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We concern the sublinear Schrodinger-Poisson equations

— Au+ NV (z)u+ ¢u = f(z,u) in R?
— N =u? in R3,

where \ > 0 is a parameter, V € C(R3, [0, +0)), f € C(R3 xR, R) and V~1(0) has nonempty
interior. We establish the existence of solution and explore the concentration of solutions on the
set V=1(0) as A — oo as well. Our results improve and extend some related works.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we are concerned with sublinear Schrodinger-Poisson system

(1.1)

— Au+ AV (x)u+ pu = f(z,u) in R3,
— N = u? in R3,

where A > 0, V € C(R3,]0,+c0)) and f € C(R?® x R,R). Problem (1.1) arises in applications
from mathematical physics. For more mathematical and physical interpretation, we refer to [1, 2, 3,
11, 30] and the references therein.

In recent years, there has been increasing attention to systems like (1.1) in the superlinear case, see
[5-8, 28, 29] and [4, 12-16] for related sublinear case and the existence and multiplicity of solutions,
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see [17, 19-21, 26]. [19] investigated the existence of solutions of (1.1) by using the variant fountain
theorem established in [10], under the following conditions:

(V) V(x) € C(R?) and inf,cgs V(z) > a > 0.

(V) For any constants b > 0, meas{z € R3 : V(z) < b} < +oo, where meas denotes the
Lebesgue measure in R?,

(h1) F(z,u) = b(x)u/Pt, where F(z,u) = [}’ f(z,s)ds, b : R® — (0,+00) is a positive
continuous function such that b € L1 (R3) and 0 < p < 1 is a constant.

(V{)(V3) also appeared in [17-26]. [20] considered the existence and multiplicity of solutions of (1.1)
by using the minimizing theorem and the dual fountain theorem respectively, [21] established the
existence and multiplicity of negative energy solutions for the above problem via the genus properties
in critical point theory, [26] established some existence criteria to guarantee that problem has at least
one or infinitely many nontrivial solutions by using the genus properties in critical point theory.

Motivated by the above papers, we continue to consider problem (1.1) with steep well potential
and establish the existence of nontrivial solution and concentration results (as A — oo) under some
mild assumptions (where, f(x, u) is sublinear and indefinite) different from those studied previously.
We make the following assumptions.

(V1) V(z) € C(R3) and V(x) > 0 on R3.

(Vo) There is a constant d > 0 such that V; := {z € R3|V(z) < d} is nonempty and has finite
measure.

(V3) 2 =int{V~1(0)} is nonempty and has smooth boundary with Q = V=1(0).

(f1) f € C(R3 R) and there exist constants 0 < 73 < 72 < --- < 7, < 1 and functions
2
Ki(x) € L™ (R3, (0, +00)) such that

Z Yi + DEKGlu[%, ¥ (z,u) € R® x R.
(f2) There exist constants 1,0 > 0, vy € (1, 2) such that
F(t,u) = / f(z,s)ds > nlu|”®, forallz € Qandall ju| <4.
0

Theorem 1.1 — Assume that the conditions (V1)-(V3) and (f1)-(f2) hold. Then, for every A > 0,
problem (1.1) has at least one nontrivial solution .
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Theorem 1.2 — Let u, be a solution of problem (1.1), then uy — wug in H*(R3) as A — oo,
where uy € H}(S2) is a nontrivial solution of the equation

{ —Au+ou = f(x,u) inQ, (1.2)

— N =u? in Q.
Remark 1.1 : (f1) is weaker than the condition (k1) and (V4)-(V2) are weaker than(V{)(V5)
which were introduced by Bartsch and Wang [23] (see also [24]) in order to guarantee the compact
embedding of the functional space (see [21, Remark 3.5]). Thus, the (PS)-condition can not be

directly got as done in the literature, which makes the problem more complicated. To overcome this
difficulty, we adopt different method.

Remark 1.2 : The novelty of this paper is to investigate the concentration phenomenon of solutions
on the set V=1(0) as A — oo. (V3) is used in deriving concentration phenomenon of solutions for the
solutions of problem (1.1). Generally speaking, there may exist some behaviours and phenomenons
for the solutions of problem (1.1) under (V3). To the best of our knowledge, few works concern on
this up to now.

