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This paper concerns the study of Leibniz algebras, a natural generalization of Lie algebras, from
the perspective of centralizers of elements. We study conditions on Leibniz algebras under which
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1. INTRODUCTION

In [11], Loday introduced some new types of a non-anticommutative version of Lie algebras along
with their (co)homologies. Historically, such algebraic structures had been studied by Bloh who
called them D-algebras [7]. In this new type of algebras, the bracket satisfies Leibniz identity instead

of Jacobi identity and such algebras are called Leibniz algebras.

In group theory, centralizers of a group provide many useful pieces of information about the
structure of the group. Investigations of centralizers is an interesting research area in group theory
[3, 6]. Centralizers of Lie algebras have been studied in many articles [5, 13, 14]. The present
article contributes to the development of the theory of non-associative algebras from the perspective of
centralizers of Leibniz algebras. Leibniz algebras whose subalgebras are ideals have been studied in

[9]. In this article, we first study conditions on a Leibniz algebra for which centralizers of all elements
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of the Leibniz algebra are ideals. Leibniz algebras which satisfy the required conditions will be called
CL-algebras. The main question addressed in this paper is whether a finite-dimensional nilpotent
Leibniz algebra is a CL-algebra or not. We show in Theorem 4.3 that any nilpotent complex Leibniz
algebra up to dimension four is a CL-algebra. In the classification result of the four-dimensional
nilpotent complex Leibniz algebras, we neither consider abelian algebras nor Lie algebras and split
Leibniz algebras. We define a notion of CL-property in a Leibniz algebra. Elements which satisfy
the CL-property are called CL-elements. In [12], Mukherjee and Saha have introduced a notion of
a finite group action on a Leibniz algebra. We show that a CL-element is preserved under the group

actions on Leibniz algebras. At the end of this article, we mention some questions for further study.
2. PRELIMINARIES

In this section, we discuss some basics of Leibniz algebras.
Definition 2.1 — Let K be a field. A Leibniz algebra is a vector space L over K, equipped with a

bracket operation, which is K-bilinear and satisfies the Leibniz identity:

@, Iy, 2]] = [[e, 9], 2] — [[2, 2], ] fora, y, = € L.

Note that any Lie algebra is automatically a Leibniz algebra as in the presence of skew symmetry
the Leibniz identity is the same as the Jacobi identity. A Leibniz algebra (L, [, ]) is called an abelian
algebra if [z,y] =0 forall x,y € L.

A morphism between two Leibniz algebras L and Lo is a K-linear map f : Ly — Lo which
satisfies f([z, y]) = [f (@), f(y)] forall z,y € L.

Example 2.2 : Consider a differential Lie algebra (L, d) with the Lie bracket [ , |. Then L has a
Leibniz algebra structure with the bracket operation [z, y|4 := [z, dy]. The new bracket on L is called

the derived bracket.

Definition 2.3 — A Leibniz algebra L is said to be simple if it contains only the following ideals:

{0}, 1, L. Here I denotes ideal generated by elements of the form [z, z] forall z € L.

Given a Leibniz algebra L, we define the following two sided ideals:

Ll — I, and Lk+1 — [Lk,L],
Lm = [, and L[kJrl] = [L[k],L[k]] for k > 1.

Definition 2.4 — A Leibniz algebra L is called a nilpotent Leibniz algebra if there exist n € N
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such that L™ = 0. Suppose n € N is least and L™ = 0 then L is called an n-step nilpotent Leibniz
algebra.

Example 2.5 : [4]. Consider a three dimensional vector space L spanned by
{e1, ea, e3} over C. Define a bilinear map [, | : L x L — L by [e1,e3] = ez and [es, e3] = e,
all other products of basis elements being 0. Then (L, [, |) is a Leibniz algebra over C of dimension
3. The Leibniz algebra L is nilpotent and is denoted by Ag in the classification of three dimensional

nilpotent Leibniz algebras.

Definition 2.6 — A Leibniz algebra L is called a solvable Leibniz algebra if there exist n € N
such that L™ = 0.

Note that any nilpotent Leibniz algebra is a solvable Leibniz algebra but the converse is not true
in general. For example, the subalgebra of gl(n,R), n > 2, consisting of upper triangular matrices,

b(n,R), is solvable but not nilpotent [8, p. 10].

Definition 2.7 — An ideal P of a nilpotent Leibniz algebra L is called nilpotent if P is nilpotent

as a Leibniz algebra.
2.1 Classsification of nilpotent Leibniz algebras upto dimension 4
Here we recall some well-known classification results for nilpotent Leibniz algebras.
Theorem 2.8 — [10]. Let L be a 2-dimensional nilpotent Leibniz algebra. Then L is either

abelian or isomorphic to

M1t [61,61] = €9.

