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Foragraph G = (V, E), asubset D C V(G) is a 2-dominating set if every vertex of V' (G)\ D has
at least two neighbors in D, while it is a 2-outer-independent dominating set if additionally the
set V(G) \ D is independent. The 2-domination (2-outer-independent domination, respectively)
number of G, is the minimum cardinality of a 2-dominating (2-outer-independent dominating,
respectively) set of G. We characterize all trees with equal 2-domination and 2-outer-independent

domination numbers.
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1. INTRODUCTION

Let G = (V, E) be a graph. By the neighborhood of a vertex v of G we mean the set Ng(v) =
{u € V(G): wv € E(G)}. The degree of a vertex v, denoted by dg(v), is the cardinality of its
neighborhood. By a leaf we mean a vertex of degree one, while a support vertex is a vertex adjacent
to a leaf. We say that a subset of V(G) is independent if there is no edge between any two vertices
of this set. A path on n vertices we denote by P,,. By a star we mean a connected graph in which
exactly one vertex has degree greater than one. Let uv be an edge of a graph GG. By subdividing the

edge uv we mean removing it, and adding a new vertex, say x, along with two new edges uz and xv.
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A subset D C V(G) is a dominating set of G if every vertex of V' (G) \ D has a neighbor in D,
while it is a 2-dominating set, abbreviated 2DS, of G if every vertex of V(G) \ D has at least two
neighbors in D. The domination (2-domination, respectively) number of G, denoted by v(G) (72(G),
respectively), is the minimum cardinality of a dominating (2-dominating, respectively) set of G. A
2-dominating set of G' of minimum cardinality is called a 2 (G)-set. Note that 2-domination is a type
of multiple domination in which each vertex, which is not in the dominating set, is dominated at least
k times for a fixed positive integer k. Multiple domination in graphs was introduced by Fink and
Jacobson [3], and was further studied for example in [1, 2, 4, 5, 8, 10]. For a comprehensive survey

of domination in graphs, see [6, 7].

A subset D C V(@) is a 2-outer-independent dominating set, abbreviated 20IDS, of G if every
vertex of V(G)\ D has at least two neighbors in D, and the set V(G)\ D is independent. The 2-outer-
independent domination number of G, denoted by ¥*(G), is the minimum cardinality of a 2-outer-
independent dominating set of G. A 2-outer-independent dominating set of G of minimum cardinality

is called a 7§*(G)-set. The study of 2-outer-independent domination in graphs was initiated in [9].

We characterize all trees with equal 2-domination and 2-outer-independent domination numbers.

2. RESULTS

We begin with the following three straightforward observations.
Observation 1 — For every graph G we have 13'(G) > 72(G).
Observation 2 — Every leaf of a graph G is in every 72(G)-set and in every 75 (G)-set.

Observation 3 — For every path there is a minimum 2-dominating set that contains all vertices

that are at even distance from one of the leaves.

Let 7" be a tree. We say that two vertices of 7" of degree at least three are linked, if all interior
vertices of the path joining them in T have degree two. Then the path is called a link. Paths joining
leaves of 1" to the closest vertices of degree at least three we call chains. The length of a link or a
chain is the number of its edges. A link or a chain is even (odd, respectively) if its length is even (odd,
respectively). We say that a vertex of T" of degree at least three, say x, is within even range of a leaf,

if there is a leaf] say y, such that all links and chains of the path joining = and y in 7" are even.

Let 7 be a family of trees in which for every pair of adjacent vertices of degree at least three, at

least one of them is within even range of a leaf.
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Lemma 4 —If T € Ty, then v/ (T) = 4o(T).

