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In this paper, we study the following Choquard equations with small perturbation f
—Au+V(z)u = (I * [ulP)|u|P"2u + f(z), = € RV,

where N > 3 and I, denotes the Riesz potential. As is known that the above equation has a
ground state u,, and a bound state v, by fibering maps (see [22] or [23]), our aim is to show that
for fixed p € (1, %), uq and v, converge to a ground state and a bound state of the limiting

local problem respectively, as o — 0.
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1. INTRODUCTION

In this paper, we are concerned with the following nonlocal problem

—Au+ V(z)u = (I * |uP)|ulP?u+ f(z), z € RY, (1.1)
where N > 3,p € (1, %), a € (0,min{(p — 1)N, N}) is a parameter, I, is Riesz potential given
by
NG

2
F(%)T[-N/22a|$|Nfa

Io(z) = (1.2)
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and T" denotes the Gamma function. We assume V' (x) satisfies the following conditions.

V) vecC (RN ), Vo = ian V' > 0 and there exists a constant » > 0 such that, for any M > 0,
R
meas{z € RN : [z —y| <r,V(z) < M} — 0, as |y| — oo,
where meas stands for Lebesgue measure. One can refer to [1, 2] for more details.

When N = 3, @ = 2, p = 2 and f = 0, (1.1) arises in the study of nonlinear Choquard
equations describing an electron trapped in its own hole, in a certain approximation to Hartree-Fock
theory of one component plasma [10]. Recently, the existence and qualitative properties of Choquard
type equations (1.1) have been widely and intensively studied in literatures. The existence of ground
states, nodal solutions and multiple solutions to (1.1) is quite well known, see [4-8, 11, 13, 15, 16, 19,
20] and references therein. For the results about qualitative properties such as regularity, symmetry,

uniqueness and decay, one can refer to for instance [12, 13, 15, 17, 21].

As stated in [18], the following local equation
—Au+V(z)u = |ul**2u+ f(x), (1.3)

can be viewed as a limit equation of (1.1) as @ — 0. Moreover, the existence of ground state and
bound state of (1.1) and (1.3) via fibering maps has been proved. One can refer to [3, 22, 23].
However, a natural interesting question arises whether both of the ground state and bound state of
(1.1) converge to those of limit equation (1.3) as a — 0, respectively. This paper gives a complete

answer.

We consider the Sobolev space H := {u € H'(RY) : [y V(2)u?dz < oo} with the norm
[ul* = Jan(|Vu* + V(2)u?)dz. Under the assumption (V'), the embedding H — H'(RY) is
continuous and H is a Hilbert space. Furthermore, the embedding from H into L*(R") is compact
for s € [2, ]\Qf—g) (see [1]). Let H* be the dual space of H and the norm on H* is denoted by || - || g+-
Our main result is as follows.

Theorem 1.1 — Assume N > 3,p € (1, ) and (V) holds. Then there exists § > 0 small
enough such that for any f € H*\{0} with || f|| g+ < 0, equation (1.1) has a ground state u, and a

bound state v, that converge to a ground state and a bound state of (1.3) as a — 0, respectively.

Remark 1.1 : For fixed p € (1, %), the energy functional E,, associated with (1.1) (see (2.1))

is well defined for every a € (0, min{(p — 1)N, N'}).

The remainder of this paper is organized as follows. In Section 2, some notations and preliminary

results are presented. In Section 3, we are devoted to the proof of Theorem 1.1.
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2. PRELIMINARIES

In this paper, we use the following notations.

® =

e For 1 < s < 0o, L*(R") denotes the Lebesgue space with the norm |u[zs = ( [on |ul*dz)* .
e Let (-, -) be duality pairing between H and H*.
e (' denotes different positive constants and C'(«) denotes different positive constants dependent on

Q.

Throughout the paper, we assume (V') holds and f € H*\{0}. As usual, the corresponding

energy functional F, : H — R associated with (1.1) is
1

1
Balu) = gl = 5o | (o ) ulde — (£,0) @

In view of Remark 1.1, we can see that E, € C'(H,R) whose Gateaux derivative is given by
(El(u),v) = VuVo + V(z)uv — / (I * |ulP)[u|P2uvds — (f,v)
RN RN
for any v € H. Recall that the critical points of E, are solutions of (1.1) in the weak sense. For
simplicity of notations, we denote D(u) = [gn (Lo * |u|P)|u[Pdz. Similarly, for problem (1.3), the

energy functional is
1 1
Bow) = gl = 5 [ e~ (f.0)

which is well defined in H and of C.
We consider the Nehari manifold NV, = {u € H : (E/ (u),u) = 0}. Let Jo(u) = (E! (u),u)
and then (J! (u),u) = 2||ul|?> — 2pD(u) — (f,u). As in [22] (or [23]), NV, is split into three parts:

NO ={ue N, : {J (u),u) =0},
N ={ue N, : (J,(u),u) >0}, (2.2)
NG ={ue Ny : (J(u),u) <0}

Set 0 = inf E, (u) and 6, = /I\I/_lf E,(u). Similarly, we define Jo(u), No, N, NoT Ny, 04,05
by replacing D(u) by [5n |u|?? as above.
In the following, we give some preliminary results which are necessary in proving our main result.

