðmÞÞ

1

GuðmÞðzÞ
¼ ðaþ 1Þ2 � lim

z�!ðaþ1Þ2

a

Gmððz� 1Þ=aÞ

¼ðaþ 1Þ2 � a

Gmðaþ 2Þ ¼ ðaþ 1Þ2 � aðaþ 1Þ ¼ aþ 1:

For c� 0, the probability measure lðdxÞ ¼ ðcþx
cþ1

ÞuðmÞðdxÞ generates the CSK family with (one-sided)
domain of means

1 þ a2

cþ 1
; aþ 1 þ aðaþ 1Þ2

cþ aþ 1

 !

:

From equation (2.4), solving m in terms of m we get

m2 þ ða2c� mÞm� cm ¼ 0: ð2:11Þ

The product of roots in (2.11) is negative, then m must be the positive root of (2.11), that is

m ¼ m� c� a2 þ
ffiffiffiffiffiffiffiffiffiffiffi
DðmÞ

p

2
; ð2:12Þ

with DðmÞ ¼ ðm� c� a2Þ2 þ 4cm. The variance function of KþðlÞ is given by (2.10) with

PðmÞ ¼ ½ðcþ 1Þm� ðcþ 1 þ a2Þ�ðmþ cþ a2Þ, QðmÞ ¼ �ðcþ 1Þmþ ðcþ 1 þ a2Þ, TðmÞ ¼ m� ðcþ
a2 þ 2Þ and DðmÞ ¼ ðm� c� a2Þ2 þ 4cm.
• Suppose that �1\a\0 and consider the image uðmÞ of m by the map u : x�! axþ 1. The CSK family

generated by

uðmÞðdxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððaþ 1Þ2 � xÞðx� ða� 1Þ2Þ

q

2pa2x
1ððaþ1Þ2;ða�1Þ2ÞðxÞdx;

with m0ðuðmÞÞ ¼ 1, has variance function of the form VuðmÞðmÞ ¼ a2m: With BðuðmÞÞ ¼ ða� 1Þ2
, the upper

end of the domain of the mean is mþðuðmÞÞ ¼ 1 � a. For c� 0, the probability measure lðdxÞ ¼
ðcþx
cþ1

ÞuðmÞðdxÞ generates the CSK family with (one-sided) domain of means

1 þ a2

cþ 1
; 1 � a� að1 � aÞ2

cþ 1 � a

 !

:

The variance function of KþðlÞ is given by (2.10) with PðmÞ ¼ ½ðcþ 1Þm� ðcþ 1 þ a2Þ�ðmþ cþ a2Þ,
QðmÞ ¼ �ðcþ 1Þmþ ðcþ 1 þ a2Þ, TðmÞ ¼ m� ðcþ a2 þ 2Þ and DðmÞ ¼ ðm� c� a2Þ2 þ 4cm.

Example 2.6 For a2 [ 1, the Marchenko-Pastur distribution is

mðdxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � ðx� aÞ2

q

2pð1 þ axÞ 1ða�2;aþ2ÞðxÞdxþ ð1 � 1=a2Þd�1=aðdxÞ:

It generates the CSK family with variance function VmðmÞ ¼ 1 þ am ¼ VmðmÞ.
• If a[ 1, BðmÞ ¼ aþ 2 and the upper end of the domain of the mean is mþðmÞ ¼ 1. In this case the

domain of means is (0, 1). Consider the image uðmÞ of m by the map u : x�! axþ 1. The CSK family
generated by

uðmÞðdxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððaþ 1Þ2 � xÞðx� ða� 1Þ2Þ

q

2pa2x
1ðða�1Þ2;ðaþ1Þ2ÞðxÞdxþ ð1 � 1=a2Þd0ðdxÞ;

with m0ðuðmÞÞ ¼ 1, has variance function of the form VuðmÞðmÞ ¼ a2m: With BðuðmÞÞ ¼ ðaþ 1Þ2
, the upper

end of the domain of the mean is mþðuðmÞÞ ¼ aþ 1. For c� 0, the probability measure lðdxÞ ¼
ðcþx
cþ1

ÞuðmÞðdxÞ generates the CSK family with (one-sided) domain of means
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1 þ a2

cþ 1
; aþ 1 þ aðaþ 1Þ2

cþ aþ 1

 !

