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Abstract This work is aimed at describing the influences
of MHD, chemical reaction, thermal radiation and heat
source/sink parameter on peristaltic flow of Jeffery
nanofluids in a tapered asymmetric channel along with slip
and convective boundary conditions. The governing
equations of a nanofluid are first formulated and then
simplified under long-wavelength and low-Reynolds
number approaches. The equation of nanoparticles tem-
perature and concentration is coupled; hence, homotopy
perturbation method has been used to obtain the solutions
of temperature and concentration of nanoparticles. Analy-
tical solutions for axial velocity, stream function and
pressure gradient have also constructed. Effects of various
influential flow parameters have been pointed out through
with help of the graphs. Analysis indicates that the tem-
perature of nanofluids decreases for a given increase in heat
transfer Biot number and chemical reaction parameter, but
it possesses converse behavior in respect of mass transfer
Biot number and heat source/sink parameter.
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Introduction

Nowadays, the study of nanofluids flow has created sig-
nificant interest because of its wide ranging application in
medical, biochemistry and industrial engineering. The
nanofluids are a new class of fluids platform patterned by
dispersing nanometer-sized materials in base fluids. Choi
(1995) experimentally proved that the suspension of solid
nanoparticles with typical length scales of 1-50 nm with
high thermal conductivity enhances the effective thermal
conductivity and the convective heat transfer coefficient of
the base fluid. In his other work (Choi et al. 2001), it was
also shown that the addition of a small amount (less than
1 % by volume) of nanoparticles to conventional heat
transfer liquids increases the thermal conductivity of the
fluid up to approximately two times. An elaborated analysis
of nanofluids examined by Buongiorno (2006) was brought
out that this massive increase in the thermal conductivity
occurs owing to the presence of two main effects such as
the Brownian diffusion and the thermophoretic diffusion of
the nanoparticles. Masuda et al. (1993) described that the
effective thermal conductivity of nanofluids is higher to
enhance the heat transfer as compared to conventional heat
transfer. This phenomenon suggests that the possibility of
using nanofluids in advanced nuclear systems by Buon-
giorno and Hu (2005). Mekheimer and Abd Elmaboud
(2008) have pointed out that the cancer tissues may be
destroyed when the temperature reaches 42—45 °C. Some
recent studies of nanofluids are given in the references
(Anoop et al. 2009; Gorla and Hossain 2013; Wang and
Mujumdar 2008; Kaka¢ and Pramuanjaroenkij 2009;
Srinivasacharya and Surender 2014; Ellahi et al. 2014).
The field of peristaltic flow is another significant area,
which has lately been paying attention of many researchers.
Peristalsis is a mechanism, which is formed by successive
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waves of contraction/expansion that pushes fluid (or fluid-
like contents) forward. The first investigation as peristaltic
motion was done by Latham (1966). The phenomenon of
peristalsis mechanism has been analyzed in detail by var-
ious researchers for different fluids under different condi-
tions with references to physiological and mechanical
situation (Fung and Yih 1968; Shapiro et al. 1969; Akbar
and Nadeem 2012; Mekheimer 2002; Kothandapani and
Srinivas 2008a; Vajravelu et al. 2012; Hayat et al. 201 1a,
2012). Recently, attention (Akbar et al. 2012a; Srinivas and
Kothandapani 2009; Kothandapani and Srinivas 2008b;
Srinivas et al. 2009; Hayat et al. 2011b) has been extended
on the study of peristaltic flow in the presence of heat
transfer. At present, only a few numbers of studies of
peristaltic transport of nanofluids are available, however in
the literature, despite important applications in medical and
industrial engineering systems. In view of the application
of endoscope, peristaltic flow of a nanofluid between two
concentric tubes has been investigated by Akbar and
Nadeem (2011). The influences of wall properties on the
peristaltic flow of a nanofluid have been studied by Mus-
tafa et al. (2012). Akbar et al. 2012b, c investigated peri-
staltic flow of a nanofluid with slip effects using a
homotopy perturbation method. They indicated that the
pressure rise decreases with the increase in thermophoresis
parameter, whereas increasing in the Brownian motion
parameter and the thermophoresis parameter induces a rise
in temperature of the nanofluids. Mixed convection peri-
staltic flow of magnetohydrodynamic (MHD) nanofluid
was analyzed by Hayat et al. (2014a). Consequence of their
investigation (Hayat et al. 2014b), the peristaltic transport
of viscous nanofluid in an asymmetric channel has been
presented in account of the convective conditions. Akbar
et al. (2014) studied the wall-generated fluid motion of a
Newtonian nanofluid in an asymmetric channel in the
presence of thermal and velocity slip effects. Nadeem et al.
(2014) examined the peristaltic flow of Williamson
nanofluid in a curved compliant wall.

