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I F P-injective modules act in ways similar to injective modules. In this paper, we first
investigate the existence of IF P-injective covers. It is shown that over any ring R,
IF P-injective cover always exists. Secondly, we prove that S~!M is an IF P-injective

S~!R-module for any IF P-injective R-module M over any ring R.
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1. INTRODUCTION

Throughout rings are associate with identity and all modules are unitary.

A ring R is left Noetherian if and only if the class of all injective left R-modules is covering
(Enochs and Jenda, 2000, Theorem 5.4.1). In 2008, Pinzon proved that every left R-module

has an absolutely pure cover for a left coherent ring R.

In what follows, pM, Mp, P, Z, F, FI, IF, ZJ stand for the class of all left R-
modules, right R-modules, projective modules, injective modules, flat modules, F'P-injective
modules, i.e., absolutely pure modules, see (Enochs, 1974), I F' P-flat modules, I F'P-injective

modules, respectively. And every right R-module has an ZF-preenvelope over any ring (Lu
and Liu, 2012).

'This research was supported by National Natural Science Foundation of China (No.11201376, 11261050).
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Now we have the following diagrams:

R is perfect and coherent R is coherent R be any ring
(: g 4
‘P is preenveloping F is preenveloping IF is preenveloping

N
N

P F IF
duality duality duality
7 = FI = 17
7 is enveloping FI is preenveloping IJ is preenveloping
1 f g
R be any ring R be any ring R be any ring
R is perfect R be any ring R be any ring
)’ I 4
P is covering F is covering IF is covering

N
N

P F IF
duality duality duality
C c
T FT J
7 is covering FT is covering ?
¢ f
R is Noetherian R is coherent

The first motivation of the present article is the “ 7 7. In section 2, we prove that every
left R-module has an ZJ (i.e. IF P-injective) cover over any ring R. The result is used to

study the following I-injective (I-flat) modules (Section 4).

Localizations of injective modules have been studied, see (Dade, 1981). In particular, we
know that if R is commutative and noetherian, then for any injective R-module E, S™'E is

an injective S~! R-module. And this result is false if R is not noetherian, see (Dade, 1981). In
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section 3 of this paper, we prove that S™'M is an IF P-injective S~'R-module for any IF P-
injective R-module M over any ring R (see Theorem 3.2). We also show that if ¢ : D — M is
an I F P-injective cover of M as an S~!R-module (resp., as an R-module), then ¢ : D — M is
also an I F P-injective cover of M as an R-module (resp., as an S~!R-module) (see Theorem
3.3).

In Section 4, IF P-injective modules are used to define the concepts of I-injective and
I-flat modules. It is shown that a left R-module M is I-injective if and only if M is the
kernel of an ZJ-precover A — B with A injective. For any ring R, we prove that a left
R-module M is I-injective if and only if M is a direct sum of an injective left R-module and
a reduced I-injective left R-module; a finitely presented right R-module L is I-flat if and only
if L is the cokernel of an I F P-flat preenvelope K — F with I flat.

Let us recall some results and definitions we shall use below.

Let € be a class of R-modules and M an R-module. Recall that a homomorphism ¢ :
C' — M is a C-precover of M (Enochs, 1981) if C' € € and the abelian group homomorphism
Hom(C’, ¢) : Hom(C’,C) —Hom(C’, M) is surjective for every C’ € €. A C-precover C: C' —
M is said to be a C-cover of M if every endomorphism g : C — C such that ¢g = ¢ is an
isomorphism. Dually, we have the definitions of a C-preenvelope and a C-envelope. C-covers

(C-envelopes) may not exist in general, but if they exist, they are unique up to isomorphisms.

Let M and N be R-modules. M+ =Homgyz(M,Q/Z) denotes the character module of
M. Hom(M, N) (resp. Ext”(M, N)) means Hompg(M, N) (resp. Ext} (M, N)), and similarly
M @ N (resp. Tor,(M,N)) denotes M @ N (resp. Torf(M, N)) for an integer n > 1.

