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Ramanujan sums have been studied and generalized by several authors. For example, Nowak [8]
studied these sums over quadratic number fields, and Grytczuk [4] defined that on semigroups. In
this note, we deduce some properties on sums of generalized Ramanujan sums and give examples
on number fields. In particular, we have a relational expression between Ramanujan sums and

residues of Dedekind zeta functions.
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1. INTRODUCTION

For positive integers m and k the Ramanujan sum cg(m) is defined as

cr(im) = > exp <2m"ZL> = > du <Z>

h mod k d|m7k
(h,k)=1

where p is the Mobius function. This sum was generalized by several authors. (For example, see [1,
5, 8, 4], and so on). In this paper, we define generalized Ramanujan sums in another way and show

some properties on them.

Suppose that X is a non-empty set and F'x is the set of all mappings A : X — Z such that there
are only finitely many points x € X such that A(z) # 0. We see that Fx is an abelian group with
respect to addition. For A, B € Fx, we denote A < B if A(z) < B(x) for every z € X. Let
Ix = {A € Fx : A > 0}. When X is the set of all prime ideals of some Dedekind domain O,
we regard Ix as the set of all non-zero ideals of O. Now fix a real-valued function N : Ix — Z~q
such that NV'(0) = 1, N(4) > 1if A # 0, and N(A + B) = N(A)N(B) forall A,B € Ix. The
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MGébius function 1 on Iy is defined as p(A) = (—1)X»ex 4 when A(X) € {0,1} and u(A) =0
otherwise. For M, K € Ix, we put

Cx(M)= Y N(D)u(K - D).
Delx
D<M, K
There are many expressions on Ramanujan sums. For example,
Y@=k —2/p),

d|k plk

where the product is over all prime divisors p of k, and

n if n|m,

> calm) =

dn 0 otherwise.

It is also known that

i C’“;m) = —A(k) ifk#£1
m=1

where A is the von Mangoldt function. Firstly, we shall show these analogues. Put [z] = §{A4 € Ix :

N (A) < z} for a real number 2 > 0 when X is at most countable. We shall show the next theorem.

Theorem 1 — (1) For K € Ix, we have

> ex0) =5 [T (1= 705

Dely
D<K

where the product is over points p € X such that K (p) # 0 and Ay, is the map such that A,(p) = 1
and Ap(q) =0ifp # q.
(2) For M, N € Ix, we have

> Cp(M) =

Dely 0 otherwise.
D<N

N(N) if N < M,

(3) Suppose that X is at most countable and [x] = cx + O(z®) for some ¢ > 0 and o € [0,1).
For K # 0 € Ix, we have

> (“;VK(%) = —cA(K).
Mecly

where A(A) =Y pc 4 (A — D)log N (D).
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Chan and Kumcheyv [2] studied the sums

n

2 | 2 exm)

m<z \ k<y

where n is a positive integer,  and y are large real numbers. In particular, they obtain

S cxlm) =+ O(3?).

m<x
kE<y

We shall show an analogue of this expression.

Theorem 2 — Suppose that X is at most countable and [x] = cx + O(x®) for some ¢ > 0 and
ae|0,1).

(1) If we fix K € Ix, then

cx + O(x®) when K =0,
> Ck(M) =

N(M)<z O(z%) otherwise.

(2) Put S(z,y) == Y non<e Ci(M). For any X > 2=% under the condition y* < =, consider-
N(K)<y

ing x — o,
S(z,y) = cx + o(x).
2. PRELIMINARY

In this section, we review or construct some basic facts of arithmetical functions in a generalized
situation. (See [1], [3], or [9]). Put A := {f : Ix — R} where R is a commutative ring. When X is
the set of prime numbers and R C C, we may regard an elements of .4 as an arithmetical function in

the usual case. Let f and g € A. The Dirichelet convolution f x ¢ is defined as

frgA)= > f(D)g(A-D)= Y F(B)g(C)

Delyx B,Celx
D<A B+C=A

for A € Ix. The operator * on A is commutative, and associative. The identity element is the
function 0 such that 6(0) = 1 and 6(A) = 0 when A # 0. A function f € A is invertible if and
only if f(0) € R*. For simplicity, we suppose that R = R or C. The function y is the inverse of the
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function 1 such that 1(A) = 1 for all A € Ix, thatis, 4+ 1 = 0. One can see that f = g = 1 if and
only if g = f * pu.

