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In this paper, a novel iterative method is employed to give approximate solutions of nonlinear 

differential equations of fractional order. This approach is based on combination of two dif

ferent methods which are the Adomian decomposition method (ADM) and the spectral Ado

mian decomposition method (SADM). The method reduces the nonliuear differential equations 

to systems of linear algebraic equations and then the resulting systems are solved by a numerical 

method. Investigating some illustrations, we demonstrate that the obtained numerical results are 

in a very good agreement with the exact solutions. 

Key words : Adomian decomposition method; spectral method; fractional order; collocation 

method. 

1. INTRODUCTION 

The fractional calculus approach provides a powerful tool for the description of memory and heredi

tary properties of various materials and processes. Now a days, there is an increasing attention paid 

to fractional differential equations and their applications in different research areas. It is well known 

that these equations are concluded from many physical and chemical problems [1] such as the motion 

of a large thin plate in a Newtonian fluid, the process of cooling a semi-infinite body by radiation, the 

phenomena in electromagnetic acoustic viscoelasticity, electrochemistry and material science and so 

on. 
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Several methods have been previously proposed to solve fractional differential equations (FDEs), 

such as various integral transform methods including the Laplace, Fourier and Mellin transforms 

[1-10], symmetric group method [11, 12], Adomian decomposition method (ADM) [13-20], varia

tional iteration method (VIM) [21], homotopy perturbation method (HPM) [22], homotopy analysis 

method (HAM) [23, 24], orthogonal polynomial method [1, 25], Oldham and Spanier LI method [2], 

Granwald-Letnikov method [1, 26], fractional Adams method [27], and several other methods [1, 4, 

28, 29]. 

The Adomian decomposition method (ADM) [30-36] is a powerful technique to solve linear and 

nonlinear functional equations, which provides efficient algorithms for analytic approximate solutions 

and numeric simulations for real-world applications in the applied sciences and engineering. Using 

the ADM, we calculate a series solution, but in practice, we approximate the solution by a truncated 

series. The series sometimes coincides with the Taylor expansion of the true solution in the neighbor

hood about the point x = 0 for initial value problems. Although the series can be rapidly convergent 

in a small region, it has a slower convergence rate in the wider region (Examples [2, 3] in [37]). Also, 

in this paper, we will demonstrate that the ADM is not convergence in examples 1 and 2. 

In this paper, in order to solve nonlinear fractional differential equations, we combine two meth

ods: the Adomian decomposition method (ADM) and the spectral Adomian decomposition method 

(SADM) to overcome the difficulty of convergence. The proposed method reduces nonlinear differ

ential equations to systems of linear algebraic equations and then the resulting systems are solved by 

a numerical method. 

This paper is arranged as follows. In Section 2, we first recall some necessary definitions and 

mathematical preliminaries of the fractional calculus theory used throughout the paper. This is partic

ularly important with fractional derivatives because there are several definitions available with some 

fundamental differences. Section 3 deals with spectral-Adomian method. In Section 4, we investigate 

four examples demonstrating the effectiveness of the new method. In Section 5, we summarize our 

findings. 

2. PRELIMINARIES AND NOTATIONS 

In order to proceed, we need the following definitions of fractional derivatives and integrals. We first 

introduce the Riemann-Liouville definition of fractional integral operator J:J. 

Definition 2.1- Let a En+. The operator J:J, defined on the usual Lebesgue space L 1[a, b] by 

J:t f(x) rta) [ (x- t)"'-1 f(t)dt, 

J2f(x) f(x), (1) 
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for a :OS: x :OS: b, is called the Riemann-Liouville fractional integral operator of order a. 

Properties of the operator J:J can be found in [1]. For f E L 1[a, b], a, p ~ 0 and 'Y > -1, we 

mention only the following: 

(1) J:J f(x) exists for almost every x E [a, b], 

(2) JJ:J! f(x) = .r,:+/3 f(x) 

(3) JgJ!f(x) = J!J:Jf(x) 

(4) J"(x- a)"~= r('Y + 1) (x- a)"+"'. 
a r(a+'Y+ 1} 

Definition 2.2- The fractional derivative of f(x) in the Riemann-Liouville sense is defined as 

D" f(x) = Dm Jm-a f(x) = d"' 
1 1"' (x- t)m-a-l f(t)dt (2) 

a a dxmr(m-a) a ' 

where m E N and satisfies the relation m - 1 < a :.,; m, and f E £ 1 [a, b]. 