2. IFP-INJECTIVE COVERS

In this section, we will fix our attention on the existence of Z.7-covers. We will show that
any module has an ZJ-cover over any ring. In the following, we first give some definitions

and results needed in the sequel.

A right R-module M is called IFP-flat (Lu and Liu, 2012) if Tor;(M,R/I) = 0 for all
finitely presented left ideals I of R. Dually, A left R-module N is said to be [ F P-injective
(Lu and Liu, 2012) if Ext!(R/I, N) = 0 for all finitely presented left ideals I of R.

Lemma 2.1 (Lu and Liu, 2012, Proposition 2.10) — Let R be a ring. Then Z.J and ZF

are closed under pure submodules.
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There are questions that arise naturally about classes of modules. Two of these are
whether the direct sum of elements of the class remains in the class and whether the direct

limit of elements in the class also remains in the class.

Lemma 2.2 (Lu and Liu, 2012, Theorem 2.8) — The following are true for any ring R.

(1) Every direct limit of I F P-injective left R-modules is I F P-injective;

(2) Every direct product of I F P-flat right R-modules is I F P-flat;

(3) A left R-module M is I'F P-injective if and only if M is I F P-injective;

(4) A right R-module M is IFP-flat if and only if M+ is T F P-flat.

Proposition 2.3 — All injective modules are I F P-injective.

Proposition 2.4 — A ring R is left Noetherian if and only if every I F P-injective R-module
is injective.

This follows from the fact that a ring is Noetherian if and only if the direct sum of injective
modules is injective. If this were not the case in our ring, then we could form a direct sum

of injective modules which is not injective but which is I F' P-injective (Lu and Liu, 2012).
Lemma 2.5 (Lu and Liu, 2012, Theorem 2.6) — Let R be a ring. Then
(1) A right R-module M is I FP-flat if and only if M™* is I F P-injective.
(2) A left R-module M is I F P-injective if and only if M is [ F P-flat.

It is known that a ring R is left Noetherian if and only if every left R-module M has an
injective cover and if and only if every left R-module M has an injective precover (Enochs
and Jenda, 2000, Theorem 5.4.1). If R is left coherent, then every left R-module M has an
F P-injective cover (Pinzon, 2008). So the questions we ask are: For any ring R, whether
there exists a class X of R-module such that X act in ways similar to the injective modules

and is X precovering or covering?
In order to prove the main result, we first recall some results which we need in the later.

Lemma 2.6 (Enochs and Jenda, 2000, Proposition 5.2.2) — If F is a class of R-modules
closed under direct sums, then an R-module M has an F-precover if and only if there is a

cardinal number N, such that any homomorphism D— M with D € F has a factorization
D— C — M with C € F and Card(C)< N,.

Lemma 2.7 (Bican, Bashir and Enochs, 2001, Theorem 5) — Let R be an arbitrary ring.
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Then for each cardinal A, there is a cardinal k such that for any R-module M and any L < M
satisfying Card(M)> k and Card(M /L)< A, the submodule L contains a nonzero submodule
that is pure in M.

Lemma 2.8 (Enochs and Jenda, 2000, Corollary 5.2.7) — Let F be a class of R-modules
that is closed under well ordered inductive limits and M be an R-module. If M has an

F-precover, then it has an F-cover.
We are now in a position to prove the following theorem.
Theorem 2.9 — Let R be a ring. Then every left R-module has an Z.J -cover.

PROOF : Let N be a left R-module with Card(/N) = A\. We first prove that N has an
I J-precover. Let k be a cardinal as in Lemma 2.7. By Lemma 2.6, it suffices to show that
any homomorphism f : E — N with E IF P-injective has a factorization £ — F — N with
F IF P-injective and Card(F) < k.

If Card(E) < k, then we are done. Hence we may assume Card(E) > k.