PROOF : Observation 3 implies that for every tree there is a minimum 2-dominating set that
contains all vertices of degree at least three that are within even range of a leaf. Let D be such a set
for the tree T'. Suppose that some two adjacent vertices of T', say x and y, do not belong to the set
D. Since T € 7, at least one of them has degree two. This is a contradiction as that vertex must
have at least two neighbors in D. We now conclude that for every pair of adjacent vertices of 7',
the set D contains at least one of them. Thus V(T) \ D is an independent set. Consequently, D is
a 20IDS of the tree T. Therefore v5'(T) < ~o(T). On the other hand, by Observation 1 we have
WU(T) = 72(T). u

We characterize all trees with equal 2-domination and 2-outer-independent domination numbers.
For this purpose we introduce a family 7 of trees T = T}, that can be obtained as follows. Let
Ty € Ty. If k is a positive integer, then T}, 1 can be obtained recursively from T} by the following
operation. Let z be a vertex of T}, which belongs to some v5*(T')-set. Let y be the central vertex of
a star, each edge of which can be subdivided any non-negative even number of times. Then join the

vertices x and y.

For checking whether a given vertex of a tree belongs to some of its minimum 2-outer-independent
dominating sets, let us consider the following algorithm, which labels vertices of a tree I" as taken,
omitted and undecided. Initialize by calling every leaf taken and every other vertex undecided. Root
T at a non-leaf vertex, say r. Let u # r be a vertex of 1", which has not already been decided,
and such that all its children have been decided. If some child of u has been omitted, then take w.

Otherwise omit u and take its parent.

Proposition 5 — Let T be a tree, and let v be a vertex of T. There exists a v5*(T')-set containing
the vertex v if and only if v is a leaf or, rooting T at v, the above algorithm labels at least one child of

v as omitted.

We now prove that for every tree of the family 7, the 2-domination and the 2-outer-independent

domination numbers are equal.
Lemma 6 —If T € T, then 18 (T) = ~o(T).

PROOF : We use the induction on the number k of operations performed to construct the tree 7.
If T' € 7, then by Lemma 4 we have 7$*(T) = ~2(T'). Let k be a positive integer. Assume that the
result is true for every T” = T}, of the family 7 constructed by & — 1 operations. Let = be a vertex of

T’ to which is attached the new tree T7. It is easy to notice that 7$*(T}) = v2(T1). The vertices of T}
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at odd distance from the vertex of maximum degree, say y, form a v5' (T} )-set. Let D be a 75 (T")-set
that contains the vertex x. It is easy to observe that the elements of the set D’ together with the vertices
of Ty at odd distance from y, form a 20IDS of the tree 7. Thus 7§ (T") < v§*(T") + 75 (T1). Now
let us observe that there exists a 2 (7')-set that does not contain the vertex y and the vertices of 77 at
even distance from y. Let D be such a set. Notice that all vertices of 77 at odd distance from y belong
to the set D. Observe that D NV (T”) is a 2DS of the tree T”. Therefore v2(T") < vo(T) — 72(T1).
We now get v94(T) < v§H(T") + 484(T1) = 2(T") + v2(T1) < ~42(T). This implies that 75! (T')
= 7(T). [

We now prove that if the 2-domination and the 2-outer-independent domination numbers of a tree

are equal, then the tree belongs to the family 7.
Lemma 7 — Let T be a tree. If 1§!(T) = vo(T), then T € 7.

PROOF : The result we obtain by the induction on the order n of the tree T. Assume that the
lemma is true for every tree 7" of order n’ < n. If at most one vertex of T  has degree at least three,
then it follows from the definition of the family 7 that 7" € 7y C 7 as in the tree T there is no pair
of adjacent vertices of degree at least three. Now assume that at least two vertices of 7" have degree at
least three. Let x be a vertex of T' of degree at least three, which is adjacent to exactly one link. Thus
x is adjacent to at least two chains. First assume that some of them is even. Let T}, be the tree induced
by the vertex x and the chains adjacent to z. Let S be the set of vertices of V'(T,) \ {«} that are leaves
or are at even distance from x. Let 7" be a tree obtained from 7" by replacing T, with a path P, say
xyz, where z is the leaf. Let D’ be a vy, (T")-set that contains the vertices - and z. It is easy to observe
that D’U S\ {z} is a 2DS of the tree T". Thus v2(7") < v2(T") +|S| — 1. Now let us observe that there
exists a v5* (7T')-set that does not contain the vertices of T}, which are not leaves and are at odd distance
from x. Let D be such a set. Observe that {z} U D N V(T") is a 20IDS of the tree 7”. Therefore
2§ (T7) < A8 (T) — |S] + 1. We now get 1§/ (T") < A¢(T) — |S] +1 = 72(T) — [S| + 1 < (7).
This implies that 73°(T") = v2(T"). By the inductive hypothesis we have T’ € 7. It follows from the
definition of the family 7 that T' € 7.