2. VARIATIONAL SETTING AND PROOF OF THEOREM 1.1

Denote the usual L?-norm with the norm | - |, for 1 < ¢ < o0, ¢;, C, C; stand for different positive
constants. It is well known that D'2(R3) «— L?"(R?), where 2* = 6 is the critical Sobolev exponent
of R3. Let S be the best embedding constant of this embedding,

[ulg < S7HlullBra- (2.1)

Let X = {ue H'(R?): [qs(|Vu[* + V(2)u?)dz < oo} be equipped with the inner product
and the norm

(u,v) = / (VuVo + V(z)w)dz  |u| = (u,u)/?, u,ve X.
R3
For A > 0, we need the following inner product
(u,v)) = / (VuVv + AV (2)uv)dz, |ul3 = (u,v)\ u,v € X
R3

Set X = (X, ||ul/»), then X is a Hilbert space. By using (V7)-(V3), it is easy to check that there
exists positive constant ¢, (independent of \) such that

lull sy < collullx, forallu € Xj.
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The embedding X, — LP(R?) is continuous for p € [2,6], and X, — L? (R?)is compact for
p € [2,6), L.e., there are constants ¢, > 0 such that

lulp < cpllull grrsy < cpcollulln, forallu € Xy, 2 <p <6. (2.2)

For any given v € H'(R3), the Lax-Milgram theorem implies that there exists a unique ¢, €
DY2(R3) such that

— Ay, = u?. (2.3)
Lemma 2.1 — Let ¢, € DY2(R?) be the unique solution of —A¢, = u2. Then we have
(1) ¢u(z) >0, z R
(2) Foru € H*(R?), one has ||¢y||p12 < c|u]21T2.
(3) If u, — wstrongly in L' (R?), then ¢,,, — 6, strongly in DL-2(R3).
Substituting ¢ = ¢,, into system (S P), we can rewrite system (S P) as the single equation
—Au+ AV (2)u+ dyu = f(z,u), ue X,.

We define the energy functional on X by

1 A 1
I(u) = 3 /R3 |Vul|?dz + 5 /R3 V(x)uldx + 1 /R3 puuldr — /R3 F(z,u)dx. (2.4)

Lemma 2.2 — Assume that (V4)-(V5) and (f1) hold. Then I, : X, — R is of class C'!(X,R)
and

(I (u),v) = VuVudr + )\/
R3 R3

V(z)uvdz + / pyuvdr — / f(z,u)vdx. (2.5)
R3 R3
Moreover, the critical points of 7, are solutions of problem (1.1).

PROOF : From (f), we have

|F(x,u)] < ZKi(a:)]uWH, for all (z,u) € R® x R. (2.6)
i=1

For any u € E, we obtain from (V7)-(V2), (f1), (2.6) and the Holder inequality that

T, u(x x ; ()| ()| T de
mw<,<»ds[;;?q>|<m d

m 11— 14+;
2

Z;( 5 |Ki(:c)|1—2%‘dx> </R3 |u(x)|2d:c> ’ (2.7)

K2

IN

<

I

s
Il
_

(c2c0) K@) 2 [u(@)] 7 < +oo,
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and by Lemma 2.1 and (2.2), we have, for any position C,
/ puuldr < Cllull3. (2.8)
R3

As mentioned above, I, is well defined on X . By Lebesgue’s theorem and the Holder inequality,
it is easy to obtain the claims.

Lemma 2.3 — (see [9]). Let E be a real Banach space and I € C'(E,R) satisfy the (PS)-
condition. If I is bounded from below, then ¢ = inf g I is a critical value of 1.

Lemma 2.4 — Suppose that (V1)-(V3) and (f1)-(f2) are satisfied. There I, is bounded from
below.

PROOF : The proof is standard, and we omit it. O

Lemma 2.5 — Suppose that (V1)-(V3) and (f1)-(f2) are satisfied. Then I, satisfies the (P.S)-
condition for each A > 0.

PROOF : Assume that {u,} is a sequence such that {7, (u,)} is bounded and I} (u,) — 0 as
n — oo. By Lemma 2.4, it is clear that {w,,} is bounded in X . Thus, there exists a constant C' > 0
such that foralln e N

’un’p < CpCOHunH)\ <O, 2<p<6. (29)

Passing to a subsequence if necessary, we may assume that v, — w in X,. Forany ¢ > 0, by
2
K;(z) € L™ (R3,R*"), we can choose R, > 0 such that

[ @) <o s (2.10)
R3\ B,

Since

lim U, — ul?dz = 0, (2.11)

n—oo BR
€

there exists Vy € N such that

/ lup, — ul?dx < €2, forn > Ny. (2.12)
Br,

343
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Hence, by (f1), (2.9), (2.12) and the Holder inequality, we have, for n > Ny,

1/2 1/2
/ rf<w,un>—f(x,u>uun—u|dw§(/ rf<x,un>—f<x,u>12d:c) (/ run—uPd:c)
Br, Bpr. Br.