Theorem 2.9 — [1]. Let L be a 3-dimensional nilpotent Leibniz algebra. Then L is isomorphic

to one of the following pairwise non-isomorphic algebras:

A1 @ abelian,

A2 @ [e1,e1] = es,

Azt le1, ea] = e3, [e2,e1] = —es,

M) : [e1,e1] = es, [e2, ea] = aes, [e1, ea] = es,
A5 @ le2, e1] = es, [e1, e2] = e3,

g : [61,61] = €2, [62761] = s

1557
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Theorem 2.10 — [2]. There exist up to isomorphism five one parametric families and twelve

concrete representatives of nilpotent complex Leibniz algebras of dimension four, namely:
p1:[er,e1] = e, [ea, e1] = e3, [es, e1] = ey;

p2 : [e1,e1] = e3, [e1, ea] = ey, [ea, e1] = e3, [e3, 1] = e4;
p3 : [e1,e1] = e3,[e2,e1] = e3, [e3, e1] = eq;
pa(@) : [e1,e1] = es, [e1, 2] = ey, [ea, e1] = e3,[e2, e2] = eq, [e3,e1] = €es, « € {0,1};
ps : [e1, e1] = es, [e1, ea] = ey, [e3, e1] = ey;

P6 - [61761] = €3, [6’2,6’2] = €4, [63,6’1} = €4;

pr: le1,e1] = ey, [e1, ea] = e3, [ea, e1] = —e3, [e2, 2] = —2e3 + ey;
ps : [e1, e2] = e3,[e2, e1] = ey, [ea, e2] = —e3;
po(a) : [e1,e1] = es, [e1,e2] = eq,[e2,e1] = —aes, [e2,€2] = —e4, a € C;
pro(@) : [e1,e1] = ey, [e1,e2] = ey, [ea, e1] = —aey, [e2, ea] = ey, [e3,e3] = €4, a € C;
p11 : [e1, e2] = eq, [e1, e3] = ey, [e2,e1] = —ey, [e2, e2] = ey, [e3, €1] = ey;
p12 : [e1,e1] = eq, [e1, €] = eq, [ea, 1] = —eq, [e3, €3] = eq;

p13 : [e1, ea] = e3, [e2, e1] = eq;
p1a : [e1, €2] = €3, [ea, 1] = —e3, [ea, €2] = eu;
P15 ¢ [e2, e1] = ey, [e2, e2] = e3;
p16() : [e1,ea] = eq, ez, e1] = (1 + ) /(1 — av)ey, [ea, 2] = €3, « € C\{1};

p17 : [e1, ea] = e, [e2,e1] = —eu, [e3,e3] = eq.

3. CL-ALGEBRAS

In this section, we introduce conditions so that for a Leibniz algebra satisfying these conditions cen-
tralizers of each element are ideals. We introduce a subclass of collection of all Leibniz algebras, a
member of this subclass is called a CL-algebra. We give some examples of CL-algebras and show

that the centralizer of an element in a CL-algebra is an ideal (cf. Theorem 3.10).
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Definition 3.1 — Let L be a Leibniz algebra over a field K. We define centralizer of x € L as

follows:
Cr(x)={yeL|[z,y]=0=][y,a]}.

The right centralizer of x € L is defined as
Cp(x) ={y € L|[z,y] = 0},
The left centralizer of x € L is defined as

CL(z)={y e L|[y.a] =0}.

So, the centralizer of = € L is both left and right centralizer of z.

Remark 3.2 : In case of a Lie algebra both the left and the right centralizers are same. Observe
that for any z € L, the square element [z, z] € C7(z) but [z, z] may not belongs to C} (). For
example, consider the algebra with multiplication [es, e3] = e1, [e1, €3] = e2, and all other products

are zero. We have Cp(e3) = < ez >, and [e3, e3] = e1 ¢ CL (e3).
Lemma 3.3 — For any Leibniz algebra L and any x € L, C(z) is a Leibniz subalgebra.
PROOF : Let y1,y2 € Cr(x). From the bilinearity of bracket operation, y; — y2 € C(x). Now,
[[I’, yl]a 3/2] - Hxv y?]a yl]

[0’ y2] - [Oa yl]
0.

