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We explain the explicit integral form of the heat kernel for the sub-Laplacian on two step nilpotent
Lie groups G based on the work of Beals, Gaveau and Greiner. Using such an integral form
we study the heat trace of the sub-Laplacian on nilmanifolds L\G where L is a lattice. As
an application a common property of the spectral zeta function for the sub-Laplacian on L\G is
observed. In particular, we introduce a special class of nilpotent Lie groups, called pseudo H-type
groups which are generalizations of groups previously considered by Kaplan. As is known such
groups always admit lattices. Here we aim to explicitly calculate the heat trace and the spectrum
of the (sub)-Laplacian on various low dimensional compact nilmanifolds including several pseudo
H -type nilmanifolds L\G, i.e. where G is a pseudo H-type group. In an appendix we discuss a

zeta function which typically appears as the Mellin transform for these heat traces.
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1. INTRODUCTION

During the last century there has been an increasing interest in studying the global theory of ellip-
tic operators, in particular, in relation with manifold theory, theoretical physics and analysis. Even

nowadays the research is far from being complete and branches out to various directions.

The notion of a Riemannian manifold forms the underlying concept for developing elliptic op-
erator theory. In various contexts spectral invariants are studied and from the view point of spectral

analysis they form an interesting subject themselves.

The main topic of the present note forms the study of spectral zeta functions induced by an
intrinsic type of operators acting on a class of nilmanifolds. In general, the underlying geometric
structure is of non-holonomic type (or sub-Riemannian) and instead of the Laplacian which is elliptic

and appears in the framework of Riemannian manifolds we deal with a sub-Laplacian.

The latter one is not elliptic, but is a “sub-elliptic operator”. It satisfies an “a priori estimate”
with a loss of derivatives, a weaker version of the standard “a priori estimate”. In several aspects this
estimate enables us to treat sub-elliptic operator similarly to elliptic operators. For example, a proof of
sub-elliptic estimates implies the hypo-ellipticity of the sub-Laplacian analogous to the elliptic case
and it implies that the resolvent of the sub-Laplacian is compact if the manifold is compact. Recall
that for elliptic operators the existence of an “a priori estimate” is equivalent to the non-vanishing
of the principal symbol at any point of the punctured cotangent bundle 7j; (M) = T*(M)\{0}.
However, there is no such characterization of “sub-ellipticity” solely in terms of the principal symbol.
This difference causes an obstruction in developing a cohomology theory (like K-theory for elliptic
operators) in the framework of sub-elliptic operators directly. Moreover, whereas every manifold
can be equipped with a Riemannian metric, there is no unified method to determine whether a given

manifold carries a sub-Riemannian structure.

Many examples of sub-Riemannian manifolds are known. Among them we mention contact man-
ifolds (for example, all odd dimensional spheres), CR-manifolds or Lie groups (even though it is not
clear whether compact symmetric spaces have such a structure in general). In [6] we have classified
the trivializable sub-Riemannian structures on n-dimensional Euclidean spheres S® C R"*! that are
induced by a Clifford module structure on R™*!, (cf. [4]). As a result we could prove that (up to
equivalence) only a few cases of bracket generating trivial sub-bundles of 7T'S™ exist that determine
such a structure. Moreover, it is known that there are sub-Riemannian structures induced by bracket
generating distributions of co-dimenison 3 on each 4k + 3-dimensional sphere which in general (and
similar to the contact structure) are not trivializable (cf. [18]). However, there are no bracket generat-

ing sub-bundles on even dimensional spheres.
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The sub-Riemannian manifolds M we are going to treat here are the so-called nilmanifolds. More
precisely, M is a compact quotient of a simply connected 2-step nilpotent Lie group by a lattice (=
uniform discrete subgroup). Many of the properties we state in Section 2 are also valid for higher step
cases. Based on arguments from Fourier analysis our approach relies on a heat kernel expression of
the sub-Laplacian which is only known explicitly in the 2-step case (see [10, 11] and the references

cited in these papers).

In some cases, sub-Laplacians can be thought as a countable sum of elliptic operators on a lower
dimensional manifold. More precisely, let the sub-Laplacian Agy, act on the total space P of a
principal bundle with structure group being a torus T. Then, by decomposing the function space
C*°(P) into Fourier series, Agy can be decomposed into a countable number of elliptic operators
on the base space. All sub-Laplacians discussed here are of this type and we are using this structure
together with an explicit expression of the heat kernel to calculate spectral zeta functions. As it
turns out these spectral zeta functions are related to classical zeta functions such as the Riemann zeta

function, the Hurwitz zeta function or the Epstein zeta function.

In our earlier papers [3, 8] and [7] we determined the spectral zeta function of the (sub)-Laplacian
for low dimensional nilmanifolds. Here we deal with a class of nilmanifolds L\G associated to
pseudo H-type algebras which will be defined in Section 6. We aim to explicitly calculate the heat
trace and the spectrum of the (sub)-Laplacian on various of such type of low dimensional pseudo
H-type nilmanifolds L\G. In a forthcoming paper we plan to discuss a general pseudo H-type
nilmanifold under these aspects and to decide whether there are isospectral but non-diffeomorphic

cases. The structure of the paper is as follows:

In Section 2 we first introduce a geometric structure on manifolds called sub-Riemannian struc-
ture. In particular, all nilpotent Lie groups G can be equipped with such a structure and we define the
corresponding sub-Laplacian as a “sum-of-squares operator”. The heat kernel of the sub-Laplacian
on G is described based on the work of Beals et al., (cf. [10, 11]).

We consider nilpotent Lie groups with lattices in Section 3 and calculate the heat kernel of the

sub-Laplacian on the quotient space by a lattice. Such a quotient is called a (compact) nilmanifold.

In Section 4 the principal bundle structure of nilmanifolds is discussed. This structure induces
a decomposition of the sub-Laplacian into a countable number of elliptic operators acting on line

bundles defined on the base space (which always is a torus).

In order to have more concrete examples we provide heat traces and spectral zeta functions in an

explicit form for low dimensional (dim < 6) nilmanifolds in Section 5 following [3, 7, 8].
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In Section 6 we introduce a class of two step nilpotent Lie groups, called “pseudo H-type Lie
groups” by describing their Lie algebras [13, 14, 16]. For this purpose we begin with the general
construction of Clifford algebras and exhibit their table in low dimensions. Then we present explicit
formulas for the heat kernel of the sub-Laplacian of nilmanifolds corresponding to low dimensional

pseudo H -type groups and with respect to a standard class of lattices.

In Section 7 we continue the determination of heat trace formulas for pseudo H-type nilmani-
folds. As a result we can give an example of two nilmanifolds that are isospectral with respect to
the sub-Laplacian (and the Laplacian). It would be an interesting problem to decide whether these

nilmanifolds in fact are diffeomorphic.

Generalizing these examples we mention a family of isospectral pseudo H-type nilmanifolds

(with respect to the sub-Laplacian) in Section 8.

We have added an appendix to the paper where we discuss a general formula for a kind of zeta
function which (in the cases treated here) appears as a typical Mellin transform of the heat trace of

the sub-Laplacian on nilmanifolds.

2. SUB-RIEMANNIAN STRUCTURE ON NILPOTENT LIE GROUPS AND HEAT KERNEL

We introduce a sub-Riemannian structure on nilpotent Lie groups and describe the heat kernel for the
sub-Laplacian following the paper [10] (see [15, 17] for a geometric aspect of this kernel construc-

tion).
2.1 Sub-Riemannian structure on nilpotent Lie groups

Let M be a manifold (smooth without boundary) and H a subbundle in the tangent bundle 7'(M).
We denote by I'(H) the space of vector fields taking values in H.

Definition 2.1 — We call M with the subbundle H a sub-Riemannian manifold, if it satisfies the
condition that evaluations of vector fields in a finite sum
D(H) + [D(H), T(H)] + [D(H), [D(H), D(R)]] + [D(H), [F(H), [D(H), D)) + -
span the tangent space T,;(M) at any point x € M. In this case we call the sub-bundle H bracket
generating.

In most of the concrete cases we have a natural pointwise inner product in H. A basic theorem on

sub-Riemannian manifolds states the following:
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Theorem 2.2 — (Chow-Rashevskii Theorem, [12, 29]). Every two points on a connected sub-
Riemannian manifold M can be connected by horizontal curves (in general they are only piecewise

smooth).

If we regard a manifold with such a sub-bundle as a configuration space of a physical system,

then this result means that every two states can be transformed into each other.

Nilpotent Lie groups can be equipped with a sub-Riemannian structure in a natural way and such

groups and their quotient spaces by discrete subgroups are our subject in this paper.
In the following we only deal with two step Lie algebras g (and corresponding Lie groups &),
that is
[9,[g,0]] =0

and we assume that

lg, 9] = center of the Lie algebra = 3.

We fix bases {Z;}¢_, and {X;}}¥, of the center 3 and its complement, respectively, and we
assume they are “orthonormal”’. One obtains the orthogonal decomposition g = 3= @ 3. Note that

by the above assumption we have installed a left invariant sub-Riemannian metric on G.

Proposition 2.3 ([2, 27]) — The so called “Popp measure” with respect to this sub-Riemannian

metric coincides with the Haar measure (modulo a constant factor).

Throughout the paper the corresponding structure constants of the Lie algebra will be denoted by

k

cij»1e.

[XZ‘,X]'] = ZCZCJZ]g
k

By making use of the Campbell-Hausdorff formula and the diffeomorphism, exp : g — G, the

group law “* ” is expressed as

1
GxG%ngB(X,Y)»—>X*Y:X—|—Y—|—§[X,Y]Gg%G.
In the following, we work through the coordinates

G%RNdeag:(x,z):(xl...,xN,zl,...,zd)%inXi+szZkeg.

