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IFF-injective modules act in ways similar to injective modules. In this paper, we first 

investigate the existence of IFF-injective covers. It is shown that over any ring R, 

IFF-injective cover always exists. Secondly, we prove that s-1M is an IFF-injective 

s-t R-module for any IFF-injective R-module Mover any ring R. 
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1. INTRODUCTION 

Throughout rings are associate with identity and all modules are unitary. 

A ring R is left Noetherian if and only if the class of all injective left R-modules is covering 

(Enochs and Jenda, 2000, Theorem 5.4.1). In 2008, Pinzon proved that every left R-module 

has an absolutely pure cover for a left coherent ring R. 

In what follows, RM, MR, P, T, :F, :FT, IF, T.:J stand for the class of all left R

modules, right R-modules, projective modules, injective modules, flat modules, F P-injective 

modules, i.e., absolutely pure modules, see (Enochs, 1974), IFP-flat modules, JFP-injective 

modules, respectively. And every right R-module has an TF-preenvelope over any ring (Lu 

and Liu, 2012). 

1This research was supported by National Natural Science Foundation of China (No.11201376, 11261050). 
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Now we have the following diagrams: 

R is perfect and coherent R is coherent R be any ring 

!t lt t~ 
'P is preenveloping F is preenveloping IF is preenveloping 

I ~ I ~ I 
'P F IF ! duality 

~ 

t duality 

~ 

t duality 

I n I.:J 

! l t 
I is enveloping n is preenveloping I.:J is preenveloping 

In In In 
R be any ring R be any ring R be any ring 

R is perfect R be any ring R be any ring 

!t t~ t~ 
'P is covering F is covering IF is covering 

I ~ I ~ I 
'P F IF 

! duality 

~ 

t duality 

~ 

t duality 

I 'JT I.:J 

! t l 
I is covering n is covering ? 

It In 
R is Noetherian R is coherent 

The first motivation of the present article is the " ? ". In section 2, we prove that every 

left R-module has an I.:J (i.e. JFP-injective) cover over any ring R. The result is used to 

study the following /-injective (/-flat) modules (Section 4). 

Localizations of injective modules have been studied, see (Dade, 1981). In particular, we 

know that if R is commutative and noetherian, then for any injective R-module E, s-1 E is 

an injective s-1 R-module. And this result is false if R is not noetherian, see (Dade, 1981). In 
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section 3 of this paper, we prove that s-1M is an JFP-injective s-1 R-module for any JFP

injective R-module Mover any ring R (see Theorem 3.2). We also show that if <p: D--> M is 

an JFP-injective cover of Mas an s-1 R-module (resp., as an R-module), then cp: D--> M is 

also an JFP-injective cover of Mas an R-module (resp., as an s-1R-module) (see Theorem 

3.3). 

In Section 4, IF ?-injective modules are used to define the concepts of !-injective and 

J-flat modules. It is shown that a left R-module M is !-injective if and only if M is the 

kernel of an I:J-precover A --> B with A injective. For any ring R, we prove that a left 

R-module M is !-injective if and only if M is a direct sum of an injective left R-module and 

a reduced !-injective left R-module; a finitely presented right R-module Lis J-flat if and only 

if L is the cokernel of an IF P-flat preenvelope K --> F with F flat. 

Let us recall some results and definitions we shall use below. 

Let e be a class of R-modules and M an R-module. Recall that a homomorphism </J : 

C--> M is a e-precover of M (Enochs, 1981) if C E e and the abelian group homomorphism 

Hom(C', ¢): Hom(C', C) -->Hom(C', M) is surjective for every C' E e. A e-precover e: C--> 

M is said to be a e-cover of M if every endomorphism g : C --> C such that </Jg = <P is an 

isomorphism. Dually, we have the definitions of a e-preenvelope and a e-envelope. e-covers 

(e-envelopes) may not exist in general, but if they exist, they are unique up to isomorphisms. 