Let K=ker(f). Note that Card(E/K) < A since E/K embeds in N. Thus K contains
a nonzero submodule Ey which is pure in £ by Lemma 2.7. The pure exact sequence 0 —
Ey — E — E/Ey — 0 induces the split exact sequence 0 — (E/Ep)"™ — Et — Ef — 0.
Thus (E/FEp)*t is IFP-flat since ET is [FP-flat by Lemma 2.5. So E/FEy is IF P-injective

by Lemma 2.5 again.
If Card(E/Ey) < k, then we are done by Lemma 2.6 since [ factors through E/E.

Suppose Card(E/Ey) > k. Put X = {X : By < X < K and E/X is IF P-injective}.
Then X is a nonempty set since Ep € X. Let {X; € X : i € I} be an ascending chain. Note
that By <JX; < Kand E/UX; =E/ lim X; = lgll(E/Xz) is [ F P-injective by Lemma 2.2
since each F/X; is IF P-injective. Thus (JX; € X, and so X has a maximal element C by

Zorn’s Lemma.

We claim that Card(E/C) < k. Suppose Card(E/C) > k. Since C' C K, there exists
g: E/C — N with ker(g) = K/C. Note that Card((E/C)/(K/C)) = Card(E/K) < A, and
so K /C contains a nonzero submodule K1 /C which is pure in £/C by Lemma 2.7. Therefore
E/K, = (E/C)/(K./C) is IF P-injective by the proof above, and hence K; € X, which
contradicts the maximality of C'. It is clear that E/C' is I F P-injective and f factors through
E/C. So N has an ZJ-precover by Lemma 2.6. Note that Z.7 is closed under direct limits
by Lemma 2.2. Thus N has an ZJ-cover by Lemma 2.8.
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3. LOCALIZATIONS OF [F P-INJECTIVE AND I F P-FLAT MODULES

In this section, R will always be a commutative ring and S C R will be a mutliplicative
set. We can form the ring of fractions S~'R. There is a canonical ring homomorphism
R — S7!R. For an R-module M, we also can construct the localization of M with respect
to S, denoted by S~1M, which is an S~!R-module, and hence an R-module. There is an

obvious homomorphism M — S~1M.

Lemma 3.1 (Rotman, 1979, Theorem 3.84) — Let S™!R be multiplicative, and let N be

a finitely presented R-module. For every R-module M, there is a natural isomorphism
¢ : ST Homp(N, M) = Homg-15(S™IN, S~ M),

given by g/1+— g, where g(n/1) = g(n) ® 1 for all n € N.

It is well known that if R is commutative and noetherian, then for any injective R-module
E, S7'E is an injective ST'R-module. And this result is false if R is not noetherian, Dade
(1981) showed, for every commutative ring k, that if R = k[X], where X is an uncountable
set of indeterminates, then there is a multiplicative subset S C R and an injective R-module

E such that S~'E is not an injective S~' R-module. Here we have
Theorem 3.2 — Let S be a multiplicative subset of a ring R.
(1) If M is an IFP-injective R-module, then S~'M is an IFP-injective S~ R-module.
(2) If M is an IFP-injective S~ R-module, then M is an IFP-injective R-module.
(3) If M is an IFP-flat R-module, then S™'M is an IFP-flat S~ R-module.
(4) If M is an IFP-flat S™' R-module, then S~'M is an IFP-flat R-module.

PROOF : (1) It suffices to extend any map I — S™'E to a map S™'R — S™1E, where
I is a finitely presented ideal in S™'R; that is, if i : I — ST!'R is the inclusion, then the
induced map * : Homg-15(S™'R, S7'E) — Homg-1x(I, S™'E) is a surjection. Now there is
a finitely presented ideal .J in R with I = S~!.J. Naturality of the isomorphism in Lemma

3.1 gives a commutative diagram

S~'Hompg(R, M) S~'Hompg(J, M)

l |

Homg-15(S7'R,S7'M) — HomS ' R(S~1.J, S~ M).
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Since E is an injective R-module, Hompg(R, E) — Hompg(J, E) is a surjection, and note
that S™! = S~!R®p being right exact implies that the top arrow is also a surjection. But
the vertical maps are isomorphisms, and so the bottom arrow is a surjection; that is, S~ M

is an injective S~™!R-module.