Lemma 2.1 — [9, Theorem 4.3]. Let s,t > 1and 0 < o < N with 1 + 1 =14+ &, f € L5(RY)
and h € L'(R™). There exists a sharp constant C'(N, o, s) independent of f, h, such that

f(z)h
/RN /RN mdazdyﬁ C(N,a, s)|f|zs|hl -
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Here C'(N, «, s) is a positive constant which depend only on N, «v, s. When s = ¢, one has

P
limsupaG(N, , s) < m\SN_ll, (2.3)

where |S™V 1| denotes the surface area of the N — 1 dimensional unit sphere S™V~1.

Lemma 2.2 — [18, Proposition 2.1]. Let {c;} > 0 be a sequence converging to 0 and {u;} C

HY(RY) be a sequence converging to some u* € HY(RY) in L*(RY) for every s € (2, 2;) as

j — oo. Then

[ o P lufrde = [P, as = o

In addition, for any ¢ € H'(R"), one has

L Gy a2 — [ P2, as j — oc.
RN ’ RN

3. PROOF OF THEOREM 1.1
In this section, we are devoted to the proof of Theorem 1.1. First we list the following results that

show the existence of a ground state and a bound state of (1.1) and (1.3).

Proposition 3.1 — Assume N > 3,p € (1,+%5) and (V) holds. Then there exists § > 0
independent of « such that for any f € H*\{0} with || f|| s+ < § small enough, there hold

(i) N2 = {0} and N = {0}.

(i) for any u € H\{0}, there exists a unique ¢_ > 0 such that t_u € N ; for any u € H with
(f,u) > 0, there exists a unique ¢4 > 0 such that t,u € N;.

(iii) (1.1) has a ground state u,, € N, and a bound state v, € N, such that E,(us) = 6% < 0

and E, (vy) = 6, > 0. Furthermore, if f is positive, u, and v, are positive.
(iv) (1.3) has a ground state ug € N0+ and a bound state vy € NO_ such that Fy(ug) = (9(4{ < 0 and
Ey(vo) = 65 > 0. Moreover, if f is positive, ug and vy are positive.
PROOF : The proofs of (i)-(iv) can be found in [22] (or [23]) with slight modifications. Further-
more, in view of Lemma 2.1, we can deduce that ¢ is independent of a. a
Now we are ready to prove Theorem 1.1.

PROOF OF THEOREM 1.1 : First, by Proposition 3.1(iii), we obtain the existence of ground state u.
and bound state v, of (.1) when || f| gz~ < ¢ for the c-uniformity. Now we prove the convergence of

uq and v, as o — 0, respectively.
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Step 1 : u, tends to a ground state of (1.3) as a — 0.
Recall that u,, € N and E,(us) = 61 < 0. Then

Ea(ua) = Ea(ua) - %<E{x(ua))ua>
(3 = gp)lluall® = (1 = 55){f,ua) <0,

which implies that ||u, || < C|| f||g+ < Cd and so there exists a sequence {a;} > 0 with a; — 0 as

3.1

J — 00, such that {ug; } is bounded in H.

2N
Up to a subsequence, uq; — @in H and uy,; — @ in LJ\TZ;(RN) as j — oo. Forany v € H, we
infer from Lemma 2.2 that (E7, (ua;),v) — (Ej(a),v). Thus Ef(a) = 0 and u # 0 due to the fact
that f € H*\{0}. So @ is a nontrivial solution of (1.3).

In addition, by Lemma 2.2 again,
0 = <E(I)¢j (uoéj>7uaj> - <E6<’U,),ﬁ>
= ||u0cj ”2 - fRN (Iaj * |u01j|p‘)’u0éj|pdx —(f, Uaj>
—(lall® = fan [al*dz — (f, 7))
= llua,lI* = llull® + o(1).

(3.2)

Here and in the following part, o(1) — 0 as j — oc. Then we obtain [|uq,|| — ||a/|. This com-
bined with the fact uq, — 4, implies that uo; — @in H. Since ua; € N, wehave (Jg, (ua,), ta;) >
0. Then (J{ (), @) > 0. Note that % # 0 and N = {0} in Proposition 3.1(i). Thus we conclude that
ue Ny .

Now, we are going to prove that @ is a ground state of (1.3). By Proposition 3.1(iv), we see

Eo(up) = ianr Eo(u) = 63 < 0. Then (f,up) > 0. According to Proposition 3.1(ii), for each «;,

ueN
there exists o, > 0 such that {n,ug € ./\/'OZ In order to investigate the property of ¢, we define

J:(0,00) x (—ag,a0) — Rby

j(t,a) _ { t2||u0H2 — 2P fRN ‘U0|2pdl' — t{f, up), ifa =0,

, (3.3)
*[luoll* = % fan (Ija) * luolP])[uo[Pdz — t(f, uo), if a # 0.