1/2
2 2
< ( /B 2wl 1) >dx) ‘

m m 1/2
< {/B 2m[ Y (i + 1P K7 (@)|un |+ ) (v + 1)2K3($)|U2%]dl“} €

i=1 i=1

< VIS (i DK@ 5 (€% + ful})] Ve

i=1 b
(2.13)
On the other hand, by (f1), (2.9), (2.10) and the Holder inequality, we have forn € N,
Lo 18n) = f ) — ulds
R3\Bg,
/ Z i DG ([ 4 [l ] un| + fu | ) d
R3\Bg, 3
1—v;
n 2 2
<> (it / G dr | (Jualy ™ ™ 3l
i=1 R3\BR5 (214)
+ 3 [un2)
<X+ 1) (Junlb¥ WY el ul + 0l ol )
i=1
e (it ) (C“”  [ul3™ 4 Tl + c\u@i)'
Since e is arbitrary, combining (2.13) with (2.14), we have
/ |f(z,un) — fx,u)||un, —u|lde — 0 as n — oo. (2.15)
R3

Recall that

(x)'2(z +y) <2® +¢°, Va,y > 0. (2.16)
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Hence we obtain, by Lemma 2.1 and the Holder’s inequality,
/ <¢ununu + (buunu)dx
1/2 1/2 1/2 1/2
< </ Du,, Uy, dx) </ ¢unu2dx> + < qbuuidaz) </ ¢uu2d1:>
R3 R3 R3
1/2
([, vouvous) " (1oulo + llo2)
1/4 1/4
< ([ 1vourar) ([ 19ouar) (Iulora + oo
R3 R3
<N SunlBre + 1 Pullp.2
— [ (6w + b
R3
which implies that
/ (Pu,, Un, — Put) (uy, — w)dx > 0. (2.17)
R3
By (2.5), (2.17), one yields
=l ={730) = )t = ) = | (Gt = ) = )
+4Jﬂwwﬂ—ﬂwwﬂ w)ds (2.18)

<(I5\(up) — I\ (u — / |f(z,un) — f(z,u)||un, — u|dz.

Since (I3 (upn) — I3 (u), up —u) — 0 n — +oo, it follows from (2.15) and (2.18) that u, — u
in X . Hence, I, satisfies the (PS)-condition. The proof is complete. O

PROOF OF THEOREM 1 : By Lemmas (2.2) — (2.5), we know that ¢\ = infx, () is a critical
value of I, that is, there exists a critical point u) € X such that I)(uy) = ¢). Next, we shows that
uy # 0. Letu* € H}(Q) \ {0} and ||u*|ls < 1, then by (f2) (2.4) and (2.8), we have

4
I (tu*) = —Hu I+ / bur (u da:—/ Pz, tu*)dz

C4

(2.19)
< S+ St e [ e,

where 0 < ¢ < 6, 0 be given in (f2). Since 1 < 7y < 2, it follows from (2.19) that I (tu*) < 0 for
t > 0 small enough. Hence, I,(uy) = ¢\ < 0, therefore, w, is a nontrivial solution of problem (1.1).
The proof is finished. O
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3. CONCENTRATION OF SOLUTIONS

Define ¢ = inf 3 ) I». From the proof of Theorem (1.1), ¢ < 0 can be achieved. Since H}(Q) C
X, forall A > 0, we getinfx, I < inf 1) In <0, hence, ¢, < ¢ < 0.
PROOF OF THEOREM 1.2. : We follow the arguments in [24]. For any sequence \,, — oo, let
uy, = uy,, be the critical points of I,  obtained in Theorem 1.1. Thus
Iy, (up) <E<0 (3.1)
which implies
lunllr, < e, (3.2)

for some constant ¢; which is independent of (A,,). Therefore, we may assume that u,, — wup in X
and u,, — ug in L} (R?) for 2 < p < 2*. From Fatou’s lemma, we have

lunllX,,

=0,

n—oo

/ V(x)|ug|*dx < liminf/ V(2)|un|*dz < lim inf
R3 n—oo R3

which implies that ug = 0 a.e. in R3\V~1(0) and ug € H}(Q) by (V3).

By Lions vanishing lemma [10], we can verify that «,, — g in LP(R?) for 2 < p < 6. Next, for
any ¢ € Cg°(Q), since (I} (un),p) = 0and (V3), it is easy to verify that

/ VugVedr + / DugUop = / f(x,up)pde. (3.3)
Q Q Q
By the density of C$°(Q) in H}(£2), (3.3) implies that u is a weak solution of problem (1.2).
Finally, we prove that w,, — uo in H'(R?). Since (I} (un), un) = (I} (un),uo) = 0, we have
funl, + [ Guuiddo = [ (o un)unda,
R3 R3
<Un7u0>/\n +/ ¢ununu0dx = / f(w, un)u()d*ry
R3 R3

/ (¢unu721 - ¢ununu0)dx — 0,
R3

SO
Jim [, = m (s, w0)s, = Jim (1 00) = ol

which together with [|u|] < ||u||x (for A > 1) imply that

lim sup |[ug[|? < ||uo||.
n—oo
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On the other hand, the weakly lower semi-continuity of norm yields that ||uo||? < lim inf,, s |Jun||?.

Hence, u,, — uo in H'(R3). From (3.1), we have

1
/ |Vu02d1:+/ ¢u0u(2)dx/F(x,u0)dx§5<O,
2 QO R3 Q

which implies that ug # 0. This completes the proof. O
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