:

The variance function of KþðlÞ is given by (2.10) with PðmÞ ¼ ½ðcþ 1Þm� ðcþ 1 þ a2Þ�ðmþ cþ a2Þ,
QðmÞ ¼ �ðcþ 1Þmþ ðcþ 1 þ a2Þ, TðmÞ ¼ m� ðcþ a2 þ 2Þ and DðmÞ ¼ ðm� c� a2Þ2 þ 4cm.
• If a\� 1, BðmÞ ¼ �1=a and the upper end of the domain of the mean is mþðmÞ ¼ �1=a. In this case the

domain of means is ð0;�1=aÞ. Consider the image uðmÞ of m by the map u : x�! axþ 1. The Cauchy-
Stieltjes Kernel (CSK)family generated by

uðmÞðdxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððaþ 1Þ2 � xÞðx� ða� 1Þ2Þ

q

2pa2x
1ððaþ1Þ2;ða�1Þ2ÞðxÞdxþ ð1 � 1=a2Þd0ðdxÞ;

with m0ðuðmÞÞ ¼ 1, has variance function of the form VuðmÞðmÞ ¼ a2m: With BðuðmÞÞ ¼ ða� 1Þ2
, the upper

end of the domain of the mean is mþðuðmÞÞ ¼ 1 � a. For c� 0, the probability measure lðdxÞ ¼
ðcþx
cþ1

ÞuðmÞðdxÞ generates the CSK family with (one-sided) domain of means

1 þ a2

cþ 1
; 1 � a� að1 � aÞ2

c� aþ 1

 !

:

The variance function of KþðlÞ is given by (2.10) with PðmÞ ¼ ½ðcþ 1Þm� ðcþ 1 þ a2Þ�ðmþ cþ a2Þ,
QðmÞ ¼ �ðcþ 1Þmþ ðcþ 1 þ a2Þ, TðmÞ ¼ m� ðcþ a2 þ 2Þ and DðmÞ ¼ ðm� c� a2Þ2 þ 4cm.

Example 2.7 For a 6¼ 0, the standard free gamma distribution

mðdxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð1 þ a2Þ � ðx� 2aÞ2

q

2pða2x2 þ 2axþ 1Þ 1ð2a�2
ffiffiffiffiffiffiffiffi
1þa2

p
;2aþ2

ffiffiffiffiffiffiffiffi
1þa2

p
ÞðxÞdx;

generates the CSK family with m0ðmÞ ¼ 0 and variance function VmðmÞ ¼ ð1 þ amÞ2 ¼ VmðmÞ. Suppose that
a[ 0 and consider the image uðmÞ of m by the map u : x�! axþ 1. The probability measure

uðmÞðdxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 1

p
þ aÞ2 � x

� �
x� ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 1

p
� aÞ2

� �r

2pa2x2
1 ð

ffiffiffiffiffiffiffiffi
a2þ1

p
�aÞ2;ð

ffiffiffiffiffiffiffiffi
a2þ1

p
þaÞ2ð ÞðxÞdx;

generates the CSK family with m0ðuðmÞÞ ¼ 1 and variance function VuðmÞðmÞ ¼ a2m2.
From equation (2.4), solving m in terms of m we get

ða2 þ 1Þm2 þ ðc� mÞm� cm ¼ 0: ð2:13Þ

The product of roots in (2.13) is negative, then m must be the positive root of (2.13), that is

m ¼ m� cþ
ffiffiffiffiffiffiffiffiffiffiffi
DðmÞ

p

2ða2 þ 1Þ ; ð2:14Þ

with DðmÞ ¼ ðm� cÞ2 þ 4cða2 þ 1Þm.
For c� 0, the probability measure lðdxÞ ¼ ðcþx

cþ1
ÞuðmÞðdxÞ generates the CSK family with variance

function given by (2.10) with PðmÞ ¼ ½ðcþ 1Þm� ðcþ 1 þ a2Þ�ðð2a2 þ 1Þmþ cÞ,
QðmÞ ¼ ðcþ 1Þm� ðcþ 1 þ a2Þ, TðmÞ ¼ m� c� 2ða2 þ 1Þ and DðmÞ ¼ ðm� cÞ2 þ 4cða2 þ 1Þm.