Let M and N be R-modules. M+ =Homz(M, Q/Z) denotes the character module of 

M. Hom(M, N) (resp. Extn(M, N)) means HomR(M, N) (resp. Extl'!(M, N)), and similarly 

M®N (resp. Torn(M,N)) denotes M®RN (resp. Tor;f(M,N)) for an integer n 2:1. 

2. JFP-INJECTIVE COVERS 

In this section, we will fix our attention on the existence of I:J-covers. We will show that 

any module has an I:J-cover over any ring. In the following, we first give some definitions 

and results needed in the sequel. 

A right R-module Miscalled JFP-flat (Lu and Liu, 2012) if Tor1(M,R/I) = 0 for all 

finitely presented left ideals I of R. Dually, A left R-module N is said to be IF ?-injective 

(Lu and Liu, 2012) if Ext1(R/I, N) = 0 for all finitely presented left ideals I of R. 

Lemma 2.1 (Lu and Liu, 2012, Proposition 2.10)- Let R be a ring. Then I:J and IF 

are closed under pure submodules. 
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There are questions that arise naturally about classes of modules. Two of these are 

whether the direct sum of elements of the class remains in the class and whether the direct 

limit of elements in the class also remains in the class. 

Lemma 2.2 (Lu and Liu, 2012, Theorem 2.8) - The following are true for any ring R. 

(1) Every direct limit of IFF-injective left R-modules is IFF-injective; 

(2) Every direct product of IF P-flat right R-modules is IF P-flat; 

(3) A left R-module M is IFF-injective if and only if M++ is IFF-injective; 

(4) A right R-module M is IFP-flat if and only if M++ is IFP-flat. 

Proposition 2.3- All injective modules are IFF-injective. 

Proposition 2.4- A ring R is left Noetherian if and only if every IF ?-injective R-module 

is injective. 

This follows from the fact that a ring is Noetherian if and only if the direct sum of injective 

modules is injective. If this were not the case in our ring, then we could form a direct sum 

of injective modules which is not injective but which is IFF-injective (Lu and Liu, 2012). 

Lemma 2.5 (Lu and Liu, 2012, Theorem 2.6) - Let R be a ring. Then 

(1) A right R-module M is IFP-flat if and only if M+ is IFF-injective. 

(2) A left R-module M is IF ?-injective if and only if M+ is IF P-flat. 

It is known that a ring R is left Noetherian if and only if every left R-module M has an 

injective cover and if and only if every left R-module M has an injective precover (Enochs 

and Jenda, 2000, Theorem 5.4.1). If R is left coherent, then every left R-module M has an 

FP-injective cover (Pinzon, 2008). So the questions we ask are: For any ring R, whether 

there exists a class X of R-module such that X act in ways similar to the injective modules 

and is X precovering or covering? 

In order to prove the main result, we first recall some results which we need in the later. 

Lemma 2.6 (Enochs and Jenda, 2000, Proposition 5.2.2) - If :F is a class of R-modules 

closed under direct sums, then an R-module M has an :F-precover if and only if there is a 

cardinal number Na such that any homomorphism D--> M with D E :F has a factorization 

D--> C--> M with C E :F and Card(C):<;; Na. 

Lemma 2.7 (Bican, Bashir and Enochs, 2001, Theorem 5)- Let R be an arbitrary ring. 
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Then for each cardinal A, there is a cardinal!< such that for any R-module M and any L ~ M 

satisfying Card(M);::: 1< and Card(M I L )~ A, the submodule L contains a nonzero submodule 

that is pure in M. 

Lemma 2.8 (Enochs and Jenda, 2000, Corollary 5.2.7)- Let :F be a class of R-modules 

that is closed under well ordered inductive limits and M be an R-module. If M has an 

F-precover, then it has an F-cover. 

We are now in a position to prove the following theorem. 

Theorem 2.9 - Let R be a ring. Then every left R-module has an I.J -cover. 

PROOF : Let N be a left R-module with Card(N) = A. We first prove that N has an 

I,J-precover. Let 1< be a cardinal as in Lemma 2.7. By Lemma 2.6, it suffices to show that 

any homomorphism f: E--> N withE JFP-injective has a factorization E--> F--> N with 

F JFP-injective and Card(F) ~ 1<. 