We denote by X ; the left invariant vector field on the group G. Then the vector fields

{Xj,[Xi, X]] . ’L,jzl,N}
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span the tangent space at each point, so that the sub-bundle spanned by {f(z} is bracket generating and
defines a sub-Riemannian structure on the group G. We write ASCflb for the second order differential

operator
1 N
G ._ 2
Asub T _5 ZXz )
i=1

which is called a “sub-Laplacian™. It is also defined as a composition of three operators, namely,
the exterior derivative, the projection to the annihilator of the sub-bundle spanned by {Z.} in T*(G)
(which is a subbundle in 7%((G)) and the adjoint of the exterior derivative with respect to the Rie-
mannian metric introduced above. So this operator depends on the projection operator and does not

depend on the particularly chosen orthonormal elements { X }.

We mention that the sub-Laplacian is also defined through the universal enveloping algebra I/,
which can be regarded as the algebra of all left invariant differential operators. In fact, by the metric
installed above the space Hom(g, g) = g* ® g is identified with g ® g. Through this identification the
identity map in Hom(g, g) is mapped to the element ) - X; ® X; + > Zj, ® Zj, in Uy and it defines
a left invariant differential operator, which is the Laplacian. Similarly the operator corresponding to

—% > X; ® X is the sub-Laplacian.

From an analytic point of view a fundamental property of a sub-Riemannian structure (which
also corresponds to its geometric feature described by the Chow-Rashevskii theorem) is given by

Hormander’s theorem.

Theorem 2.4 — ([Hormander, [19]). The operator Agb is hypo-elliptic or, more strongly, sub-
elliptic, i.e., it satisfies a sub-elliptic estimate: for any bounded domain D in G (i.e. the closure D
of D is compact), there exists a constant C = Cp > 0 and a number 0 < § < 2 such that for any
ue CP(D)

llulls—s < Cp ([AGLW)1s + Ilullo) ,

where ||ul|s is a Sobolev norm of order s.

We fix a Haar measure on GG (which coincides with the Euclidean measure) dz - - - deydzy - - - dzg
and consider the space Lo (G). The sub-Laplacian A% is positive and essentially selfadjoint in Lo (G)
when we consider it on the domain C3°(G) (see [5] for an elementary proof of these facts including
the case of higher step Grushin type operators descended from sub-Laplacians to a homogeneous

space). Moreover, A = 0 is an eigenvalue with eigenspace formed by the constant functions.
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2.2 Heat kernel for the sub-Laplacian

We can consider the heat kernel for the sub-Laplacian and start from the spectral decomposition

Am_/ AdE}.
0

Here { E) } A0
AG, in Ly(G). The kernel function (distribution) K (¢, g, h) of the operators

ftAG < o
sub — e dE)\ ,
0

is called the heat kernel for the sub-Laplacian and it defines an element in C*° (R4 x G x ). Since the

is the spectral measure of the unique selfadjoint extension of the sub-Laplacian

operator AY, is left invariant, K is of the form K (¢, g, h) = k%(t, g~ x h) with a smooth function
k¢ € C® (R, x G).

2.3 BGG formula

In the paper [10] (see also [11]), an integral expression of the kernel function k¢ (BGG formula) is

given explicitly and will play a basic role in this paper.

Let 0(AS

sub

) € C®°(T*(@R)) be the principal symbol of the sub-Laplacian. We can express it

through the coordinates
T,z T GT*szGXRNd—*RNXR XRNXR
( ) 757 )

as N 1 2
(Asub)<$vz;§7 52( §Zcfjxﬁk> :
7j=1 ik

Then the space ch(AS,) = {(z,2;¢,7) | o(AY

sub

)(x7 2;577-) - 0} in T*(G) >~ G x RN+d is
called the “characteristic variety” and can be seen as a sub-bundle in 7*(G). Since J(ASGub) (z,2;,6,7) =

0 is equivalent to the conditions ; + % > cf’jxﬂk =0 (forj = 1,..., N) one may parametrize the

characteristic variety through the variables (z, z, 7):

1 1
h(Asub) {(:C, 2 D) Z CflxiTkv T CfolTkv },
i,k i,k
that is
d * 1 k 1 A
G xR* —T%(G), (9,7) = (z,2,7) — (x,z, —3 Zcila}ﬂk, Ty ciinTk,T).
i,k i,k
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Putting w; ;(7) == cF Tk With T € R? we define a matrix function (1) by
k

R 57— Q1) = (wij(7)),; € RV 2.1)

The kernel function K (¢, g, h) € C*°(R4+ x G x G) can be interpreted as a (fiber) integral on the

characteristic variety of the sub-Laplacian.

Theorem 2.5 — (Beals et al., [10])

_ 1 _ f(rig7 xh)
K(t>gah):kG(t7g l*h):(27'('t)]v/2+d/Rde ¢ 'W(T)dTa

where the functions f = f(1,g) € C®(R? x G) and W (1) are given as follows: put g = (z,z) €
RN x R, then

f(r,9) = f(r,z,2) = V-l<r, 2 >1d,0} —I—% < Q(leT) COth(Q(\/le)) T, T >N, 0}

1/2
Q(v/—1
Wir) = { et V71D 1T
sinh Q(v/—17)
d
where < z,7' >id,00= D 2k2), Is positive definite. Until Section 8 we shortly denote this inner
k=1

product by < e, @ >. However, in the last part of this paper we need to distinguish the signature of
the quadratic form and therefore write < e, @ >, .y (see the definition below).

We call the function f = f(7,x, z) the “complex action function” and the function W () the

“volume function”. The measure W (7)dr is referred to as the “volume form”.

Recall that the function f is constructed by the complex Hamilton-Jacobi method, and the volume
function is also called van Vieck determinant. 1t is the Jacobian of the correspondence between
the space of initial conditions and the space of boundary conditions when we solve the Hamilton
equation which solution is the bicharacteristic flow. The volume function satisfies an equation called

transportation equation.
3. NILMANIFOLDS
Based on the heat kernel expression of the sub-Laplacian explained in the last section we describe the

heat kernel of the descended operator defined on the quotient space L\G (left coset space) by a lattice

L. Such a space is called a nilmanifold.
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3.1 Uniform discrete subgroup

In the following we assume that there exists a uniform discrete subgroup (lattice) L in G. In this

connection we mention Maléev’s Theorem:

Theorem 3.1 — (Malcev, [24, 28]). A nilpotent Lie group has a lattice L (i.e., L\G is compact),
if and only if, there exists a basis {X;} in the Lie algebra g such that the structure constants {cfj}
defined by

[Xi, X]] = Zcijk
are all rational numbers. In this case we call { X;} a “rational basis”.

Remark 3.2 : Even if {X;} is a rational basis the range exp({d_n;X; | n; € Z}) needs not
to be a lattice in G, but it generates a lattice. Conversely, if L is a lattice in the group G, then

log(L) := exp~!(L) contains such a basis.
3.2 Heat kernel on nilmanifolds

Let L be a lattice in a simply connected two step nilpotent Lie group G =2 RN x R?. Then the
quotient space L\G can be equipped with a sub-Riemannian structure naturally inherited from that
of the group G and its sub-Laplacian, which we denote by ASLu})G, is the operator descended from the

sub-Laplacian on G.
Given an element g € G we will denote by [g] € L\G the corresponding class in the quotient
space. Then, the heat kernel
KM6(t,[g], [1]) € €= (Ry. x L\G x L\G)

for the sub-Laplacian on the nilmanifold L\G is given by

K™\ (t,[g], [n]) = KM\C(t, g, )
= ZK(t,’y*g,h) = ZkG(t,gfl*fy*h).

YyEL yeL
This is guaranteed by the facts that
o K(t,kxg,kxh)=K(t, g,h)forany k € G and the estimate
e W(r) = O(||7|77), j > 0is arbitrary,
o the bilinear form <<\/—1Q(T) CO‘Gh(\/-lQ(T))) x>

is (strictly) positive definite and 3e >0,

547
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inf { <(V=10(7) coth(V=19(7)) ) -z, & > ‘ e R} > cfjo]?
<( ~10(r) coth(ﬁsz(T))) cz, >=0(||7][|=])?).

We recall some crucial estimates:
Proposition 3.3 — (Small time asymptotic, [7]) Let g = (z,2) € G and 6 > 0.

(i) There are constants C, ¢ > 0 such that:

G _N_g _cl=l?
|kY (t,x,2)| < Ct 2% ¢ .

(ii) Let g = (z, z) with ||z|| > §. Then for any ¢ € N we can choose Cy > 0 and ¢ > 0 such that

20
\kG(t,w,Z)\SCeOH'ﬁLD 20N —d~¢z])*
z

With these properties we have:

Proposition 3.4 ([7]) —

tr ( sLuEG Z/ (z,2) " xyx (2,2))dzdz
f

YEL
= Vol(L\G) - k% (t,(0,0)) + Z / K(t, (z,2) " %y (z,2))dzdz
veL\{o} 7

= (2nt)™ N2 [ W (r)dr + O(>),
Rd

where F7, is a fundamental domain for the lattice L.

Let (r\g(s s) be the spectral zeta function of the sub-Laplacian A, \ defined as the Mellin trans-

form of the heat trace:

Cna(s) :F(13)/0°° {tr( —ta5¢ ) —1} et =Y % 3.1)

O< A : eigenvalues

of AL\G
sub

Then as a corollary, we have:

Corollary 3.5 — The spectral zeta function (3.1) admits a meromorphic extension from Re(s) >

sp to the complex plane with only one simple pole at

sp:=N/2+d= %dim (g/[g,g]) + dim [g, g].
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The residue of {7\ (s) in s, is given by

Vol(L\G
Res(Cual9)],, = /2+§P(\N;2+d) /R W

We mention some further properties of the spectral zeta function (7, (s):

Proposition 3.6 — (i) (1)\/(s) vanishes at the points {1, -2, -3,...}.

(ii) Independently of G and L, it holds {7\ (0) = —1.

