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In this work, we study efficient asymptotically correct a posteriori error estimates for the numer-
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1. INTRODUCTION

The second order Fredholm integro-differential (SFID) equations is defined in the following form

y”(t) :F(tvy(t)ay/(t)vz[y](t))v tel:= [a7 b]? (1.1)
y(a) =r1,  y(b) =ra, (1.2)

with
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where a, b, 71,79 € (—00,00) and b > a. We define W and S as follows

W= {(t,y,v/,2); t € I&y,y,2 € (—00,0)},
S:={(t,s,u); t,s € I&u € (—o0,00)}.

In this paper we shall assume that F' and K are uniformly continuous in W and S, respectively.

We say that z[y|(t) is linear if we can write z[y|(t) as

b
2[y(t) = / A(t, $)y(s)ds,

where A(t, s) is sufficiently smooth in J := {(¢,s);t,s € I}. Also, we say that F' is semilinear if
we can write F (¢, y(t),y/ (), z[y](t)) as

F(ty(),y (1), 2[y) (1)) = ar(t)y'(t) + a2(t)y(t) + as(t) + 2[y](t).

In the nonlinear case, we assume that F(t,y,y/, 2), Fi(t,y,y, 2), Fy(t,y, ¥, 2), Fy(t, 9,9, 2)
and F(t,y, v/, z) are Lipschitz-continuous. Also when z[y](¢) is nonlinear we assume that K (¢, s, u)
and K, (t, s, u) are Lipschitz-continuous. We say SFID equation with boundary condition (1.2) is

linear if we can write (1.1) as follows

y'(t) = ar(D)y'(t) + az()y(t) + as(t) + 2[y)(t), t € [a,b], (1.3)

where z[y](t) is linear. Also, in the linear case we assume that a1 (t), a2(t) and as3(t) are sufficiently
smooth in /. The piecewise polynomial collocation method for integro-differential equations problem
is studied in [2, 4, 9]. Also other methods for the integro-differential equations are studied in [7, 8,
10]. The defect correction principle is introduced in [3, 6]. The deviation of the error estimation
for linear and nonlinear second order boundary value problem can be found in [1, 11]. The error
estimation based on locally weighted defect that we will use in this manuscript, has been introduce in
[1, 11].

The paper is organized as follows. In Section 2, the method is described and we introduce
some details about piecewise polynomial collocation method, finite differences and exact difference
schemes. In Section 3, the analysis of the deviation of the error for linear and nonlinear cases is
given. In Section 4, we present the numerical experiments that demonstrate our theoretical results. A

summary is given at the end of the paper in Section 5.
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2. DESCRIPTION OF THE METHOD

In this section, we introduce piecewise polynomial collocation method, finite differences and exact

difference schemes. Also, we describe some details about the deviation of the error estimation.
2.1 Collocation method

Let

a=1<T<...<Tp=0b, (n>1),

0=po<p1<...<pm<pmt1=1

We define X;, Z,, and ngrl(Zn) as follows

X; = {tiJ’ =7+ pjhi;j =1,... ,m},
Zp :={tiop:=7;;1=0,...,n},

S (Za) = {p e C (D) p | [, 7i11] € Mt ([T i) (i = 0, ,n — 1)},

where h; := 7,41 — 7 and I, 41 ([, Ti+1]) is a space of real polynomial functions on [7;, 7i4+1] of

degree< m + 1. We define h (the diameter of gird Z,,) and h' as

h :=max{h;; i=0,...,n— 1}, b’ :=min{h;; i =0,...,n — 1}.

Also the set X (n) := U?:_ol X is called the set of collocation points. In the piecewise polynomial
collocation method, we are looking to find a p € Sgil(Zn) so that (1.1)-(1.2) holds for all ¢; ; €

X (n). In the collocation method, we use the following quadrature method to determine z[p](¢)

n—1m+41

z[pl(ti ;) ~ Z Z g K (i, trz p(te,2)) = 2 [p](ti ), (2.1

k=0 2=0
where the quadrature weights are given by
Tk+1
Qpy 1= / plemenl (s)ds,
Tk
with (Lagrange polynomial)

m+1 . L .
%@yzflﬁ—&,L@“@y:gU’“),agd<ygb
=0

o PP V—a
i#]
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Lemma 2.1 — For sufficiently smooth f, the following estimate holds
|2[£1(tig) = Z[f1(ti5)] = O(™), (2.2)
where Z [-|(t; ;) is defined in (2.1).
PROOF : For nonlinear z[-](¢) by using the Interpolation error theorem (see [5]), we can find

b
2Af)(ts) — Tt ) = / K (5, £(5))ds — Zf](t,)

m—+1

i /TIH—1 ( tz,ja s, f(s Z L[Tk’TkH (tz,ja b,z f(t Z)) )ds

O(hm+2)

h
< nhO(h™?) < (b= a)O(R™2) = O(h™T?).