If Card( E)~ 1<, then we are done. Hence we may assume Card(E) > 1<. 

Let K=ker(f). Note that Card(EIK) ~A since ElK embeds inN. Thus K contains 

a nonzero submodule Eo which is pure in E by Lemma 2.7. The pure exact sequence 0--> 

Eo --> E --> E I Eo --> 0 induces the split exact sequence 0 --> (E I Eo)+ --> E+ --> E{j --> 0. 

Thus (EIEo)+ is JFP-flat since E+ is JFP-flat by Lemma 2.5. So EIEo is JFP-injective 

by Lemma 2.5 again. 

If Card(E I Eo) ~ 1<, then we are done by Lemma 2.6 since f factors through E I Eo. 

Suppose Card(EIEo) > 1<. Put X= {X : Eo ~X ~ K and EIX is JFP-injective}. 

Then X is a nonempty set since Eo EX. Let {X; EX: i E J} be an ascending chain. Note 

that Eo~ UX; ~KandEl UX; = EllimX; = lim(EIXi) is JFP-injective by Lemma 2.2 
-+ -+ 

since each EIX; is JFP-injective. Thus UX; E X, and so X has a maximal element C by 

Zorn's Lemma. 

We claim that Card(EIC) ~ 1<. Suppose Card(EIC) > 1<. Since C <;; K, there exists 

g: EIC--> N with ker(g) = KIC. Note that Card((EIC)I(KIC)) = Card(EIK) ~A, and 

so KIC contains a nonzero submodule K1IC which is pure in EIC by Lemma 2.7. Therefore 

EIK1 ~ (EIC)I(Kl/C) is JFP-injective by the proof above, and hence K1 E X, which 

contradicts the maximality of C. It is clear that EIC is JFP-injective and f factors through 

EIC. SoN has an I.J-precover by Lemma 2.6. Note that I.J is closed under direct limits 

by Lemma 2.2. Thus N has an I,J-cover by Lemma 2.8. 
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3. LOCALIZATIONS OF IFP-INJECTIVE AND IFP-FLAT MODULES 

In this section, R will always be a commutative ring and S c R will be a mutliplicative 

set. We can form the ring of fractions s-1 R. There is a canonical ring homomorphism 

R-> s-1 R. For an R-module M, we also can construct the localization of M with respect 

to S, denoted by s-1M, which is an s-1R-module, and hence an R-module. There is an 

obvious homomorphism M-> s-1M. 

Lemma 3.1 (Rotman, 1979, Theorem 3.84) -Let s-1 R be multiplicative, and let N be 

a finitely presented R-module. For every R-module M, there is a natural isomorphism 

rp : s-1 HomR(N, M) ~ Homs-t R(S-1 N, s-1 M), 

given by g/1 >-+ g, where g(n/1) = g(n) <81 1 for all n EN. 

It is well known that if R is commutative and noetherian, then for any injective R-module 

E, s-1 E is an injective s-1 R-module. And this result is false if R is not noetherian, Dade 

(1981) showed, for every commutative ring k, that if R = k[X], where X is an uncountable 

set of indeterminates, then there is a multiplicative subset S c;; R and an injective R-module 

E such that s-1 E is not an injective s-1 R-module. Here we have 

Theorem 3.2 - Let S be a multiplicative subset of a ring R. 

(1) If M is an IFP-injective R-module, then s-1 M is an IFP-injective s-1 R-module. 

(2) If M is an IFP-injective s-1 R-module, then M is an IFP-injective R-module. 

(3) If M is an IFP-flat R-module, then s-1 M is an IFP-flat s-1 R-module. 

( 4) If M is an IFP-flat s-1 R-module, then s-1 M is an IFP-flat R-module. 