Here we can choose some ap € (0, min{(p — 1)N, N}). By Lebesgue dominated convergence
theorem, Lemmas 2.1 and 2.2, one can see that [y (1j4| * |uo|P|)|uo[Pdz is continuous with respect
to a, and so J and %—‘Z are both continuous in (0,00) X (—ag,ap). Note that J(1,0) = 0 and
%‘Z|(1,0) > 0 due to the fact up € N0+ . Then by applying the implicit function theorem, we have

ta; — lasj — oo. Therefore, we deduce that

EQ(UO) < EQ(@) = lim Eaj (uaj) < lim Eaj (taqu) = EQ(UO).

J—0 J—00
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Hence Ey(u) = Eo(ug) = ianr Ey(u) < 0. This yields that u is a ground state of (1.3).
ueNy

Step 2 : v, tends to a bound state of (1.3) as a — 0.
Note that v, € N, and E4(vy) = 6, > 0. Choose a cut-off function n € C°(RY). Since
Jan (o * [P |n|Pdz — [on |n|*Pdz as a — 0, it holds that

1 3
3 [ o< [ s phipde <3 [ s
RN RN RN

for a close to 0. On the other hand, for each «, we can find ¢, > 0 such that ¢,n € N . Then

2 2p
Eo(va) < Ea(tan) %HHHQ - tzLLp fRN |77|2pd55 —ta(fim)

+2 2 $2p 2
jgg{y\\n\l — G Jry InPPPdx —t(f,m)} (3.4)

IN A

sup{at? — bt? — ct},
>0

where a = 3||n[%,b = ﬁ Jan [n*Pdz, ¢ = (f,n). Now consider h(t) = at® — bt* — ct. Since
h(t) — —ooast — +oo and h(t) — 0ast — 0, there exists D > 0 independent of « such that

sup h(t) < D. Thus E,(v,) < D.
>0

Observe that for any u € N,
1 1 1 1 1
Ey(u) = (= — )|jul* - (1 — — > (= — —)|Jul|? = C|lu]|. 3.5
()= (5 = o)l = (1= )t > (5 = o)l = Clul (35)
Then E, is coercive and bounded from below in N,. Since v, € N and E,(v,) < D, we can

find a sequence {c;} with a; — 0 as j — oo, such that {v,, } is bounded in H.

2N
Up to a subsequence, vo; — v in H and vy, — v in LNta (RV) as j — co. We can derive from
Lemma 2.2 that (£, (va,), w) — (Eg(v), w) for any w € H. Thus Ey(v) = 0 and v # 0, that is, 0
is a nontrivial solution of (1.1).

Now we show that v is a bound state. Similar to (3.2), we get

0 = (Eq; (va,), va,) = (Eg(0),0) = [lva,|I* = [[0]]* + o(1). (3.6)

Then |[vq, || — [|7]|. So we infer from va; — ¥ that v, — 0 in H. Note that vq; € N, and
(Ja;(Vay),va;) < 0. Then (J5(v),7) < 0. Since & # 0 and N§ = {0} in Proposition 3.1(i), we
deduce that o € N .

By Proposition 3.1(iv), we see Eg(vg) = inf FEy(v) = 6; > 0. According to Proposition
veNy

3.1(i1), for each o, there exists Sa; >0 such that Sa;V0 € ./\/'(;] We claim that Sa; — lasj — oo.
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Indeed, we define £ : (0, 00) x (—ag, ag) — R by

h(s,a) = { s [[voll® = 5 Jaw [vo[*Pda = 5(f, vo), if & = 0, (3.7)

s%[|vol|* — 5% Jan (Zjag * |vol?])[volPdz — s{f,vo), if @ # 0.

In view of Lemmas 2.1 and 2.2, it follows from Lebesgue dominated convergence theorem that
Jrw (ja) * |[vol?])|vo[Pdz is continuous with respect to cv. Furthermore, h and % are both continuous
in (0,00) x (—ag, ap). Since vy € Ny, we have h(1,0) = 0 and %\(170) < 0. So the claim follows
from the implicit function theorem. Therefore,

Eo(vo) < Eop(v) = lim Ey,(va;) < lim E,, (sq,v0) = Eo(vo)-

J—o0 J—0o0

Hence Ey(v) = Ep(vg) = inf Ey(v) > 0. This yields that o is a bound state of (1.3). The
veNy
proof is completed.

Remark 3.1 : In view of Theorem 1.1 and Proposition 3.1, we see that ug and « are both ground
states of (1.3) with Eg(ug) = Ep(u) = 93 while vy and © are both bound states of (1.3) with
Ey(vo) = Eo(v) = 6, . The solutions ug, vo are obtained by fibering maps, and the solutions @, v are
the limits of solution sequences {u, } and {v,} of (1.1) as &« — 0. But whether u equals to @ and so

as vg and v is still worth studying.
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