Similarly, we can obtain (2.2) for linear case. O
For the piecewise polynomial collocation method, we can find the following theorem [2, 9].

Theorem 2.2 — Assume that the SFID problem (1.1)-(1.2) has a unique and sufficiently smooth
solution y(t). Also, assume that p(t) is a piecewise polynomial collocation solution of degree < m-+1.
Then for sufficiently small h, the collocation solution p(t) is well-defined and the following uniform
estimates at least hold:

ly () =p D (Bl = O(™), j = 0,1,2,
Iy (t) = p D (B)|oc = O™ ?7), j=3,...,m + 1.

Remark 2.3 : In the piecewise polynomial collocation method when m is odd and the nodes

pi (i =1,...,m) are symmetrically distributed, we have
lyD (@) = p D (B)]loo = O™, j =0, 1.
Lemma 2.4 — For z[-](t), we have

2 [p)(ti ) — Z[yl(tig)| = O(R™).

PROOF : For linear case by using Lemma 2.1, Theorem 2.2 and the Integral mean value theorem,

we can write
Zlp)(tig) — Z[Y)(tiy) = 2[e](tig) + O(A™F?) =

= (b—a) Alti;, Gig) e(Gij) FO(R™F2) = O(h™),
——
O(hm)
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where (; j € [a,b]. Also, when z[-](t) is nonlinear by using Lemma 2.1 and the Lipschitz condition

for K, we get
121yl (tig) — Z[pI(tig)| = |2 [y](ti ) — 2[yl(tiz) — Z[PI(tig) + 2[p](Ei ;)

b
+ 2[yl(tig) — 2[pl(ti)] = / (K(twvs,y(S)) - K(ti,jasm(s)))ds\

+O(h™*?) < C/b ly(s) = p(s)|ds + O(h™*?) = O(h™),

which completes the proof. a
2.2 Finite difference scheme
We define A and B as follows
A:={(i,7); ti; € X(n)U Zy,}, B:=A-1{(0,0),(n,0)},
7 :=A—-{(n,0)}.
Also, we define
—~ 5 4 5 .
57,] —ti,j-H tzg; 5zj = %7
. 0;i— ~ 0
CMZ'J' = 7:’\] ! 5 ,82'73 AZ’]
ij 03,
Now, we write a general one-step finite difference scheme as
2.3)

(L(j)ﬁ)m’ = F(tij,nij (Lﬁ)n)i,jvxmi,j)a (i,7) € B,

1, Mho=T2,

0,0 =
where
(L(2) s e Qi jMij+1 — 215 + BijMij—1
A Mg = ~ 7 3 !
Qi,iBi; i
1) ig+1 — Thij—1
(LY )i = = ,
A ) 251’,]‘
and

oy
(K (ti g trws o) + K (G bt Mott)) -
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In fact, we use the trapezoidal rule to determine z[-|(¢). For the trapezoidal rule, we can find the

following theorem.

Theorem 2.5 — Let f be a sufficiently smooth function on the interval [a,b]. Then we have

M 2 aK(tl,ju S, f(s))
1o max 952

IXLf] = 2[f]] < B

Remark 2.6 : In this work, we find the finite difference scheme by using the trapezoidal rule.

However, we can use the 2-point Gaussian quadrature method as follows

(L m)ig = F(tigmg (LW n)ij,wlnlig),  (.5) € B,

70,0 =71, Mo =12,

1
a,
=Y Wi K (1 N T1a(OY)).
k=0 (,v)eT
where
s =t vt s—t
Tl,v(s) = vt v + Nv+1,
_5l,v 51,1}
+
)\l,v o 5l,v + 5[,1)
k9 2’

withwg = w1 = 1, —wg = w1 = ? and (5;;) := ty+1 + 1. This change will have no effect in
the order of the finite difference scheme and the deviation of the error. And a similar argument can

be given for this finite difference scheme. In Section 4, we study this case by numerical experiments.