(2) Let I be a finitely presented ideal of R, f € Hompg(I, M) and A : Ra — R be the
inclusion. By Pinzon (2005, Proposition 3.9), there is an S~!R-homomorphism g : S~'1 —
M such that g0 = f, where § : I — S~'I is the canonical map. Note that S™!I is a
finitely presented ideal of S™'R. Since M is an IF P-injective S~'R-module, there exists
h:S™'R — M such that h(S7')\) = g. Let ¢ : R — S™'R be the canonical map. Then, by

Rotman (1979, Exercise 3.51, p. 102), we have the following commutative diagram:

I—"= 517
)\l S_I/\l
P—">5-IR
Thus (hg)A = h(eA) = h(S7'\) = f. So M is an IF P-injective R-module.

(3) Let I be a finitely presented ideal of R. Then there is a finitely presented ideal J of
R such that S~'J = I. By Rotman (1979, Theorem 9.49),we have

Tor® 'B(S™'M, R/I) = Tor} B(S~'M,S'R/J) =~ S 'Torf(M,R/.J) = 0.
So S™IM is an IFP-flat S~! R-module.

(4) If M is an IFP-flat S~ R-module, then M is an IF P-injective S~!R-module. So
M is an IF P-injective R-module by (2) and hence M is an IF P-flat R-module.

Theorem 3.3 — Let S be a multiplicative subset of a ring R and M an S™'R-module.

(1) If ¢ : D — M is an IF P-injective cover of M as an S~ R-module, then ¢ : D — M

is also an I F P-injective cover of M as an R-module.

(2) If a : D — M is an IFP-injective cover of M as an R-module, then o : D — M s

also an IFP-injective cover of M as an S™'R-module

(3) If Y : T — M is an IFP-flat cover of M as an S™'R-module, then v : T — M is also
an TFP-flat cover of M as an R-module.

(4) If B:T — M 1is an IFP-flat cover of M as an R-module, then 3 :T — M is also an
IFP-flat cover of M as an S™'R-module.
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PROOF : (1) Let N be any IF P-injective R-module. Then S~!N is an IF P-injective
S~!R-module by Theorem 3.2. For any R-homomorphism f : N — M, there is an S™'R-
homomorphism g : S™'N — M such that go = f by Pinzon (2005, Proposition 3.9), where
a: N — S7IN is the canonical map. Thus there exists 8 : S™!N — D such that ¢ = 3
since ¢ is an I F P-injective precover of M as an S~!R-module. Therefore, o(8a) = (p3)a =
ga = f, and so ¢ is an IF P-injective precover of M as an R-module. Let h : D — D be
an R-homomorphism with ¢h = ¢. Note that h is also an S~ R-homomorphism by Rotman
(1979, Exercise 3.50) since D is an S~!R-module. Thus A is an isomorphism, and so ¢ is an

I F P-injective cover of M as an R-module.

(2) We first prove that D is an S~!R-module. Note that the canonical map ¢ : M —
S~LM is an isomorphism by Rotman (1979, Lemma 3.75) since M is an S~!R—module. Let
6 : D — S7'D be the canonical map. Then ga = (S~'a)f. In addition, S~'D is an IFP-
injective S~!R-module by Theorem 3.2 and so it is an I F P-injective R-module by Theorem
3.2. Since « is an I F'P-injective cover of M as an R-module, there exists an R-homomorphism

Y : ST'D — D such that at) = ¢~1(S7'a). So we have the commutative diagram

D
|
s-1p 22 g1y
| wl
D—=2— M.

Thus a(¥f) = o1 (S7 a)f = p'pa = a. Therefore, 10 is an isomorphism, and so there
is an R-submodule H of S~'D such that S~'D = (D) @ H. For any € D and s € S, there

is a unique expression T % +bwitha € D and b € H. Thus % = ? + sb, and hence
s s
- 1
‘ 1” = sb=0. So b= —(sb) = 0. It follows that H = 0, and hence D = 6(D) = §~'D.

