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The main objective of the present paper is to investigate a sufficient condition for which a rec-
tifying curve on a smooth surface remains invariant under isometry of surfaces, and also it is
shown that under such an isometry the component of the position vector of a rectifying curve on

a smooth surface along the normal to the surface is invariant.
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1. INTRODUCTION

In 2003, Chen [3] introduced the notion of the rectifying curve in the Euclidean space R as a curve
whose position vector lies in the rectifying plane and such a curve classified by an unit speed curve in
an unit sphere S? and also obtained some of its characterization. For further properties of rectifying
curves we refer the reader to see [4] and [5]. By motivating the above studies, the main goal of this
paper is to investigate the nature of rectifying curves on a smooth surface .S under an isometry to
another smooth surface S. Then we obtain a sufficient condition for which a rectifying curve on S
remains invariant under isometry F' : S — S. We also note that under isometry of R3, a rectifying
curve on R? is not necessarily transformed to a rectifying curve on R3. It is also shown that the
component of the position vector of a rectifying curve on a smooth surface along the normal to the

surface is invariant under the rectifying curve preserving isometry of surfaces.

The structure of the paper is as follows. Section 2 deals with the discussion of some rudimentary

facts of Frenet-Serret equations and rectifying curves. Section 3 is devoted to the study of rectifying
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curves on a smooth surface and deduced the components of position vectors of such a curve along the
normal to the surface. The last section is concerned with the main results (see Theorem 4.1, Theorem
4.2).

2. PRELIMINARIES

In this section, we recall some rudimentary facts of rectifying curves, isometry of surfaces and first

fundamental form (for details see, [1, 2]) which will be used throughout the paper.

Let v(s) : I — R3, where I = (a,3) C R, be an unit speed parametrized curve having at
least fourth order continuous derivatives. Let the tangent vector of the curve 7(s) be denoted by
#. We consider #/(s) # 0, so that there is an unit normal vector 7 along #(s) and also a positive
function x(s) such that #/(s) = x(s)7i(s), where ¢/ denote the derivative with respect to the arc length
parameter s. The binormal vector field is defined by b = £ x fi. There is another curvature function
7(s), called torsion, and is given by the equation ¥ (s) = 7(s)fi(s). At each point on (s), {f, 7, b}
forms an orthonormal frame. At every point of the curve (s), the planes generating by {, 7i},{7, 5}
and {5, f} are called osculating plane, normal plane and rectifying plane respectively. The quantity
|6/ (s) || measures the rate of change of the neighbouring osculating plane with the osculating plane at

s. The Frenet-Serret equations are given by

t = kn,
n' = —kt+71h,
v o= —Til.

A curve in R3 is called rectifying [3] if its position vector always lies in the rectifying plane of

that curve. The position vector ~y(s) satisfies the equation

7(s) = A(s)Es) + u(s)b(s).

for some functions A(s) and p(s).

Let v(t) = ¢(u(t),v(t)), where t € (a,b) C R, be a curve in a surface patch ¢. Then {¢y, ¢, }

are linearly independent, and hence generates the tangent space T),¢ at a point p € ¢. Thus we have

VI = (buts+ Gud) - (Puit + dy),
= (Gu - Gu)U® + 2(Pu - bu)ud + (¢y - Pp)07,
= Eu® 4 2Fu0 + G2,
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where () denotes the derivative with respect to the parameter ¢.

A surface S is said to be regular if, for each p € S there exists a neighbourhood V' C R? and
amap® : U — V NS of an open set U C R? onto V NS C R3 such that 4 is differentiable,

homeomorphism and the differential dv), is one to one for all ¢ € U.

Definition 2.1 — The first fundamental form of a regular surface S at a point p is a quadratic form
I, : T,S — R given by
L(3(8) =< (1), (1) >= |1 @),
Definition 2.2 — A diffeomorphism F' : S — S, where S and S are smooth surfaces in R, is an

isometry if I takes a curve from S to a curve of same length on S.

Isometry of R? is uniquely described as an orthogonal transformation followed by a translation.
If we rotate the rectifying curve +(s) by fixing a point y(so) then at y(sg), the Frenet-Serret frame
transforms into another frame. Hence at «y(sg) the corresponding rectifying plane transforms into
another rectifying plane. But the position vector of the curve 7(s) does not change before and after

the rotation. Therefore, generally, rectifying curves are not invariant under the isometry of R3.