Definition 2.7 — For any function u, we define

R(u) :={ulti;); (i,7) € A},
also we define
. l ! .
ni={migs (,3) € Ay, L= {(LEm)iys (i) € A}, 1=12
For the above finite difference scheme we have the following estimate

I — R(y)llse = O(R?),
1297~ Ryl = O(R2), 1=1,2,
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where 1 and Lfi) 7 is defined in the Definition 2.7.
2.3 Exact finite difference scheme and Deviation of the error estimation

Now, we study the deviation of the error estimation for (1.1)-(1.2). In the first step, we consider the

Dirichlet problem
y'(t) = f(t), a <t < b, yla) =y(b) =0, 2.4)

where f(t) is permitted to have jump discontinuities in the points belonging to Z,,. For the discretiza-

tion form of (2.4), i.e.,

(L mis = f(tig), (i.5) € B, (2.5)
according to [1, 11], we have the following lemmas.

Lemma 2.8 — The unique solution n of (2.5) is given by

Nij = Z G(tijtiw)0i0f(tiv),

(lv)eB
where G(t, 7) is Green’s function
Gl r) =tia=r), a<rt<t<b,
| _{(“ﬂTW a<t<T<b

Lemma 2.9 — For v € 52[151-7]-,1, tij, ti,j+1], where

- 1 " .
C2[ti,j—17ti,j7ti,j+1] = {’U eC [ti,j—hti,j-i-l] : v continuous on

[ti,j—latz',j) U (ti,j,tz’,j+1]7 lim v” € R, lim v e R eXiSt},
tTt;, 5 tlt; ;

we have
bi,j ~
(LQv)i; = / R j (" (tij + 6i,36)dE,
—bi;
with kernel
R;;(&) = L+ g § € [-auy, 0l
AT N ij, £ €0, Bil-

Therefore as [1, 11], we can find “the exact finite difference scheme” for (1.1) as follows

(LD D)ig =Ta(F (.0, 2[0) i),
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where
Bi,j ~
Za(w,t; ) 22/ R; j(&)w(t;j + 0;3€)dE.
b,

Then we can say that a solution of problem (1.1)-(1.2) satisfies in the exact finite difference

scheme. Also according to the collocation method, we have the following relation.
P (tig) = F(tig: p(tiz), v’ (tig), 2[pl(ti ) =0, (i,5) € X(n).
We define defect at ¢; ; as follows

Di,j = (Lfi)p)i,j 7IA(F('apaple[p])ati,j)’ (Zvj) € B. (26)

In order to compute integral in (2.6), we use quadrature formula. When ¢; ; € X (n), we have [1,
11]

IA(F('apvp/)Z[p])7ti,j) ~ QA(F('ypvg[p]),tm)
m+1
= A F (i p(tin), 0 (ti), Z (D) (i k)
k=0

where

~

/bi,j (5 y
k= / Rij(§)Li(py + €52 )de.

i
Also for t; o = 7;, we have [1, 11]

IA(F(‘upaplvz[p])vti,U) ~ Q.A(F(Wp)p/ag[p])vti,())
m+1
= AL F (i p(tin), 0 (tik), Z D) (ti )
k=0

m+1
+ > A F (tic ks p(ticip), P (tim1), Z D) (tic1k))
k=0

where
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For the above quadrature formula, we can find the following lemma.

Lemma 2.10 — For sufficiently smooth f the following error holds

Za(f tij) — Qalf . tiy) = O(R™2).
Also, when m is odd and the nodes p; are symmetrically, we can see the following relation.

Za(f.tij) — Qalf tiy) = O(R™).
In this step we define 7 = {m; ; ; (4,7) € A} as the solution of the following finite difference

(L) = F(tigomig, (LY, x[7)ig) + Dig, (i,) € B, 2.7
T0,0 =T1, Tno = T2.
We define D := {D; ;; (¢,j) € B}. For small value D, we have
m—R(p) = n—R(y).
We define € and e as
e:=m—n~R(p) —Ry) = e
An estimate for the error e can be found in Theorem 2.2. The deviation of the error can be defined
as

0:=e—c.

