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Abstract
We summarize our ongoing endeavour towards proposing a suitable higher-order description logic that could serve as the 
semantic foundation for higher-order OWL, similarly to SROIQ serving as the semantic foundation of regular OWL.
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1 � Introduction and motivation

At the beginning there was a formally funded mobility 
project LAAOS: Logical Aspects of Adaptable Ontological 
Schemas, that our groups at Comenius University in Bra-
tislava and University of Economics, Prague won for two 
years (2012–2013). A key problem addressed was rooted 
in the observation that different ontologies may be used 
to define schemas for data sets in the same domain; and 
the selection of the actual ontology used with a given data 

set may be based on different representational or reason-
ing complexity requirements, or by other factors. However, 
sometimes it is desired to translate data from one schema to 
another, or to integrate data sources pertaining to different 
schemas. Our focus in the project was on documenting the 
differentiating factors and heterogeneities between ontolo-
gies (which later lead to the concept of background model-
ling [21]), and applying ontology transformation patterns to 
translate and integrate data in such cases. For more details 
on LAAOS refer to the published overview of its immediate 
results [6].

During the LAAOS project we realized that many times 
the developers of LOD vocabularies [1] apparently intend to 
express higher-order classes and relations. For example, they 
may want to classify existing classes into (meta) classes, 
like saying that the tiger (which is a class, Panthera_tigris) 
belongs to the meta class Endagered_Species; or allow-
ing classes to be used as subjects or as objects of a prop-
erty, like saying that Yo-Yo Ma’s primary_instrument is 
the Cello. Such modelling practice is often referred to as 
metamodelling.

However, OWL [5] does not really allow for this (nota-
bly, RDFS does), if we disregard punning which has some 
problems as we discuss below. For this reason the authors 
of LOD vocabularies often resort to approximate modelling 
and stay within the first-order bounds. For instance, the latter 
example above is real; it comes from Music Ontology [20], 
where the property primary_instrument takes values from 
the MusicBrainz Instrument Taxonomy in which the types 
of instruments are represented as individuals.
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Apart from Music Ontology, we have documented cases 
of purported classes modelled as individuals, e.g., in Mili-
tary Ontology1 , GoodRelations2 (now also integrated into 
Schema.org3 including some of these individuals), and other 
LOD vocabularies.

Even in wider ontology practice apart from LOD vocabu-
laries, Gu et al. [10] surveyed the actual use of metamod-
elling in OpenCyc, SUMO, FMA, CHEBI, GO, NCI, and 
OGG ontologies, and have documented that there are thou-
sands of cases when the same names are used both as indi-
viduals and as classes and hundreds of cases when the same 
names are used both as individuals and as properties.

Another example when higher-order constructs may be 
needed is if one wished to integrate two data sources pertain-
ing to two ontologies which are first-order, but same entities 
are treated as individuals in one of them and as classes in 
the other. For example, the instances of the Instrument class 
of Music Ontology4 are in fact intended to be subsumed 
under a taxonomy of instruments, such as the MusicBrainz 
instruments taxonomy5 which is expressed in SKOS6. In this 
representation, each instrument is an individual, associated 
with others using the skos:broader and skos:narrower 
properties.

This apparent demand for higher-order constructs lead us 
to investigate a suitable description logic that could provide 
the semantic foundation for higher-order OWL, as much as 
SROIQ does this job for regular OWL [5]. This is an ongo-
ing work, which was partly covered by two national projects 
with broader but related scope on the Slovak side. We sum-
marize our main results in this report.

2 � Foundations and semantics

A basic requirement on a logic suitable for our intended 
application is the syntactic possibility to use classes and 
properties as individuals, i.e., in the usual position of indi-
viduals in expressions such as axioms, assertions, and que-
ries. This requirement is already fulfilled by the punning 
feature of OWL 2, which allows any name to be used as an 
individual, a class, and a property in an ontology.

However, the uses of a name in the different roles are not 
semantically related in OWL 2, since the name has three 
interpretations that do not influence one another. Punning 
thus does not satisfy the property we came to call intensional 

regularity: If two names A and B in a KB K are equal as 
individuals, they are equal as classes, i.e.,

This property ensures that when we are, for instance, inte-
grating the international and the Slovak zoological taxon-
omy, we can assert that the international binomial name of 
the giraffe species equals its Slovak counterpart (Giraffa_
camelopardalis=  Žirafa_štíhla; the former is abbreviated 
as G._camelopardalis below) and obtain the expected 
result that the respective sets of instances of the two spe-
cies are also equal. It would thus be inconsistent to assert 
that, e.g., a particular specimen of the species denoted by 
the international name (zarafa∶ G._camelopardalis) is 
not a specimen of the species denoted by the Slovak name 
(zarafa∶ ¬ Žirafa_štíhla).