4. NILPOTENT LIE GROUPS WITH LATTICES

Assuming the existence of a lattice in the nilpotent Lie group GG, we decompose the sub-Laplacian
into differential operators acting on invariant subspaces according to a torus bundle structure. Then

we provide the heat kernel expression for each component elliptic operator.
4.1 Torus bundle and a family of elliptic operators

Let A = R? (with an orthonormal basis {Z;}) be the center of the simply connected two step

nilpotent Lie group G and assume the existence of a lattice L in GG. Then we have a principal bundle
L\G — (L/LNA)\(G/A) = (L*A)\G

with the structure group A /(ANL) = T4™A — T4, The base space (L/LNA)\(G/A) = (LxA)\G
is also a torus of dimension dimG — dim A = N +d — d = N. Since A is abelian, the subgroup
L * A coincides with L 4+ A (the sum in the Lie algebra).

Let n be an element in the “dual lattice” (L N A)* of L N A, that is n is a linear function on A

with the property that
n(vy) € Zforally € LN A.
d
We may express n in the form n = > njZ, with integer coefficients {nj, | ny € Z} such that
k=1

an<Zk,’y >c Zforally € LN A.

Each f € C*°(L\G) is decomposed via a Fourier series expansion as

o= > [, Ha atian

ne(LNA
where xq : T¢ — U(1) with xn(A) = 2™V~ s a unitary character corresponding to a dual

elementn € (L N A)*. This induces a decomposition of the space of smooth functions on L\G:

CO(ING) = > F™,
ne(LNA)*

549
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where

F) — { y flg*A) Xn( )dA

f e C(L\G) }

The subspace F™ can be seen as a space of smooth sections of a line bundle E(™) on the base
space (L + A)\G = (L/L N A)\(G/A) associated to the character x,. The sub-Laplacian leaves
invariant each subspace F(™ and so can be seen as a differential operator D™ acting on the line bun-
dle E™). Since the sub-bundle spanned by the (left) invariant vector fields {)N(Z} defines a connection
(i.e., its linear span is equivariant and transversal to the structure group action by A /(A N L)), each

operator D is elliptic. So the sub-Laplacian

L\G 2
sub - 5 Z X
can be seen as an infinite sum of elliptic operators. Hence
L\G n
tr (e_Asub ) = Z tr (e_ﬂ)( ))
ne(LNA)*

and the spectral zeta function of Ai},G is expressed as

Cr\c(s) = sum of the spectral zeta function of D™ over n

_ r(l) /Oo {tr (e*m“’)> - 1} 5Lt + F(l ) 3 /ootr (e*w(“)) 514t
s) Jo S 0

n#0

4.2 Heat trace of the component operators |
We give an expression of the heat trace of each operator D™,
By the invariance K (¢, g’ * g, g’ * h) = K(t, g, h) we know that
KNG (¢, =Y K(t,y#xg,h) € C°(Ry x L\G x L\G).
yeL

Let F;na be a fundamental domain for the lattice L N A in the Euclidean space A. Then the

integral

o (£ [g], [1]) = / KRG (8, [g], [h] * A) xa (V) dA

Frna

tD®)

is the kernel function for the heat operator e~ , that is it satisfies

kD(n) (ta [Q} * 9) [h]) = kD(n) (tv [g * 9]7 [h]) = mkD(n) (t, [g]v [h])7
kD(h) (ta [9}7 [h‘] * 0) = kl)(n) (t7 [9]7 [h * 9]) = Xn(a)kl)(n) (t, [9]7 [h])7

where 6 € A.
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Let Ml = {u;} be a set of complete representatives of the coset space L/(L N A), then the trace

tD(n)

of the heat operator e~ is given as follows:

Proposition 4.1 —

Z/ K(t,g, v *g* A)xa(A)dX | dg
’YGL fLﬁA

Vol(A/(LNA)) - tr (e*“?(“)) - /
FrL
=/ >y K9 (t, g™ % i % g v x N)xa(N)dA | dg
FL miEMvreLNA FLna
= / Z / EG(t, g7 % i g« N xa(N)dA | dg
Tz i €M Re

= Z / / k9 (t, g7 % g g % N)xn(N)d\dg.
7, Jra

i €M

4.3 Heat trace of the component operators 11

Based on the integral formula for the heat kernel stated in Theorem 2.5, we give a concrete expression
of the formula in Proposition 4.1 for several concrete nilmanifolds. For this purpose we choose the

structure constants cfj to be rational and for the sake of simplicity we assume that they are of the

form .
Ko i
Pbo

with a common positive integer pp > 1 and integers qu. Then we fix the lattice
U
L:{ Z m; X; + Z ka‘mi,fk EZ},
1<i<N 1<k<da PO

and we choose the set

M:{M: Z leZ\mZEZ}
1<i<N

of complete representatives of the quotient group (L N A)\L = L/(L N A). Then, for each fixed
d
n=nmp >y npZi € (LNA)* (ng €Z)we have
k=1

Vol(A/(L N A)) - tr () =

1 _ g <pal+rr>  _ <Q(V/=1Ir)coth Q(/=T7)-p, u> -
_(27Tt)N/2+d/f Z/A e VIR 2 W (T)dTxn(\) dXdz dz,
L peM
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which we express in the form

Z/ eV ) dr xa (N dAdzdz = ().
Rd

N 2+d/
(27Tt / Fr peM

Here we write ¢, (7, ) for the Fourier transform of ¢; with respect to the 7-variable. Then

1 /.L,.’L‘ +)\ —2my/—1<n,A>
(x) = tN/2+d . (2 )(N+d)/2 [ Z/ sﬂt< )-e d\dz dz

pneM
1 / 27r\/j1<n tut[z, u)>1d
&t (u, 1) ’ M2t du dx dz
TN (2 (N2 [, #%:/H
1
N/2
(2mt)N2 ot [O,l}x-~><[0,1l
N
1 —2my/—1<z, Q(n)(p)>
= .p? Z oi(=2mtn, p1) - / e : = d.
N/2
(2mt) N/ oyt 0,1] % -+ x [0, 1]
N
In the last line we have used the identification n «— (nq,---,ng) € Z? C R? to define the
matrix (n) as in (2.1). With a basis a1(n), ..., aym)(n) in L the solution space M(n) = {u €
M | Q(n)(u) = 0 } can be written as
b(n)
:{ W= Zmiai(n), m; € 7 },
i=1

where b(n) < d and b(n) = d if and only if n = 0. Hence

Theorem 4.2 — The heat trace of the operator D™ is given by:

tr (e_tp(m) . 1 Z 6_<Q(2wt¢fln) co:;tn(zﬂmm)u,p dot Q27 /—1tn)
(

= — " e
N/2 : —
27t) porTn) sinh Q(27v/—1tn)

_ 1 Z e_<g2,tg> dot ‘Q(27r\/—ltn) ’
(27t)N/2 v sinh Q(27/—1tn)

where, by Q(n)(u) =0

Q(27tv/—1n) cothQ(2mv/—1tn) (1), p >=< p, p >= Zmimj < a;j(n),a;(n) > .
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5. HEAT TRACE EXPRESSION: CONCRETE CASES

To express the volume function W (7) in Theorem 2.5 more explicitly we restrict ourselves to more

specific classes of nilpotent Lie groups and lattices.

In this section we treat typical examples which were previously studied in [3, 7, 8]. In order to

cover all low dimensional cases (dim < 6) we list them here again.
5.1 Three dimensional Heisenberg group Hs

Recall that the three dimensional Heisenberg algebra is determined by the non-trivial bracket relation
[X,Y] = 2Z. We denote the elements of the corresponding Lie group Hz = R3 by g = g(z,y, 2) =
X + yY + zZ. The multiplication * in Hs is given by

g(x,y,2)x 9@y, 2) =@+ 2 )X+ y+y )Y +(z+2 +ay —ya)Z.

We fix the lattice L = { A(k,l,m) = kX +0Y +mZ | k,{,m € Z } in Hz. Let X and Y

denote the left invariant vector fields:

- 0 0
X = .
oz Yo 0z’ oy o 0z

According to the calculation in Section 7 of [3] the heat trace for the sub-Laplacian

AL\HB

sub

- _%(Xuf/?)

on the Heisenberg manifold L\H3 is given by

tr( fuﬁﬁs) - 4ZZI<: eI o N7 m2mtmien®) (5.1)

k=1 j=0 (m,n)€Z2

Proposition 5.1 — The spectral zeta function (7,3, (s) of the sub-Laplacian on the three dimen-

sional Heisenberg manifold L\H3 has the form:

CL\'Hg

kl]O

- (;T)sas— 1) (1 - 21) C(5)+ s B0 (5,

where the last term denotes the spectral zeta function of the two dimensional torus

T? := R?/{(m,n) | m,n € Z } which is called Epstein zeta function (of two variables).
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PROOF : Proposition 7.1 in [3]. O

As a consequence of Corollary 3.5 the function (7,3, (s) has only one simple pole at s = 2.

Hence the residue at s = 1 of the first term of (7,3, (s) given by

o= (1750 ) <o)

and the residue of the Epstein zeta function, the second term of (14, (s) cancel. That is, we recover

the following well known fact:

Corollary 5.2 — The residue A_; of the Epstein zeta function

A_
Ep®(s) ="+ Ao+,
s—1
at s = 11is equal to 7.
PROOF : This is calculated by using the values ((0) = —1/2 and the residue of the Riemann zeta
1
function ((s) = —— + vy + - -. O

s—1

Via the functional equations of the Riemann zeta function and the Epstein zeta function

7T (s/2)¢(s) = 7 1TIPT((1 - 5)/2)¢(1 - s),
75T (s)Ep@ (s) = 7 71T(1 — s)Ep? (1 — s)

we can express the zeta function (7,3, (s) in the form

o (s) = AT L@ = 9)/20(1 = )/2)
L\Hs 9s I'(s/2)I'((s —1)/2)

(I =5)C2—=s)(1-27")+

1 T(1-s)
— Y Ep@(1-5). (52
>r T() P (1-s). (52)
Using the well-known relations I'(s)I'(1 — s) = LI —sI'(s)I'(—s), and the multiplication

sinms
formula v/27 T'(s) = 257121 (s/2)I'(s/2 4 1/2), the function (5.2) can be rewritten as

I'(1—s)%sinms

™

CL\ma(5) = {WHT(S — 12 —=s)C(1—s)(1-27%) + % Ep? (1 — s)}.