PROOF : (1) It suffices to extend any map I -> s-1 E to a map s-1 R -> s-1 E, where 

I is a finitely presented ideal in s-1 R; that is, if i : I -> s-1 R is the inclusion, then the 

induced map i* : Homs-tR(S-1 R, s-1 E) -> Homs-tR(I, s-1 E) is a surjection. Now there is 

a finitely presented ideal J in R with I = s-1 J. Naturality of the isomorphism in Lemma 

3.1 gives a commutative diagram 

s-1HomR(R,M) -----;..S-1HomR(J,M) 

l l 
Homs-tR(S-1 R, s-1 M)----;.- HomS-1 R(S-1J, s-1 M). 
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Since E is an injective R-module, HomR(R, E) --> HomR(J, E) is a surjection, and note 

that s-I = s-I R®R being right exact implies that the top arrow is also a surjection. But 

the vertical maps are isomorphisms, and so the bottom arrow is a surjection; that is, s-I M 

is an injective s-I R-moduie. 

(2) Let I be a finitely presented ideal of R, f E HomR(I, M) and >. : Ra -+ R be the 

inclusion. By Pinzon (2005, Proposition 3.9), there is an s-IR-homomorphism g : s-I I--> 

M such that gO = f, where (} : I --> s-I I is the canonical map. Note that s-I I is a 

finitely presented ideal of s-IR. Since M is an IFP-injective s-I R-moduie, there exists 

h : s-IR --> M such that h(s-I >.) = g. Let <p : R --> s-IR be the canonical map. Then, by 

Rotman (1979, Exercise 3.51, p. 102), we have the following commutative diagram: 

Thus (h<p)A = h(<p.X) = h(s-I>.)O =f. SoMis an IFP-injective R-moduie. 

(3) Let I be a finitely presented ideal of R. Then there is a finitely presented ideal J of 

R such that s-IJ =I. By Rotman (1979, Theorem 9.49),we have 

Torr' R(s-I M, R/ I) ~ Torr' R(s-I M, s-IR/ J) ~ s-ITorf(M, R/ J) = o. 

So s-IM is an IFP-flat s-IR-module. 

(4) If M is an IFP-flat s-IR-module, then M+ is an IFP-injective s-IR-module. So 

M+ is an IFP-injective R-module by (2) and hence M is an IFP-flat R-module. 

Theorem 3.3- LetS be a multiplicative subset of a ring Rand Man s-IR-module. 

(1) If<p: D--> M is an IFP-injective cover of Mas an s-IR-module, then <p: D--> M 

is also an IF P -injective cover of M as an R-module. 

(2) If a : D --> M is an IFP-injective cover of Mas an R-module, then a : D --> M is 

also an IFP-injective cover of Mas ans-I R-module 

(3) If 1/J : T --> M is an IFP-ftat cover of M as an s-IR-module, then 1/J : T -+ M is also 

an IFP-ftat cover of M as an R-module. 

( 4) If (3 : T --> M is an IFP-ftat cover of M as an R-module, then (3 : T --> M is also an 

IFP-ftat cover of M as an s-IR-module. 
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PROOF: (1) Let N be any IFP-injective R-module. Then s-1N is an IFP-injective 

s-1 R-module by Theorem 3.2. For any R-homomorphism f : N --> M, there is an s-1 R

homomorphism g: s-1N--> M such that ga = f by Pinzon (2005, Proposition 3.9), where 

a : N --> s-1 N is the canonical map. Thus there exists /3 : s-1 N --> D such that g = <p/3 

since <pis an IFP-injective precover of Mas an s-1 R-module. Therefore, <p(f3a) = (<pf3)a = 
ga = j, and so <pis an IFP-injective precover of M as an R-module. Let h : D --> D be 

an R-homomorphism with <ph = 'P· Note that h is also an s-1 R-homomorphism by Rotman 

(1979, Exercise 3.50) since D is an s-1 R-module. Thus h is an isomorphism, and so <p is an 

IFP-injective cover of Mas an R-module. 