By using (2.41) and Lemma 2.10 we can easily find the following lemmas.
Lemma 2.11 — The defined defect in (2.41) has order O(h™).
Lemma 2.12 — The w — 7 has order O(h'™).

In the next section, we will study the order of the deviation of the error estimate for SFID equation.

3. ANALYSIS OF THE DEVIATION OF THE ERROR

3.1 Linear case

Lemma 3.1 — For the linear and nonlinear z[-](¢), we have

Ixlelij — Z[e](ti)] = O(h™*?). (3.1
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PROOF : By using the triangle inequality and Lemma 2.1, we can write

Ixlelig — Zlel(tig)| < [xleliy — zlel(tig)] + |zle](tig) — Zlel(ti)]; (3.2)
O(hm+2)
also by using Theorem 2.5, we can write
2
(b—a)h , 0 (K(tm‘»&@(S))) e
xlelis = 2lel(tig)] < 5 max | 552 | = O™,  (33)
O(;;m)

therefore from (3.2) and (3.3), we can find (3.1). O

Theorem 3.2 — Consider the SFID equation (1.3) with boundary conditions (1.2). Assume that
the SFID problem has a unique and sufficiently smooth solution. Then the following estimate holds

16]lo0 = lle = €lloc = O(h™*?),

where e is error, € is the error estimate and 0 is the deviation of the error estimate.

PROOF : Since F'is semilinear then by using (2.3) and (2.7), we get

(LEZ)S)M = al(ti,j)(Lfi)E)i,j + aa(tij)eij + xlelij + Diyj,
(L&)e)m‘ = QA(CHP/ + asp + a3z + 5{79], tm‘) — IA(aly’ + a2y +as + z[y], ti,j)
+D; ; + O(hm+2).

Therefore we can write

(LS0)is = ar(ti /(L 0)is + an(ti )05 + x[0)i i+
Za(are' + aze, t; j) — (al(ti,j)(LS)e)iJ +a(ti;)ei ;)

I
+ (Qa — Za)(a1p + aop + as, t ;)
Iz
+ Za(zle] tig) — Xlelij + Qa(Zlpl(tiy)) — Za(z[p] tiy) +O(R™2),  (3.4)
I3 n

by using Lemma 6.1 in [11] and [1], we can say

1 1
ho= gi(éivj_lgi,j—% - 5i,j9i,j+%) + F@i,j@,ﬂ% - 5i,j—1¢i,j_%) + O(R™2), (3.5)
" irj
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where g; i1 = O(h™*1) and G jrl = O(h™*t1). Also according to Theorem 6.1 in [11] and [1]
’ 2 ) 2

we can obtain Iy = O(h™2). Also since p € II,,+1 and A(t, s) is sufficiently smooth then by using
Lemma 2.10, we can say that I, = O(h™*2). Now we study /3. By using Lemma 3.1, we obtain

I3 = Ta(z2le], tiy) — xlelij = Ta(Z el tig) — Z[€](tig) + O(K™?)
Bi,j
= Z al,ve(tl,v)(

Rij(&)A(tij + &6ij, tiw)dE — At g, b))
(lw)eT —bi

I5
+ O(h™ ),

For I5, we obtain
I = 5 (5 gt () = 0051V 1 () + Si(t),
7‘7
2 1
v, j_,(tlv) = ( *)At( i,j—% + 5i,j—1u7tl,v>du7

-1
S tlv = ﬁ / ) ’U,At Z]+1 + 5”11, tlv) + (5i2’j,1uAt(ti7j_% + 5¢7]~u,tl7v)>du.
7 5

where

\Iji’j_f_%(tlm) : (U + )At( Zj-‘rl + (5 ju tlv)d

[SILaNTI

M\»—‘

We can see that

Sl (tl,v) = O(hQ)

Therefore we can rewrite (3.4) as follows

(LD0)i; = ar(ti ) (LY 0 + as(ti 1)0; 5 + x[0): 5

1 1
37(5” 19i -1~ 5i7jgi,j+%)+ﬁ( ii%ijrt = 0ij-19;5-1)
Z ave(tiy) ( (67,0 c1(tiw) — 1Y, »_;(tm))>
20; ; AR ’ T
Z Sl (tl U) +O(hm+2)
H/—/
VET  ommy Oh2)
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1
= al(ti,j)(L&\)H)i,j + az(ti ;)05 + x[0]i