Hence we recover the result of Proposition 3.6 in case of the Heisenberg manifold L\ H3:

Corollary 5.3 — At negative integers s = —n, the zeta function (7,4, (s) takes the value zero.
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5.2 Six-dimensional free nilmanifold

Let F3,3) be the free nilpotent Lie group of step 2 generated by 3 elements X, X, X3. More
precisely, Fiz,3) = RS is a six dimensional Lie group with center spanned by Z;, Z», Z3 and one has

the bracket relations
[Xl, XQ] = 2Z1, [Xl, Xg] = 2Z2, and [XQ, Xg] = 2Z3.

Further details on the discussion below can be found in Section 6 of [7] or Sections 13 and 14 of
[8]. We consider a sub-Riemannian structure H on F(3, 3) generated by the three left invariant vector
fields { X;}2_,. The sub-Laplacian Aif ) is given by:

sub

3
1 -
Afets _ - ZXZ'Q-
i=1
According to the general formula in Theorem 2.5, the heat kernel

e (t,(z,2),(z,2)) € C°(Ry x Fz13) % F(3+3))

sub

F, :
of ASH(SH) has the integral form

A 5),2_1* T, 2), T
KsifH)(t’(x’z)’(j’g)):(2m51)9/2/RSeXp {_ ((,2) t( ) )}W(T)dr,

where (z,2) = > 2, X; + ) 21 Zk, € F343). Here the function A = A(z, z,7) can be expressed by

the formula:
3
1
Az, z,7) = v—lani + 5 < Q(V—=17) cothQ(v—=17) -z, x > .
i=1

Recall that ©2(7) denotes a general 3 x 3 anti-symmetric matrix:

0 T T
Ur)=|-n 0 3

So, the volume function W (7) is given by

Wi — oo Y120l

sinh/—1Q(7)  sinh ||’

The function A = A(z, z, 7) can be written more explicitly in the form

|7l coth 7]} — 1

< Q(V—=17)cothQ(v/—17) - 2, x >:<(Id—|— | BE QQ(T)) -z, x>
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Let L ={ (m1,ma, m3, ki, ko, k3) | mi, ki € Z } be a typical lattice in Fi3,3). Then the heat
kernel of the sub-Laplacian A_ \ ©+9 on the nilmanifold L\ F(343) has the form:

F
D Ky (b + (,2), (2,9))
vEL
and its trace is obtained as the integral
/ Ksu(ers) 13 y Y ¥ (.’E, Z)a (:B, Z))dxdz,
yeL

where Ff, = [0,1] x ... x [0,1] = [0, 1]% is a fundamental domain of the lattice L.

The lattice L N [{Z}] is selfdual and for n = > nyZg, with n;, € Z the heat kernel of the

operator D) is expressed in an integral form

(t,g,g%\)

sub

kernel function ofe_m(n> = / KT X_l) (N\) dA\1dAadAs,
3

(n

where g = (z,2), § = (¥, ) € F(343). Its trace is given by

o 27rt|n\coth27'rt\n| 1 — 2 .
tr( o >) (2rt) 3/2 Z / AR e T k),
mt) [0, 1]3

27t|n|

X mexp {47T\/ fL‘ Q }dx

and equals to

_¢pm) 1 ki +k3 kg \n|

tr <€ tD ) e 2t _—

(2mt)3/2 Z sinh (27¢[n))
keZ3

Q(n)-k=0

according to the choice of n = (n1,ng,n3) € Z3.

The spectral zeta function () (s) of the elliptic operator D) acting on the line bundle E™) is

meromorphic with only simple poles, the largest one is located at s = 3/2. The spectral zeta function

L\F(343)
sub

of the sub-Laplacian A is given by

CSQ,F(?’”)( ) = (poon(s)+ Y. Cpml(s
nez3\ {0}
Let (|n1], |n2|) and (|n1], |ne|, |ns|) denote the greatest common divisor of its entries where n =
(n1,m9,n3) € Z3.
In order to explicitly express the operator traces above we distinguish the cases n = (0,0,0) = 0
and n # 0 with the convention that (|ny|, |n2|,0) = (|n1],|n2|), if ng = 0 and (|n1],0,0) = |ny| if

ny = ng = 0, and so on.
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(1) Letn = 0, then

k2 +k +k
tr (e—tD(0>> 3/2 Z A Z o2t (kT +k3+H3)
(27t)

kez3 kez3
(2) Letn # 0, then
nql,|ngl,|n 2
fr (o) = 30 Rl ool i)

ez sinh (27Tt n% + n% + n%) '

Theorem 5.4 — The heat kernel trace of Ai})F(HS) on L\ F, (3+3) is given by:

Z/ Ko (1,7 % (2, 2), (x, 2)) dudz

yeL

_ o2m2 t(B+3+43) Lop2py 2k
N Z 3 Z Z sinh (27rtk)

01,02,03€7 LeZ k=1

—2m2t
+3- Z ZZe i smh(?ﬂtk\/m)

m1,mgo€Z, my-mog#0 k=1 (eZ
(Imal,lma|)=1
02

DD Wt
smh

mq,mg,m3€EZ, m1-mg-m3#0 k=1 LEZ
(Imal,lmaz|,lms])=1

PROOF : See Theorem 13.1 in [8].

5.3 A 5-dimensional nilmanifold

In dimension 5, there are only two nilpotent Lie groups of step 2 that do not decompose into lower
dimensional groups. Let G'5 be the quotient group F{3,3)/{2Z3}. Alternatively, G5 is defined as the
Lie group with Lie algebra generated by 5 elements X, X5, X3 and Z7, Z5 and bracket relations

(X1, Xo] =27, [X1, X3] =225, [Xo, X3]=0.

The second group among the indecomposable 5 dimensional nilpotent Lie groups of step two is

the five dimensional Heisenberg group.

As in the case of F{3,3), we consider a sub-Laplacian

Ag{;:——ZX

(2mthy/m3 +md +m3)
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on G5 and fix a typical lattice L = {k1 X1 + ko Xo + k3 X3 + 0121 + €225 | ki, ¢; € Z}. The heat

L\G . . . . .-
trace tr(e*tAsub 5) on the nilmanifold L\Gj5 is calculated in the next proposition.

Proposition 5.5 —

(o9}
L\G5 24 (024024 42 2442 2k
tr <e—msub > _ Z e~ 2m B HB+E) | 2226—% o
01,62,03€7 (€7 k=1 sinh (QWkt)
0 —272t % k
D SHED 3 S R S
er =1 teZ sinh (27Tt k 6% + Eg)
£182¢07(|€1‘7|é2‘):1
PROOF : The precise derivation of this identity is given in [8], Theorem 12.1. a

The right hand side can be also expressed in the form:
Proposition 5.6 —
e oo 00
tr (e*tﬂsub 5) — Z o2 (B +3+63) | Z Z nge—t(2w2£2+2ﬂk(2j+1))
01,02 ,03€7 LeZ k=1 =0
00 _[ 22-(ma L ma)? 22 (24
49 Z ZZ(|m1‘7|m2‘) e t( mZymZ +2my/mi+m3(25+1) ‘

my,mo€Z LeZ j=0
m1-ma#0

PROOF : See Corollary 12.2 in [8]. O
As an immediate consequence, the spectral zeta function (7, (s) is given as follows:

Proposition 5.7 —

! 1
CL\G5(S) = Ne Z 5 . -
(2r%) LEL, [ |+] 2|+ 03] 70 (6% + 0% + £57)

- 8k
220 GrE T akE T

leZ k=1 j=0

o0 8 :
+ Z ZZ <27r2€2~(m1,m2)2 (ml mQ)

-
myma0, mieN (eZ j=0 \ Tz + 21 \/m? +m3 (25 + 1))

From this expression we cannot observe directly that the spectral zeta function (7, ¢, (s) takes the

value zero at each negative integer.
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6. SPECTRAL ZETA FUNCTION ON NILMANIFOLDS OF PSEUDO H-TYPE GROUPS

According to the classification of low dimensional nilpotent Lie algebras g (as for the cases dimg < 7
see [25, 26]) and apart from F3 3), there are two more such algebras of dimension six. Both are re-
alized in a class of “pseudo H-type algebras” constructed from the minimal dimensional “admissible
module” of the Clifford algebras C'5 o, C'¢11 and Clp2. We denote them by /\/2,0, Nl,l and N072,
respectively. By G2, G1,1 and G2 we mean the corresponding connected and simply connected
nilpotent Lie groups. The algebras N5 o and N 2 are isomorphic and N7 ;1 is not isomorphic to N> g.

Hence we deal with N3 ¢ and NV} ;. Both algebras contain a lattice which will be described below.

We start this section by introducing a class of 2-step nilpotent Lie algebras called pseudo H-type
algebras (cf. [13, 16]).

6.1 Pseudo H-type algebras

Let R™® = R"*S be the (r + s)-dimensional Euclidean space with the non-degenerate symmetric

bi-linear form
T S
<Y >{7"75}:: Z LkYk — Z Lr+jYr+j, T = (331’ cee xTJrS)a Y= (yh cee yT+S) € R"'»S’
k=1 Jj=1

with signature (7, s). By C¥, ; we denote the Clifford algebra generated by R"* (as for the definition

of the Clifford algebra see [1, 23]). Table 1 shows some algebras of low dimension.

In this table, for example, H(2) denotes the 2 x 2 matrix algebra over the quaternion numbers and
so on. By “Bott periodicity” the higher dimensional cases are obtained by taking tensor products with
the matrix algebra C'lg o =2 R(16) =2 C¥y g, i.e. one has Cl, @ Clg o = Cl45 s 0or Cl, @ Clyg =
Cly sys.