3 Domain of means under affine transformation

3.1 A more natural definition for the domain of means

It is well known that the domain of means for exponential families scale nicely under affine transformation:
Denote by MF the domain of means of a NEF F generated by a probability measure l. Let u an affine
transformation. Denote by uðFÞ the NEF generated by uðlÞ. It is well known that MuðFÞ ¼ uðMFÞ.
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One notes that the lower end of the one sided domain of means of the family KþðmÞ scale nicely under
the action of affine transformation u, that is m0ðuðmÞÞ ¼ uðm0ðmÞÞ, but we do not have a general formula of
the upper end for the natural domain of means for KþðmÞ. The following examples show that there is no
simple formula for mþðmÞ under affine transformation.

Example 3.1 Consider the inverse semicircle distribution

mðdxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 � 4x

p

2px2
1 �1;�1

4ð ÞðxÞdx: ð3:1Þ

It generates the CSK family with pseudo-variance function VmðmÞ ¼ m3, and the domain of means is
DþðmÞ ¼ ðm0ðmÞ;mþðmÞÞ ¼ ð�1;�1Þ. The image uðmÞ of m by the map x�! uðxÞ ¼ xþ 1=2 is

uðmÞðdxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � 4x

p

2pðx� 1=2Þ2
1 �1;1

4ð ÞðxÞdx: ð3:2Þ

and it generates the CSK family with pseudo-variance function VuðmÞðmÞ ¼ mðm� 1=2Þ2: We have that

wuðmÞðmÞ ¼
1

m2 þ 1=4
and kuðmÞðhÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hð4 � hÞ

p

2h

for all h in HðuðmÞÞ ¼ ð0; 4Þ. The domain of means is ðm0ðuðmÞÞ;mþðuðmÞÞÞ ¼ ð�1; 0Þ: In this case we
have mþðuðmÞÞ ¼ 0 6¼ �1=2 ¼ uðmþðmÞÞ:
Example 3.2 Consider the (two-sided) CSK family generated by the semicircle law

mðdxÞ ¼ 1

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � x2

p
1jxj\2ðdxÞ ð3:3Þ

with the variance function VmðmÞ ¼ VmðmÞ ¼ 1 and domain of means ð�1; 1Þ, that is

KðmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 � x2

p

2pð1 þ mðm� xÞÞ 1jxj\2dx : m 2 ð�1; 1Þ
( )

:

The image uðmÞ of m by the map x�! uðxÞ ¼ x� 3 is

uðmÞðdxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðxþ 1Þðxþ 5Þ

p

2p
1ð�5;�1ÞðxÞdx: ð3:4Þ

With BðuðmÞÞ ¼ maxf0; sup suppðuðmÞÞg ¼ 0, the (two-sided) range of parameter is
ðh�; hþÞ ¼ ð�1=5;þ1Þ. The probability measure uðmÞ generates the (two-sided) Cauchy-Stieltjes Kernel
(CSK)family

KðuðmÞÞ ¼ fPðh;uðmÞÞðdxÞ; h 2 ð�1=5;þ1Þg ¼ fQmðdxÞ;m 2 ðm�ðuðmÞÞ;mþðuðmÞÞÞg

with pseudo-variance function VuðmÞðmÞ ¼ m
mþ3

: We have that

wuðmÞðmÞ ¼
mþ 3

m2 þ 3mþ 1
and kuðmÞðhÞ ¼

ð1 � 3hÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ 1Þð5hþ 1Þ

p

2h
:

We have

mþðuðmÞÞ ¼ lim
h�!þ1

kuðmÞðhÞ ¼ lim
h�!þ1

ð1 � 3hÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ 1Þð5hþ 1Þ

p

2h
¼ � 3 þ

ffiffiffi
5

p

2
6¼ �2 ¼ uðmþðmÞÞ:

The purpose of the rest of this paragraph is to give a more natural definition for the domain of means of a
CSK family that behave nicely under affine transformation. In several references, we consider the range of
the parameter h such that 1=h 2 ðsup supp m;1Þ \ ½0;1Þ. In fact authors in [2] have pushed forward the
theory of CSK families by extending the results in [1] to allow measures m with unbounded support. In such
situation, the family is parameterized by a ’one-sided’ range of h of a fixed sign, so that generating measures
have support bounded from above and the CSK families are parameterized by h[ 0, which gives the
domain of means ðm0;mþÞ. We can include additional range of h which is possible only when the support of
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m is in ð�1; 0Þ. In this case we can include additional range of 1=h 2 ðsup supp m; 0Þ, so the extended range
of h would have a simpler description

HðmÞ ¼ fh; 1=h 2 sup supp m;1ð Þg;

that is, HðmÞ is the set for which the transform Mm exists and, with A ¼ AðmÞ ¼ sup suppðmÞ, it can be written
as

HðmÞ ¼
ð�1; 1=AÞ [ ð0;1Þ; if A\0;

ð0; 1=AÞ; if A� 0.

�

This extension for the range of the parameter h was considered in [3] where authors prove that in the natural
parametrization of a CSK family by the mean, one can sometimes extend the family beyond the natural
domain of means, preserving the variance function when the variance exists. The extension given in [3]
proceed in two separate steps and leads to a nice formula for the upper end of the extended domain of means
under power of free convolution. We specify some fact about the first extension of a CSK family given in
[3] that consider range of h 2 HðmÞ and we will prove that this extension provide a more natural definition
for the domain of means that behave nicely under affine transformation. The first extension of the
CSK family KþðmÞ is defined as the set of probability measures

KþðmÞ ¼ Pðh;mÞðdxÞ ¼
1

MmðhÞð1 � hxÞ mðdxÞ; h 2 HðmÞ
� �

:

Note that KþðmÞ ¼ KþðmÞ when AðmÞ� 0, because in this case HðmÞ ¼ ð0; 1=AÞ ¼ ð0; 1=BÞ ¼ ð0; hþÞ.
Therefore, the first extension is non-trivial only when A\0. In that case

HðmÞ ¼ �1; 1=Að Þ [ 0;þ1ð Þ:

It is known [2] that the mean function kmð:Þ is strictly increasing on ð0; hþÞ ¼ ð0;þ1Þ and
ðm0ðmÞ;mþðmÞÞ ¼ kmðð0;þ1ÞÞ. It is also proved (see [3, Proposition 3.5]), that the function kmð:Þ is strictly
increasing on �1; 1=Að Þ.

We have that

lim
h�!�1

kmðhÞ ¼ lim
h�!�1

MmðhÞ � 1

hMmðhÞ
¼ lim

h�!�1

1
hGmð1

hÞ � 1

Gmð1
hÞ

¼ 0 � 1

Gmð0Þ
¼ B� 1

GmðBÞ
¼ mþðmÞ:

Define mþðmÞ ¼ lim
h�!1=A

kmðhÞ. The the function kmð:Þ define a bijection from �1; 1=Að Þ onto its image
ðmþðmÞ;mþðmÞÞ. We then define the function wm on ðm0ðmÞ;mþðmÞÞ as the inverse of the restriction of kmð:Þ
on ð0;þ1Þ and on ðmþðmÞ;mþðmÞÞ as the inverse of the restriction of kmð:Þ on �1; 1=Að Þ. This leads to the

parametrization by the mean m 2 ðm0ðmÞ;mþðmÞÞ [ ðmþðmÞ;mþðmÞÞ of the family KþðmÞ. The definition of
the pseudo-variance function can also be extended using the function wm. Following (1.9), we define Vmð:Þ
for m 2 ðm0ðmÞ;mþðmÞÞ [ ðmþðmÞ;mþðmÞÞ as