More recently, to simulate the intrauterine fluid motion
in a sagittal cross section of the uterus, the induced fluid
flow in a finite tapered asymmetric channel has been
modeled (Eytan et al. 2001). In support of extension of our
earlier works (Kothandapani and Prakash 2015a, b, ¢ the
effect of chemical reaction and convective boundary con-
ditions on the peristaltic flow of Jeffery nanofluids is taken
into the account. Even the study of peristaltic flow of an
electrically conducting Jeffery nanofluid including the slip
effect in the tapered asymmetric channel is also not
available. In this paper, we have discussed the influence of
nanofluids on peristaltic transport of a Jeffery fluid model
under the effects of slip, magnetic field, chemical reactions,
heat source/sink parameter and thermal radiation pa-
rameter. The paper is arranged as: the mathematical
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formulation of the present problem is given in “Mathe-
matical formulation of the problem”. In “Solutions pro-
cedure”, analytical solutions are evaluated for the velocity,
nanoparticles temperature and concentration with the help
of homotopy perturbation method. The graphical results of
the problem are represented in “Results and discussion”.
Final section contains “Concluding remarks”.

Mathematical formulation of the problem

We consider the peristaltic transport of incompressible
non-Newtonian nanofluids (Jeffery model) in an infinite
two-dimensional tapered asymmetric channel. The tapered
channel asymmetry is produced due to non-uniform chan-
nel having different amplitudes and phase difference with
the same speed of peristaltic waves. We denote axial and
transverse directions by X and Y, respectively. Here, U and
V are components of velocity in the axial and transverse
directions, respectively. Let Y = H; and Y = H, be the
right and left boundaries of walls (see Fig. 1). the ambient
values of T and C as y tend to H; are denoted by T, and Cy
and y tend to H, are denoted by 7; and C,. These are
defined by

o _ 21T

I‘I]()(7 t’):—d—m'X—al Sin|:ZT(X_Ct/)+¢:|7 (la)
A

__ o .27 ,

Hz(XJ)d+mX+azsln[7(XCt)}» (1b)

where d is the half-width of the channel at the inlet of flow,
a; and a, are the amplitudes of right and left walls,
respectively, ¢’ is the phase speed of the wave, m'(< <1)
is the non-uniform parameter, 4 is the wavelength, the
phase difference ¢ is the phase difference which varies in
the range 0 < ¢ <7 when ¢ = 0 then channel is out of

phase. Further a;, a;, d and ¢ satisfy the condition

Fig. 1 Geometry of the problem
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a? + % + 2a,a; cos(¢) < (2d)*. (2)
The expression for Jeffery nanofluids is
T=-pI+8§, (3)
= Y+ A7) .
1+ jvl (I) + 2/)

where T and S are Cauchy stress tensor and extra stress
tensor, respectively, p is the pressure, I is the identity
tensor, A; is the ratio of relaxation to retardation times, A,
is the retardation time, u is the coefficient of viscosity of
the fluid, y is the shear rate and dots over the quantities
indicate differentiation with respect to time.

The governing equations the balance of mass, momen-
tum, nanoparticle temperature and nanoparticle volume
fraction for an incompressible nanofluid under the effect of
chemical reaction, magnetic field, thermal radiation and
heat source/sink parameter are given by (Akbar et al.
2012b; Mustafa et al. 2012)
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where u is the coefficient of viscosity of the fluid, the
volumetric volume expansion coefficient ¢’, Ty, is the fluid
mean temperature, p; is the density of the base fluid, Py is
the density of the particle, x is the thermal conductivity of
the nanofluids, 0/df' represents the material time deriva-
tive, P is the pressure, T is the nanoparticle temperature, C
is the nanoparticle concentration, Dg is the Brownian

diffusion coefficient, Dy is the themophoretic diffusion
coefficient, k; is the chemical reaction parameter, Qy is the
constant heat addition/absorption, the radioactive heat flux
g, o is the thermal expansion coefficient and ' is the
coefficient of expansion with concentration.

Convective boundary conditions

The appropriate boundary conditions are given by (Parti
1994)

_ JKoU | of _ ac

U=y oy gy = o - Tand kg
:hm(CO_C) atY:Hla (93)
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where k' is the permeability of the porous walls (Darcy
number), o is slip coefficient at the surface of the porous
walls, hy, and h,, are the heat and mass transfer coefficients,
respectively, the thermal conductivity k, and the mass
conductivity k.