Table 1: Table of Clifford algebras C'/,

3 R(16) C(16) H(16) H(16)DH(16) H(32) C(64) R(128) R(128)®R(128) R(256)

7 C(@®) H(8) H(8)BH(3) H(16) C(32) R(64) R(64)DR(64) R(128) C(128)

6 H(4) H(4) & H(4) H(8) C(16) R(32) R(32)BR(32) R(64) C(64) TH(64)

5 HQ2)SH(2) H(4) C(®) R(16) R(16)BR(16) R(32) C(32) H(32) H(32)®H(32)

4 H(Q2) C(4) R(8) R(8) @ R(8) R(16) C(16) H(16) H(16)®H(16) H(32)

3 CQ) R(4) R(4)DR(4) R(8) C(@®) H(8) H(8) D H(8) H(16) C(32)

2 R(2) R(2) @ R(2) R(4) C(4) H(4) H(4)DH(4) H(8) C(16) R(32)

1 ROR R(Q2) Q) H(Q2) HQR)SH(2) H(4) ) R(16) R(16)®R(16)
s=0 R C H HGH H(2) C@) R(8) R(S)DR(S) R(16)

[ ] =0 1 2 3 4 5 6 7 8
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Let V be a Clifford module, i.e. V is a real vector space with a module action denoted by
J :Cl. s xV — V. Moreover, we write J, : V' — V for each z € R"*. Then V is called admissible

if it is equipped with a non-degenerate symmetric bi-linear form < e, e >y, having the properties

< JZ(X), JZ(Y) Sv=<2,Z2 > s} < X, Y >y, (6.1)
< J(X),Y>y+ <X, J,(Y) >y=0. (6.2)

In fact, the conditions (6.1) and (6.2) are equivalent to each other under the condition that .J,>
= — < 2,z >( 4 -ld. Irreducible modules need not to be admissible. If they are not admissible,
then their double is admissible (a proof of this fact is found in [13]). We call such an admissible

module minimal.

In this situation the non-degenerate symmetric bi-linear form must have positive definite and neg-
ative definite subspaces of the same dimension, if s > 0. Any admissible module can be decomposed

into an orthogonal sum of minimal dimensional admissible modules.

Definition 6.1 — Let V' be an admissible Clifford module of C'¢,. ; with the non-degenerate sym-
metric bi-linear form < e, ® >y satisfying the conditions (6.1) and (6.2). By defining an antisym-
metric bi-linear map

[0,0]: V3> X,V — [X,Y]eR""*

through the relation
<JAX), Y >y=<z[X,Y] >4, 2€RT, X, YV,
the direct sum V' @ R™® has a Lie algebra structure of step two with the indefinite scalar product
<o, 0>y P <o 0> .

If we start this construction from an admissible module V' then we call the resulting nilpotent Lie
algebra a pseudo H-type algebra. In the following it will be denoted by ;. ; and we write G, 5 for the
corresponding Lie group. Note that \V;. s and G, s depend on the chosen module V, which in general

is not unique. However, to keep the notation short we will not indicate this dependence.

Remark 6.2 : As a typical example we mention that the (2k + 1)-dimensional Heisenberg algebra

is of the form R2%0 @ | R1.0,

The bi-linear map V' x V5 (X,Y) —[X,Y] € R"™ is always surjective by the admissibility
condition, so that the center 3 of the algebra /\/}7 s coincides with R™® = [Nr,s, /\/}75] = [V, V].
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Remark 6.3 : For the first time this type of algebra was defined in [21] (also see [22]) where the bi-
linear form of the underlying Clifford algebra is positive definite. Therein it was called “generalized
Heisenberg algebra (and group)”. We will call such an algebra also a “classical H-type algebra”. In

these cases, irreducible C'¢;. o-modules are always admissible with a positive definite bi-linear form.

Remark 6.4 : Even if there are two non-equivalent irreducible modules like in the cases of C'/3 g,

k
Clz, Cly 1, Clys (and the tensor product algebras of these with @ C'¢1; for any k and also with
Clgo or Clyg), the Lie algebra defined above with minimal admissible module is unique up to

isomorphisms, see [16].
In [16] it was proved that the algebras AV, ; = V @& R™* always admit lattices, or more strongly:

Theorem 6.5 — For each orthonormal basis {Z} in the center 3 = R™*, there exists an or-
thonormal basis {X;} in V with respect to which not only the structure constants are +1 or 0, but
also for each pair (X;, X;) of the basis the bracket [X;, X;] is zero or, if not, there exists a unique
element Zy, k = k(i, j) such that

(Xi, Xj] = Zyi, j), or [Xiy Xj] = =2y, 5)

PROOF : See Theorem 1.2 and Theorem 1.3 of [16]. O

So the vectors {X;, Z;} form a basis in the Lie algebra N, ; and the range exp({X;, Z;})

(= {Xi, Zx}, since our exponential map is the identity map) generates a lattice

L= {Zszer;anZk ‘ mi, Nk EZ}

of the group G ;. We call such a basis an integral basis and the corresponding lattice an integral

lattice. This is a generalization of a result on classical H-type algebras proved in [14].

Recall that the algebra NV, ; is equipped with a non-degenerate symmetric bi-linear form which is
not positive definite in the case s > 0. We can as well install an inner product on N, ; by assuming

that the integral basis is orthonormal. Then we have two identifications
HOII’](./\/T,& Nr,s) = Nr,s* & M‘,s = M‘,s & M‘,s C Z/{./\/'T,S

into the universal enveloping algebra Uy, .. Hence we have two operators corresponding to the iden-
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tity map Id € Hom(N, 5, N, ), namely

N ~ r+s ~ r+s _
ZXE + Z Z2 = —2Agp + Z Z?, and
=1 k=1 k=1

N/2 N/2 r s
2 - 2 2 > 2
PIRGED IR R DD D P /ars
i=1 j=1 k=1 k=1
The second operator is called an ultra-hyperbolic operator.

In the sequel we determine the spectral zeta function for the sub-Laplacian on some low dimen-
sional nilmanifolds (dim NV, s < 12) with underlying Lie group of the above type and by fixing an
integral lattice. The study of the ultra hyperbolic operators will be postponed to a forthcoming paper

(see [20, 30] for the analysis of special cases of such operators).
6.2 Algebra by Cls o-module

Let Z; and Z> be the orthonormal generators of Cls g = H (= the quaternion number field), i.e.
Z; € R*Y with
Zi2 =1, Z1Zs+ Z2 7y = 0.

Take an element v € R*? such that < v, v >4,0y= 1. Then the vectors
X1 =, X2 = JZ1JZ2(’U), X3 = le(v), X4 = JZQ(U)

form a basis of R*?. We have the following non-trivial commutation relations (all other brackets
vanish):
(X1, X3] = Z1, [ X1, X4| = Zo, [Xo, X4] = —Z1, X2, X3] = Zo.

The Lie algebra N5 is given as the orthogonal sum R0 @, R?0 with the integral basis
{X1, X9, X3,X4,Z1,Z5}. Here {Z,Z} forms a basis of the center 3 = [Nag,Nag] = R2:0,
We take a lattice of the form

1
LZ{ZmiXi—FQZ]{ij‘mZ', kjEZ},

which we call a standard integral lattice.

Let A = R%9 denote the center of the group G2 0. The lattice dual to L N A is
{1’1: QanZk | ng € Z} = (LOA)*,

and a set M of complete representatives of the quotient group L/(L N A) can be chosen as

M:{ZmiXi]miEZ}.
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The matrix Q2 0(7) = Q(7),7 = (71, 72) Which appears in the integral expression of the heat

kernel (cf. Theorem 2.5) is given by

0 0 1 T2

0 0 m™» —7m

aolr) = T ™ 0 0
-1 12

—1T9 T1 0 0

Let n be an element in the dual lattice (L N A)*. Then for n # 0 the matrix €2(n) is non-singular.

Hence in Theorem 4.2, it is enough to determine the quantity
Q(2my/—1tn)
W(2rv—1tn) = 4/det
( ) \/ sinh Q(27y/—1tn)
for each n = 2n1 71 + 2noZ> # 0. A direct calculation shows that
(47Tt)2 . (n12 + n22)
sinh?(47ty/ni2 + na?)’

In conclusion, the heat trace of D™ for n # 0 is given by:

W(2rV/~1tn) =

Proposition 6.6 —

tr (e—tD(“)> — 4 n12 4+ no?
sinh?(

drty/ni 2 + np?)

From the last proposition we conclude that the spectral zeta function Cg)o}(s) of D forn # 0

can be expressed in the form:

2 2 [ee]
(n) P S ol () / 1 s—1
—g4. T2 t° dt
$f2,01(5) T(s) Jo sinh? (47t v/ni% +no?)

1
T 93s—4 . g5, (7112 + n22)(372)/2

’ C(S - 1)7
where ((s) denotes the Riemann zeta function.
6.3 Algebra by Cl, o-module

Extending the result of the previous subsection we now treat the case s = 0 in general. Let J :
Cl,o x V. — V be an admissible module for the Clifford algebra generated by the vector space
R™Y with positive definite inner product. Then the module space V' can be equipped with a second
positive definite inner product < e, @ >y (cf. [21]). Hence in this case, by definition of the Lie

bracket through the relation

< JZ(X)7 Y >y=<z, [X7Y] >{T,0}a
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we know that the matrix €2(7) coincides with the matrix representation of the operation J, for

T = > 11 Z) and we have

Qr)?=-> n’ld (6.3)
k=1

Hence the action function f(7,z,z) and the volume element W (y/—17) in the formula of the

heat kernel in Theorem 2.5 are given as

< Q(V—17)cothQ(v/—17) - 2, z >y

f(Tv x, Z) =v-1<72z >{r,0} +

2
th |-
— \/jl <T,Z >{r70} —i—HTH o ”T‘2 <L >V, (6.4)
Q(v—1r) { I7] }N”
W(v/—17) = 4/ det — , 6.5
( ™) \/ ¢ sinh Q(v/—17) sinh ||7|| (6.5)

where N always is an even number. Now the heat kernel can be expressed in a more explicit form

compared to the one in Theorem 2.5:

Proposition 6.7 — The heat kernel of the sub-Laplacian on G, is given by:

K(t,g,h) = K(t,z,z,2',2") (6.6)
VII<r 321> 7,0} il coth 7l e
2t

_—1 /e{ ' } 7HTH N/2d7'
T Ar )N . sinh || 7| '

PROOF : Formula (6.6) is obtained from Theorem 2.5 together with the identities (6.4), (6.5). O

We choose the integral basis { X;} for the given orthonormal basis {Z}} following the construc-
tion given in [16] and fix the lattice as above. From the previous expression of the heat kernel for the

sub-Laplacian on the groups G o we obtain the heat trace of each component operator D).