VmðmÞ ¼ m
1

wmðmÞ
� m

� �

:

We have that

lim
m�!ðmþðmÞÞ�

1

wmðmÞ
¼ 0 ¼ lim

m�!ðmþðmÞÞþ
1

wmðmÞ
;

so that we define Vmð:Þ at mþðmÞ by VmðmþðmÞÞ ¼ �ðmþðmÞÞ2
. Note that

QmþðmÞðdxÞ ¼
mþðmÞ

x
mðdxÞ

is well defined for AðmÞ\0. The explicit parametrization by the mean of the enlarged family can then be
given by
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KþðmÞ ¼ QmðdxÞ ¼
VmðmÞ

VmðmÞ þ mðm� xÞ mðdxÞ; m 2 ðm0ðmÞ;mþðmÞÞ
� �

:

Note that the function m�! wmðmÞ ¼ 1
VmðmÞ=mþm is increasing on ðmþðmÞ;mþðmÞÞ so that the function

m�! VmðmÞ=mþ m is decreasing on ðmþðmÞ;mþðmÞÞ and

lim
m�!mþðmÞ

VmðmÞ=mþ m ¼ AðmÞ:

This implies that

mþðmÞ ¼ inf m[m0ðmÞ : mþVmðmÞ
m

¼ AðmÞ
� �

:

It is worth mentioning here that if m is the inverse semicircle distribution, from example 3.1, given by (3.1).
The image uðmÞ of m by the map x�! uðxÞ ¼ xþ 1=2 is given by (3.2). We have that
HðmÞ ¼ ð�1;�4Þ [ ð0;þ1Þ. We have that

KþðmÞ ¼ fPðh;mÞðdxÞ; h 2 HðmÞg ¼ fQmðdxÞ;m 2 ðm0;mþðmÞÞg;

with mþðmÞ ¼ �1=2. We have that

mþðuðmÞÞ ¼ mþðuðmÞÞ ¼ 0 ¼ uðmþðmÞÞ:

Also, if m is the semicircle distribution, from example 3.3, given by (3.3). The image uðmÞ of m by the map
x�! uðxÞ ¼ x� 3 is given by (3.4). We have that mþðmÞ ¼ mþðmÞ ¼ 1 and
HðuðmÞÞ ¼ ð�1;�1Þ [ ð�1=5;þ1Þ. The CSK family generated by uðmÞ is

KþðuðmÞÞ ¼ fPðh;uðmÞÞðdxÞ; h 2 ð�1;�1Þ [ ð�1=5;þ1Þg ¼ fQmðdxÞ;m 2 ðm�ðuðmÞÞ;mþðuðmÞÞÞg;

with

mþðuðmÞÞ ¼ lim
h�!�1

kuðmÞðhÞ ¼ lim
h�!�1

ð1 � 3hÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhþ 1Þð5hþ 1Þ

p

2h
¼ �2 ¼ uðmþðmÞÞ:

3.2 Domain of means under affine transformation

Given a probability measure m with support bounded from above and an affine transformation u, the
following result gives the link between the mean function of the CSK family generated by uðmÞ and the the
mean function of the CSK family generated by m.

Proposition 3.3 Let m be a non degenerate probability measure with support bounded from above and let
uðmÞ be the image of m by the map u : x�! axþ b. If HðmÞ and HðuðmÞÞ are respectively the sets for which
the transforms Mm and MuðmÞ exists and h : x�! 1=x, then

hðHðuðmÞÞÞ ¼ uðhðHðmÞÞÞ; ð3:5Þ

and for h 2 HðuðmÞÞ,

kuðmÞðhÞ ¼

uð�1=Gmð0ÞÞ; if h ¼ 1=b ;

u km
ha

1 � hb

� �� �

; if h 6¼ 1=b .