[xv [ylv ZJZH

Thus, [y1,y2] € Cr(x). Similarly, [y2,41] € C(z). So, Cr(x) is a Leibniz subalgebra.
Definition 3.4 — A Leibniz algebra L is called a left CL-algebra if it satisfies the following

conditions:

[[-ﬁ,d],y] =0, (D
[[a7$]>y] =0, Vy e CL(SL‘), and a,r € L. (2)

A Leibniz algebra L is called a right CL-algebra if it satisfies the following conditions:

[[a:,aLy] =0, (3)

[y, [a,z]] =0, Yy € Cr(z), and a,x € L. 4
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Definition 3.5 — A Leibniz algebra L is called a CL-algebra if it is both a left and a right CL-
algebra.

Remark 3.6 : To verify a Leibniz algebra is a CL-algebra, we need to check the following condi-

tions forall xz € L,
1. [[z,L],CL(z)] =0,
2. [[L,z],Cr(z)] =0,

3. [Cr(x),[L,z]] = 0.

Example 3.7 : Any Abelian Leibniz algebra is a CL-algebra. The following example shows that

the converse part may not be true.

Example 3.8 : Let L be a vector space of dimension 2 over a field K and {a, b} be a basis of L.
Define the bracket [, | by the following rule: [a,a] = b, [b,a] = [b,b] = [a,b] = 0. It is enough to

check the conditions of CL-algebras for the basis elements. For the basis elements, we have

CL(a) = <b>, [[CL, L], CL(a)] =0, HL,CL],CL((I)] =0, [CL<a)7 [L7a]] =0;
CL(b) =1L, Hbv L]7CL(b)} =0, [[va]ch(b)] =0, [CL<b)7 [va]] = 0.

Thus, L is a CL-algebra, which is non-abelian.

Example 3.9 : Any 3-step nilpotent Leibniz algebra L is a CL-algebra. As L is a 3-step nilpotent
Leibniz algebra, we have L? = 0. Thus, by Definition 3.4 L is a CL-algebra.

Theorem 3.10 — Suppose L is a Leibniz algebra and x € L. Centralizers Cr,(x) in L are left
(right) ideal of L if and only if L is a left (right) CL-algebra.

PROOF : Suppose L is a left CL-algebra. Lety € C(z) and a € L. We show that [a, y] € CL(z).

[z, [a,y] = [[z,a],y] = [[z, 4], q]
= —[0,a] = 0.

Similary, using the second equation of left CL-algebra, one can easily show [[a, y], z] = 0. Thus,
[a,y] € CL(x). So, CL(x) is a left ideal of L.

Conversely, suppose that Cr, () is a left ideal of L for all z € L. It is easy to see from the Leibniz

identity that L is a left CL-algebra. By a similar argument L is a right CL-algebra. O
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Remark 3.11 : Theorem 3.10 gives us a motivation for the conditions of CL-algebras. Note that by
the conditions in Definition 3.4, a Leibniz algebra L is a left (respectively, right) CL-algebra implies
Cr(x) is a left (respectively, right) ideal for all x € L.

Corollary 3.12 — For all z € L, centralizers C,(x) in L are ideals of L if and only if L is a
CL-algebra.

Definition 3.13 — An element a € L is said to have the left CL-property if for all y € C,(z) and
Tz €L,

Definition 3.14 — An element a € L is said to have the CL-property if it satisfies both left and
right CL-property.

Remark 3.15 : We call an element having CL-property a CL-element. Note that the additive
identity O is a CL-element.

Lemma 3.16 — Suppose y € Cr(x) and a € L satisfies the CL-property then [a, y], [y,a] €
Cr(x).

PROOF : Suppose y € C(x) and a € L satisfies the CL-property. From the Leibniz identity,
[la, yl, 2] = [a, [y, z]] + [[a, 2], y] = 0.
Similarly, it is easy to check that [z, [a,y]] = [[y,al, z] = [z,[y,a]] = 0. Thus, [a,y], [y,a] €

CL(.’L‘) O

Theorem 3.17 — The collection S of all elements of L satisfying the CL-property forms a Leibniz
subalgebra. Thus, (S, |, ]) is a CL-algebra.

PROOF : To show S is a Leibniz subalgebra, we need only to check that elements of .S are closed

under the bracket of L. Suppose a,b € L have the CL-property. The set S is non-empty as 0 € S.

1561
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Suppose z = [a, b] and y € C(x). From the Leibniz identity we have

[z, 2], yl =z, yl, 2] = [, [z, 9],
[z, 2], 9] = [, [z, y]].

Since a, b satisfy CL-property, it follows from Lemma 3.16,

[2,y] = [la, 8], 4] = [a, [b, 9] + [[a, 4], b] € Cr(2).