Properties of the operator D~ can be found in [ 1, 4]. For m - 1 < a :.,; m, x > a and 'Y > -1 

we mention only the following: 

(1) D"(X- a}"'= r('Y + 1) (x- ap-a, 
a r('Y-a+1} 

(2) D~J:Jf(x) = f(x). 

3. THE SPECTRAL-ADOMIAN METHOD 

3.1 The Adomian decomposition method 

Consider the following nonlinear differential equation: 

L[y] + N[y] = f(x) (3) 

where L is a linear operator and N is a nonlinear operator from a Banach space E into E, f is a given 

function in E and we are looking for y E E satisfying (3). 

The decomposition method suggests that the solution y(x) be decomposed by the infinite series 

solution 

00 

y(x) = LYk(x) 
k=O 

and the nonlinear operator N in eq. (3) is decomposed as follows: 

00 

N(y) = LA;(yo,Yb··· ,y;), 
i=O 

(4) 

(5) 
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where A; are the so-called Adomian polynomials, obtained by 

Substituting (4) and (5) into (3) gives the following recursive scheme: 

{ 
L[yo] = f(x), 

L[Yi+1] = A., i = 0, 1, · · · . 
(6) 

We define the M -term approximation solution as 

M-1 

¢M(x) = L y;(x), (7) 
i=O 

where we assume that 

linl ¢M(x) = y(x). 
M~oo 

3.2 Shifted Legendre polynomials 

The Legendre polynomials, denoted by ln ( x), are orthogonal with respect to the weight function w( x) 

= 1 over I= [-1, 1], namely [38] 

11 2 
ln(x)lm(x)dx = 

2 1
1inm, 

-1 n+ 

where 

li _ { 1, n = m, 
nm-

0, o.w. 
In order to use these polynomials on the interval [0,1], we define the so-called shifted Legendre 

polynarnials by introducing the change of variable x = 2t - 1. Let the shifted Legendre polynomials 

ln ( x) be denoted by Ln ( t). The shifted Legendre polynomials are orthogonal with respect to the 

weight function w ( t) = 1 in the interval [0, 1] with the orthogonality property 

t Ln(t)Lm(t)dx = 2 
linm· Jo 2n+ 1 

Then L;(t) can be obtained as follows: 

L () (2n+1)(2t-1)L()--n-L () = 12 ... n+1 t = n + 1 n t n + 1 n-1 t 'n ' ' ' 

Lo(t) = 1, L1(t) = 2t- 1. 

NotethatLn(O) = (-1)n andLn(1) = 1. 
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3.3 Collocation method 

Consider the linear fractional differential equation: 

n 

L;D"•y(x) = g(x), (8) 
k=O 

where ak E (k, k + 1]. With initial conditions 

y(il(o) = (:J; i = o, 1, · · · ,n, (9) 

The unknown function y( t) in problem (8), can be approximated by a truncated series of Legendre 

polynomials, 

m 

Ym(t) = L c;L;(t), 
j=O 

(10) 

where c; are unknowns. Here, the main purpose is to find c;. In order to achieve this end, by putting 

(10) in (8) and (9), we have: 

m n 

L;c; LD"•L;(t) = g(t), 
j=O k=O 

m 

L c;Lj;\o) = (:J;, i = 0, 1, · · · , n. 
j=O 

(11) 

(12) 

Relation (12) forms a system with n + 1 equations and m + 1 unknowns. To construct the 

remaining m- n equations, we substitute Legendre-Guass points {t;};::;t in (11), to obtain m- n 

equations. So, the method reduces the solution of eq. (8) to the solution of system AC = b, where 

A,Candbare 

A= [Al] 
A2 ' 

b = [bl] b2 , 

and matrices A1(m-n)x(m+l) and A2(n+l)x(m+l) are defined by 

n 

A1[i,j] L;D"•L;(t;), i = 1,2,··· ,m-n, j =0,1,··· ,m, 
k=O 

A2[ . ·] = L
3
(i)(O), . 0 1 . 0 1 ~, J z = , , · · · , n, J = , , · · · , m, 

and vectors b1(m-n)xl = g(t;), i = 1, 2, · · · , m- n, b2(n+l)xl = (:J;, i = 0, l, · · · , n. 