Therefore D is an S~!R-module.

Let N be any IF P-injective S~'R-module and f : N — M any S~!'R-homomorphism.
Then N is also an I F' P-injective R-module by Theorem 3.2. So there exists an R-homomorphism
g: N — D such that f = ag since « is an [ F' P-injective precover of the R-module M. Note
that ¢ is also an S~!R-homomorphism by Rotman (1979, Exercise 3.50) since N and D are

both S~!R-modules. Thus « is an IF P-injective cover of M as an S~!R-module.

(3) and (4) are similar to the proof of (1) and (2). O
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4. I-INJECTIVE MODULES AND I-FLAT MODULES

Definition 4.1 — A left R-module M is called I-injective if Ext! (G,M) = 0 for every
I F P-injective left R-module G.

A right R-module N is said to be I-flat if Tor; (N,G) = 0 for every IF P-injective left
R-module G.

Remark 4.2 : (1) By Wakamutsu’s Lemma (see Xu, 1996, Lemma 2.1.1), any kernel of

an ZJ-cover is I-injective.

(2) Recall that a left R-module M is called FP-injective (Stenstrom, 1970) if
Ext!(N, M) = 0 for every finitely presented left R-module N. M is called copure injec-
tive (Enochs and Jenda, 1993) if Ext!(G,M) = 0 for every injective left R-module G. A
right R-module N is said to be copure flat (Enochs and Jenda, 1993) if Tor;(N,G) = 0 for

every injective left R-module G. Obviously, we have the following implications:
injective modules = I-injective modules = copure injective modules;
flat modules = I-flat modules = copure flat modules.
However, the converse is not true in general. See Proposition 4.5.

Proposition 4.3 — Let R be a ring. Then a right R-module M is I-flat if and only if M *is

I injective.

PROOF : It holds by the standard isomorphism Ext!(N, M*) =Tory(M, N)T for every
1 F P-injective left R-module N. ]

Proposition 4.4 — The following are equivalent for a left R-module M:
(1) M is I-injective;

(2) For every exact sequence 0 - M — FE — L — 0 with E I F P-injective, E — L is an
T J-precover of L;

(3) M is the kernel of an ZJ-precover f: A — B with A injective;

(4) M is injective with respect to every exact sequence 0 - A — B — C' — 0 with C'
1 F P-injective.

PROOF : (1) = (2) and (1) = (4) are clear by definitions.

(2) = (3). It is obvious since there exists a short exact sequence 0 — M — E(M) —
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B(M)/M — 0.

(3) =(1). Let M be the kernel of an Z7-precover f : A — B with A injective. Then we
have an exact sequence 0 — M — A — A/M — 0. So, for any I F P-injective left R-module
N, the sequence Hom(N, A) — Hom(N, A/M) — Ext!(N, M) — 0 is exact. It is easy to
verify that Hom (N, A) — Hom(N, A/M) — 0 is exact by (3). Thus Ext!(V, M) = 0, and so
(1) follows.

(4) = (1). For every IF P-injective left R-module N, there exists a short exact sequence
0 - K — P — N — 0 with P projective, which induces an exact sequence Hom(P, M) —
Hom(K, M) — Ext!(N, M) — 0. Note that Hom(P, M) — Hom(K, M) — 0 is exact by (4).
Hence Ext!(N, M) = 0, as desired. O

Proposition 4.5 — The following hold for any ring R:

(1) A left R-module M is injective if and only if M is I-injective and [FP-id(M) < 1.
(2) A right R-module N is flat if and only if N is I-flat and IFP-fd(N) < 1.

Proor : (1)(=). It is trivial.

(«<=). Let M be an I-injective left R-module and IFP-id(M) < 1. Then there is an exact
sequence 0 — M — FE — L — 0 with F injective. Note that L is IF P-injective. So the

exact sequence is split, and hence M is injective.

(2)(=). It is trivial.