Proposition 6.8 — For n # 0 in the dual lattice,

. (e—tD(“)> N (n12 R nTQ)N/zL
sinhN/2(47rt\/n12 + -+ n,2)
Especially, forr = 3, 4, 5, 6, 7, and 8 we know that N = 4, 8, 8, 8, 8, and 16, respectively.

PROOF : According to (6.3) the matrix 2(n) is invertible whenever n # 0 and the assertion

follows from Theorem 4.2. O
6.4 Algebra N ;

The Clifford algebra C/; 1 is generated by R! with the basis {7}, Z»} satisfying the conditions

<Zi,Z1>pn=1, <Zy,Za>p1y=—1, <Z1,Z2>13=0.
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Note that C'/; 1 is isomorphic to R(2), the algebra of real matrices of size 2. In this case the
minimal admissible module V' is of dimension 4 with the following integral basis: choose v € V with

< wv,v >y= 1, and put
X1 = ’U,XQ = J21JZQ(U),X3 = JZl(U),X4 = JZQ(’U).
We have the following commutation relation table

Table 2: Commutation relation table of NV 1

froweolumn] || X1 Xo | X3 | X4
X3 0 0 Z1 | Zo
Xy 0 0 Zy | 241
X3 —Z1 | =22
X4 —Zo | =211 0 0

The standard lattice L is given as

1

Elements n in the dual lattice (L N A)* are expressed as n = 2n17; + 2nyZs with n; € Z. In

the case [n1| # |n2|, the matrix function in Theorem 4.2 is calculated as

{d ; < Q(2ry/—1tn) >}1/2 - (47)2(n12 — ns?) 67
“  sinh Q(27y/~1tn)  sinhdnt(ng + ng) - sinh 4nt(ng — ng)’ ’

So the heat trace of the operator D) is obtained as follows:
Proposition 6.9 — (i) If |n1| # |na|,

r (e—m >> _ 4(n1? — ny?)
sinh47t(ny + ng) - sinh 47t(ny — ng)’

(if) If ny = ng # 0, then the solution space M(n) in the set M = { > m; X; | m; € Z } of
complete representatives of the quotient group L/(A N L) is

M(n) = {(m1, —m1,mg, —mgz) | m; € Z}.

In case of n; = —ng we have M(n) = {(mq,m1, mae, ma) | m; € Z}.
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(iii) According to (ii) the heat trace of the operator D™ in case of |n;| = |na| # 0 is given by

tr <67m(n)> = 2 Z o~ (m1?+ma?)/t 2

mt sinh8rtn;
mi,mg €Z

PROOF : Follows from (6.7) and Theorem 4.2. O
6.5 Algebras N, s withr + s = 3

In the case where r + s = 3 it is known that none of the groups Gz, G2,1, G12 and Go 3 are

isomorphic.

The minimal admissible module V of C/3 5 is realized by V' = R*. Moreover, the restriction of
Cla1 C ClyotoV gives the minimal admissible module of C'¢5 ;. Similarly, we obtain an admissible
module of the Clifford algebra C'/; 5 by a restriction of the action of C'/3 2 on its minimal admissible
module R**. As before we denote the resulting pseudo H-type algebras by Ny = R** @ R*! and
Nig 2 RY @) RY2 respectively.

Proposition 6.10 — The algebras N5 1 and N 2 are isomorphic.

PROOF : The Clifford algebra C'¢5 > is generated by R?2 with the orthogonal basis {71, Zo, Z3, Z4}
and the inner products < Z1, Z1 >(a 0y=< Z2,Z2 >(2,0y= 1, < Z3,Z3 >(9 9y=< Z4, Z4 >(3 2=
—land < Z;, Zj >{9 9y= 0 (fori # j). Itis isomorphic to R(4), the 4 by 4 real matrix algebra.
The minimal admissible module of C'¢ 5 is eight dimensional and realized in the space R%*. We can

choose a vector v € R** satisfying
JZlJZQJZSJZ4(U)=U and < v,V >{4’4}: 1.
Put

X1 = U,XQ = J21JZQ(’U),X3 = JZIJZ3(U),X4 = J21JZ4(U),
X5 = JZI(U)7X6 = JZQ(U)7X7 = JZa(v)7X8 - JZ4(7})7

then the commutation relations with respect to this basis are given in the table below.
The inclusion R%! C R?? induces the admissible module action of the Clifford algebra C'¢s 1 by
restricting the action of C'/3 2 to the same module R*% and it is also minimal. Thus we obtain the

commutation relation table for the algebra N> ; by putting Z4 = 0.

Similarly, the commutation relation table for the algebra N 5 is obtained by putting Zs = 0.

More precisely, we have:
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Table 3: Commutation relation table of AV o

owoomn] || X1 | Xo | X3 | Xy | X5 | X6 | X7 | X3
X, 0l oo |zl 2|2 2
Xo 0 0 | Zo| =21 | Zy | —Z3
X3 0 0 Zs | —Z4 | Z1 | —Z>
Xy 0 0 0 0 Zy| Zs | Zao | 23
X5 —Z1 | —Zo | —Z3| —Z4| O 0 0 0
X —Zy | 4y Zy | —Zs| 0 0 0 0
X7 —Z3 | —Zy| —Z1| —Z2| O 0 0 0
Xsg —Z4 | Zs Zo | =21 0 0 0 0

By comparing these tables, the transformation

X1 X1, Xo— Xo, X3 — X3, Xy — Xy,

X5 = X7, X — Xg, X7 — X5, Xg — Xp

Ly v L3, Loy v Ly, 23— L1,

gives a Lie algebra isomorphism between N> ; and N 5.

6.6 N case

567

As was mentioned before we can consider the Clifford algebra C'l 1 as a subalgebra of Cl 5. If

the module action of C'¢5 1 is defined as the restriction of the C'¢3 2-action then both corresponding

minimal admissible modules coincide as vector spaces.

We can fix the integral basis {X;}$_; U{Z1, Z2, Z3} as in the proof of Proposition 6.10. Accord-

ing to this basis we define the lattice

L271 = {ZmZXZ + % ZkJZJ}

Proposition 6.11 —

det (A7) = A) =((A2 + 712 + 77 + 7% — 4rg(n? + %)
- ()‘4 F2X(r? + o’ + 1) + (mP - 732)2)2 ;

712 + 722 - 7'32

W(leT) = (

2
sinhwmmysmh(m—m) ‘
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Table 4: Commutation relation table of NV g

rowcomnn) || X1 | Xo | X3 | Xu | X5 | X¢ | X7 | X3
X1 0 0 0 | Z1| Z2 | Z3| O
Xo 0 0 | Z2|—21| 0 | —Z3
X3 0 0 | Zs| 0 | 21|22
Xy 0 0 0 0 0| 235 | 22| 44
X5 —Z1 | —Z2| —Z3| O 0 0 0 0
Xs —Zy | 21 0 |—Z3| O 0 0 0
X7 —Z3| 0 | —=Z1|—%22| O 0 0 0
X3 0 Z3 Zy | —=Z1| 0 0 0 0

PROOF : As was mentioned earlier €2(7) coincides with the matrix representation of .J. and is

obtained via Table 4. The identities in Proposition 6.11 then follow by a direct calculation. O
The heat trace of the operators D™ is given in the next proposition:

Proposition 6.12 — (1) If the dual element n = 2" n; 7}, satisfies n12 + no? # n3?, then

2
o (e—tD(ﬂ)> _ 16 ( n1% 4 ny? — ng? )
sinh 47t(v/n12 + no? + ng ) - sinh 4t (V12 +no2 —n3) /)

(2) If 12 4+ n9? = n3?, then

2
_¢pm) 1 _<pp> 2n3
tr ( tD ) = ot . _ .
c (mt)? Z € sinh 87t ng

HEM(n)
Moreover, for 1 € M(n) we have
213>
< oy >= d—z( 21 6%+ k2 4 02).
0

The set M(n) is given as follows: Let dy > 0 be the greatest common divisor of ny, ng, ns.

Defining n; := dgn/ we can express the solution space M(n) as:

M(n) = {,u = (an'1 + Bnl, anb, — Bnf, —ang, —ﬂnf%

kni +€nh, knb — n}, —knj, £nf) } a,ﬁ,k;,EEZ}.
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Table 5: Commutation relation table of AV o

povconmn || X1 | Xo | X3 | X4 | X5| X6 | X7 | Xs
X, ol o | o |zi| 0 |2| Zu
X 0ol o | o |o0|-2|2|-24
X; 0 0| 0 |Z|-2Zi|lza| O
X, ol o | o | o0 |z 25]0]| 2z
Xs |-z 0 |=2z3|-z/ 0| 0 | 0| 0
X 0|2z | Zs |-2z5] 0] 0 | 0] 0
X; ||-25|-2Zy| -2z 0 o] 0o 0| 0
Xs ||-2Z4| 23| 0 |=z;/ 0| 0 | 0| 0

PROOF (1) : If n? + n3 # n3, then it follows from Proposition 6.11 that (n) is invertible and
therefore M(n) = {0}. The sum in Theorem 4.2 reduces to the single term on the right of the above

equation. (2): Follows by a direct calculation again using Theorem 4.2. O
6.7 1“3“ case
The Clifford algebra C'¢; 5 is identified with R(2) & R(2) and the minimal admissible module is

‘min

realized in R*2. The pseudo H-type algebra constructed by this module will be denoted by N{"".

We choose a vector v in R%?2 such that
‘]Zl ‘]Z2 JZS (U) =0, and <wv,v >{2’2}: 1.