Similarly, [y, z] € C(x). We also have

[z, [z, 4] =0,
[z, 2], 9] = [z, [=,9]] - [[2,9], 2] = 0,
[y’ [Z’x” = [[y7 2]733] + [[y,x],z} =0.

Thus, z = [a,b] € S. Similarly, one can show that [b,a] € S. Therefore, S is a subalgebra of
L. O

Proposition 3.18 — Let L1 and Ls be two Leibniz algebras and f : L1 — Lo be an isomorphism
between L and Ly then f(Cr(x)) = CL(f(x)).

PROOF Let z € f(CL(x)). So z = f(y1) for some y; € Cr(z). Now,
[z, f(2)] = [f(w1), f(2)] = f([y1, 2]) = f(0) = 0.

Thus, z € C(f(z)) and f(Cr(x)) C CL(f(x)).

Suppose z € Cr(f(x)). This implies [f(x), z] = 0. As f is an isomorphism, z = f(y3) for some
yo € L1. Now,

f(@), f(y2)] =0,
f([l',yg]) =0,

[z,y2] =0, Since f is an isomorphism.

This implies y2 € Cr(x) and f(y2) € f(Cr(z)). So, Cr(f(z)) € f(Cr(z)). Therefore,
f(CL(z)) = CL(f(x)).
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Theorem 3.19 — Let L1 and Lo be two Leibniz algebras and f : Ly — Lo be an isomorphism
between Ly and Ly. If a € Ly has the CL-property then f(a) also has the CL-property in Lo.

PROOF : Suppose a € L has the CL-property. For y € Cr(x) and using Proposition 3.18, we

have,
[f (), f(a)], f ()] = [f ([, al), f ()] = f([[z, al, y]) = f(0) =0,
[[F(a), f(@)], f(y)] = [f([a, 2]), F(y)] = f([la, ], y]) = F(0) =0,
[f (), [f(a), f(@)]] = [f (v), f([a, 2])] = f(ly, a, 2]]) = £(0) = 0
Thus, the set of all CL-elements are preserved under the isomorphism of Leibniz algebras. O

Remark 3.20 : The Theorem 3.19 may be used to check whether a Leibniz morphism is an iso-

morphism or not.
4. NILPOTENCY OF CL-ALGEBRAS
In this section, we study how nilpotent Leibniz algebras are related to CL-algebras. We attempt to
answer the following questions:
Question 4.1 : Is every finite dimensional CL-algebra a nilpotent Leibniz algebra?
Question 4.2 : Is every finite dimensional nilpotent Leibniz algebra a CL-algebra?
To answer 4.1, we consider the following example.

Let K denotes the complex field and L is a 3 dimensional Leibniz algebra generated by the basis
elements {ej, e2, e3} with bracket [e3, es] = e1, [e3, e2] = ea, [e2,e3] = — ez and all other product

are 0. Now,
L? = < ey, ey >,

P=L'= .= <ey>.

Thus, L is not nilpotent but L is a CL-algebra as C(e1) = < ej,es,e3 >, Cr(es) = <
er,es >, Cr(es) = < ep >. Now,

[[61, L]v CL(el)] =0, [[L> 61], CL(el)} =0, [CL(el)a [Lv 61“ =0;
[le2, L], CL(e2)] = 0, [[L,e2],CL(e2)] =0, [CL(e2),[L,e2]] = 0;
(les, L], Cr(e3)] = 0, [[L,es],Cr(es3)] =0, [CL(es),[L,es3]] =0
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Thus not all CL-algebras are nilpotent.
To answer Question 4.2, we consider the following theorem.
Theorem 4.3 — Nilpotent complex Leibniz algebras up to dimension 4 are CL-algebras.

PROOF : Suppose L is a finite dimensional complex Leibniz algebra. We consider the following

four cases:

Case 1 : Suppose the dimension of L is 1. So, L is abelian and any abelian Leibniz algebra is

automatically a CL-algebra.

Case 2 : Suppose the dimension of L is 2. By Theorem 2.8, up to isomorphisms there are only

two nilpotent Leibniz algebras of dimension 2.

25 CL(el) =< e2 >, [[ele]’CL(el)] =0, [[Lvel]vclz(el)] =0, [CL(61)7 [Laelﬂ =0;
CL(@Q) =< e1,eg >= L, [[62,L],CL(€2)] = O, [[L,ez],CL(eg)] = 07 [CL(GQ), [L,eg“ =0.

Therefore, two dimensional nilpotent Leibniz algebras are CL-algebras.