(«<). For any I-flat right R-module N with /FP-fd(N)< 1, we have N7 is I-injective by
Proposition 4.3. Thus N is injective by (1) since [FP-id(N*) < 1. So N is flat. O

Recall that a left R-module M is called reduced (Enochs and Jenda, 2000) if M has no

nonzero injective submodules.

Proposition 4.6 — Let R be a ring. Then the following are equivalent for a left R-module
M:

(1) M is a reduced I-injective left R-module;

(2) M is the kernel of an ZJ-cover f: A — B with A injective.

PRrROOF : (1)=-(2). By Proposition 4.5, the natural map = : E(M) — E(M)/M is an Z.J-
precover. Note that E(M)/M has an ZJ-cover, and E(M) has no nonzero direct summand

K contained in M since M is reduced. It follows that = : E(M) — E(M)/M is an Z.J-cover
by Xu (1996, Corollary 1.2.8), and hence (2) follows.
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(2)=(1). Let M be the kernel of an ZJ-cover a : A — B with A injective. By Remark
4.2(1), M is I-injective. Now let K be an injective submodule of M. Suppose A= K@ L, p:
A — L is the projection and i : L — A is the inclusion. It is easy to see that a(ip) = «
since a(K) = 0. Therefore ip is an isomorphism since « is a cover. Thus 7 is epic, and hence
A=L,K=0. So M is reduced. O

Theorem 4.7 — Let R be a ring. Then a left R-module M s I-injective if and only if M
s a direct sum of an injective left R-module and a reduced I-injective left R-module.

PROOF : («). It is clear.

(=). Let M be an I-injective left R-module. Consider the exact sequence 0 — M —
E(M) — E(M)/M — 0. Note that E(M) — E(M)/M is an Z.J-injective precover of
E(M)/M by Proposition 4.4. But E(M)/M has an ZJ-injective cover L — E(M)/M, so we

have the commutative diagram with exact rows:

0 K—t E(M)/M ——>0

o

0—> M —> E(M)—> E(M)/M —>(

| |

0 K L E(M)/M —>0

Note that (v is an isomorphism, and so E(M)=ker(8)® im(y). Thus L and ker(3)
arc injective (for im(y) = L). Therefore K is a reduced I-injective module by Proposition
4.6. Since o¢ is an isomorphism by the Five Lemma, we have M = ker(o)® im(¢), where

im(¢) = K. In addition, we get the commutative diagram:

0 0 0
L P R
0 M—* E<M>—>E<zvi>/M—>o
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Hence ker(o) =ker(3). This completes the proof. O
Proposition 4.8 — Let R be a ring.

(1) If M is a finitely presented I-flat right R-module, then M is the cokernel of an Z3-
preenvelope f : K — F with F flat.

(2) If L is the cokernel of an ZF-preenvelope f : K — F with F' flat, then L is I-flat.

PROOF : (1) Let M be a finitely presented I-flat right R-module. There is an exact
sequence 0 - K — F — M — (0 with F projective and both F' and K finitely generated.
We claim that K — F' is an ZF-preenvelope. In fact, for any I F' P-flat right R-module Q, we
have Tory (M, Q") = 0, and so we get the following commutative diagram with the first row

exact:

K®Q > FeQt

Hom(K, Q)" s Hom(F,Q)*

By Colby (1975, Lemma 2), 71 is an epimorphism and 79 is an isomorphism. Thus € is a
monomorphism, and hence Hom(F, Q) — Hom(K, Q) is epic, as required.

(2) There is an exact sequence () — im(f) : F L—=0. It is clear that i :
im(f) — F is an ZF-preenvelope. For any I F P-injective left R-module N, NVt is I F P-flat by
Lemma 2.5. Thus we obtain an exact sequence Hom(F, N*) — Hom(im(f), N*) — 0, which
yields the exactness of (F @ N)* — (im(f) ® N)* — 0. So the sequence 0 — im(f) @ N —
F ® N is exact. Thus the exactness of 0 — Tori(L,N) — im(f) ® N — F ® N implies
Tory(L,N) = 0. O
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