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The paper deals with the existence of weak positive solutions for a new class of quasilinear sin-
gular elliptic systems involving critical Caffarelli-Kohn-Nirenberg exponent with sign-changing
weight functions using the method of sub-super solutions. Our results are natural extensions from
the previous ones in [3].
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1. INTRODUCTION

During the past few years, the treatise of positive solutions of singular partial differential equations
or systems has been an extremely active research area. The singular nonlinear problems emerge
naturally and they take a main role in the interdisciplinary field between analysis, biology, geometry,
mathematical physics, elasticity, etc.
This article deals with the existence of positive solutions of the following boundary value problem
—div (|2~ [Vul’ ™ Vu) = Aa| TP g (@) A (u) + £ ()], I ©,

—div (|| | V|72 w) = X z| "V (g (2) B (0) + b (u)],in Q, w1

u = v = 0o0n o,
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where Q is a bounded domain in RN and

N —
1<p,g<N,0<a< va

with

0<b< Tq’ c1,c are positive parameters.

g(x) is a C* sign-changing the weight function, that possibly negative nearby the boundary and
f, h, A, B are C'* nondecreasing functions satisfy

A(0)>0,B(0) > 0.

The study of this kind of problems is motivated by its different applications, for example, popu-
lation genetics, in fluid mechanics, Newtonian fluids, glaciology and flow through porous media (see
for more detail [4, 9, 16, 21]).

On the other hand, there is an extensive practical background for quasilinear elliptic systems
have. They are described in the multiplicative chemical reaction stimulated by the catalyst grains
under variant temperature or constant, in the quasi-regular and quasi-conformal theory mappings in
Riemannian manifolds with boundary, or in the description of many physical phenomena such as the
pulses propagation in Kerr-like photorefractive media and birefringent optical fibers (see [19, 30]).
Moreover, for additional results on elliptic problems, see ([1, 3, 6, 20, 24]). For the regular case,
the quasilinear elliptic equation has been intensively studied by many authors where ¢; = p, c2 = ¢
and a = b = 0, (see for example [2]). In the current work we concentrate on further extending the
study in [5] for the quasilinear elliptic systems involving singularity. The extensions are nontrivial
and challenging due to the singularity in the weights. Our approach is based on the method of sub
and super solutions.

2. TECHNICAL ASSUMPTIONS AND AUXILIARY RESULTS

Let Q2 be a bounded domain in RY with its smooth boundary, 0 € Q and W, (2, |z| ") denote the
completion of C§° (£2) with the norm

P
Jull = ( / m‘”’wpdm)
(9

We consider the following nonlinear eigenvalue problem
—div (|27 [V6[" > V) = Afa| T g 2 gz € @,
(2.1)
¢=0, xe 0.
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Fort = ¢y and r = p,s = a, Wwe assume ¢, the eigenfunction corresponding to the first
eigenvalue \; ,, of problem (2.1) where

¢1,, > 0in Qand P10l = 1.

We consider the following assumptions similar to that in [26]:
For s = b, 7 = ¢, and t = ¢, we assume ¢, , the eigenfunction corresponding to the first
eigenvalue \; , of problem (2.1) where

¢14>0inQand [|¢1 ], = 1.

The maximum principle gives that

8¢,
on

<0on o forr e {p,q},

where n is the outward normal. Then, there are positive constants my, ¢ and o, o, € (0, 1) such that

Ay eI G 2T V| < —mo,x € Q.
(2.2)

le,r > 0p,T € Q\ﬁ(g,
with
re{p,q}t,s € {a,b},t €{ci,co}and Qs = {x € Q: d(x,00) <5} .