1 1
! a(éi’j_lgi’j_% ~0igbie) + %(5@9‘@,#% —0ij-10;; 1)

The proof is continued by considering the following scheme:

2) 1
(L0)i; =

=9

,J 1,7

1
+ ) O‘l,ve(tlﬁv)<§(5i2,j‘1’i,j+%<tlvv)—5§j—1q’i,j—%(tlvv))>'

(Iv)eT i.j
In this step, we define

H = {8ij-19;;_1 = 0i;9; .15 (i,7) € B},
@ = {0i ¢ 541 — 010,15 (i,4) € B},

ehv .= {5§jmi,j+%(t,,v) — 537j_1xpivj_%(tl,u); (i,7) € B}.

Then by using Lemma 2.8, we find

i,j (2]

0i; = <S(L?4)1H> + (3(1134)1‘1’> + Z ave(tyy) (23@34)1@[’“)
2,] i

b2 ‘7 j (l7v)€T

Let

g" = max |gi,jil| = O(h™*),
Z7j 2

* _ m—+1
" = nll.gxwiﬂ‘i%‘ =O(h )
WP, = 0, (0,)] = O(),
therefore we get

16l < 2h(max > G(tw,astij)g") + h(max > Gltwatij)o*)
" (4,5)eB " (4,5)eB
+02 Y agee(tiy)(max D Gltwe, tiy)P5,) = O™,

w,x

(v)eT (i,j)eB

1
~(0ij-19; 51 = 0i39; jr1) + F(éivjd)i,j—i-% = 0ij-19;;_1)

3.6)

3.7

(3.8)
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Now, we have:

10010 < 110 = Blloc + 10lo0 = 116 = Bllc + O(R™ ).

To end the proof, we prove that |6 — 8 ||.c = O(h™"2). By using (3.6)-(3.7), we get:

~ ~

(LDO=0)),, = ar(t) (LY O =), +as(ti )05 — 0:5) + X0 — 0)s
+ an(ti ) (L) + as(ts )0 5 + X[0];  +O(R™+2).
~ N——

Y1 Yo Y3

~

By using (3.8) and the definition of x[-], we can say that Yo = O(h™%2) and Y3 = O(h™2).
Also for the term Y7, in a similar way to (6.10) in [11], we can find Y] = (’)(hm+2). Then we have

~

(LDO=0)),, = arti;) (LY O = 0)),, +as(ti ;)05 — 0:5)
X0 —01i; + O(R™+2). 3.9)

S

+

Now by using stability of the finite difference scheme, we can say |# — 8 | = O(h™+2). Therefore
we get |00 = O(R™+2). O

Nonlinear case

Definition 3.3 — For nonlinear and linear z[-], we define

_ 1
Xlelij := Z 2’” (De(tig, tr)etw + Te(tiyy tiot1)Erot1),

(lw)eT
where
A(tij, tiw), when z[] is linear,
FE(ti,j7tl,’l}) = { N 2,] ,U ‘ .
fo Ky (tij, tiv, M+ T€10)dT, when z[] is nonlinear,
and
b
Zle] == / Le(tij,s)e(s)ds,
a
where

T\t 1.5) A(tij,s), when z[-] is linear,
e\li,j» S) =
’ fol Ku(t,s,y(s) + Te(s))dr, when z[] is nonlinear.
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Now we can easily see

x[mli; — xli; = Xleligs (3.10)
2[pl(tij) — 2[yl(ti;) = Zlel(tij)- (3.11)

Lemma 3.4 — For linear and nonlinear z[-](¢), we have
IXleli; — Zle](tig)| = O(R™).

PROOF : In the linear case by using Lemma 2.12, Theorem 2.2 and the Integral mean value

theorem, we get

x[elij — zlel(tiz) = xleliy — 2le](ti;)

l7
= E 21) (A(ti,j7 tl,v) Elw +A(ti,ja tl,v+1) Elu+1 )
~— ——

=%

(Iv)eT O(hm) O(hm)
b (b—a)(m+1)h
— | Ay ds < O™ Alti it
| M) et as RO max At )
O(hm)

+ O(hm)(b — a)A(tm, QJ) = O(hm),

where (; ; € (a,b). In this step, we study nonlinear case. According to (3.10) and (3.11), we obtain