On the other hand, it seems inappropriate to reduce 
classes to sets of their instances and require that a higher-
order description logic should posses the extensionality 
property of set theory:

For instance, G._camelopardalis is the only extant spe-
cies of the genus Giraffa. If we are concerned with extant 
specimens only, we might want to assert that the sets of 
instances of these two classes of animals are equal (G._
camelopardalis ≡ Giraffa), but they are still different con-
cepts. In particular, G._camelopardalis is an instance of 
Species, while Giraffa is an instance of Genus, and these 
two second-order classes are expected to be disjoint (Genus 
⊓  Species ≡ ⊥).

Finally, the study of LOD vocabularies indicated that typ-
ing of classes and properties based on the nature of their 
instances is desirable, since mixed-type classes and proper-
ties often conflate several different entities that should be 
modelled separately.

In summary, the desired DL should support using classes 
and properties as individuals, intensional regularity, non-
extensionality, and typing.

Perhaps the first decidable DL supporting all the require-
ments except for typing was studied by Motik. In his 2007 
paper [16], he proved the OWL Full semantics [19] undecid-
able, and proposed two alternative semantics for a relaxed 
DL syntax allowing all names in a KB’s vocabulary to be 
used in all roles. The minimal �-semantics was adopted in 
OWL 2 as punning. The stronger �-semantics was intention-
ally regular and non-extensional. It was a DL adaptation of 
the semantics of HiLog, a higher-order Prolog proposed by 
Chen, Kifer, and Warren [4], which was essentially also used 
as the semantics of RDF(S) [11]. Its core idea is to construct 
a model of a KB by taking a non-empty domain � , interpret 
each name as a domain element called the name’s intension, 

K ⊧ A = B ⟹ K ⊧ A ≡ B .

K ⊧ A ≡ B ⟹ K ⊧ A = B .

3  https​://schem​a.org/
4  http://purl.org/ontol​ogy/mo/
5  http://purl.org/ontol​ogy/mo/mit#
6  http://www.w3.org/2004/02/skos/

1  http://rdf.munin​n-proje​ct.org/ontol​ogies​/milit​ary.html
2  http://www.heppn​etz.de/ontol​ogies​/goodr​elati​ons/v1.html
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and map each domain element to both a class extension (a 
subset of � ) and a property extension (a subset of �2 ). When 
used as a class or property, a name denotes the respective 
extension of its intension. Motik showed that standard rea-
soning tasks are decidable under the �-semantics for logics 
up to ALCHOIC , provided the unique name assumption is 
adopted for all names used as properties in the knowledge 
base.

3 � Typed higher‑order DL

Our initial proposal for a logic meeting all the requirements, 
called TH(SROIQ) [13], used a HiLog-based semantics 
and extended it up to SROIQ . Typing was supported on the 
syntactic level, similarly to Pan, Horrocks, and Schreiber’s 
OWL FA [18] (which used extensional semantics): The set 
of names was partitioned to disjoint subsets of names of 
different types, where type 0 names denoted individuals, 
type i+1 names denoted classes of entities of type  i, and 
type i, j names denoted properties with type i+1 domains and 
type  j+1 ranges. Class expressions could only be formed if 
their subexpressions were of compatible types. Decidability 
and complexity of reasoning in TH(SROIQ) was proved 
using a translation to SROIQ based on ideas by Glimm 
et al. [9], who devised an approach to metamodel higher-
order entities directly in SROIQ.

4 � Meta modelling instantiation

The results of Glimm et al. [9] that we used in the work 
on TH(SROIQ) indicated that a more expressive and 
flexible higher-order DL was feasible. Namely, the rela-
tion of being an instance of a class could be meta mod-
elled, i.e., made available as the instanceOf property 
in KB expressions. This property allows traversing the 
class-instance relations, in order to express, e.g., that 
Species, in terms of Carvalho and Almeida’s MLT [3], 
characterizes Organism, i.e., all individuals of any spe-
cies are organisms ( ∃���������� .������� ⊑ �������� ), or 
that a species whose individuals are alive is not extinct 
( ������� ⊓ ∃����������−.����� ⊑ ¬������� ). Moreover, it can 
be used to traverse orders in both directions within one class 
description, e.g., to classify all individuals of the same spe-
cies as zarafa without having to know what zarafa’s species 
is ( ∃���������� .(������� ⊓ ∃����������−.{������}) ). Addi-
tionally, this expressive description logic, which we named 
HIR(SROIQ) [15], does not have to be typed: it can allow 
arbitrary names as instances. Nevertheless, we showed how 
a typed hierarchy in the spirit of TH(SROIQ) can be axi-
omatized within HIR(SROIQ).