3. RECTIFYING CURVES ON SMOOTH SURFACES

Let ¢ : U — S be the coordinate chart for a smooth surface S and the unit speed parametrized curve
v(s) : (a, B) — S, where(a, #) C R, contained in the image of a surface patch ¢ in the atlas of S.
Then v(s) is given by

(,8) = U, s — (u(s),v(s)),

V(s) = d(u(s),v(s)). (1)
Differentiating (1) with respect to s, we get
’7/(8) = ¢uu, + ¢vvlv (2)
ie.t(s) = 7(s) = guu + o0,
hence, F(s) = Uy + V" by + U Duu + 20V Gy + VP

If k(s) is the curvature of v(s) and N is normal to S then the normal 7i(s) is given by

R 1
i(s) = —U'ou+ 0"y + U by + 20V Gy + 0 Pp0).

K(s)
t(s) x 7i(s) = t(s) x

1

= @ (¢uu/ + d)vv/) % (U”(Zsu + v/ld)v + u/2¢uu + 2U//U/¢uv + U/2¢m;)],
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1 7 =
= @ ulv”N + u/3¢u X ¢uu + 2U/2v/¢u X ¢uv + ulvl2¢u X ¢vv
"t N 4+ Gy X G+ 200200 X Guu + 00 X 610

1 7 S
- % {u'v" —u"V'IN + U dy X Pu + 200 Dy X Dy

FU 0200 X G+ U Gy X D+ 20020, X G+ 0y X D).

So, v(s) in S will be rectifying curve if y(s) = A(s)t(s) + 1(s)b(s), for some functions A(s) and
u(s). ie.,

v(s) = M) (putt + ¢pv') 'Zi; {uv" — u”v'}]\_f + P by X Py + 2020 by X by

FUV 2y X Gy + UV By X dun + 200Gy X bup + 0By X M

for some functions A(s) and p(s).

Now we find component of the position vector of the curve 7(s) along the normal N to the surface

S at a point 7y(s) and obtain
v(s) - N = A(s) (o’ + ¢p0) @ [{u'v” — u”v'}ﬁ + U3 hy X Guu + 200 by X Py

k(s)
FU' 0% Py X oy + U Dy X Puu + 200Dy X Dy + 03By X uy| - N,

= —= [(u’v" —u"0)(EG — F2) + 43 (¢y X du) - N + 200 (g X o) - N

+U,’Ul2(¢u X d)vv) ’ N + u’2v/(¢v X (buu) : N + 2ulvl2(¢v X ¢uv) ) ]\7
+U/3(¢v X vav) ]\7 >

= :Eg [(U/Ul/ _ u”v)(EG - Fz) + u/3{E(¢)uu . va) — F(¢uu . ¢u)} 3)
+200{E(¢u - d0) = F(Suo - $u)} + 10 {E(bu0 - d0) — F(vo - b))}
+UI2UI{F(¢UU ’ ¢”) B G(d)“u ’ ¢U)} + 2ulvl2{F(¢uv : ¢’U> - G(¢uv ' ¢u)}

FUF (G - B0) — Gldww - 00)}]-

4. MAIN RESULTS

In the following theorem we consider the expression Fi(7(s)) as a product of a 3 x 3 matrix F} and

a3 x 1 matrix 7(s).
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Theorem 4.1 — Let I : S — S be an isometry, where S and S are smooth surfaces and ~(s) be

a rectifying curve on S. Then 7(s) is a rectifying curve on S if

W) = Rl = B [ (Fu x O0) + 20 (R x G o)
/v (Fug x E;?%) + 0 (Fug x aa%¢“> + 2002 (Fagy x %S*%)
+v’3(F*¢U X 8;3‘(1)1])} @

PROOF : Let ¢ and ¢ be the coordinate charts for S and S respectively, where

¢=Fodg.

The tangent plane at a point p on S is generated by two vectors ¢,, and ¢,,.. Since F' is an isometry
between S and S, the differential map F, of F is a 3 x 3 orthogonal matrix. Therefore F, takes
linearly independent vectors ¢, and ¢, of T},S to ¢, and ¢, of Tr@p)S. Also N and N are normals
to S and S respectively.

(Eu(u,'l)) = F*¢u = F*(¢(U, U))¢u, (5)

Go(u,v) = Figy = Fu(d(u,v))dy. (6)

Again differentiating (5) and (6) partially with respect to both u and v respectively, we get

S = G2 bu + Faduu,
b = %2y + Fidpuo, (%)
buw = =y + Frtpuo,

=, + Fiduo.