0y
2’” (K (tij, ties m0) — K(ti g, tiw, M)

[Xlelil = IxImlig — xlnligl =1 Y

(lw)eT
0y
+ Z 2,1; (K (tigs trosts To1) — K (i g trost, Mos1))|
(Lw)eT
6[,1) 5[,1)
<C Z 2 |7Tl,v - 771,@| +C Z 7|7Tl,v+1 - 77l,v-l—1|
(lw)eT (lw)eB
(b—a)(m+1)h

< COW™hn(m +1) < C

o) = o),

also
b
1z[e](ti )| = |z[p](ti;) — 2[y](ti;)] < / K (ti,5,0(5)) — K (tig, 5, y(s))|ds
< C(b—a)lp(s) —y(s)| = O(R™),

therefore by using the triangle inequality, we have

[Zlel (ti,3) — Xlelijl < [Zlel(tij)] + [Xleli | = O(R™).
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Definition 3.5 — By using (2.1), Z[e] (ti,;) is defined as

E[e](tm) = Z al,vl“e(ti,j,tl,v)e(tl,v).

(lw)eT

As Lemma 3.1, we can write the following lemma.

Definition 3.5 — For linear and nonlinear z[-|(¢), we have

IXleli; — Zle](tiy)| = O(R™F2).
When F' is nonlinear, we have the following theorem.

Theorem 3.7 — Consider the SFID equation (1.1) with boundary conditions (1.1), where
F(t,y,y,2), Fi(t,y,v, 2), Fy(t,y,v, 2), Fy (t,y,v', z) and F.(t,y,y, z) are Lipschitz-continuous.
Also for nonlinear z[-|(t), we let K (t, s,u) and K, (t, s, u) are Lipschitz-continuous. Assume that the

SFID problem has a unique and sufficiently smooth solution. Then the following estimate holds
16]loc = lle = elloc = O(R™+2),

where e is error, € is the error estimate and 0 is the deviation of the error estimate.

PROOF : We have

2 2 2
(L0, = (LR e)ij — (LDe)i;

=Za(F(.p. 0, 2p) = F(oy, 9 2l)) by )

I
1 1
— (F(tiz,mij, (L&)W)i,jyx[ﬂ]i,j) — F(ti5,mi;, (L;)n)i,jyx[n]i,j))
17
+Qa(F(p. P Z[p)) tij) — Za(F(,p, 0, 2[p]), tij) + O(R™2). (3.12)

We can get

Is = c1(tij)e(tiy) + ca(tij)e (tig) + e3(tiz)Z[e](ti ),
Iz =bi(tij)eij + bz(ti,j)(L(j)@i,j + bs(ti5)X[eli g

1217
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where
1
1

bi(tij) = /0 Fy(ti g, mij + Teiy (LEL\)”)M’X[W]M)‘ZT’
! (1) ()

ba(ti;) := /0 Fy (tij,mig, (Ly'n)ij + 7(Ly )i, x[wlij)dr,
1

1 _

bs(ti;) 12/0 Fz(ti,jani,jv(L;)n)i,j,X[n]i,j + 7x[€li ;) dr,
1

c1(tig) = /0 Fy(tig,y(tig) + 7e(tiz), 0 (tig), z[p)(ti ;) d,
1

co(tij) = /0 Fy(tij, y(tiz), v (tig) + 7€ (tig), z[p](tiz)) dr,
1

c3(tij) = /0 F.(tig,y(ti), v (tij), z[yl (tiz) + T2[e] (4 5)) dr.

Also by using the Lipschitz condition for Fy, F,; and F’,, we get
1
’Fy (tig mij + 7€, (L&)W)i,jv x[7lij) — Fy(tig y(tiz) + me(tiz), 0 (tij), Z[P](h‘,j))‘
1
< C(\ﬁm’ —y(tig)| + 7lei; — e(fi,j)!) + C)(L(A)W)m‘ —P/(tm’)‘ + Cx[7]ij — Z[P](ti,j)‘
— O(h?), (3.13)

[ Fyr (tagsmigs (L m)ig + 7(LR2)igo x[7)ig) = Fyr (b y(tig), v/ (tig) + 7€ (ti), 2[p] (81,) ‘
< Cloy = ()| + C (| My = tig)] + 7|(EQ )iy = € (ti)]) + C|xlliy — #lp) (k)|
= O(h?), (3.14)