If we put
X1=v,X0=Jz (), X3 = Jz,v), Xa = Jz,(v),

then { X1, Xo, X3, X4, Z1, Za, Z3} forms an integral basis of the Lie algebra N 1“‘5“ The commutation
relations are given in the following table:
We fix a standard lattice L = L1 o = {3"m; X; + 3 > k;Z;}. Then the function

W(y/=Tr) \/det (M)

is calculated as

2 2 2
%% T1- — T2” — T3
( ) Sinh(ﬁ + V12 + 732) . sinh(ﬁ — VT2 + 732) (6.8)

569
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Table 6: Commutation relation of mm

frow, column] || X1 Xo | X3 | Xy
X1 0 Z1 | Zo | Zs
X —Z1 0 Zs | —Zo
X3 —Zy | —Z3| 0 | -2
X4 —Z3| Z2 | Z1| O

The heat trace of the operator D™ for each n in the dual of the lattice { % Yo kj Zj} is given in

the next proposition:

Proposition 6.13 — (1) Forn = 0,
IO 1 0200?4520y
tr (¢ = a7 2 ¢ R
U EZ

(2) Letn = 2n1Z; +2n2Z5 +2n3Z3 with n? # ny? +n3? such that (y/—1n) is invertible. Then

4. (n12 — 7122 — 77,32)

_¢p(n)
tr (e b ) = .
sinh4mt (n1 + vn2? + ng?) - sinh4n ¢ (ng — vVng? + n3?)

(3) Letn # 0 with n12 = ny? + n3?. Then the solution space M(n) is given by

4
I\\/JI(n) = {M = ZEZXZ € M ‘ 77,153 = n3€1 — ’rlggg, n1€4 = —n2€1 — ngfg}.

Put n; = don}, where d is the greatest common divisor of {nz}f’zl Then M(n) is character-

1zed as the set
M(n) = { —n) X1 — kn| Xo + (knb — ns) X3 + (knjs + 4ny) Xy |k, L€ Z } .

Hence,

n k2+€2
tr ( —tD(“)> Z e ! d(02 P ) 2ny
k = sinh 87t nq

PROOF : Apply Theorem 4.2 and (6.8). O

Remark 6.14 : We observe that for all n the heat trace of the operator D™ in Proposition 6.12

coincides with the square of the heat trace of the corresponding operator in Proposition 6.13. As a
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consequence, if V' = R%4 i any admissible module of C'/;  (there are four different types of module
structure) and we fix a suitable lattice L in the pseudo H-type group V @, RY2 = G 5, then the
nilmanifold L\ G 2 will be isospectral (with respect to the sub-Laplacian) with L 1\ N> 1.

7. THE ALGEBRAS N, s WITH 1 + s = 4
7.1 Nio = Npa = H(2) case : See Section 6.3.
7.2 Nao = R(4) case : According to [16] we can choose a vector v € R*4 satisfying
Jz, 7,750 2,(v) = vand <wv,v >y 4= 1.
Fix an integral basis
X1 =v, Xo=JzJz,(v), X3 =Jz,J7,(v), X4 = Jz,Jz,(v),
X5 =Jz,(v), Xe = Jz,(v), X7 = Jz,(v), Xg = Jz,(v)

together with {Zk}i:y The commutation relations of the Lie algebra N> o were given in Table 3.

above. In order to calculate the volume function

W(v—17) = \/det (SIDSE(Q(%) (7.1)

we need to distinguish the cases 712+ 192 — 132 — 742 # 0 and 24+ m2—m2—m2=0.

Proposition 7.1 — (1) If 712 + 1% — 132 — 742 # 0, then

T2 4+ 12 — 12 — 12 2
W(ﬁ7)2< 1 2 3 4 )) ‘

sinh (V712 + 722 + V732 + 742) sinh (V7112 + 7% — V732 + 742

() If 112 + 2 — 3% — 742 = 0, then we have

4 2 2
W(V=ir) = — A"+ .
(sinh 20/ 2 + 7'22)

PROOF : The matrix representation of 2(7) is obtained through Table 3. A direct calculation
gives the eigenvalues of 2(7) and via (7.1) leads to the identities in either (1) or (2) depending on
whether there are zero eigenvalues or (7) is invertible. a

4

Letn =2 ) niZy, be in the dual of A N L.

i=1

Proposition 7.2 — (1) If n1? 4 ny? — n3? — ny? # 0, then

tr (e_tD(n)) _ ].6 . (7112 + n22 - n32 — n42)2
sinh? 47t (V1% + n2? + Vng? +ng?) - sinh? 47t (V1% + n2? — Vng? + ng?) '
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(2) Assume that n12 + n9? — n3? — ny? = 0 and put n; = don), where dy is the greatest common
divisor of {n;}1_;. Then the solution space M(n) is given as
M(n) = { (—an} — Brb, —any + B}, an} — Anf, o} + B,
ko + Unly, knly — eny, —kny — tnly, —kny + tn}) | @, B,k L €7 }

and the heat trace of D™ takes the form

2 2,12 2 n 2 n 2
tr (e_tpm)) _ 1 Z e_(a +8°+k ;f?t)( 124n92%) 4(n12 +n22)
(mt) BkIEZ sinh? 87tv/112 + no?
PROOF (1) : In this case the matrix (n) where n = (ng,--- ,ny) is invertible and on the right

hand side of the trace formula in Theorem 4.2 we have M(n) = {0}. (2): The statements follow by

a straightforward calculation from Theorem 4.2. g
73 N3 case

Let {Z;} be a basis of R%! with the properties
< Zi, Zi >31y= 1 (1 =1,2,3), <Zy, Zy >31y=—1, and < Z;, Zj >3 13= 0 (i # j).
We choose a vector v € R** with the properties
Sz, Jz,J75(v) = v, <v,v >y p=1
and fix an integral basis
X1 =v, Xo=Jz,(v), X3 = Jz,(v), X4 = Jz,(v),
X5 = Jz,(v), Xo = Jz,J2,(v), X7 = Jz,J2,(v), X3 = Jz,J25(v)

together with {Z k}izl of the Lie algebra N3 1. The commutation relations are given in the Table 7:

According to this table we consider the 8 x 8-matrix function

0 51 To T3 T4 0
—T1 0 —173 T2 0 T4 0
—To T3 0 -7 0 0 TS
Q31(7) = AR 0 0 0 0 i , where 7= (7r,...,74) € R
—T4 0 0 0 0 T1 T2 T3
—T4 0 0 —T1 0 —1T3 T2
0 0 T4 0 -T2 T3 0 —T1

0 0 0 —m —173 —T0 71 0
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Table 7: Commutation relation of N3

poveoum | X1 | Xo | X3 | X4 | X5 | Xg | X7 | Xs
X1 0 | 2y | Zo | 23| 2] 0 | 0| 0
Xo ||=2Z1| 0 |=Z3| Zo | 0 | 24| 0 | O
Xy || -Zo| 25| 0 |-z 0 | 0 | Z+| O
Xy || =Z3| 2ol Z0 | 0 | 0| 0| 0| 2z
Xs ||=Z4) 0 | 0| 0| 0 | 21| Zo | 24
X 0 |~Z4| 0 | 0 |=21| 0 |-2Z3| 2o
X7 0| 0 |=2Zu| 0 |-Z| 23| 0 |-2zu
Xs 0| 0 | 0 |-Zu|-Z3|-Zo| Z1 | 0

A B
We write Q371<7') = ( A> with A, B € R(4). Note that A2 = —(7‘12 + 7’22 + T32)Id4><4

and

A+ Ndaxa B Idgx4 —-B - A+ Ndgxs 0
-B A+ Adgyy 0 A+ Idsy _B B? 4 (A+ Mdyys)?/)

Using these relations we have
2 2 2 (2 2 212
det (Q31(7) — A) =det (Q31(7) + A) = ((/\ — <77 >p1y) HAN (PRt 4T )) .
We conclude that the eigenvalues of the matrix Q2(1/—17) are given by
(Il £ 74)

and these eigenvalues are of multiplicity two. Here we write ||7/|| = v/712 + 72° + 732. Hence we

have:

Proposition 7.3 —

(]2 = 3)*

sinh? (71 + 74) sinh? (Il = 7a)

W(v/—17) =

PROOF : This directly follows from the spectral data of 2(1/—17) given above. O

As before we fix a lattice

1
L:Lg,lz {'YZZmiXi+§ZkiZi|miaki€Z}



574 WOLFRAM BAUER et al.

4
and take an elementn = 2 Y n;Z; in the dual of LN A, where A = {3 > k;Z; | k; € Z}.
i=1

Proposition 7.4 — (1) If n = 0, then

. 1 o 2mo 2 4ma24my 2
tr (e—tD( )) _ (2 )4 Z o 1 2 tms 4 .
7t

m;EZL

(2) Let n12 4 no? +nz? — ny? # 0, then the matrix Q(27y/—1n) is invertible. Hence, the trace of

tDn

the operator e~ Vs given by

2
o) - 6 0 0 0
sinh? 47t (v/n12 + no? + n32 + ny) - sinh? 4t (Va2 + no? + n3? — ny)’

(3) Assume thatn # 0 and n;% +n92 4+ n3? —ng? = 0. Let dg > 0 be the greatest common divisor

of the four integers {n1, n2, n3, n4} and define n) through the relation n; = don/.
Then the solution space M(n) is given by

M(n) = { D" 0K = (01, b2, b, €, b, U, 07, ) | i € 2
where each ¢; is is characterized as

/ ! !/ !
by = —nyk1,ly = —nyko, U3 = —nyk3, by = —nyky,

U5 = nllk‘z + nlgk‘g + ngk4,

lg = —nlky — nsks + nbky,
57 = —n'2k1 + nékz - nllk?4,
68 = —nékl — n/2k:2 + nllkg.

Note that in this case the rank of the matrix Q(n) is 4 and the relation AB = BA gives the

above characterization of the solution space M(n).