Case 3 : Suppose the dimension of L is 3. By Theorem 2.9, upto isomorphisms there are only six

nilpotent Leibniz algebras of dimension 3.

)\2 : CL(el) =< eg, €3 >, [[el,L],C’L(el)] = 0, [[L, 61],CL(€1)] = 0, [CL(€1>, [L,el]] = 0,
CL(eg) =< e1,6€9,63 >= L, [[62,L],CL(€2)] =0, [[L, 62],CL(€2)] =0, [CL(€2), [L, 62] = 0,

)\3 : CL(€1> =< e1,e3 >, [[el,L],C’L(el)] =0, [
CL(eg) =< eg,€e3 >, [[62,L],CL(€2)] =0, [

)\4(0[) : CL(el) =< ez >, [[el,L],CL(el)] =0, [[L,el],CL(el)] =0, [CL(el), [L,elﬂ =0,
CL(62) =<e3 >, [[627L]7CL<62)] =0, HL7€2]7CL(62)] =0 0
Cr(es) =<e1,e,e3 >, [les, L],Cr(e3)] = 0, [[L,es], CL(es)] = 0, [Cr(es), [L,es]] = 0.
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A5 0 Cr(er) =< ey,es >, [[e1,L],Cr(e1)] =0, [[L,e1],CL(e1)] =0, [CL
CrL(e2) =< ea,e3 >, [[e2, L],CL(e2)] =0, [[L,es],Cr(e2)] =0, [CL(e2
Cr(e3) =< e1,ea,e3 >, [les, L],Cr(e3)] =0, [[L,es],Cr(es)] =0, [CL(es),[L,es]] = 0.
Xe : Cr(er) =< ez >, [[e1,L],Cr(e1)] =0, [[L,e1],CL(e1)] =0, [CL(er),[L,e1]] =0,
CL(e2) =< ez, e3>, [[e2, L], CL(e2)] = 0, [[L, 2], Cr(e2)] = 0, [Cr(e2), [L,e2]] =0,
Cr(e3) =< e1,ea,es3 >, [les, L],Cr(e3)] =0, [[L,es],Cr(es)] =0, [CL(es),[L,es]] = 0.

Therefore, three dimensional nilpotent Leibniz algebras are CL-algebras.

Case 4 : Suppose L is four dimensional and L =< ey, e, e3, e4 >. By the classification Theorem

2.10 of nilpotent Leibniz algebras of dimension four, we have the following seventeen non-isomorphic

classes:
: Cr(er) =< eq >, [[e1, L],CL(e1)] =0, [[L,e1],CL(e1)] =0, [Cr(e1),[L,e1]] =0,
Cr(e2) =< eg,e3,e4 >, [[ea, L],Cr(e2)] =0, [[L,es],Cr(e2)] =0, [Cr(e2),[L,ez2]] =0,
Cr(es) =< ez, es,e4 >, [[e3,L],CL(es)] =0, [[L,es),Cr(e3)] =0, [Cr(es), [L,es]] =0,
Cpr(es) =< e1,e2,e3,€4 >, [[e, L], Cr(es)] = 0, [[L, €], Cr(es)] =0, [CL(ea), L, eq]] = 0.
p2: Crler) =<es>, [[er, L], Cp(e1)] =0, [[L,e1], Cr(er)] =0, [CL(er), [L,e]] =0,
Cr(e2) =<ez,es,e4 >, [[e2,L],CL(e2)] =0, [[L,e2], CL(e2)] =0, [CL(e2), [L,e2]] =0,
Cr(es) =<ez,es,e4 >, [[e3,L],CL(es)] =0, [[L,es), CL(e3)] =0, [Cr(es), [L,es]] =0,
Cr(eq) =< e1,e9,€e3,eq4 >, [leq, L], Cr(eq)] =0, [[L,eq],CL(eq)] =0, [CL(e4),|L,e4]] = 0.
p3: Crler) =<es >, [[e1,L],Cr(e1)] =0, [[L,e1],CL(e1)] =0, [CL(er), [L,e1]] =0,
Cr(e2) =< eg,e3,e4 >, [[ea, L],Cr(e2)] =0, [[L,es],Cr(e2)] =0, [Cr(e2),[L,ez2]] =0,
Cr(es) =< ez, es,e4 >, [[e3,L],C(es)] =0, [[L,es),Cr(e3)] =0, [Cr(es), [L,es]] =0,
Cpr(es) =<e1,e2,e3,e4 >, [[e, L], Cr(es)] = 0, [[L, €], Cr(ea)] =0, [CL(ea), L, eq]] = 0.
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(e1) =< es >, [[e1, L], Cr(e1)] =0, [[L,e1],CLle1)] =0, [Cr(er), [L,er]] =0,