Non-dimensional quantities

We introduce the following non-dimensional quantities in
Egs. 4, 5, 6, 7 and 8, we get
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and continuity equation is automatically satisfied.
Using the long-wavelength approximation, neglecting
the wave number, one can find from Eqs. 11, 12, 13 and 14
that

S O R R

21; 0, (16)

() ) oo
(17)

Further, Eq. 16 indicates p # p(y).
From Egs. 15 and 16, we have

az( 1 62_¢)_M262¢ 00 oo
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where M is the Hartmann number, K is the permeability
parameter, R is the Reynolds number, p is the dimension-
less pressure, a and b are amplitudes of left and right walls,
respectively, Sc is the Schmidt number, J is wave number,
m is the non-uniform parameter, Reynolds number R, v is
the nanofluid kinematic viscosity, stream function v, 0 is
the dimensionless temperature, ¢ is the dimensionless

igllase clloll dvao .
KACST 3.0:50lq rog sl @ Springer

rescaled nanoparticle volume fraction, Prandtl number P,,
f is the non-dimensional heat source/sink parameter, G, is
the local temperature Grashof number, B, is the local
nanoparticle Grashof number, N, is the Brownian motion
parameter, By, is the heat transfer Biot number, B, is the
mass transfer Biot number, L is the slip parameter,¥, is the
thermophoresis parameter, the chemical reaction parameter
v, Jeffrey parameter 4, and the thermal radiation parameter
R,.
From Eq. 9a, 9b, we get,

F oy %y 00 0o
= ——_ — = _— —:B _
4 27 0y 0y? 'y w0 and Oy (20a)
= B,0 aty = hy,
F Oy VA do
=, —=-L—, —=B,(1-0) —
4 27 0y 0y’ Oy at ) oy
=B,(l1—0)aty=h (20b)

in which A; and h; represent the dimensionless form of the
surfaces of the peristaltic walls,

hy = —1 —mx —asin(2r(x — 1) + ¢) and h,
=1+ mx+ bsin(2n(x —1)). (21)

It is observed that the instantaneous average volume rate
of the flow F(x,?) periodic in (x —¢), (Srivastava et al.
1983; Srivastava and Srivastava 1988; Kothandapani and
Srinivas 2008c; Gupta and Sheshadri 2008; Kothandapani
and Prakash 2015c¢) as

F(x,t) = © +asin2n(x — 1) + bsin2n(x — 1) + ¢] (22)
in which
hy

F:/udy.

hl

Solutions procedure

The computations of Eqs. 17, 18 are made through ho-
motopy perturbation method (HPM) (He 2003; Wazwaz
2002; Abbasbandy 2006) with appropriate boundary con-
dition Eq. 20a, 20b. For that, we write

H(0,5) = (1= B)(L(0) = L(00))
+ﬁ(L<9>+Algﬂga+Az(g§) ) )
H(o,p) = (1 = p)(L(o) — L(o))
+5(10) + 32590, 24)
Let us write
0= 0o + pOy +p20> + -+, (25)
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0 =00+po+por+ - (26)

The solutions of temperature and nanoparticle volume
fraction phenomena (for p — 1) are constructed as
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Using Eqgs. 27 and 28, the exact solutions of Egs. 19 and
15 and with corresponding boundary conditions Eq. 20a,
20b are obtained as
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where N = M+/1 + /,.

The coefficient of heat transfer at the right wall is given
by

Z = hy,0,. (32)

+ Azoy)

op
9y = ~AnN? = Ay -
X

Results and discussion

To discuss the influences of various parameters of interest
on flow variables qualitatively such as the nanoparticles
velocity, temperature, volume fraction and heat transfer
coefficient, we have prepared the Figs. 2, 3,4, 5,6, 7, 8, 9,
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L=0.1,B =0.9,B =4,¢ = 7 y=2,M=1.
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y

Fig. 2 Axial velocity profile u(y) for N,
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L=0.1B =0.7,B =10 = 2/4,7=0.2,M=15.
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-1 -0.5 0 0.5 1
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Fig. 3 Axial velocity profile u(y) for R,

10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25
and 26 at the fixed values of x =0.5 and r = 0.2