[P (s s (L3 0o Xl + TXEDi) = P (i wtig) 0 (6, 2[0] tig) + 721e] (1)
1 — _
< Clnig = y(tig)| + CUL s = v/ ()| + C (Xl = 2l )] + 7|l — 2l )] )
= O(h?). (3.15)
Therefore by using (3.13), (3.14) and (3.15), we obtain

cr(tiy) = bi(tig) = O(h®),  k=1,2,3.
So we can rewrite (3.12) as follows

(LD0)ij = Taler(tig)e(tiy) + ealtiy)e (b ) + esltig)zle] (b))
— (batig)zig + balti )LL)y + ba(tij)Xleliy)
+Qa(F(p.0,Z[p)):ti) — Za(F(,p. 1, 2[p]), tij) + O(K"F?)
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(tig)eis + ba(tig) (L €)ig + ba(tif)X
+ (b(tij)esj + ba(ti ) (LY e)is + ba(ti;)
— (ciltig)e(tiy) + ealtiy)e (tig) + esltij)xX

(tig)e(ti;) + ca(tij)e (tig) + es(tij)X
:bl(tm)em"‘b?(tw)(ll 9)23+b3(tm [a]i,j
+Za(er(tige(tiy) + caltiz)e (tiz) + es(tiz)Zlel (L))

ci(tige(ti) + caltiz)e (tig) + esti)xlel (i)

(ti,

c1 = b1)(tig) eti;) + (ca = bo) (tig) €/ (ti) + (c3 — b3) (ti 5) Xle] (ki 5)
\\,_/ M—/R/—/ %/—/%/—/
o(r?) O(hm) O(r?) O(h™) O(h?) O(h™)

+QA(F(,p,p',z 7t’Lj) ( p,p,,z[p]),ti7j)4+o<hm+2)
(

O hm+2)

e]m)
i)
el(ti;))

(tis))

>< \

[
[€]ij
[

e

)X
(

= b1 (ti;)0i; + b2(ti,j)(LE4)9)i,j + b3(t:.5)X[0]:.5

+ Za(er(tigeltiy) + ca(tig)e' (tig) — (ea(tig)eltiy) + ca(tij)e (ti))

I

+e3(ti) (Za(Zlel(tig)) — Xlel(tij) ) + O(R™*2). (3.16)
Iz

In the above relation, I is obtained as (3.5). For I5, by using Lemma 3.6, we get

I = Za(Zle](ti;)) —Y[ J(tij) = Za(Zle](tiy)) — =[el(ti ) + O(R™*?)
-3 alﬂ,e(tl,v)( — (02,Z, ;01 (1) — 02, 15”_,@,1,))) + O™,

(Lv)eT 203,
where

> 1

Ei’j+%(tl’v) = /_1(u2 + Z)Fet(ti»jJr% + 5i7ju7tl,v)dua
12

_ 3, 1

:i,jfé(tl,v) = _l(u + Z)F (75”,1 + 0 j—1U, g 4 )du.
2

We can see that = (tl v) =0(1),5, ij—1 1(t1,) = O(1). Then we rewrite (3.16) as follows

<LEZ>e>i,j b (ti)0ig + ba(i)(L40)ig + b (ti)X10Li
+(LY0)i; + O™,
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where
)5 1 1
(Ly0)i; = ?(&aj—lgi,j—% =09 jy1) + K((Sivj(bi,j—i-% = 0ij-19;;_1)
Z’J Z7‘7
1 _ -
+ Oél,ue(tl,v) <§ (51'2,j5¢,j+% (tl,v) - 51'2,3‘—1:1'7]‘_% (tl,v)))
(lw)eT 0,J
+ O(h™+?).

As (3.8) and (3.9), we can prove that |8 ||coc = O(A™2) and |6 — 8 ||cc = O(R™2). So

”9 Hoo < He — é\Hoo + ||§”OO — O(hm+2),lj

Remark 3.8 : In special case, when m is odd and the nodes p; (i = 1,...,m) are symmetrically

distributed by using Remark 2.3 and the above discussion, we can say that
10lloe = lle = €lloc = O(h™*?).
In next section by numerical experiments we study this case (see example 2).

