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This paper concerns the study of Leibniz algebras, a natural generalization of Lie algebras, from

the perspective of centralizers of elements. We study conditions on Leibniz algebras under which

centralizers of all elements are ideals. We call a Leibniz algebra, a CL-algebra if centralizers of

all elements are ideals. We discuss nilpotency of CL-algebras.

Key words : Leibniz algebra; centralizer; CL-algebra; nilpotent Leibniz algebra; group action.

2010 Mathematics Subject Classification : 17A32, 17A30, 17B30.

1. INTRODUCTION

In [11], Loday introduced some new types of a non-anticommutative version of Lie algebras along

with their (co)homologies. Historically, such algebraic structures had been studied by Bloh who

called them D-algebras [7]. In this new type of algebras, the bracket satisfies Leibniz identity instead

of Jacobi identity and such algebras are called Leibniz algebras.

In group theory, centralizers of a group provide many useful pieces of information about the

structure of the group. Investigations of centralizers is an interesting research area in group theory

[3, 6]. Centralizers of Lie algebras have been studied in many articles [5, 13, 14]. The present

article contributes to the development of the theory of non-associative algebras from the perspective of

centralizers of Leibniz algebras. Leibniz algebras whose subalgebras are ideals have been studied in

[9]. In this article, we first study conditions on a Leibniz algebra for which centralizers of all elements
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of the Leibniz algebra are ideals. Leibniz algebras which satisfy the required conditions will be called

CL-algebras. The main question addressed in this paper is whether a finite-dimensional nilpotent

Leibniz algebra is a CL-algebra or not. We show in Theorem 4.3 that any nilpotent complex Leibniz

algebra up to dimension four is a CL-algebra. In the classification result of the four-dimensional

nilpotent complex Leibniz algebras, we neither consider abelian algebras nor Lie algebras and split

Leibniz algebras. We define a notion of CL-property in a Leibniz algebra. Elements which satisfy

the CL-property are called CL-elements. In [12], Mukherjee and Saha have introduced a notion of

a finite group action on a Leibniz algebra. We show that a CL-element is preserved under the group

actions on Leibniz algebras. At the end of this article, we mention some questions for further study.

2. PRELIMINARIES

In this section, we discuss some basics of Leibniz algebras.

Definition 2.1 — Let K be a field. A Leibniz algebra is a vector space L over K, equipped with a

bracket operation, which is K-bilinear and satisfies the Leibniz identity:

[x, [y, z]] = [[x, y], z]− [[x, z], y] for x, y, z ∈ L.

Note that any Lie algebra is automatically a Leibniz algebra as in the presence of skew symmetry

the Leibniz identity is the same as the Jacobi identity. A Leibniz algebra (L, [ , ]) is called an abelian

algebra if [x, y] = 0 for all x, y ∈ L.

A morphism between two Leibniz algebras L1 and L2 is a K-linear map f : L1 → L2 which

satisfies f([x, y]) = [f(x), f(y)] for all x, y ∈ L1.

Example 2.2 : Consider a differential Lie algebra (L, d) with the Lie bracket [ , ]. Then L has a

Leibniz algebra structure with the bracket operation [x, y]d := [x, dy]. The new bracket on L is called

the derived bracket.

Definition 2.3 — A Leibniz algebra L is said to be simple if it contains only the following ideals:

{0}, I, L. Here I denotes ideal generated by elements of the form [x, x] for all x ∈ L.

Given a Leibniz algebra L, we define the following two sided ideals:

L1 = L and Lk+1 = [Lk, L],

L[1] = L and L[k+1] = [L[k], L[k]] for k ≥ 1.

Definition 2.4 — A Leibniz algebra L is called a nilpotent Leibniz algebra if there exist n ∈ N
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such that Ln = 0. Suppose n ∈ N is least and Ln = 0 then L is called an n-step nilpotent Leibniz

algebra.