The effects of Brownian motion and thermal radiation
parameters on the amplitude of velocity are displayed in
Figs. 2 and 3. It is viewed that the profiles of axial velocity
are parabolic in nature and the amplitude of velocity field
increases at the center part of the channel with increasing
Brownian motion and thermal radiation parameters. Fig-
ure 4 presents the influence of chemical reaction parameter
y with constant values of other parameters. It shows that
the effect of increasing y leads to decrease in velocity of
nanofluids in the core part of the channel. The behavior of
velocity distribution for various valued of the Hartmann
number (M) is shown in Fig. 5. It is observed that an in-
crease in M causes a decrease in magnitude of axial ve-
locity u. The instillation of magnetic nanoparticles in
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Fig. 5 Axial velocity profile u(y) for M
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Fig. 6 Axial velocity profile u(y) for 1,

glioblastoma multiforme (GBM) patients induced the up-
take of nanoparticles in macrophages to a major extent, and
the uptake was further promoted by magnetic fluid

Jielae cllal sy .
;ACSTJ;}LmlJIq mﬁ @ Springer

y

Fig. 8 Axial velocity profile u(y) for L
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Fig. 9 Axial velocity profile u(y) for N;

hyperthermia (MFH) therapy (Landeghem et al. 2009).
Figure 6 is prepared to study the effect of Jeffery parameter
(41) on the magnitude of velocity field u. It is seen that an
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increase in A; supports the amplitude of velocity of the
fluid near the channel walls, and then, the situation is
changed in the middle of the channel. The effect of m on
amplitude of velocity distribution is displayed in Fig. 7. It
is expressed that the behavior of axial velocity near the
channel walls and at center is not similar, also the max-
imum velocity of the nanoparticles always occurs at the
heart part of the channel, decaying smoothly to zero at the
periphery (channel wall). Perhaps, the axial velocity of the
nanofluid in a uniform channel is higher than non-uniform
channel. Figures 8 and 9 are included to study the effects
of slip and thermophoresis parameters on the amplitude of
velocity field u. It is observed that an increase in L and N,
supports the velocity of the fluid near the channel walls, but
the situation changes in the core part of the channel.

The temperature and volume fraction of nanoparticles
distributions are illustrated in Figs. 10, 11, 12, 13, 14, 15,
16, 17, 18, 19, 20 and 21 for various values of the pa-
rameters ), By, R,, By, P, and . It is clear from Fig. 10
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Fig. 15 Temperature profile 0(y) for f§
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Fig. 16 Nanoparticle volume fraction ¢(y) for y
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Fig. 17 Nanoparticle volume fraction o(y) for f§

that decrease in chemical reaction lead to decrease in the
temperature of the nanofluid. The effects of increasing heat
transfer Biot number Bj, on 0 are plotted in Fig. 11. We
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Fig. 18 Nanoparticle volume fraction a(y) for By,
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Fig. 19 Nanoparticle volume fraction ¢(y) for P,
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Fig. 20 Nanoparticle volume fraction o(y) for B,,

notice that amplitude of the temperature distribution de-
creases as By, increases. The distribution of temperature is
plotted against y for the different value of R, in Fig. 12. It
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Fig. 21 Nanoparticle volume fraction o(y) for R,
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Fig. 22 Heat transfer coefficient profile Z(x) for By

is renowned that the temperature decreases with increasing
radiation parameter (R,). The effect of mass transfer Biot
number (B,,) on 6 is shown in Fig. 13. It is seen that the
temperature profiles are almost parabolic in nature and get
increases as B, increases. One can see from Fig. 14 that as
the value of Prandtl number increases, the temperature
profile also increases. Figure 15 clearly indicates that the
effect of f on temperature field. Here, the temperature
profile is increased when f is increased. Figures 16, 17, 18,
19, 20 and 21 reveal that the concentration of nanofluid
decreases when chemical reaction, heat source/sink pa-
rameter, heat transfer Biot number and Prandtl number are
increased and it increases when there is an increase in the
value of mass transfer Biot number and thermal radiation
parameter.

The impacts of various physical parameters of heat
transfer coefficient are shown in Figs. 22, 23, 24 and 25. It
is observed that the heat transfer coefficient is in oscillatory
behavior which may due to contraction and expansion of
the walls. The absolute values of heat transfer coefficient
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Fig. 23 Heat transfer coefficient profile Z(x) for f§
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Fig. 24 Heat transfer coefficient profile Z(x) for y

increases with increase of heat transfer Biot number (Bj,)
and heat source/sink parameter (f3), while it get decreased
with increasing thermal radiation parameter (R,) and
chemical reaction(y).