8
>><

>>:
ð3:6Þ

Proof

MuðmÞðhÞ ¼
Z

1

1 � hx
uðmÞðdxÞ ¼

Z
1

1 � hðaxþ bÞ mðdxÞ:

If 1 � hb ¼ 0, then
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MuðmÞðhÞ ¼
1

ha
Gmð0Þ:

If 1 � hb 6¼ 0, then

MuðmÞðhÞ ¼
1

1 � hb

Z
1

1 � ha
1�hb

� �
x
mðdxÞ ¼ 1

1 � hb
Mm

ha
1 � hb

� �

:

We have that

h 2 HðuðmÞÞ () ha
1 � hb

2 HðmÞ

That is

1=h 2 hðHðuðmÞÞÞ () a
1=h� b

¼ 1

u�1ð1=hÞ 2 HðmÞ;

which is nothing but (3.5).
It is clear that hðHðmÞÞ is the complementary of the convex support of m. If 1 � hb ¼ 0, that is

u�1ð1=hÞ ¼ 0, then 0 2 hðHðmÞÞ, and so Gmð0Þ is well defined.
If 1 � hb ¼ 0, then

kuðmÞðhÞ ¼
MuðmÞðhÞ � 1

hMuðmÞðhÞ
¼ 1=h� a=Gmð0Þ ¼ uð�1=Gmð0ÞÞ:

If 1 � hb 6¼ 0, then

kuðmÞðhÞ ¼
MuðmÞðhÞ � 1

hMuðmÞðhÞ
¼

Mm
ha

1�hb

� �
� ð1 � hbÞ

hMm
ha

1�hb

� � :

Given that MmðtÞ ¼
1

1 � tkmðtÞ
, we obtain

kuðmÞðhÞ ¼ akm
ha

1 � hb

� �

þ b ¼ u km
ha

1 � hb

� �� �

:

h

The following result prove that the domain of means of the extended CSK family scale nicely under affine
transformation in a manner analogous to the domain of means for NEFs. We also consider how mþðmÞ gets
transformed under affine transformation.

Theorem 3.4 Consider a probability measure m with support bounded from above and let uðmÞ be the
image of m by the map u : x�! axþ b, where a 2 Rnf0g and b 2 R.

(A) Suppose that a[ 0. The domain of means of KþðuðmÞÞ is ðm0ðuðmÞÞ;mþðuðmÞÞÞ with
mþðuðmÞÞ ¼ uðmþðmÞÞ. Furthermore:

(a) If b ¼ 0, then mþðuðmÞÞ ¼ uðmþðmÞÞ.
(b) If b 6¼ 0, we have that

(i) If A� 0 and aAþ b� 0, then mþðuðmÞÞ ¼ uðmþðmÞÞ.
(ii) If A� 0 and aAþ b\0, then mþðuðmÞÞ ¼ akmð�a=bÞ þ b.

(iii) If A\0 and aAþ b� 0, then mþðuðmÞÞ ¼ uðmþðmÞÞ.
(iv) If A\0 and aAþ b\0, then mþðuðmÞÞ ¼ akmð�a=bÞ þ b.

(B) Suppose that a\0. The probability measure uðmÞ has support bounded from below and we are

dealing with left sided CSK family. The domain of means of K�ðuðmÞÞ is ðm�ðuðmÞÞ;m0ðuðmÞÞÞ with
m�ðuðmÞÞ ¼ uðmþðmÞÞ: Furthermore,

(a) If b ¼ 0, then m�ðuðmÞÞ ¼ uðmþðmÞÞ.
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(b) If b 6¼ 0, we have that

(i) If A� 0 and aAþ b� 0, then m�ðuðmÞÞ ¼ akmð�a=bÞ þ b.
(ii) If A� 0 and aAþ b\0, then m�ðuðmÞÞ ¼ uðmþðmÞÞ.