We also assume the unique solution (¢, () , ¢, () € Wy (2, [z ~%) x Wy (Q, |x\_bq) of
the following quasilinear singular system

—div (Ja] "GP 2 VG) = Jal T e @,

—div (|x|_bq |Cq|q_2 ch) = |x|—(b+1)q+02 NS Qa (23)

Gp=2C =0, z¢c 09,

where

1€plloe = 1p @nd [[Ggll o = 11g-

Then, according [26], we have ¢, > 0 in and % < 0on 9N forr € {p,q}.
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Throughout this work, we consider that the weight function g (z) hold negative values in Q.
However, it requires to be strictly positive in 2\Qs. Precisely, we assume that there exist a positive
constants 3 and 7 satisfy

g(x) > —ponQsand g (x) > nonQ\Qy. (2.4)
Let sg > 0 such that
nA(s)+ f(s) >0,nB(s)+ h(s)>0fors> s (2.5)
and
fo=max{0,—f(0)},hop = max{0,—h(0)}. (2.6)
3. MAIN RESULT
Putting

X =W (el ~7) x Wt (@ Ja] 7).

We give the following definition of weak solution and sub-super solution of the problem (1.1):

Definition 1 — A pair of nonnegative functions (¢, 2) , (21, 22) in X are called a weak subso-
lution and supersolution of (1.1) if they satisfy: for (¢1,%2) = (21, 22) = (0,0) on 99

/ 2|~ [V P72 Vi Ve de < A / Xz T @HIPEE (g (2) A (1) + f (t2)] widz,
Q Q

/ || 7% | Vo | 172 Vi Vinda < A / |92 (g (2) B (2) + h (¢1)] woda
Q Q

and
/]m\_ap \Vzllp_Q Vz1Vwidxr > )\/ |ac]_(“+1)p+c1 [9(z) A(z1) + f (22)] widz,
Q Q

/ 2|72 |V 25|72 V2o Vwadz > A / || VI (g (1) B (29) + h (21)] wada,
Q Q
for all test functions
wi (z) € WyP (Q, |z]%)

and
1,p —bq
wy (x) € Wy (Q, || ) ,
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with wy, ws > 0.Then the following result holds:

Lemma 1 — (ref. [20]). Suppose there exist sub and super-solutions (v, 12) and (z1, z2) respec-
tively of (1.1) such that (1, v2) < (21, 22) . Then (1.1) has a weak solution (u, v) such that

(u7 1)) S [(wlva) ) (21722)] :

In order to give the main result of this paper, we consider the following assumptions:
(A1) we have for every constant K > 0 :

lim

s——+00 sp—1
(A2)
i )= i (s) = 420
(A3)
Al(s) . B (s)

lim = lim —~* =0.
s—+oo gP—1 s—+oo gP—1

(A4) If o, = p=lypT, ag = %aq%l, and @ = min {oy, ag} then there exists v > 20 such
that

max YA p YA1,q
T RV ey R S T

. mo?y mo”y
< min — , — .
{ﬁA (v77) + fo 8B (v77) +ho }
We recall that mg, o, and o, are introduced in relation (2.2) while s is defined in (2.5). We now

state our main result for the problem (1.1).

Theorem 1 — Suppose that (A1) — (A4) hold, then for every \ € [A, B], system (1.1) has at least
one positive weak solution.

PROOF : Choose r > 0 such that » < min {|yc|’(““)p“1 , |x\’(b“)q“2} in Q5.

We take v > 2 as in hypothesis (A4). Define

A = max 1ALy Mg
nA (717%10(1,) +f (vqfllozq) ’ nB ('yﬁaq> +h ('yp%lap)
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and

B = min { oy oy } .
84 (v77) + fo BB (v77) + ho
Setting

1 p—1 E 1 -
v = ()7 Pl and v = ()77 S
We will check that (¢1,12) is a sub-solution of (1.1) for A € [A, B].

Indeed, let w; with wy; > 0in. Then, it can be shown that

[ 2]~ |V [P Vipy Vwrde = yr [ |2]7% ¢1, [V [P Vi . Vwrde
Q 0

=T {f 2|~ V1" > V. [V (¢1,w1) — Vi pwi] dw} (3.1)
Q

=7 [ [)\l,p ’x‘_(a+1)p+cl ¢11)7p — |x| 7 ]V(bl’p]p} widz.
Q
Similarly we get O

J1a7 190272 FpaVndo = v [ [ag ol O 68— (o] [Tn, 7] wnde. - (32
Q Q

Now, on Q5 by relation (2.2) we have

v (/\1,p ||~ (et bpter ¢ — |2 |V¢1,p|p> < —mgy.