Now assume that all chains adjacent to = are odd. Let 7, be the tree induced by the vertex x
and the chains adjacent to z. The neighbor of x that does not belong to V' (T,.) we denote by k. Let
S be the set of vertices of T}, that are at odd distance from z. Let 7/ = T — T,. Let D’ be any
~vo(T")-set. It is easy to observe that D’ U S is a 2DS of the tree T'. Thus v2(T") < 42(T") + |S|. Now
let us observe that there exists a 75 (T')-set that does not contain the vertex = and the vertices of T},

at even distance from x. Let D be such a set. The set V(T") \ D is independent, thus k£ € D. Observe
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that D \ S is a 20IDS of the tree 7" of cardinality v5'(T') — ||, and which contains the vertex k.
Therefore 1¢/(1") < 78/(T) — |S]. We now get 1§/(T") < A8/(T) — |S] = 72(T) — S| < 7(T").
This implies that v$*(7") = ~2(T"). By the inductive hypothesis we have 7" € 7. Moreover, there
exists a ' (T")-set that contains the vertex k. The tree T}, is obtained from a star by subdividing
each one of its edges a non-negative even number of times. The tree 7' can be obtained from 7" by

attaching the tree 77, by joining the central vertex to the vertex k. Thus 7' € 7. |

As an immediate consequence of Lemmas 6 and 7, we have the following characterization of trees

with equal 2-domination and 2-outer-independent domination numbers.

Theorem 8 — Let T be a tree. Then 43 (T) = ~o(T) if and only if T € T.

REFERENCES
1. M. Blidia, M. Chellali and L. Volkmann, Bounds of the 2-domination number of graphs, Utilitas Math-
ematica, 71 (2006), 209-216.

2. M. Blidia, O. Favaron and R. Lounes, Locating-domination, 2-domination and independence in stress,
Aust. J. Comb., 42 (2008), 309-316.

3. J. Fink and M. Jacobson, n-domination in graphs, Graph Theory with Applications to Algorithms and
Computer Science, Wiley, New York, 1985, 282-300.

4. J.Fujisawa, A. Hansberg, T. Kubo, A. Saito, M. Sugita and L. Volkmann, Independence and 2-domination
in bipartite graphs, Australasian Journal of Combinatorics 40 (2008), 265-268.

5. A. Hansberg and L. Volkmann, On graphs with equal domination and 2-domination numbers, Discrete
Mathematics, 308 (2008), 2277-2281.

6. T. Haynes, S. Hedetniemi and P. Slater, Fundamentals of Domination in Graphs, Marcel Dekker, New
York, 1998.

7. T. Haynes, S. Hedetniemi and P. Slater (eds), Domination in Graphs: Advanced Topics, Marcel Dekker,
New York, 1998.

8. Y. Jiao and H. Yu, On graphs with equal 2-domination and connected 2-domination numbers, Mathe-
matica Applicata, 17 (2004), suppl., 88-92.

9. N.Jafari Rad and M. Krzywkowski, 2-outer-independent domination in graphs, to appear in the National

Academy Science Letters.

10. R. Shaheen, Bounds for the 2-domination number of toroidal grid graphs, Int. J Comp. Math., 86
(2009), 584-588




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 215
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.04651
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 215
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.04651
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