(iii) If A\0 and aAþ b� 0, then m�ðuðmÞÞ ¼ akmð�a=bÞ þ b:
(iv) If A\0 and aAþ b\0, then m�ðuðmÞÞ ¼ uðmþðmÞÞ:

Proof (A) Suppose that a[ 0, then the probability measure uðmÞ has support bounded from above and the

one sided domain of means of the extended CSK family KþðuðmÞÞ is ðm0ðuðmÞÞ;mþðuðmÞÞ with

m0ðuðmÞÞ ¼ lim
h�!0

kuðmÞðhÞ ¼ lim
h�!0

u km
ha

1 � hb

� �� �

¼ uðm0ðmÞÞ;

and

mþðuðmÞÞ ¼ lim
h�! 1

AðuðmÞÞ

kuðmÞðhÞ ¼ lim
h�! 1

aAðmÞþb

u km
ha

1 � hb

� �� �

¼ lim
t�! 1

AðmÞ

uðkmðtÞÞ ¼ uðmþðmÞÞ:

Furthermore,

(a) If uðxÞ ¼ ax, then mþðuðmÞÞ ¼ uðmþðmÞÞ.
(b) If uðxÞ ¼ axþ b, with b 6¼ 0, we have that

(i) If A� 0 and aAþ b� 0, then mþðmÞ ¼ mþðmÞ and mþðuðmÞÞ ¼ mþðuðmÞÞ: In this case we
have

mþðuðmÞÞ ¼ mþðuðmÞÞ ¼ uðmþðmÞÞ ¼ uðmþðmÞÞ:

(ii) If A� 0 and aAþ b\0, then hþðuðmÞÞ ¼ þ1 and

mþðuðmÞÞ ¼ lim
h�!þ1

kuðmÞðhÞ ¼ lim
h�!þ1

u km
ah

1 � hb

� �� �

¼ uðkmð�a=bÞÞ ¼ akmð�a=bÞ þ b:

(iii) If A\0 and aAþ b� 0, then mþðuðmÞÞ ¼ mþðuðmÞÞ ¼ uðmþðmÞÞ:
(iv) If A\0 and aAþ b\0, then hþðuðmÞÞ ¼ þ1 and

mþðuðmÞÞ ¼ lim
h�!þ1

kuðmÞðhÞ ¼ lim
h�!þ1

u km
ah

1 � hb

� �� �

¼ uðkmð�a=bÞÞ ¼ akmð�a=bÞ þ b:

(B) Suppose that a\0, then the probability measure uðmÞ has support bounded from below and the one sided

domain of means of the extended CSK family K�ðuðmÞÞ is ðm�ðuðmÞ;m0ðuðmÞÞÞ with

m�ðuðmÞÞ ¼ lim
h�! 1

AðuðmÞÞ

kuðmÞðhÞ ¼ lim
h�! 1

aAðmÞþb

u km
ha

1 � hb

� �� �

¼ lim
t�! 1

AðmÞ

uðkmðtÞÞ ¼ uðmþðmÞÞ:

Furthermore,
(a) If uðxÞ ¼ ax, then m�ðuðmÞÞ ¼ uðmþðmÞÞ.
(b) If uðxÞ ¼ axþ b, with b 6¼ 0, we have that

(i) If A� 0 and aAþ b� 0, then h�ðuðmÞÞ ¼ �1 and
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m�ðuðmÞÞ ¼ lim
h�!�1

kuðmÞðhÞ ¼ lim
h�!�1

u km
ah

1 � hb

� �� �

¼ uðkmð�a=bÞÞ ¼ akmð�a=bÞ þ b:

(ii) If A� 0 and aAþ b\0, then m�ðuðmÞÞ ¼ m�ðuðmÞÞ ¼ uðmþðmÞÞ ¼ uðmþðmÞÞ.
(iii) If A\0 and aAþ b� 0, then h�ðuðmÞÞ ¼ �1 and the same calculations in (i) gives that

m�ðuðmÞÞ ¼ akmð�a=bÞ þ b:
(iv) If A\0 and aAþ b\0, then m�ðuðmÞÞ ¼ m�ðuðmÞÞ ¼ uðmþðmÞÞ.

h
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