(e2) =< e3,eq >, [[ea, L], CL(e2)] = 0, [[L, 2], CL(e2)] = 0, [Cr(e2), L, e2]] =0,
Cr(e3) =< ea,e3,eq4 >, [les, L],Cr(e3)] =0, [[L,es],Cr(es)] =0, [Cr(es),[L,es]] =0,

(e4) =< e1,e2,e3,eq4 >,|[[eq, L], Cr(eq)] = 0,[[L, e4], Cr(eq)] =0, [CL(e4),[L, e4]] = 0.

€1

€2

=<4 >, [[e1, L],CL(e1)] = 0, [[L,e1],CL(e1)] =0, [CL(e1),[L,e1]] =0,

L, €3], Cr(e2)] = 0, [CL(e2), L, e2]]
L,e3],Cr(e3)] =0, [Cr(es),[L,es]]
=< ey,e9,e3,64 >, [[es, L],Cr(eq)] =0, [[L,eq],CL(eq)] =0, [Cr(eq),[L,e4]] =0.

0 0,
0, 0,

[
[

—  —

)

Cr(e2) =< ez, e3,eq >, [[ea, L], CL(e2)] =0,
) =< e9,€3,€4 >, [[63, ] CL(€3)] 0,
)

Cr(e1) =< eg,eq >, [[e1, L],CL(e1)] =0, [[L,e1],CL(e1)] =0, [Cr(e1),[L,e1]] =0,
Cr(e2) =< e1,es,eq >, [[ea, L],Cr(e2)] =0, [[L,ea],Cr(e2)] =0, [CrL(e2),[L,e2]] =0,
Cr(es) =< eg,es,eq >= L, [les, L],Cr(e3)] =0, [[L,es3],Cr(es)] =0, [Cr(es),[L,es]] =0,
Cr(eq) =< e1,ea,e3,eq >, [[es, L],Cr(eq)] =0, [[L,e4],CL(es)] =0, [CL(esq),[L,e4]] = 0.
Cr(er) =<es,eq >, [[er, L], CL(e1)] =0, [[L,e1], Cr(er)] =0, [Cr(er), [L,e]] =0,
Cr(e2) =<es,eq >, [[e2, L], CL(e2)] = 0, [[L,e2], Cr(e2)] =0, [CL(e2),[L,e2]] =0,
Cr(e3) =< e1,ea,es,eq >, [[es, L],Cr(e3)] =0, [[L,es],Cr(e3)] =0, [Cr(es),[L,es]] =0,
Cpr(es) =<e1,e2,e3,€4 >, [[es, L], Cr(ea)] = 0, [[L,e4],Cr(es)] =0, [CL(ea), L, e4]] = 0.
Cr(e1) =< e1,es,eq >, [[e1,L],CL(e1)] =0, [[L,e1],CrL(e1)] =0, [CL(e1),[L,e1]] =0,
Cr(e2) =< es,eq >, [[e2, L],CL(e2)] =0, [[L,e2],CL(e2)] =0, [Cr(e2),[L,e2]] =0,
Crles) =< e, e2,e3,e4 >, [[e3, L], Cr(e3)] =0, [[L,es],Cr(es)] =0, [CL(e3), [L,es]] =0,
Cr(eq) =< e1,e9,e3,eq4 >, [lea, L], Cr(eq)] =0, [[L,eq],CL(es)] =0, [CL(e4),[L,eq]] = 0.
a): Cp(er) =< es,eq >, [[e1,L],Cr(e1)] =0, [[L,e1],Cr(e1)] =0, [Cr(e1),[L,e1]] =0
Cr(e2) =< es,eq >, [[e2, L],Cr(e2)] =0, [[L,e2],Cr(e2)] =0, [Cr(e2),[L,ea]] =0
Cr(e3) =< ey, ea,e3,eq >, [[es, L],Cr(e3)] = 0,[[L,es],Cr(e3)] = 0,[Cr(es), L, es]] =0,
Cr(eq) =< e1,ea,e3,eq4 >,[[ea, L],Cr(e4)] = 0,[[L,e4],Cr(ea)] = 0,[CL(e4q),[L,e4]] = 0.
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pro(@) : Crler) =<es,eq >, [ler, L],Cr(e1)] = 0, [[L,en], CL(e1)] =0, [Cr(er), [L,e1]] =0,
Cr(e2) =< es,es >, [lez, L], Cr(e2)] = 0, [[L, 2], CL(e2)] = 0, [CL(e2), [L,e2]] =0,
Cr(e3) =< e1,ea,eq >, [les, L],Cr(e3)] =0, [[L,es],Cr(es)] =0, [Cr(es),[L,es]] =0,
Cr(eq) =< e1,ea,e3,eq >, [[ea, L],Cr(e4)] = 0,[[L,e4],Cr(ea)] = 0,[CL(es),[L,e4]] = 0.
pi1: Cr(er) =<en,es >, [lex, L], Cr(e1)] = 0, [[L; 1], CL(e1)] = 0, [CL(er), [L, e1]] =0,