Example 2.5 : [4]. Consider a three dimensional vector space L spanned by

{e1, e2, e3} over C. Define a bilinear map [ , ] : L × L −→ L by [e1, e3] = e2 and [e3, e3] = e1,

all other products of basis elements being 0. Then (L, [ , ]) is a Leibniz algebra over C of dimension

3. The Leibniz algebra L is nilpotent and is denoted by λ6 in the classification of three dimensional

nilpotent Leibniz algebras.

Definition 2.6 — A Leibniz algebra L is called a solvable Leibniz algebra if there exist n ∈ N
such that L[n] = 0.

Note that any nilpotent Leibniz algebra is a solvable Leibniz algebra but the converse is not true

in general. For example, the subalgebra of gl(n,R), n ≥ 2, consisting of upper triangular matrices,

b(n,R), is solvable but not nilpotent [8, p. 10].

Definition 2.7 — An ideal P of a nilpotent Leibniz algebra L is called nilpotent if P is nilpotent

as a Leibniz algebra.

2.1 Classsification of nilpotent Leibniz algebras upto dimension 4

Here we recall some well-known classification results for nilpotent Leibniz algebras.

Theorem 2.8 — [10]. Let L be a 2-dimensional nilpotent Leibniz algebra. Then L is either

abelian or isomorphic to

µ1 : [e1, e1] = e2.

Theorem 2.9 — [1]. Let L be a 3-dimensional nilpotent Leibniz algebra. Then L is isomorphic

to one of the following pairwise non-isomorphic algebras:

λ1 : abelian,

λ2 : [e1, e1] = e3,

λ3 : [e1, e2] = e3, [e2, e1] = −e3,

λ4(α) : [e1, e1] = e3, [e2, e2] = αe3, [e1, e2] = e3,

λ5 : [e2, e1] = e3, [e1, e2] = e3,

λ6 : [e1, e1] = e2, [e2, e1] = e3.
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Theorem 2.10 — [2]. There exist up to isomorphism five one parametric families and twelve

concrete representatives of nilpotent complex Leibniz algebras of dimension four, namely:

ρ1 : [e1, e1] = e2, [e2, e1] = e3, [e3, e1] = e4;

ρ2 : [e1, e1] = e3, [e1, e2] = e4, [e2, e1] = e3, [e3, e1] = e4;

ρ3 : [e1, e1] = e3, [e2, e1] = e3, [e3, e1] = e4;

ρ4(α) : [e1, e1] = e3, [e1, e2] = αe4, [e2, e1] = e3, [e2, e2] = e4, [e3, e1] = e4, α ∈ {0, 1};

ρ5 : [e1, e1] = e3, [e1, e2] = e4, [e3, e1] = e4;

ρ6 : [e1, e1] = e3, [e2, e2] = e4, [e3, e1] = e4;

ρ7 : [e1, e1] = e4, [e1, e2] = e3, [e2, e1] = −e3, [e2, e2] = −2e3 + e4;

ρ8 : [e1, e2] = e3, [e2, e1] = e4, [e2, e2] = −e3;

ρ9(α) : [e1, e1] = e3, [e1, e2] = e4, [e2, e1] = −αe3, [e2, e2] = −e4, α ∈ C;

ρ10(α) : [e1, e1] = e4, [e1, e2] = αe4, [e2, e1] = −αe4, [e2, e2] = e4, [e3, e3] = e4, α ∈ C;

ρ11 : [e1, e2] = e4, [e1, e3] = e4, [e2, e1] = −e4, [e2, e2] = e4, [e3, e1] = e4;

ρ12 : [e1, e1] = e4, [e1, e2] = e4, [e2, e1] = −e4, [e3, e3] = e4;

ρ13 : [e1, e2] = e3, [e2, e1] = e4;

ρ14 : [e1, e2] = e3, [e2, e1] = −e3, [e2, e2] = e4;

ρ15 : [e2, e1] = e4, [e2, e2] = e3;

ρ16(α) : [e1, e2] = e4, [e2, e1] = (1 + α)/(1− α)e4, [e2, e2] = e3, α ∈ C\{1};

ρ17 : [e1, e2] = e4, [e2, e1] = −e4, [e3, e3] = e4.