Since \ < B then we have

moy
A< — ,
BA (W‘l) + fo
thus
7 (M lal TG — (o] [V, l?) < —moy
1
<A (=84 (v7) - fo)
LP—l % L g—1 qi%
\ SAg@) Ay TE=or, )+ f (vt ed, ;
then

1 (g el I GR (0] T [V, ) < Aal TP g (2) A () + f (6)].
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By using (3.1)
/ ||~ Va1 [P Vepy Vewrda < A / |~ (g (2) A (1) + f ()] wida.
Qs Qs
Similarly, we shows that
/ 2|7 [Vepa |72 Ve Viwadr < A / |~ g (2) B (1) + b (1)] wada.
Qs Qs
Next, on Q\ ;. Since A > A, then

YALp
) )

Az

thus, we have

Y (Auplal T GE L (2P Vo1, ) < v,

< A () 1 (75

and

1 (A fel IR GR (a7 [V o) < Aal TP g (2) A () + f ()],

so by (3.1)

/ 2|~ [V P2 Vipy Vwrdz < A / || TP (g (1) A (W) + f (12)] wrda.

O\Ts O\T;s

Similarly, we shows that for all A € [A, B]

/ 2] V4] by Vapdar < A / 2|V (g (2) B () + h (1)) wnda
Q\ﬁg Q\ﬁé
(3.3) and (3.6) give:

/ 2]~ |V [~ Yy Vaondar < A / 2~ @HIPE (g () A (1) + f ($2)] wnda.
Q Q

Similarly, we shows that

/ |7 [V eha| 172 Vipy Viwdar < A / ||~V [ (2) B (y2) + I (31)] woda.
Q Q

711

(3.3)

(3.5)

(3.6)

(3.7)
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From (3.8) and (3.9), we deduce that (1)1, ¢2) is a sub-solution of (1.1). However, we have ¢); > 0

and v, > 0in Q.

Next, we introduce a supersolution of problem (1.1). For this intent, we can prove that there exists

a large enough positive constant C' so that
_(C 5 BN
(21,22) = (Mp)\p TCp, [2h <C’)\ 1)} A7 1Cq> )

Letw; € Wol’p (Q, ]w\_ap) with wy; > 0.

For sufficient C' large

! [|g|ooA (exrt) + 7 (20 (Omil))qil Aqiwq]
<1

Cr1 =

then

—a _ p—1 —a _
£|x| P V2 [P 2V21Vw1dac:/\(%> S{m P|VE P2V, Vwda

-1
(&) el
Q

1

=Y (e :”gHOOA (CA%) 4 f (2h (cxﬁ» " Aqllﬂq] wyd

1

—1

> )\S{ (@ e :”g”ooA (CAﬁ%) +f (2h ((quTll>> ’ Milgq] wide

= [~ g () A1) + 1 (22))rde

Similarly, we choose C' large so that

l9loo (B (20 (0xo7)) - )\qlluq>
<1

h (cmﬁ) N

(3.10)
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Letw; € Wy (€, [z]~") with w; > 0, then

[ 2] 7% |V 2] 72 V2 Vwadaz = 2R (Cmﬁ) [ 12789 [V ¢y |72 Vi, Vinda
Q Q

= 20 (CAF) [ fa T Wy
Q

(3.11)
> A 1al ™ gl (B (20 (CA7T)) ATy ) wads
Q

=\ [ |27V [g () B (22) + b (21)] wada
Q

From (3.10) and (3.11) yield that (21, 22) is a super-solution of problem (1.1) with ¢); < z; and
g < zg for C' > 0 large.

Hence by Lemma (1.1), there exist a positive solution (u, v) of (1.1), where

(Y1, 92) < (u,v) < (21, 22).
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