(2) We first prove that D is an s-1 R-module. Note that the canonical map <p : M --> 

s-1 M is an isomorphism by Rotman (1979, Lemma 3. 75) since M is an s-1 R-module. Let 

(): D--> s-1D be the canonical map. Then <pa = (S-1a)(). In addition, s-1D is an IFP

injective s-1R-module by Theorem 3.2 and so it is an IFP-injective R-module by Theorem 

3.2. Since a is an IF P-injective cover of Mas an R-module, there exists an R-homomorphism 

'ljJ: s-1D--> D such that a,P = <p-1(8-1a). So we have the commutative diagram 

D a M 

0 t s-' ~ t 
s- 1 D~s- 1 M 

~ t ~-l t 
D a M. 

Thus a( ,PO)= <p-1 (S-1a)O = <p1 <pa =a. Therefore, ,P() is an isomorphism, and so there 

is an R-submodule H of s-1 D such that s-1 D = (D) EEl H. For any xED and s E 8, there 

is a unique expression ~ = I+ b with a E D and b E H. Thus y = 
8
: = 

8
: + sb, and hence 

x- sa 1 -- = sb = 0. Sob= -(sb) = 0. It follows that H = 0, and hence D ~ O(D) = s-1 D. 
1 s 

Therefore D is an s-1 R-module. 

Let N be any IFP-injective s-1R-module and f: N--> Many s-1R-homomorphism. 

Then N is also an IF P-injective R-module by Theorem 3.2. So there exists an R-homomorphism 

g: N--> D such that f = ag since a is an IFP-injective precover of the R-module M. Note 

that g is also an s-1R-homomorphism by Rotman (1979, Exercise 3.50) since Nand Dare 

both s-1 R-modules. Thus a is an IFP-injective cover of Mas an s-1R-module. 

(3) and (4) are similar to the proof of (1) and (2). D 
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4. I-INJECTIVE MODULES AND I-FLAT MODULES 

Definition 4.1 - A left R-module M is called !-injective if Ext1 (G, M) = 0 for every 

JFP-injective left R-module G. 

A right R-module N is said to be J-flat if Tor1 (N, G) = 0 for every JFP-injective left 

R-module G. 

Remark 4.2 : (1) By Wakamutsu's Lemma (see Xu, 1996, Lemma 2.1.1), any kernel of 

an 'IJ-cover is !-injective. 

(2) Recall that a left R-module M is called F P-injective (Stenstrom, 1970) if 

Ext1(N, M) = 0 for every finitely presented left R-module N. M is called copure injec

tive (Enochs and Jenda, 1993) if Ext1(G, M) = 0 for every injective left R-module G. A 

right R-module N is said to be copure flat (Enochs and Jenda, 1993) if Tor1 (N, G) = 0 for 

every injective left R-module G. Obviously, we have the following implications: 

injective modules =? !-injective modules =? copure injective modules; 

flat modules =? I-flat modules =? copure flat modules. 

However, the converse is not true in general. See Proposition 4.5. 

Proposition 4.3- Let R be a ring. Then a right R-module M is J-flat if and only if M+is 

I injective. 

PROOF: It holds by the standard isomorphism Ext1 (N,M+) ~Toq(M,N)+ for every 

JFP-injective left R-module N. D 

Proposition 4.4- The following are equivalent for a left R-module M: 

(1) M is !-injective; 

(2) For every exact sequence 0---> M---> E---> L---> 0 withE JFP-injective, E---> Lis an 

'IJ-precover of L; 

(3) M is the kernel of an 'IJ-precover f: A---> B with A injective; 

( 4) M is injective with respect to every exact sequence 0 ---> A ---> B ---> C ---> 0 with C 

IF P-injective. 

PROOF : (1) =? (2) and (1) =? (4) are clear by definitions. 

(2) =? (3). It is obvious since there exists a short exact sequence 0 ---> M ---> E(M) ---> 
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E(M)/M---+ 0. 

(3) =?(1). Let M be the kernel of an I.:J-precover f :A---+ B with A injective. Then we 

have an exact sequence 0---+ M---+ A---+ A/M---+ 0. So, for any IFP-injective left R-module 

N, the sequence Hom(N,A)---+ Hom(N,A/M)---+ Ext1(N,M)---+ 0 is exact. It is easy to 

verify that Hom(N, A) ---+ Hom(N, A/M) ---+ 0 is exact by (3). Thus Ext1(N, M) = 0, and so 

( 1) follows. 