3. CL-ALGEBRAS

In this section, we introduce conditions so that for a Leibniz algebra satisfying these conditions cen-

tralizers of each element are ideals. We introduce a subclass of collection of all Leibniz algebras, a

member of this subclass is called a CL-algebra. We give some examples of CL-algebras and show

that the centralizer of an element in a CL-algebra is an ideal (cf. Theorem 3.10).
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Definition 3.1 — Let L be a Leibniz algebra over a field K. We define centralizer of x ∈ L as

follows:

CL(x) = {y ∈ L | [x, y] = 0 = [y, x]}.

The right centralizer of x ∈ L is defined as

Cr
L(x) = {y ∈ L | [x, y] = 0}.

The left centralizer of x ∈ L is defined as

C l
L(x) = {y ∈ L | [y, x] = 0}.

So, the centralizer of x ∈ L is both left and right centralizer of x.

Remark 3.2 : In case of a Lie algebra both the left and the right centralizers are same. Observe

that for any x ∈ L, the square element [x, x] ∈ Cr
L(x) but [x, x] may not belongs to C l

L(x). For

example, consider the algebra with multiplication [e3, e3] = e1, [e1, e3] = e2, and all other products

are zero. We have CL(e3) = < e2 >, and [e3, e3] = e1 /∈ C l
L(e3).

Lemma 3.3 — For any Leibniz algebra L and any x ∈ L, CL(x) is a Leibniz subalgebra.

PROOF : Let y1, y2 ∈ CL(x). From the bilinearity of bracket operation, y1 − y2 ∈ CL(x). Now,

[x, [y1, y2]] = [[x, y1], y2]− [[x, y2], y1]

= [0, y2]− [0, y1]

= 0.

Thus, [y1, y2] ∈ CL(x). Similarly, [y2, y1] ∈ CL(x). So, CL(x) is a Leibniz subalgebra.

Definition 3.4 — A Leibniz algebra L is called a left CL-algebra if it satisfies the following

conditions:

[[x, a], y] = 0, (1)

[[a, x], y] = 0, ∀ y ∈ CL(x), and a, x ∈ L. (2)

A Leibniz algebra L is called a right CL-algebra if it satisfies the following conditions:

[[x, a], y] = 0, (3)

[y, [a, x]] = 0, ∀ y ∈ CL(x), and a, x ∈ L. (4)
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Definition 3.5 — A Leibniz algebra L is called a CL-algebra if it is both a left and a right CL-

algebra.

Remark 3.6 : To verify a Leibniz algebra is a CL-algebra, we need to check the following condi-

tions for all x ∈ L,

1. [[x, L], CL(x)] = 0,

2. [[L, x], CL(x)] = 0,

3. [CL(x), [L, x]] = 0.

Example 3.7 : Any Abelian Leibniz algebra is a CL-algebra. The following example shows that

the converse part may not be true.

Example 3.8 : Let L be a vector space of dimension 2 over a field K and {a, b} be a basis of L.

Define the bracket [ , ] by the following rule: [a, a] = b, [b, a] = [b, b] = [a, b] = 0. It is enough to

check the conditions of CL-algebras for the basis elements. For the basis elements, we have

CL(a) = < b >, [[a, L], CL(a)] = 0, [[L, a], CL(a)] = 0, [CL(a), [L, a]] = 0;

CL(b) = L, [[b, L], CL(b)] = 0, [[L, b], CL(b)] = 0, [CL(b), [L, b]] = 0.

Thus, L is a CL-algebra, which is non-abelian.

Example 3.9 : Any 3-step nilpotent Leibniz algebra L is a CL-algebra. As L is a 3-step nilpotent

Leibniz algebra, we have L3 = 0. Thus, by Definition 3.4 L is a CL-algebra.

Theorem 3.10 — Suppose L is a Leibniz algebra and x ∈ L. Centralizers CL(x) in L are left

(right) ideal of L if and only if L is a left (right) CL-algebra.

PROOF : Suppose L is a left CL-algebra. Let y ∈ CL(x) and a ∈ L. We show that [a, y] ∈ CL(x).

[[x, [a, y] = [[x, a], y]− [[x, y], a]

= −[0, a] = 0.