The partial summation formula is generalized as follows.

Lemma 3 — Suppose [z] < oo forall z > 0. Let F' : [1,00) — C be a C* function and z > 1.
For g € A, put S(z) = 3 \r(a)<, 9(A). Then

S gAFN(A)) = S(@)F(x) - / " S (bt

N(A)<z

This lemma is shown by the ordinary partial summation formula. So we omit the proof.

For a complex number s = o + it, set

1
Z(s) =Y NAT

AEIX

Suppose [z] = cx + R(z) and R(xz) = O(z®) for some ¢ > 0 and o € [0,1). For x > 0 and

o > 1, using Lemma 3, we see that

I R

N(A)<z

1 e ]
= —[x] + a/l P dt.
By our assumption, the above expression is

-0 x
a—o gcxr oc a—oc—1
(x )+1_U+U_1+O<a/1t dt).

Considering © — oo, we have

Z(0) = Ja_cl +0 <a/1 ta_"_ldt) .

Therefore, the series Z(s) is absolutely convergent for ¢ > 1. Moreover, we can see Z(s) has an

analytic continuation to o > «, and the residue of Z(s) at s = 1 is the constant c.
3. PROOF OF THEOREM 1
For f,g € Aand M, K € Ix, define the sum Sy ,(M, K) as

Spg(M,K)= Y f(D) D).

D<M,K
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Note that Sy, (M, K) = Cx(M).

For A € Ix, the function x4 € A is defined as x4(B) = 1 when B < A and y4(B) = 0
otherwise. Let v(D) = xx (D) f(D)g(K — D). When K is fixed, we see Sy 4(M, K) = (v*1)(M)

and

> Spg(D,E)h(N = D) =Y (v*1)(D)h(N - D)
DN D<N

= (x1xh)(N)= > v(D)1xh)(N - D)

DN
= > xx(D g(K — D)(1%h)(N — D).
D<N
Thus, we have that
> Spg(D. K)h( = > f(D)g(K — D)1 *h)(N - D)
D<N D<N,K

which is an analogue of Theorem 1 and 2 in [1]. When f(A) = N (A), g(A) = u(A), and h(A) =

for all A € Ix, the above equation is

Y Ck(D)= > N(D D)(1%1)(N — D).
DN D<N,K

Put K = N. We obtain
S Cx(D) = 3. N(D)u(K — D)(1# 1)(K — D)

D<K D<K
= Y N(E ~ D)u(D)(1+ 1)(D)

D<K
Z,u 1*1 )(D)

D<K

p(A)(1 = (A,)
:N(ml}(“ v )

G

where the product is over points p € X such that K(p) # 0 and A, is the map A,(p) = 1 and
Ap(q) = 01if p # ¢. Hence (1) of Theorem 1 is proved.
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Next, in order to show (2), fix M € Ix. Then we see Sy 4(M, K) = (w * g)(K) where w(A) =
X]\{(A)f(A) and

> Sp4(M,D)h(N — D)= > (w*g)(D)h(N — D)
D<N D<N

= (w*gxh)(N)

— 3" w(D)(g * h)(N - D)

DN
= > xu(D)f(D)(g*h)(N - D)
D<N
Z f(D)(g* h)(N — D).
D<N,M
Thus we obtain
> Spg(M,D)W(N = Y f(D)g*h)(N - D)
DN D<N,M

which is an analogue of Theorem 3 and 4 in [1]. When f(A) = N (A), g(A) = u(A), and h(A) =

for all A € Ix, the above equation is

Y Cp(M)= > N(D)§N - D)

D<N D<N,M

0 otherwise.

- {/\/’(N) if N < M,

Hence (2) is proved.