An added interesting phenomenon in the peristaltic
transport is trapping, and it is mainly the formation of an
internally circulating bolus of fluid by the closed stream-
lines. This trapped bolus pushed ahead along peristaltic
waves and also the variation of circulating bolus is repre-
sented for various pertinent parameters. Figure 26a, b il-
lustrates the influence of chemical reaction (y) on the
streamlines for the fixed values of other parameters. It is
observed that the size of the trapped bolus is decreased on
both walls of the channel with the increase in y. The effects
of slip parameter (L) on trapping are shown in Fig. 26b, c.
It is noted that the circulating trapped bolus decreases in
size and number with increase in the slip parameter. Fig-
ure 26¢, d displays that the influence of flow rate (@) on
the streamline for fixed values of other parameters. When
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Fig. 25 Heat transfer coefficient profile Z(x) for R,

increase in @ size of the trapped bolus occurring at the
walls increases. Figure 26d, e are plotted for various values
of Hartmann number (M) on the streamlines. We notice
that while Hartmann number is increased, the size of in-
ternal bolus decreases. Figure 26e, f indicates that the
trapped bolus size is increased inside and number as non-
uniform parameter is increased.

The comparisons between the analytical solutions ob-
tained by using HPM and numerical solutions solved by
employing MATLAB through BVP command have also
been made. It has been observed from Table 1 that
numerical solution in respect of the temperature of the fluid
greatly agrees with the analytical solution for the entire
values of width of the channel. Moreover, it has been
noticed that our results in the limiting cases
(G, =0, B, =0, m=0) are in very good agreement

(d)

Fig. 26 Streamlines when a =0.3, b =02, ¢ =n/4, N,=0.5,
Ny, =08, R,=0.1, P,=03, G,=1, B,=0.5, =03, B, =1,
B,=05 4 =1,1t=02,ay=04,L=01,0=16,M=1,m=
025,by=3,L=0.1,0=16,M=1,m=0.25¢y=3,L=0.3,
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Table 1 Comparison between analytical solution and numerical so-
lution for different value of y when a = 0.3, b =0.1, m=0.1, ¢ =
n/2, P,=1, Ny=03, N,=0.1, R, =2, f=0.1, y=0.1, B, =
0.1,B,=02,x=03and r =03

y Present solution Numerical solution Absolute error
—1.33 0.605949 0.606028 0.0000787
—1.21 0.620008 0.620089 0.0000806
—1.09  0.633585 0.633668 0.0000826
—0.98 0.646682 0.646767 0.0000848
—0.86  0.659298 0.659385 0.0000872
—0.74  0.671434 0.671524 0.0000897
—0.62  0.683092 0.683185 0.0000926
—0.50  0.694272 0.694368 0.0000956
—-0.39  0.704975 0.705074 0.0000989
—0.27 0.715202 0.715304 0.0001022
—0.15 0.724953 0.725058 0.0001057
—0.03 0.734229 0.734338 0.0001093
0.09  0.743031 0.743144 0.0001127
020  0.75136 0.751476 0.0001160
0.32  0.759216 0.759335 0.0001190
044  0.7666 0.766722 0.0001216
0.56  0.773514 0.773637 0.0001236
0.68 0.779957 0.780082 0.0001248
0.79  0.785931 0.786056 0.0001251
0.91 0.791436 0.79156 0.0001243
1.03 0.796473 0.796595 0.0001222

with the previous studies (Kothandapani and Srinivas
2008c) when slip parameter approaches to zero.

Concluding remarks

In this paper, a mathematical model to study the peristaltic
transport of an electrically conducting nanofluid in a ver-
tical tapered symmetric channel in the presence of slip
effect, chemical reactions, thermal radiation and heat
source/sink parameters has been presented. Under the as-
sumptions of long-wavelength and low-Reynolds number,
analytic solutions have been derived for the amplitude of
velocity, temperature, nanoparticles volume fraction and
stream function. Interaction of various emerging pa-
rameters with peristaltic transport is discussed. The main
results can be summarized as follows:

e The velocity of nanofluid decreases at the central part
of channel when L and N, are increased as expected.

e The nanoparticles temperature and volume fraction
distributions are decreased with the increase in
chemical reaction and heat transfer Biot number.

e The volume of trapped channel decreases with increas-
ing chemical reaction and slip parameter, but it shows
the opposite behavior with the non-uniform parameter.

Open Access This article is distributed under the terms of the
Creative Commons Attribution License which permits any use, dis-
tribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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