Similary, using the second equation of left CL-algebra, one can easily show [[a, y], x] = 0. Thus,

[a, y] ∈ CL(x). So, CL(x) is a left ideal of L.

Conversely, suppose that CL(x) is a left ideal of L for all x ∈ L. It is easy to see from the Leibniz

identity that L is a left CL-algebra. By a similar argument L is a right CL-algebra. 2
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Remark 3.11 : Theorem 3.10 gives us a motivation for the conditions of CL-algebras. Note that by

the conditions in Definition 3.4, a Leibniz algebra L is a left (respectively, right) CL-algebra implies

CL(x) is a left (respectively, right) ideal for all x ∈ L.

Corollary 3.12 — For all x ∈ L, centralizers CL(x) in L are ideals of L if and only if L is a

CL-algebra.

Definition 3.13 — An element a ∈ L is said to have the left CL-property if for all y ∈ CL(x) and

x ∈ L,

[[x, a], y] = 0,

[[a, x], y] = 0.

An element a ∈ L is said to have the right CL-property if for all y ∈ CL(x) and x ∈ L, we have

[[x, a], y] = 0,

[y, [a, x]] = 0.

Definition 3.14 — An element a ∈ L is said to have the CL-property if it satisfies both left and

right CL-property.

Remark 3.15 : We call an element having CL-property a CL-element. Note that the additive

identity 0 is a CL-element.

Lemma 3.16 — Suppose y ∈ CL(x) and a ∈ L satisfies the CL-property then [a, y], [y, a] ∈
CL(x).

PROOF : Suppose y ∈ CL(x) and a ∈ L satisfies the CL-property. From the Leibniz identity,

[[a, y], x] = [a, [y, x]] + [[a, x], y] = 0.

Similarly, it is easy to check that [x, [a, y]] = [[y, a], x] = [x, [y, a]] = 0. Thus, [a, y], [y, a] ∈
CL(x). 2

Theorem 3.17 — The collection S of all elements of L satisfying the CL-property forms a Leibniz

subalgebra. Thus, (S, [ , ]) is a CL-algebra.

PROOF : To show S is a Leibniz subalgebra, we need only to check that elements of S are closed

under the bracket of L. Suppose a, b ∈ L have the CL-property. The set S is non-empty as 0 ∈ S.
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Suppose z = [a, b] and y ∈ CL(x). From the Leibniz identity we have

[[x, z], y]−[[x, y], z] = [x, [z, y]],

[[x, z], y] = [x, [z, y]].

Since a, b satisfy CL-property, it follows from Lemma 3.16,

[z, y] = [[a, b], y] = [a, [b, y]] + [[a, y], b] ∈ CL(x).

Similarly, [y, z] ∈ CL(x). We also have

[x, [z, y]] = 0,

[[z, x], y] = [z, [x, y]]− [[z, y], x] = 0,

[y, [z, x]] = [[y, z], x] + [[y, x], z] = 0.

Thus, z = [a, b] ∈ S. Similarly, one can show that [b, a] ∈ S. Therefore, S is a subalgebra of

L. 2

Proposition 3.18 — Let L1 and L2 be two Leibniz algebras and f : L1 → L2 be an isomorphism

between L1 and L2 then f(CL(x)) = CL(f(x)).

PROOF Let z ∈ f(CL(x)). So z = f(y1) for some y1 ∈ CL(x). Now,

[z, f(x)] = [f(y1), f(x)] = f([y1, x]) = f(0) = 0.

Thus, z ∈ CL(f(x)) and f(CL(x)) ⊆ CL(f(x)).

Suppose z ∈ CL(f(x)). This implies [f(x), z] = 0. As f is an isomorphism, z = f(y2) for some

y2 ∈ L1. Now,

[f(x), z] = 0,

[f(x), f(y2)] = 0,

f([x, y2]) = 0,

[x, y2] = 0, Since f is an isomorphism.