Cr(e2) =< es,eq >, [[e2, L],Cr(e2)] =0, [[L,e2],CL(e2)] =0, [CL(e2),[L,ea]] =0,
Cr(e3) =< ea,e3,eq >, [les, L],Cr(e3)] =0, [[L,es3],Cr(e3)] =0, [CL(es),[L,es]] =0,
Cr(eq) =< e1,ea,e3,eq >, [[es, L],Cr(eq)] =0, [[L,e4],CL(e1)] =0, [CL(e4q),[L,e4]] = 0.
p12: Cr(er) =< esz,eqs >, [le1, L],Cr(e1)] =0, [[L,e1],Cr(e1)] =0, [Cr(e1),[L,e1]] =0
Cr(e2) =< e, e3,eq4 >, [lea, L], Cr(e2)] =0, [[L,es],Cr(e2)] =0, [CL(e2),[L,e2]] =0
Cr(e3) =< e1,ea,eq >, [les, L],CrL(e3)] =0, [[L,es],Cr(es3)] =0, [CL(es),[L,es]] =0
Cr(eq) =< ey1,ea,e3,eq4 >, [[es, L],Cr(eq)] =0, [[L,ea],CL(ea)] =0, [CL(€4),[L,e4]] =0
pi3: Cpler) =<en,es,eq >, [[er, L], Cr(e1)] = 0, [[L, 1], Cr(e1)] = 0, [CL(er), [L, e1]] = 0,
Cr(e2) =< eg,e3,eq4 >, [[e2, L],Cr(e2)] =0, [[L,e2],Cr(e2)] =0, [CL(e2),[L,e2]] =0
Cr(e3) =< e1,ea,es,eq >, |[[es, L],Cr(e3)] =0, [[L,es],Cr(es)] =0, [Cr(es),[L,es]] =0,
Cr(eq) =< e1,ea,e3,eq >, [[es, L],Cr(eq)] =0, [[L,e4],CL(es)] =0, [CL(esq),[L,e4]] = 0.
pia: Cpler) =<en,,e3,e4 >, [ler, L], Cr(e1)] = 0, [[L,e1], CL(e1)] = 0, [CL(er), [L,ea]] =0,
Cr(e2) =< es,eq >, [[e2, L],CL(e2)] =0, [[L,e2],CL(e2)] =0, [CL(e2),[L,e2]] =0,
Cr(e3) =< e1,ea,es,eq >, |[[es, L],Cr(e3)] =0, [[L,es],Cr(es)] =0, [Cr(es),[L,es]] =0,
CL(es) =< e, e,e3,e4 >, [[ea, L], Cr(ea)] = 0, [[L, eq], Cr(ea)] = 0, [Cr(ea), [L,eq]] = 0
p15: Cr(e1) =< ey, es,eq >, [[e1,L],Cr(e1)] =0, [[L,e1],CL(e1)] =0, [Cr(e1),[L,e1]] =0,
Cr(e2) =< es,eq >, [[e2, L],Cr(e2)] =0, [[L,e2],CL(e2)] =0, [CL(e2),[L,es]] =0,
Cr(e3) =< e1,ea,e3,e4 >, [[es, L],Cr(es3)] =0, [[L,es],Cr(e3)] =0, [CL(es),[L,es]] =0,
Cr(e4) =< e1,e9,e3,e4 >, [[eq, L],Cr(es)] =0, [[L,e4],Cr(es)] =0, [CL(es),[L,eq]] = 0.
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p16(a) : Cp(e1) =< ey, es,eq >, [[e1, L],Cr(e1)] =0, [[L,e1],CL(e1)] =0, [CL(e1),[L,e1]] =0,
Cr(e2) =< es,eq >, [le2, L],CL(e2)] =0, [[L,ez],CL(e2)] =0, [CL(e2),[L,es]] =0,
Cr(es) =< e1,eq,e3,eq >, [[es, L],Cr(e3)] = 0,[[L,es],Cr(e3)] = 0,[Cr(es), [L,es]] =0,
Cp(e4) =< e1,e9,€e3,6e4 >,[[ea, L],Cr(eq)] =0, [[L, e4],CrL(eq)] = 0,[CL(e4), [L, eq]] = 0.
p17: Cp(er) =< ei,es,eq >, [[e1, L], Cr(e1)] =0, [[L,e1],CrL(e1)] =0, [CL(e1),[L,e1]] =0,
Cr(e2) =< ea,es,e4 >, [[ez, L], Cr(e2)] = 0, [[L, 2], CL(e2)] = 0, [CL(e2), [L,e2]] =0,
Cr(e3) =< en,e,e4 >, [[es, L], Cr(e3)] = 0, [[L,e3], CL(es)] = 0, [CL(es), [L,e3]] =0,
Cr(e4) =< e1,e9,e3,e4 >, [[eq, L],Cr(es)] =0, [[L,e4],CrL(e4)] =0, [CL(eq),[L,e4]] =0