Intuitively, the syntax of HIR(SROIQ) is an exten-
sion of the syntax of TH(SROIQ) . The differences are that 
(i) the set of property names of HIR(SROIQ) always con-
tains the name instanceOf, and that (ii) in HIR(SROIQ) , 
a type hierarchy is not imposed (each class or property can 
classify or connect any entities: any individual, class, or even 
property). The semantics of HIR(SROIQ) is also the same 
as for TH(SROIQ) except for instanceOf, which is always 
interpreted as the set of pairs (i, c) ∈ �2 such that the ele-
ment i belongs to c’s extension. Decidability and complex-
ity of reasoning in HIR(SROIQ) was, again, established 
based on ideas by Glimm et al. [9].

5 � Metamodelling subsumption

We also explored the possibilities of extending our higher-
order DL with the subClassOf property with fixed seman-
tics. This property allows us to express, e.g., the MTL’s 
subordination relationship between the pairs of consecu-
tive taxonomic ranks of Species, Genus, and Family, i.e., 
the fact that each Species is a subclass of some Genus 
and each Genus is a subclass of some taxonomic Fam-
ily, by axioms Species ⊑ ∃���������� . Genus and Genus 
⊑ ∃���������� . Family. Combined with assertions zarafa∶ 
G._camelopardalis and G._camelopardalis∶ Species, 
these axioms entail that zarafa is an instance of some Fam-
ily, i.e., zarafa∶ ∃instanceOf. Family.

We studied four possible versions of the interpretation of 
subClassOf taking into account two factors: (a) whether 
the interpretation is set-theoretic, i.e., whether the pair 
(c, d) belongs to the interpretation iff the extension of c is 
a subset of the extension of d, or whether (c, d) belong-
ing to the interpretation entails that the extension of c is 
a subset of the extension of d, but not necessarily vice 
versa; and (b) whether the condition from (a) holds only 
for intensions of named classes, or for all intensions in the 
domain, including those not referred to by any class name. 
The preferred combination of these options is not apparent. 
While the set-theoretic interpretation might seem intuitive, 
it leads to counterintuitive consequences, such as empty 
classes (e.g., Unicorn) being subclasses of all classes (e.g., 
������� ⊑ �._�������������� ). Moreover, enforcing the 
(non-)set-theoretic property only for named classes or for 
all classes does not have clear advantages or disadvantages.

We denoted the resulting logics by HIRS∗(SROIQ) , 
with different subscripts for different combinations of the (a) 
and (b) options. We showed [14] that subClassOf for three 
of these interpretations (both non-set-theoretic ones and the 
set-theoretic one for named classes only) can be axiomatized 
within the logic itself, and that the approach of Glimm et al. [9] 
corresponds to the non-set-theoretic interpretation for named 
classes. The question of whether HIRS∗(SROIQ) with 
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set-theoretic interpretation of subClassOf for all classes is 
decidable remains open. We did not find a suitable axiomatiza-
tion or extension of the tableaux algorithm for this logic, nor 
were we able to prove that such a logic is undecidable.

6 � Related work

Other works looking into enabling metamodelling in DL 
include those of Motik [16], De Giacomo et al. [7] and Gu 
et al. [10], who also rely on HiLog-style semantics, similarly 
to our work. Giordano and Policriti [8] took a different non-
extensional approach based on hereditarily finite sets in their 
work on the ALC

Ω DL with the power set constructor.
The second group of works rely on Henkin’s general seman-

tics [12], including Pan et al. [18] and Motz et al. [17]. This 
semantics is extensional, which may not be desired in some 
metamodelling use cases as we explained above.

The study of LOD vocabularies within the LAAOS project 
has also lead to a specification of a new ontology background 
modelling language called PURO [21] that could express the 
intended, or background, model of LOD vocabularies, includ-
ing higher-order types and n-ary relations. One of its purposes 
has been to annotate each entity in a LOD vocabulary with a 
term of the PURO language denoting its intended ontological 
category (such as plain object, relation, type of types). Such 
annotations document the vocabulary’s author’s intentions. 
The PURO language does not directly correspond to any of 
the DLs described above, but these DLs aim to capture its 
semantics at least partly (notably the typed variants).

A similarly motivated axiomatic theory for concep-
tual modelling with higher-order types, called MLT, was 
proposed by Carvalho and Almeida [3]. MLT focuses on 
relationships of types of different orders, such as charac-
terization and subordination described in previous sections. 
Brasileiro et al. [2] developed a partial implementation of 
MLT in OWL and SPARQL, to be used as a basis of multi-
level ontologies. Similarly to PURO, the DLs discussed 
above do not correspond directly to MLT, though both 
HIRS∗(SROIQ) and ALC

Ω capture some of its elements.

7 � Future directions

PURO and MLT point out directions for expanding the 
expressivity of higher-order DLs in future research. The 
work on ALC

Ω might provide a promising basis for fur-
ther investigation of the last unresolved semantics of the 
HIRS∗(SROIQ) logics.
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