4. NUMERICAL EXAMPLES

We now obtain the numerical results. In this section we have computed the numerical results by

Mathematica-9 programming. A numerical order is calculated according to

Orden o lenilloo/lenllos)
In2

Also in the examples, the boundary conditions are taken from the exact solution.

Example 1 : In this example we consider, the linear case as follows

1
y'(t) =ty (t) + y(t) + as(t) + /0 tsy(s)ds.

In this case ag(t) is chosen such that exact solution is y(t) = texp(2t). For this example, we
choose n collocation subintervals of length 1/n. In the Table 1 and 2 we choose m = 2 and assume
that {pg = 0,p1 = 0.2,p2 = 0.65,p3 = 1}. We use the finite difference scheme in the Remark

2.6 to find numerical results for Table 2. Also in the Table 3, we assume that p;(i = 0,...,5) are

equidistant point.
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Table 1: Numerical results for Example 1.

n llel]oo Order 10|00 Order
1.37091e-2 - —— 3.76668e-5 - ——
3.96024¢-3 1.79148 1.54185e-6 4.61056

16 1.03416e-3 1.93713 1.06939e-7 3.84981

Table 2: Numerical results for Example 1.

n llel]oo Order 10|00 Order
1.37091e-2 -— 3.77005e-5 - — ——
3.96024e-3 1.79148 1.53945e-6 4.61410

16 1.03416e-3 1.93713 1.06864e-7 3.84857

Table 3: Numerical results for Example 1 with m = 4.

n llel]oo Order 10| o0 Order
6.349980e-5 -— 3.13330e-8 -—
4.136140e-6 3.94040 3.95715e-10 6.30708

16 2.576416e-7 4.00485 5.66214e-12 6.12697

Example 2 : For nonlinear case we consider the problem

1
y'(1) = (ty' ()% + 42(t) + as(t) + /O tsy(s)ds,

a3(t) is chosen such that exact solution is y(t) = exp(2t). For this example, we choose n collocation
subintervals of length 1/n. In the Table 4 we choose m = 4 and assume that p;(i = 0,...,5) are
equidistant points. Also in the Table 4, we we choose m = 3 and {py = 0, p1 = 0.2, p = 0.65, p3 =
0.8, p4 = 1}. Numerical results are tabulated in Table 6 by using the finite difference scheme in the

Remark 2.6.

Table 4: Numerical results for Example 2.

i llefloc Order 110]] 0o Order
5.61277e-5 - — —— 6.96467e-7 _
3.20050e-6 4.13235 9.89168e-9 6.13770

16 1.94647e-7 4.03937 1.34356e-10 6.20208

1221
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Table 5: Numerical results for Example 2 with m = 3 and equidistant points.

n llel]oo Order 10|00 Order

4 5.13598e-4 - — 4.19134e-5 - — ——
8 6.29898e-5 3.02745 8.28122e-7 5.66142
16 7.89056e-6 2.99692 1.45131e-8 5.83442

Table 6: Numerical results for Example 2 with m = 5 and equidistant points.

n llelloo Order 16|00 Order

4 1.87219¢-6 -— — 6.96467e-7 - —
8 2.79428e-8 6.06611 1.69114e-10 7.55132
16 4.32541e-10 6.01349 7.30527e-13 7.85484

Example 3 : As a last study, we consider here the following nonlinear problem

1
y'(1) = (W ()% + y(t) + as(t) + /0 v (s)ds,

as3(t) is chosen such that exact solution is y(¢) = exp(3t). For this example, we choose n collocation
subintervals of length 1/n. In the Table 7, we choose m = 2 and assume that p;(i = 0, ..., 3) are

equidistant points.

Table 7: Numerical results for Example 3 with m = 2 and equidistant points.

n llel|oo Order 10|00 Order

16 1.17596e-3 - — — 9.64867e-5 - — —
32 2.67957e-4 2.13377 9.71034e-6 3.31273
64 6.41159e-5 2.06325 6.93182e-7 3.80822
128 1.57799e-5 2.02259 4.50846¢-8 3.94253

5. CONCLUSION

In this work, we study efficient asymptotically correct a posteriori error estimates for the numerical

approximation of second order Fredholm integro-differential equations. In addition, it is shown that
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when we use m degree piecewise polynomial collocation method, the order of the deviation of the

error estimation is O(h™2). Also, numerical results confirm our theoretical analysis.
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