(4) =? (1). For every IFP-injective left R-module N, there exists a short exact sequence 

0 --+ K --+ P --+ N --+ 0 with P projective, which induces an exact sequence Hom(P, M) --+ 

Hom(K,M)--+ Ext1(N,M)--+ 0. Note that Hom(P,M)--+ Hom(K,M)--+ 0 is exact by (4). 

Hence Ext1(N, M) = 0, as desired. D 

Proposition 4.5 - The following hold for any ring R: 

(1) A left R-module M is injective if and only if M is [-injective and IFP-id(M) ~ 1. 

(2) A right R-module N is flat if and only if N is [-flat and IFP-fd(N) ~ 1. 

PROOF: (1)(=?). It is trivial. 

(<0=). Let M be an !-injective left R-module and IFP-id(M) ~ 1. Then there is an exact 

sequence 0 --+ M --+ E--+ L --+ 0 withE injective. Note that L is IFP-injective. So the 

exact sequence is split, and hence M is injective. 

(2)(=?). It is trivial. 

(<0=). For any !-flat right R-module N with IFP-fd(N)~ 1, we haveN+ is !-injective by 

Proposition 4.3. Thus N+ is injective by (1) since IFP-id(N+) ~ 1. SoN is flat. D 

Recall that a left R-module M is called reduced (Enochs and Jenda, 2000) if M has no 

nonzero injective submodules. 

Proposition 4.6- Let R be a ring. Then the following are equivalent for a left R-module 

M: 

(1) M is a reduced !-injective left R-module; 

(2) M is the kernel of an I.:T-cover f : A ---+ B with A injective. 

PROOF : (1)=?(2). By Proposition 4.5, the natural map 1r: E(M) ---+ E(M)/M is an I.:T

precover. Note that E(M)/M has an I.:J-cover, and E(M) has no nonzero direct summand 

K contained in M since M is reduced. It follows that 1r: E(M) ---+ E(M)/M is an I.:J-cover 

by Xu (1996, Corollary 1.2.8), and hence (2) follows. 
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(2)=?(1). Let M be the kernel of an I.:J-cover a : A--> B with A injective. By Remark 

4.2(1), M is !-injective. Now let K be an injective submodule of M. Suppose A= K (f)L, p: 

A --> L is the projection and i : L --> A is the inclusion. It is easy to see that a(ip) = a 

since a(K) = 0. Therefore ip is an isomorphism since a is a cover. Thus i is epic, and hence 

A = L, K = 0. So M is reduced. D 

Theorem 4. 7 - Let R be a ring. Then a left R-module M is !-injective if and only if M 

is a direct sum of an injective left R-module and a reduced !-injective left R-module. 

PROOF: (<=). It is clear. 

(=?). Let M be an !-injective left R-module. Consider the exact sequence 0--> M--> 

E(M) --> E(M)IM --> 0. Note that E(M) --> E(M)IM is an I.:J-injective precover of 

E(M)IM by Proposition 4.4. But E(M)IM has an I.:J-injective cover L--> E(M)IM, so we 

have the commutative diagram with exact rows: 

f 0 - K _____:_____,.. L _ _____,.. E ( M) I M ------+- 0 

¢1 ~t II 
0 ------+- M ------+- E ( M) ------+- E ( M) I M ------+- 0 

al ~t II 
0 - K _ _____,.. L _ _____,.. E(M) I M ------+- 0 

Note that fh is an isomorphism, and so E(M)=ker(,B)EfJ im('Y)· Thus L and ker(,B) 

are injective (for im('Y) ~ L). Therefore K is a reduced !-injective module by Proposition 

4.6. Since a</> is an isomorphism by the Five Lemma, we have M = ker(a)(f) im(</>), where 

im(</>) ~ K. In addition, we get the commutative diagram: 

0 0 0 

l l t 
0 ------+- ker( a) ------+- ker(,B) 0 __ ___,.. 0 

l l t 
0 --+M " E(M)------+- E(M)IM------+- 0 

al ~t II 
0-----K f L E(M)IM ------+-0 

l t l 
0 0 0 
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Hence ker(u) ~ker(,B). This completes the proof. D 

Proposition 4.8 - Let R be a ring. 