3.4 The methodology 

Consider the following differential equation 
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{ 
L[y] + N[y] = g(x), 

yi(O) = (3;, i = 0, 1, · · · ,n. 

Applying the Adornian decomposition method for the above problem, we have 

L[y] 

{Yo 

Yi+l 

= -N[y] + g(x) 
x2 xn 

y(O) + xy'(O) + 
21 

y''(O) + ... + n! y(n)(O) + L-1 [g(x)], 

L-1 [-A;] 

(13) 

(14) 

(15) 

(16) 

There are some problems since computation of L - 1 is usually difficult or somtimes inopossible. 

Consequently, to solve these equations, we propose the SADM. That is, we set 

m 

Yk(x) = L elk) L;(x). 
i=O 

Considering Section 3.3, we have 

where 

[cbo)' cio)' ... , c~f, 
[g(x1), g(x2), ... , g(Xm-n), f3o, f31, ... , f3n]T, 

where x1, x2, ... , Xm-n are zeros of polynomial Lm-n ( 2x - 1) and 

where 

[ 
(i) (i) (i)l T CO ,cl , ... ,em ' 

4. TEST PROBLEMS 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

In this section, we demonstrate the effectiveness of the proposed method (SADM) by applying the 

method to three nonlinear FDEs. For each example, the maxinoum norm of the error between the n

term approxinlation of u( x) and the exact solution is presented. All computations associated with the 
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method have been performed by a personal computer having the Intel Pentium 4, 3 GHz processor, 

4GB RAM and using Maple 13 with 32 digits precision. 

Example 4.1 : Consider the following nonlinear initial value problem with the exact solution 

y(x) = x2 

• a 1 4y'x 8 x> 2 2 
D>y+D>y+Dy+y+eY = -- +- -+2x+x +ex 

.,fo 3../i 
y(O) = y' (0) = 0. (24) 

We suppose that 

{ 

• 1 
L[y] = D>y+D>y+Dy+y, 

N[y] = eY. 
(25) 

Hence, we have the following equation 

L[y] + N[y] = g(x), (26) 

• 
where g(x) = 4 ~ + ~ x~ + 2x + x 2 + eX

2
• We have the approximate solution of equation (24) as 

y7r 3 y7r 

7 

Yk(x) "'L c]k) .Lj(x), 
j~O 

(27) 

where Lj(x) is shifted Legender in the interval [0, 1]. As we mentioned in Sec. 3.1, in the ADM, we 

consider the solution as infinite series of the form y(x) = L:,o Yk(x). We obtain the components of 

the solution by the following recurrence scheme 

{ 
D~yk + D!yk + Dyk + Yk = 9k(x) for k = 0, 1, 2, ... 

(28) 
Yb(O) = y'(O), Yo(O) = y(O) and y~(O) = Yk(O) = 0 for k = 1, 2, 3, ... , 

wherego(x) = g(x),gk(x) = Ak_1(x) fork= 1,2,3, ... andA;'saretheAdomianpolynornials. 

We can rewrite the system (28) as the compact form AC(k) = b(k), where A is the coefficients of 

C(k), C(k) is the coefficients of Lj in (27) and components of b(k) are the values of 9k(x) at roots of 

L6(2x- 1) = 0. 

In the following, we obtain A = [ a;j] 

a1j = Lj-1(0), 

{
a2j = Lj_1 (0), 

• 1 
a;j = D> Lj-1 (x;) + D2 Lj-1 (x;) + DLj-1 (x;) + Lj-1 (x;), 

(29) 

i = 3,4, ... ,8, j = 1,2, ... ,8, 
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where x;, i = 1, 2, ... , 6, are the roots of L6(2x- 1) = 0. 

To obtain b(k) we have , 
blk) = Yk(O), 

{ b~k) = y~(O), 

blk) = 9k(x;), 

i = 3,4, ... ,8. 

Consequently, we have C(k) = A-1b(k) 

The numerical results are presented in Table 1. 