Therefore, four dimensional nilpotent complex Leibniz algebras are CL-algebras.

Thus, we have proved that nilpotent complex Leibniz algebras of dimension less than equal to

four are CL-algebras. O
5. GROUP ACTIONS AND CL-ALGEBRAS

In [12], authors have defined a notion of a finite group action on Leibniz algebra. In this section, we

study the CL-property of Leibniz algebras under actions of finite groups.

Definition 5.1 — Let L be a Leibniz algebra and G be a finite group. The group G is said to act

from the left if there exists a function
¢:GxL—L, (9,2) = ¢(g,x) = gz
satisfying the following conditions.
1. For each g € G the map x +— gz, denoted by ), is linear.
2. ex =z forall x € L, where e € G is the group identity.
3. g1(g927) = (g192)x for all g1, g2 € G and x € L.

4. glz,y] = [gz,gy] forallg € Gand z,y € L.

The following is an alternative formulation of the above definition.
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Proposition 5.2 — A finite group G acts on a Leibniz algebra L if and only if there exists a group

homomorphism
(I G — ISOLeib(L7L)a g @0(9) = %,

from the group G to the group of Leibniz algebra isomorphisms from L to L, where 14(z) = gz is
the left translation by g.

Remark 5.3 : Let G be a finite group and K[G] be the associated group ring. If G acts on a Leibniz
algebra L then L may be viewed as a K[G]-module.

Definition5.4 — Suppose L is a Leibniz algebra equipped with an action of a finite group G. A
map f : L — L is said to be an equivariant map if f(gz) = gf(x).

Lemma 5.5 — Suppose a finite group G acts on a Leibniz algebra L. Then there is a map

Cr(x) — Cr(gz).

PROOF : For x € L and y € C(x), we define a map

p:Cr(x) = CLlgz), y— gy
Note that the map is well defined as [gz, gy] = g[x,y] = g0 = 0 and [gy, 92| = g[y, x| = g0 = 0.
Note that the map as defined above is just restriction of the group action map ¢ to Cr,(z).
Theorem 5.6 — A CL-element of L is preserved under the action of G on L.
PROOF : Let a € L satisfies the CL-property, we need to show that for all ¢ € G, ga also satisfies

the CL-property. As a satisfies the CL-property, we have for all z € L and y € C(x)

[z, a],y]
[[a, 2], 9]

[y, [a, «]]

Il
o o o

)
)

From the Lemma 5.5, gy € C1(gx). Thus, we have

1

([, gal, y] = lglg~"x,a],y] = gllg™"

z,a],gily] =g0=0.

Similarly, one can show that

[[gav $], y] =0,
ly,lga,z]] =0
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So, ga also satisfies the CL-property. O
Corollary 5.7 — An equivariant automorphism of Leibniz algebras preserves CL-elements.

PROOF : Suppose a Leibniz algebra L is equipped with an action of a finite group G. Let x € L
be a CL-element. By Theorem 5.6, gx is also a CL-element for all ¢ € G. Suppose f : L — L is an

equivariant automorphism. From the Theorem 3.19 and 5.6, f(gz) = gf(x) is also a CL-element.

FURTHER QUESTIONS

We end this article with the following interesting questions:

1. In the Theorem 4.3, we proved nilpotent complex Leibniz algebras up to dimension four are
CL-algebras. What about nilpotent Leibniz algebras of dimension greater than four, are they

CL-algebras? In general, are all nilpotent Leibniz algebras CL-algebras?

2. What is the relationship of CL-algebras with solvable Leibniz algebras?
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