This implies y2 ∈ CL(x) and f(y2) ∈ f(CL(x)). So, CL(f(x)) ⊆ f(CL(x)). Therefore,

f(CL(x)) = CL(f(x)).
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Theorem 3.19 — Let L1 and L2 be two Leibniz algebras and f : L1 → L2 be an isomorphism

between L1 and L2. If a ∈ L1 has the CL-property then f(a) also has the CL-property in L2.

PROOF : Suppose a ∈ L1 has the CL-property. For y ∈ CL(x) and using Proposition 3.18, we

have,

[[f(x), f(a)], f(y)] = [f([x, a]), f(y)] = f([[x, a], y]) = f(0) = 0,

[[f(a), f(x)], f(y)] = [f([a, x]), f(y)] = f([[a, x], y]) = f(0) = 0,

[f(y), [f(a), f(x)]] = [f(y), f([a, x])] = f([y, [a, x]]) = f(0) = 0.

Thus, the set of all CL-elements are preserved under the isomorphism of Leibniz algebras. 2

Remark 3.20 : The Theorem 3.19 may be used to check whether a Leibniz morphism is an iso-

morphism or not.

4. NILPOTENCY OF CL-ALGEBRAS

In this section, we study how nilpotent Leibniz algebras are related to CL-algebras. We attempt to

answer the following questions:

Question 4.1 : Is every finite dimensional CL-algebra a nilpotent Leibniz algebra?

Question 4.2 : Is every finite dimensional nilpotent Leibniz algebra a CL-algebra?

To answer 4.1, we consider the following example.

Let K denotes the complex field and L is a 3 dimensional Leibniz algebra generated by the basis

elements {e1, e2, e3} with bracket [e3, e3] = e1, [e3, e2] = e2, [e2, e3] = − e2 and all other product

are 0. Now,

L2 = < e1, e2 >,

L3 = L4 = · · · = < e2 > .

Thus, L is not nilpotent but L is a CL-algebra as CL(e1) = < e1, e2, e3 >, CL(e2) = <

e1, e2 >, CL(e3) = < e1 >. Now,

[[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0;

[[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0;

[[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0.
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Thus not all CL-algebras are nilpotent.

To answer Question 4.2, we consider the following theorem.

Theorem 4.3 — Nilpotent complex Leibniz algebras up to dimension 4 are CL-algebras.

PROOF : Suppose L is a finite dimensional complex Leibniz algebra. We consider the following

four cases:

Case 1 : Suppose the dimension of L is 1. So, L is abelian and any abelian Leibniz algebra is

automatically a CL-algebra.

Case 2 : Suppose the dimension of L is 2. By Theorem 2.8, up to isomorphisms there are only

two nilpotent Leibniz algebras of dimension 2.

µ1 : CL(e1) =< e2 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0;

CL(e2) =< e1, e2 >= L, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0.

Therefore, two dimensional nilpotent Leibniz algebras are CL-algebras.

Case 3 : Suppose the dimension of L is 3. By Theorem 2.9, upto isomorphisms there are only six

nilpotent Leibniz algebras of dimension 3.

λ2 : CL(e1) =< e2, e3 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e1, e2, e3 >= L, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e3 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0.

λ3 : CL(e1) =< e1, e3 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e2, e3 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e3 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0.

λ4(α) : CL(e1) =< e3 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e3 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e3 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0.
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λ5 : CL(e1) =< e1, e3 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e2, e3 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e3 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0.

λ6 : CL(e1) =< e3 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e2, e3 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e3 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0.

Therefore, three dimensional nilpotent Leibniz algebras are CL-algebras.

Case 4 : Suppose L is four dimensional and L =< e1, e2, e3, e4 >. By the classification Theorem

2.10 of nilpotent Leibniz algebras of dimension four, we have the following seventeen non-isomorphic

classes:

ρ1 : CL(e1) =< e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e2, e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ2 : CL(e1) =< e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e2, e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ3 : CL(e1) =< e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e2, e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.
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ρ4(α) : CL(e1) =< e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ5 : CL(e1) =< e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e2, e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ6 : CL(e1) =< e2, e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e1, e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e2, e3, e4 >= L, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ7 : CL(e1) =< e3, e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ8 : CL(e1) =< e1, e3, e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ9(α) : CL(e1) =< e3, e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.
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ρ10(α) : CL(e1) =< e3, e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ11 : CL(e1) =< e1, e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ12 : CL(e1) =< e3, e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e2, e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ13 : CL(e1) =< e1, e3, e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e2, e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ14 : CL(e1) =< e1, , e3, e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ15 : CL(e1) =< e1, e3, e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.
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ρ16(α) : CL(e1) =< e1, e3, e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e3, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

ρ17 : CL(e1) =< e1, e3, e4 >, [[e1, L], CL(e1)] = 0, [[L, e1], CL(e1)] = 0, [CL(e1), [L, e1]] = 0,

CL(e2) =< e2, e3, e4 >, [[e2, L], CL(e2)] = 0, [[L, e2], CL(e2)] = 0, [CL(e2), [L, e2]] = 0,

CL(e3) =< e1, e2, e4 >, [[e3, L], CL(e3)] = 0, [[L, e3], CL(e3)] = 0, [CL(e3), [L, e3]] = 0,

CL(e4) =< e1, e2, e3, e4 >, [[e4, L], CL(e4)] = 0, [[L, e4], CL(e4)] = 0, [CL(e4), [L, e4]] = 0.

Therefore, four dimensional nilpotent complex Leibniz algebras are CL-algebras.

Thus, we have proved that nilpotent complex Leibniz algebras of dimension less than equal to

four are CL-algebras. 2

5. GROUP ACTIONS AND CL-ALGEBRAS

In [12], authors have defined a notion of a finite group action on Leibniz algebra. In this section, we

study the CL-property of Leibniz algebras under actions of finite groups.

Definition 5.1 — Let L be a Leibniz algebra and G be a finite group. The group G is said to act

from the left if there exists a function

φ : G× L → L, (g, x) 7→ φ(g, x) = gx

satisfying the following conditions.

1. For each g ∈ G the map x 7→ gx, denoted by ψg is linear.

2. ex = x for all x ∈ L, where e ∈ G is the group identity.

3. g1(g2x) = (g1g2)x for all g1, g2 ∈ G and x ∈ L.

4. g[x, y] = [gx, gy] for all g ∈ G and x, y ∈ L.

The following is an alternative formulation of the above definition.
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Proposition 5.2 — A finite group G acts on a Leibniz algebra L if and only if there exists a group

homomorphism

ψ : G → IsoLeib(L,L), g 7→ ψ(g) = ψg,

from the group G to the group of Leibniz algebra isomorphisms from L to L, where ψg(x) = gx is

the left translation by g.

Remark 5.3 : Let G be a finite group andK[G] be the associated group ring. If G acts on a Leibniz

algebra L then L may be viewed as a K[G]-module.

Definition5.4 — Suppose L is a Leibniz algebra equipped with an action of a finite group G. A

map f : L → L is said to be an equivariant map if f(gx) = gf(x).

Lemma 5.5 — Suppose a finite group G acts on a Leibniz algebra L. Then there is a map

CL(x) → CL(gx).

PROOF : For x ∈ L and y ∈ CL(x), we define a map

p : CL(x) → CL(gx), y 7→ gy

Note that the map is well defined as [gx, gy] = g[x, y] = g0 = 0 and [gy, gx] = g[y, x] = g0 = 0.

Note that the map as defined above is just restriction of the group action map φ to CL(x).

Theorem 5.6 — A CL-element of L is preserved under the action of G on L.

PROOF : Let a ∈ L satisfies the CL-property, we need to show that for all g ∈ G, ga also satisfies

the CL-property. As a satisfies the CL-property, we have for all x ∈ L and y ∈ CL(x)

[[x, a], y] = 0,

[[a, x], y] = 0,

[y, [a, x]] = 0.

From the Lemma 5.5, gy ∈ CL(gx). Thus, we have

[[x, ga], y] = [g[g−1x, a], y] = g[[g−1x, a], g−1y] = g0 = 0.

Similarly, one can show that

[[ga, x], y] = 0,

[y, [ga, x]] = 0.
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So, ga also satisfies the CL-property. 2

Corollary 5.7 — An equivariant automorphism of Leibniz algebras preserves CL-elements.