In particular, we have

=1 2
tr <6*m(n>> 1 1)2 Y e dny
T

. sinh? 87t ny

PROOF : Direct calculation using Theorem 4.2 and the spectral data above. O
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74 Nigs case
Let {Z),}1_, be a basis of R with the properties
<Zy, Zi>p=1, <Ziy Zi >q3=—1(0=2,3,4)and < Z;, Z; >4 33=0 (i # j).
According to [16] we choose a vector v € R** such that
Jz,J2,Jz5(v) = v, and < w, v > =1
Fix an integral basis

X1=v, Xo= JZI (U)a X3 = JZ4JZQ(U)7 Xa = JZ4JZ3(U)7
XS = JZQ(U)7 X6 = JZ3(U)7 X7 = ']Z4<U)a X8 = JZ4J21(U)

together with {Zk}izl of the Lie algebra NV 3. The commutation relations are given as follows:

Table 8: Commutation relation of NV 3

rowcotnmn] || X7 | Xo | X3 | Xu | X5 | X6 | X7 | Xs
X3 0 Z1 0 0 | Zo| Z3 | Z4 0
Xy —Z1| 0 0 0 | Zs|—Z2| O Zy
X3 0 0 0 |—Z1| 24| O | —Zo| —Zs
Xy 0 0 Z 0 0 | Zy | —Z3| Zsy
X5 —Zo | —Zs | —Z4| O 0| -2 O 0
Xe —Z3 | 22 0 | =Z4| 21| O
X7 —Zy| 0 Zy | Z3 | O 0 0 A
X3 0 | —Zy| Zs | —=Z2| 0O 0 |[—-Z1| O
With 7 = (71,...,74) € R* we define the 8 x 8 matrix
0 Ty 0 0 m» 1™ ™M 0
-7 0 0 0 73 —m» 0 T4
0 0 0 -7 0 —m —73
r)rs = 0 0 7m0 0 m -m | _ ( A B ) |
-1 -1 -1 0 0 -7 0 0 -B —-A
—T3 T2 0 —m 7
-4 0 Ty 3 0 0 0 1

0 —-m» m™m -1 0 0O -7 O
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where
0 T1 0 0 79 T3 T4 0
— 0 0 0 — 0
A= E and B = ™o T4

0 0 0 -7 T4 0 —Ty —T3
0 0 T1 0 0 T4 —T3 T2

In this case it holds AB + BA = 0 and we observe the identity

A+ X Idgxa B (A—{—)\ Id4><4) B _

—B —A+ MNdyxs Idgxa

0
A+ Id4><4 0
B(A + A Id4><4)_lB—A + A Idgxa ‘

Then together with the relations B? = 7‘2 +732 47 ) Idyyq, A% = —712 - Id4xa and
(A+ X Idgxs) ' B = B(\ Idgxq — A)7!
we have
det (91,3(7') - Idgxg) = det ((2173(7') + A Idgxg) = (()\2— <T,T >{173})2 +4)2%. 7‘12>2 )
Hence the eigenvalues of the matrix 21 3(1/—17) are given as
(|17l £ )

and each of them has multiplicity 2. Here we write ||7/|| = v/72? + 73 + 742. The volume function
W (v/—17) is calculated as follows:

Proposition 7.5 —

, 2
W(V/=Tr) = - Ul =)

sinh? (17N + 1) - sinh? ('l =m)

PROOF : This follows from the spectral data of 2(7) derived above. O

As before we fix a lattice

1
L= L173 = { ZmiXi+ 52]{3@Zl | mg, k; € 7 }
Letn = 2 ) n;Z; with n; € Z be an element in the lattice dual to {% S kiZi}.
Proposition 7.6 — (1) If n = 0, then

2 2 2 2
—_¢pm) _m3~4+moT+mgTtmy
tr (6 tD ) = 2t .

4
m;EZL
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(2) Let n1? — ng? —n3? — ny? # 0, then the matrix Q(27+/—1n) is invertible. Hence the trace of

_¢D(n

the operator e ' is given by

2
tr (e—m(">) N 16-(11* — n2® — ng® — nj)
sinh? At (n1 + Vno? + ng? + ng?) - sinh? 47t (n1 — vn2? + ng? + ny?) '

(3) Assume thatn # 0 and ;2 —ng? —n3? —n4? = 0. Let dg > 0 be the greatest common divisor

of the four integers {n, ng, n3, n4} and define n by n; = don/.
Then the solution space M(n) is given as

Mi(n) = {3 0X; = (01, 2,65, 04,65, 05, 07, 05) | € € 2
where each ¢; is characterized as

0y = nbky + nbke + njks,
Oy = nky — nbko + njky,
03 = nlky — nbks — nbky,
0y = nlks — nbks + nhky,

65 = n’1k2,€6 = —n'1k1,€7 = —n’1k4,€8 = nllkg.

This can be obtained by the relation

Now we have

i=1
() mE e
™
L

PROOF : Direct calculation using Theorem 4.2 and the spectral data above. O

As a corollary to Proposition 7.4 and Proposition 7.6 we mention:

Corollary 7.7 — The above nilmanifolds are isospectral with respect to the sub-Laplacians.
8. FINAL REMARKS

In Proposition 6.10 we remarked that the algebras ./\/'2,1 and NV 1,2 are isomorphic. Both are constructed

as pseudo H-type algebras by restricting the module structure from the minimal admissible module
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R** of the Clifford algebra C'l 5. The algebras in Subsections 6.3 and 6.4 are constructed in the
same way from the minimal admissible module of the Clifford algebra C'/3 3. In both cases the cor-
responding nilmanifolds are isospectral with respect to the sub-Laplacians. The lattices are obtained

from the module structure for the Clifford algebras C'¢5 o or C'l3 3.

Let V' be the minimal dimensional admissible module for a Clifford algebra C/y y and fix
an integral lattice L in the pseudo H-type algebra Ny n. Then by restricting the module struc-
ture to both subalgebras C'ln_, v and Cln n_s We can construct two pseudo H-type algebras
Ny_sny 2V @ RV=5N and Ny y_s & V @ RVN=5. Moreover, we have integral lattices
Ly_sn and Ly y_s in each group Gn_s v and G n—s, respectively, and corresponding sub-
Laplacians. As a generalization of Corollary 7.7 we state here as a conjecture that the two nilmani-

folds Ly—s n\Nn_sn and Ly n_s\Nn n—s are isospectral with respect to the sub-Laplacian.

This problem will be treated in a forthcoming paper [9] from the point of view of isospectrality.

9. APPENDIX : A GENERAL FORMULA

We did not provide expressions for the Mellin transform of the heat trace of the sub-Laplacian on the
pseudo H -type nilmanifolds discussed in the last sections. As can be seen from the general formula in
Theorem 4.2 and more concretely from earlier results in [3, 8] and Section 5 the spectral zeta functions
of these sub-Laplacians have a common term. In this appendix we study its analytic behavior in the

simplest case.

Let A > 0and B > 0 be positive constants and consider the Mellin transform Z (s, A, B) (divided

by the Gamma function) of the function

A4p2
F(t, 4, B) ZZ " smh Btk’

LeZ k=1

More precisely, Z(s, A, B) is given as the integral transform

Z(s,A,B) = / F(t,A, B)t*ldt

I'(s)

1 > —Atr? s—1

— t dt

F / <Z Z sinh Btk‘)
LeZ k=1

22 A€2+Bk 2n+1))

LeZ k=1 n= 0
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By the Poisson summation formula we have

1 2 k
A, B) —Atg? ( )2
t ZZ Slnh Btk ZZ sinh Btk’
(€7 k=1 (e k=1
and so
1 00 o0 T % a242 k _
Z(s,A,B) = —— (—) "]
(4 B) = 55 /0 > Ga) " Gmml
(€7 k=1
1 > > s % _x2e? k 1
_ R ——
T(s) /0 D (tA) ¢ " sinh Btk
0407 k=1
1 o0 Vs % > k? -1
2 — 5 dt
+ I'(s) /0 <tA) kz sinh Btk
1
_ 5 5—3/2
= entire functlon+ / Z < Btkt dt
=H(s, A, B)

mI'(s—1/2 1 1
- 2\/; ( F(s)/ )le/z (1 - 281/2> C(s =3/2)¢(s —1/2)

= H(s, A, B) + K(s, A, B).

Remark 9.1 : The product ((s — 3/2)((s — 1/2) is known to have the series expansion

>

n=1

where o(n) = ) d means the sum of all divisors of n.
d|n

The second term

o0

1 eV B k a1
’C(S’A’B)_F(s)/o (Q) ;sinhBtkt dt

nI'(s—1/2 1 1
- 2\/; ( r(s)/ ) Bo-1/2 <1 - 25_1/2> (s —3/2)¢(s — 1/2)
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can also be expressed in the form

™
K(s, A, B) 1/ — 1S B2 g
(8 QB / {QBt COSh2 7T k }

1 71'2

cosh2 = tk QB t

1 i 1
R -1 s—5/2
M/M {z e
1 T e 1 1 w1 1
T T(s)V A4B2s — 5/2 I‘(s) \/ A2Bs—3/2

1
\/ AR2 22k
A4B cosh =
n
A
1

1

1y 52t
I(s)

0 O;AkeZ
1 1 [ | 72 1
—_— — -1 t5_5/2 dt
P 8) 2B / {QBt Z COSh2 %tk }

1 [mox? 1 [r1 1
T T(s)V A4B2s—5/2 T(s)\ A2Bs—3/2

+Hl(SaA’B) +HOO(S7A7-B)7

where the two functions H; (s, A, B) and H (s, A, B) are entire.

. . T
Remark 9.2 : The Fourier transform of the function —
sinh x

1 /+°° T VT g ( )3/2 1
V21 J_oo sinhz 2 cosh27r7£

and the Poisson summation formula states that

> f(2rk) = F > F(f

kEZ nez

is given as

The following identity can be seen as a generalization of the Jacobi identity for the heat trace of

the Laplacian on the torus, whose Mellin transform is the Epstein zeta function:

A2
F(t, 4, B) ZZ " smh Btk

LeZ k=1

875232 \/7 Z Z COSth( g)

0£LET 0£kEL

T s _7r2
+ <8t2B2 - 2tB) Via2e
LET

8t2B2 \/ tA Z COSh2 %

0£kEZ
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