Now
OF; OF, o
F*¢u X %(ﬁu = F*¢u X (%Qbu'i‘F*(ﬁuu) _F*(¢u X ¢uu> = ¢u X (buu _F*((bu X Qbuu) (7)
Similarly
(Fopu x 6, = Gu X Guv = Felu X dua),
Fudpu X Grdy = du X by — Fulu X ),
Fip, x 83% Oy = ng X a)uu - F*(¢v X ¢uu)) (**)
Fip, x 8312* Oy = ng X a)uv - F*(va X ¢uv)7
\F*QZ)U X 88};*¢v = GZ_)U X ngv - F*(¢v X ¢vv)-
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In view of (4), (7) and (**) we get

) = N F+ 0 Futn) + 503 [(00 = " LE 4 P F 0 X )

+2u0 Fu($u X dun) + w0 Faldu X don) + 10 Fu($o X $un) + 200 Fu o X du)
OBy X o) + 10 (F*% % a;;*qsu) + 2% (F*gzﬁu X %Sk%)

+u/v’2( Foy x 7¢ ) + 'y /( Fudy X %IZ*%) + 2u/v"? (F*% X Egj%)

+0” (F*cbv x W‘f’v)}v

which can be written as

Y(s) = A(s )(u bu +v %) + 'ZE; [{u' " u”v'}]\jf + 3Py X Guu + 2020 by X Py

+ulvl2¢;u S (ngv + u’? 7‘}(511 X quu + QUIUIQ(EU X a)uv + 1/3(;51} X ngv ,

and hence

_ N A L)
3(s) = Me)ils) + i i),
for some functions A(s) and fi(s). Therefore 7(s) is a rectifying curve on S. O

Note : In the above theorem we see that the functions A\(s) and A(s) for the rectifying curves

~(s) and ( ) on S and S respectively does not change while taking an isometry on S to S. Also

=

Ez; = Esg i.e., ju(s) and fi(s) for the rectifying curves v(s) and (s) respectively are related by the

curvature functions k(s) and k(s).

o

Theorem 4.2 — Let F be an isometry of two smooth surfaces S and S. For the rectifying curves
v(s) and y(s) on S and S respectively the component of the position vector of the rectifying curve

along normal to the surface is invariant under the isometry F, i.e., y(s) - N = 7(s) - N.

PROOF : Since F' : S — S is an isometry and 7(s), ¥(s) are rectifying curves on S and S

respectively, the relations (5), (6) and (*) hold. Since S and S are isometric, we have
E=E, F=F, G=0G, 8)
and hence
E:E:(ﬁu'(ﬁu: (F*(bu)(F*(bu)a
ie, (Fidu) - (Fidu) = du - du. )
Differentiating (9) partially with respect to u we get

2260+ Frbun) - (Fid) = 200
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Again differentiating (9) partially with respect to v we get

z(aai "G+ Fudun) - (Febu) = 2600~ bu,

i'e" ¢:w . ¢_u = ¢uv : ¢u

Again
G:G:(gv'ﬁvz (F*¢v)(F*¢U)7

ie., (F*¢v) : (F*¢v) = Oy - Gu-
Similarly differentiating (12) partially with respect to v and v we get
(b;v : Qb_v = Qbuv : va’
and
(p;w : (z;v = ¢UU : (z)v-

Again also

F:F:(Zgu‘(gv: (F*¢u)(F*¢v)v
ie., (Fuy) - (Fuchy) = bu - o

Differentiating (15) partially with respect to u we get

(B2 gt Futa) - (Fute) + (Bu) - (50 + Fuhun) = b 60+

ie., QZ);u : Q;v + qu : Qb:w = Quu " Pv + Du * Puw-
Using equation (11) we can write equation (16) as
¢;u : 951) = ¢uu : va-

Differentiating (17) partially with respect to v we get

(Fetut Fethu) - (Po6) + (Fun) - (G004 Fabor) = G 6+ 60 o

ie., Qb;w : QZ)_U + qu : Qb;v = Quv * Qv + P G-

Using equation (13) we can write equation (18) as

¢;v : qu = ¢vv : ¢u

(10)

(11)

(12)

(13)

(14)

(15)

(16)

17)

(18)

(19)
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Equation (3) for the rectifying curve 7(s) can be written as

=

(s)

(s)

+2ul2v,{E(¢_§uv : Q_Sv) - F(Q_ﬁuv . Q_Su)} + u,U/Q{E(Q_va : gz)v) - F(Q_va : (Z)u)}
(

+U/2U/{F(¢_Suu : gEv) - G(Q_suu : qu)} + 2U,U’2{F(§Euv : QZ_)U) -G uv 55“)}
+U,3{F(¢_)vv . ng) - G(QZ_)UU ’ QZ_)U)} :

=

(u'v" — u"v)(EG — FQ) + U/B{E(éuu - 9) = F(duu - Q_ﬁu)}

=l

By virtue of (8), (10), (11), (13), (14), (17) and (19), the last relation yields

Therefore the component of a rectifying curve +(s) along normal to the surface S is invariant

under the rectifying curve preserving isomerty of surfaces.

|
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