Table 1: The maximum norm of the error of approximate solutions YK(x) 

Method ADM SADM N=7 

K llv(x)- YK(x)lloo llv(x)- YK(x)lloo CPU Times 

10 failed l.OE- 5 0.313 

20 failed l.6E- 9 1.031 

30 failed 3.0E -13 11.766 

40 failed 7.0E -17 142.672 

Example 4.2 : Consider the following noulinear initial value problem: 

D~y + y + y2 = (1 + er J(v'x))ex + e2x 

y(O) y'(O) = y"(O) = 1, 

(30) 

(31) 

with the exact solution ex. Using the proposed method in this paper, we can calculate the approximate 

solution of this problem. Table 2 shows the obtained numerical results. 

Table 2: The maximum norm of the error of approximate solutions YK ( x) 

Method ADM SADM N=20 

K llv(x)- YK(x)lloo llv(x)- YK(x)lloo CPU Times 

5 failed 5.0E-7 0.531 

10 failed l.5E -13 0.640 

15 failed 3.0E-20 0.719 

20 failed 2.0E-24 0.938 

Example 4.3 : Consider the following noulinear initial value problem: [39] 

y(O) = O,y'(O) = O,y''(O) = 2 

(32) 

(33) 
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with the exact solution x2• Applying the new proposed method here, we can evaluate the approximate 

solution of the above equation. Table 3 shows the efficiency of the method by the obtained numerical 

results. This problem was solved in [39] and obtained the exact solution. The SAD M received nearly 

zero error in 15th iteration with 32 Digits Computer. 

Table 3: The maximum norm of the error of approximate solutions YK ( x) 

Method ADM SADMN=7 

K lly(x)- YK(x)lloo CPU Tunes lly(x)- YK(x)lloo CPU Times 

5 2.0E-5 2.156 1.2E -17 0.282 

10 5.0E-8 46.212 1.2E- 31 0.312 

15 failed failed 8.0E- 32 0.313 

Example 4.4 : Consider the following nonlinear initial value problem: [37] 

x(l-a) 

(1- a)r(1- a) + (1 + x2)(1 + x)2, (34) 

y(O) = 1, O<a~l. (35) 

with the exact solution y = 1 + x. For solving the fractional differential equation, we set 

L[y] = D"y + p,y, (36) 

A sinlple verification shows that for any a E [0, 1], there exists an interval [a, b] that for every 

p, E [a, b], the (SADM) is convergent to the exact solution. The rate of convergence is dependent on 

the value of p,. 

In the following table, we have obtained empirically the best value of p,, for some values of a. 

a; 0 0.2 0.4 0.6 0.8 1 

1-'i 3.935 3.795 3.465 3.542 2.515 2 

By applying spline interpolation, we have approximated the function p, = h( a) with the following 

cubic spline, 

p,= 

0 ~a< 0.2 

0.2 ~a< 0.4 

0.4 ~a< 0.6 

0.6 ~a< 0.8 

0.8 ~a~ 1 

(37) 
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Now, suppose that a E [0, 1] is given. By replacing it in (37), the nearly best value of p., corre

sponding to a is obtained which (SAD M) is convergent to the exact solution. 

Table 4 shows the residual error of (SADM) for different values of a, by Res.Errar be mean 

IIL[y] + N[y]- g(x)lloo· 

Table 4: The Residual error of approximate solutions YK(x), N = 7 

01 = 0.25, 11 = 3.694 01 = 0.7, 11 = 3.0898 a= 1, 11=2 

K Res.Error CPU Times Res.Error CPU Times Res.Error CPU Times 

10 l.OE- 2 0.438 4.0E-3 0.375 2.5E-3 0.344 

20 5.0E-4 0.438 l.OE- 5 0.390 3.5E-6 0.391 

30 6.0E-6 0.500 1.2E -7 0.484 1.2E- 9 0.485 

40 6.0E-8 0.688 7.0E -10 0.672 3.0E-12 0.640 

5. CONCLUSION 

In this paper, we proposed a new method to solve nonlinear differential equations of fractional order. 

This method was based on the combination of the Adomian decomposition method and the spectral 

method, which reduced nonlinear differential equations to systems of linear algebraic equations. The 

obtained approximate solutions have shown the effectiveness of the new method. 
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