(1) If M is a finitely presented /-flat right R-module, then M is the cokernel of an I!J

preenvelope f : K --> F with F flat. 

(2) If L is the cokernel of an I!J-preenvelope f : K --> F with F flat, then L is /-flat. 

PROOF : (1) Let M be a finitely presented /-flat right R-module. There is an exact 

sequence 0 --> K --> F --> M --> 0 with F projective and both F and K finitely generated. 

We claim that K--> F is an I!J-preenvelope. In fact, for any JFP-flat right R-module Q, we 

have Tor1(M, Q+) = 0, and so we get the following commutative diagram with the first row 

exact: 

0 K®Q " F®Q+ 

71 l "'l 
Hom(K, Q)+ ~ Hom(F, Q)+ 

By Colby (1975, Lemma 2), r 1 is an epimorphism and 72 is an isomorphism. Thus() is a 

monomorphism, and hence Hom(F, Q) --> Hom(K, Q) is epic, as required. 

(2) There is an exact sequence 0--+ im(f) i F L--+ 0 . It is clear that i : 

im(f)--> F is ani!J-preenvelope. For any JFP-injective left R-module N, N+ is JFP-flat by 

Lemma 2.5. Thus we obtain an exact sequence Hom(F, N+) --> Hom(im(f), N+) --> 0, whicl! 

yields the exactness of (F ® N)+ --> (im(f) ® N)+ --> 0. So the sequence 0 --> im(f) ® N --> 

F ® N is exact. Thus the exactness of 0--> Tor1(L,N) --> im(f) ® N--> F ® N implies 

Tor1(L, N) = 0. D 

ACKNOWLEDGEMENT 

The authors would like to thank the referee for helpful suggestions and corrections. 

REFERENCES 

1. L. Bican, R. El Bashir and E. E. Enochs, All modules have flat covers, Bull. London Math. 

Soc., 33 (2001), 385-390. 

2. R. R. Colby, Rings which have flat injective modules,J. Algebra, 35 (1975), 239-252. 

3. E. C. Dade, Localization of injective modules, Journal of Algebm, 69 (1981), 416-425. 



JFP-INJECTIVE, IFP-FLAT MODULES AND LOCALIZATIONS 849 

4. E. E. Enochs, A note on absolutely pure modules, Canad. Math. Bull., 19 (1976), 361-362. 

5. E. E. Enochs, Injective and flat covers, envelopes and resolvents, Ismel J. Math., 39 (1981), 

189-209. 

6. E. E. Enochs and 0. M. G. Jenda, Relative Homological Algebra, Berlin-New York: Walter de 

Gruyter, (2000). 

7. E. E. Enochs and 0. M. G. Jenda, Copure injective resolutions, flat resolutions and dimensions, 

Comment. Math. Univ. Carolin, 34 (1993), 203-211. 

8. B. Lu and Z. K. Lin, IFP-flat modules and JFP-injective modules, Common. Algebm, 40 

(2012), 361-374. 

9. K. R. Pinzon, Absolutely Pure Modules, Ph.D thesis, University of Kentucky, (2005). 

10. K. Pinzon, Absolutely Pure Covers, Comm. Algebra, 36 (2008), 2186-2194. 

11. J. J. Rotman, An Introduction to Homological Algebra, Academic Press, New York, (1979). 

12. B. Stenstro, Coherent rings and F P-injective modules, J. London Math. Soc., 2 (1970), 323-329. 

13. J. Xu, Flat Covers of Modules, Lecture Notes in Math., 1634. Berlin-Heidelberg-New York: 

Springer-Verlag, (1996). 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 215
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.04651
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 215
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.04651
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