PROOF : Suppose a Leibniz algebra L is equipped with an action of a finite group G. Let x ∈ L

be a CL-element. By Theorem 5.6, gx is also a CL-element for all g ∈ G. Suppose f : L → L is an

equivariant automorphism. From the Theorem 3.19 and 5.6, f(gx) = gf(x) is also a CL-element.

FURTHER QUESTIONS

We end this article with the following interesting questions:

1. In the Theorem 4.3, we proved nilpotent complex Leibniz algebras up to dimension four are

CL-algebras. What about nilpotent Leibniz algebras of dimension greater than four, are they

CL-algebras? In general, are all nilpotent Leibniz algebras CL-algebras?

2. What is the relationship of CL-algebras with solvable Leibniz algebras?

ACKNOWLEDGEMENT

The second author would like to thank Prof. Ayupov of Institute of Mathematics, Uzbekistan Academy

of Sciences and Prof. Karimbergen of Karakalpak State University, Uzbekistan for valuable discus-

sions on this problem in a CIMPA research school on “Non-associative algebra and applications” held

at Tashkent, Uzbekistan. The second author is especially thankful to Dr. Abror Kh. Khudoyberdiyev

for reading a draft version of the article and his useful suggestions. The second author expresses his

gratitude to CIMPA, France for their financial help to attend the research school. The Authors would

like to thank the esteemed referee for her/his useful comments on the earlier version of the manuscript

that have improved the exposition.

REFERENCES

1. S. Albeverio, Sh. A. Ayupov, and B. A. Omirov, On nilpotent and simple Leibniz algebras, Comm. in

Algebra, 33(1) (2005), pp. 159-172.

2. S. Albeverio, B. A. Omirov, and I. S. Rakhimov, Classification of 4-dimensional nilpotent complex

Leibniz algebras. Extracta mathematicae, 21(3) (2006), pp. 197-210.

3. A. R. Ashrafi, On finite groups with a given number of centralizers. Algebra Colloq., 7(2) (2000),

139-146.

4. Sh. A. Ayupov and B. A. Omirov, On some classes of nilpotent Leibniz algebras, Siberian Math. J.,

42(1) (2001), 18-29.



ON LEIBNIZ ALGEBRAS WHOSE CENTRALIZERS ARE IDEALS 1571

5. Y. Barnea and I. M. Isaacs, Lie algebras with few centralizer dimensions, J. Algebra, 259 (2003), 284-

299.

6. S. M. Belcastro and G. J. Sherman, Counting centralizers in finite groups. Math. Mag., 5 (1994), 111-

114.

7. A. Bloh, On a generalization of Lie algebra notion, Math. in USSR Doklady, 165(3) (1965), 471-473.

8. J. E. Humphreys, Introduction to Lie algebras and representation theory, Graduate Texts in Mathematics,

9, New York : Springer-Verlag, 1972.

9. L. Kurdachenko, N. Semko, and I. Subbotin, The Leibniz algebras whose subalgebras are ideals, Open

Mathematics, 15(1) (2017), pp. 92-100.

10. J. L. Loday, Cup product for Leibniz cohomology and dual Leibniz algebras, Math. Scand., 77 (1995),

189-196.

11. J. L. Loday and T. Pirashvili, Universal enveloping algebras of Leibniz algebras and (co)homology,

Math. Ann., 296 (1993), 139-158.

12. G. Mukherjee and R. Saha, Cup-Product for Equivariant Leibniz Cohomology and Zinbiel Algebras,

Algebra Colloquium, 26(2) (2019), 271-284.

13. Saffarnia, Somayeh, Moghaddam, Mohammad Reza R., Rostamyari and Mohammad, Centralizers in

Lie algebras, Indian J. Pure Appl. Math., 49(1) (2018), 39-49.

14. A. J. Zapirain, Centralizer sizes and nilpotency class in Lie algebras and finite p-groups, Proc. Am.

Math. Soc., 133(10) (2005), 2817-2820.