To show (3) we use Z(s) which is defined in the previous section. By an argument similar to that

of Titchmarsh [9] p. 10, we obtain that

- Z ( Z N(D D)
Melx Melx D<MK
1
= (K — D _
DXS;(M C;X N(C+D)

- Z(S)Qslfs(K)
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where ¢1_(A) = > po g W(A — D)N(D)' 7. For A # 0 € Ix, we see
= " w(A - DIN(D)*
D<A

= " 1A - D) exp(slog (D))

D<A

S ua-Dp) (Z <slogﬁ(D>>”>

D<A

_ (Z slogN ) |

DgA =1
Thus, we have
lim $1-5(4) = lim #s(4) =A(A).
s—1 1—s s—0 S

The expression (3) is proved from this and lims_, (s — 1)Z(s) = ¢.

4. PROOF OF THEOREM 2
Firstly, we fix K € Ix. Then,

S ocn= Y Y wm

N(M)<z N(M)<z D+E=K
D+A=M

> M) | prﬂ

D+E=K

> NOW® (exm+ 7 (57

D+E=K

where R(z) = O(z®). By the assumption, the above expression is

cx Z ,LL(E)+O(1’°‘ Z N(D)l_a>.

Hence, (1) is shown.

Next, we shall show (2). We have

=Y Y NOWE-D)

N(M)<z, DKM,K
N(K)<y

- Y NODwmA

N(D+B)<z
N(D+A)<y

= Y MO |55

D,Aclx
N(D+A)<y
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By the assumption,

Sy)= 3 ND)u(A) (CNECD)JFR(N(xD)))

D,Aclx
N(D+A)<y
X
=cx E n(A) + E N(D)u(A)R (/\/’(D))
D,Aelx D,Aelx
N(D+A)<y N(D+A)<y

2 =2 D

D,A€ly Celyxy Acly
N(D+A)<y N(O)Sy A<d

we obtain S(z,y) = cx + T'(z,y) where

Ta) = 3 NOWAR (5 )

D,A€ely
N(D+A)<y

Note that

Ty < Y N(D ( ()> Z T ey

D,Aelx
N A)<y N(D)<y/N(A)

11—«
< x“ Z <,/\/3(JA)> . Z 1< z%y?™ .

N(A)<y (D)<y/N(A)

Hence S(z,y) = cz + O(z%y?~%). If 2=2 < X and y* < z, then T(z,y) = o(x). Therefore,

Theorem 2 is proved.
5. EXAMPLES

Let F' be a number field of degree d, O the integer ring of F', and Z is the set of all non-zero ideals
of Op. The Mobius function i : Z — C for Op is defined as

(—1)*@®) g is square free,
p(a) =

0 otherwise,

where w(a) is the number of distinct prime factors of a and one can define the Ramanujan sum as

- Swon (2)

dja,b
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where a,b € 7 and N'(a) = [Op : a]. By (1) of Theorem 1, one have
2
Cy(0) = N(a (1 - )
> =~ (1- 575
dla pla
for a € Z. By (2) of Theorem 1, we have

> Calb) =

dja 0 otherwise

N(a) ifalb,

fora,b € 7.

The following fact is well-known.

Lemma 4 (cf. Lang [6], Chap. VI Theorem 3, or Murty and Order [7]) — The number of ideals
of O whose norms are less than or equal to x is

cr + Rp(x)

where cr is the residue of the Dedekind zeta function ((s) of F ats = 1 and Rp(x) = O(:rl_%)

It is well-known that the invariant cr in the above lemma is given by
2" (27)" 2 Rh
cp=—"7"+——
WD
where 7 is the number of real primes, 75 is the number of complex primes, R is the regulator, h is
the class number, W is the number of roots of unity, and D is the absolute value of the discriminant
of F'. The von Mangoldt function A for F is the function such that A(a) = log M (a) if a is a power

of a prime ideal p, and A(a) = 0 otherwise. Using Lemma 4 and (3) of Theorem 1, we have

1 Galb)
() ? N (o)

unless A(a) = 0.
In addition, if A\ > d + 1 and y* < x, then

Z Ca(b) = cpz + o(z).
N(b)<z
N(a)<y

by Theorem 2.
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