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Abstract Dynamic modelling of wind turbine drive-train
system (WTDS) is important to analyse the behaviour of
the vibration and load sharing characteristics of the gear-
box. The WTDS mostly contains one planetary gear stage
and two parallel gear stages. Sun gear is a significant
component in the planetary gear stage and is prone to fail
under fatigue loading due to the bending and shear effect.
Crack is most likely to occur in the gear tooth root and it
decreases the tooth thickness and load-carrying capacity of
the gear. The presence of crack decreases the tooth contact
number and tooth contact position during the time of
meshing. This leads to a variation and quantified reduction
in the time varying mesh stiffness (TVMS) of a meshing
gear pair. Hence, a dynamic model is developed by
including different crack depth levels in the sun gear. The
governing equations for the model are derived using
Lagrange’s formulation and dynamic responses are
obtained numerically by step-by-step direct integration
method. The dynamic responses like contact forces and
angular velocities are estimated at 0%, 10%, and 30% of
crack depth in the sun gear tooth and analysed to study the
dynamic behaviour of the drive-train for un-cracked and
cracked gears beforehand.
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1 Introduction

To meet the ever-growing energy requirement, it is
essential to look for a renewable source of energy. As of
today, the total installed capacity of renewable energy in
the world is more than 2500 GW, and in India, it is more
than 134 GW (IRENA 2021). Among these renewable
energy sources, wind energy alone contributes around 26
percent of the world’s generation (IRENA 2021). In India,
the generation of wind energy (WE) is around 38.62 GW,
which is more than 28 percent of the country’s generation
from renewable sources (MNRE-GOI 2021). Despite many
advantages, the wind turbine (WT) faces many problems
like weather extremes, stochastic wind load, thermal
cycling, etc. Besides these, the mechanical failure of the
bearings, excessive vibration, voltage irregularities, and the
failure of the gearbox can reduce the productivity of the
whole unit. This leads to a huge impact on the wind energy
industry like increase in operation and maintenance cost,
power cost, decrease in reliability of the WT. There are
various components in a WT. Among these, the gear drive
train is one of the vital components of the WT. It increases
the rotational speed of the shaft, as required by the gen-
erator (Gasch and Twele 2011). Installing the gear drive
train reduces the weight and cost of the wind turbine
(Helsen et al. 2011). As it is one of the critical components
of WT, therefore, it needs proper attention for the smooth
functioning of the system. For this, condition monitoring is
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required to avoid the sudden failure of the gear train in the
wind turbine (Singh et al. 2015; Bhattacharya et al. 2014).

In the last decade, many researchers have developed
various models related to the WT and its components.
Three different multi-body models of wind turbine drive-
train system (WTDS) were proposed by the researchers
(Peeters et al. 2006). In these models, the drive train con-
tains two planetary gearboxes and one parallel gearbox.
The first model is a purely torsional model with a single
degree of freedom of each component. The second model
is a rigid multi-body model with six degrees of freedom of
each component. The third model extended the rigid multi-
body model into a flexible multi-body model. Eigen fre-
quencies and Eigenmodes are calculated and compared
with the first two models. Later on, the flexible multi-body
model was refined to estimate elastic deformation and
stress of drive-train components (Peeters et al. 2006).
Further, a torsional model of WTDS was investigated
(Todorov et al. 2009); in which one planetary gearbox and
two parallel gearboxes are used for the drive-train. The
model studied the characteristics of the torsional vibrations
in the frequency domain. The effect of gear meshes and
support bearings on the dynamics of the WT gearbox was
studied using a flexible multi-body model (Qin et al. 2009).
Further, Helsen et al. (2011) explored the modal behaviour
of the drivetrain system by developing a fully flexible
model. The non-linear effect of backlash and gear mesh
stiffness on internal error excitation in WTDS was also
studied by Wang et al. (2011). Xing and Moan (2013)
explored the effect of subcomponents mated to the planet
carrier by multi-body modelling. Girsang et al. (2014)
combined the computer-aided engineering (CAE) tool with
MATLAB to study the dynamics of the drive train under
different wind load conditions. Shi et al. (2013) investi-
gated the torsional motion by developing a multi-body
model of WTDS under constant input torque. The model is
developed using Fourier series-based time-varying mesh
stiffness (TVMS) and upon numerical simulation, the
contact forces are analysed in the frequency domain. It
shows that gear mesh frequency (GMF) with sidebands and
their harmonics are excited in the frequency domain. Shi
et al. (2014) remodelled the previous model into a three-
dimensional model for the torsional and translational
motion by considering flexibility in gear mesh, shaft, and
bearing support. The paper explored the transient response.
Initially, Srikanth and Sekhar (2013) studied the dynamics
of the WT gearbox by modelling the wind load using an
empirical approach. Later on, a dynamic model was
investigated in three dimensions with stochastic wind load
(Srikanth and Sekhar 2015). The estimated contact forces
were analysed in the frequency domain. Zhu et al. (2014)
proposed a dynamic model of the WIDS with megawatt
capacity to study the vibration and torque responses. The

responses showed that the mesh frequencies and their
harmonics of the intermediate and high stages were exci-
ted. The dynamic response of the power drive train of the
wind turbine was analysed during start-up and stop con-
ditions (Viadero et al. 2014). Zhai et al. (2016) studied the
effect of assembly error in the wind turbine model. Tan
et al. (2019a; b) investigated the effect of electromagnetic
stiffness and platform motion on the dynamic response of
the wind turbine gearbox in successive articles. Recently,
Dewangan et al. (2022) studied the amplitude modulation
effect due to carrier rotation and gravity excitation effect
on wind turbine gearbox with two-stage planetary gear-
boxes and one parallel gearbox. Earlier studies are mostly
focused on the characteristics of WTDS under healthy
conditions. However, there is a possibility of occurring
defects like gear tooth wear, crack in gear tooth, etc., which
may develop in the WTDS during its operation.

Most of the gearbox crack-related works are done either
on parallel or planetary gearbox. Howard et al. (2001)
studied the dynamic response of spur gear pair in presence
of gear tooth crack. Chen and Shao (2011) proposed a spur
gear system. The model studied the effect of tooth crack
propagation on the gear dynamics by incorporating tooth
crack. Sidebands around the GMF due to gear tooth crack
are observed in the frequency domain and they indicate the
significance of sidebands for the gear condition monitoring.
Chaari et al. (2006) analytically derived the gear mesh
stiffness and modelled the planetary gear with sun gear
tooth crack to study the dynamic response. Chen and Shao
(2013) also proposed a planetary gear model to investigate
the effect of crack on dynamic behaviour. Here, the tooth
crack is incorporated in sun gear and planet gear sepa-
rately. The vibration responses are analysed in the fre-
quency domain in which GMF and its harmonics with
sidebands are excited. Further, Chen and Shao (2013)
analysed the tooth crack in the ring gear. Different side-
bands pattern was presented (Hong et al. 2014) in the
presence of faults in the planetary gearbox. The paper also
revealed that an additional frequency appears in presence
of sun gear and planet gear fault. Recently, a nonlinear
planetary gear model was proposed (Liu et al. 2017); in
which, they investigated the dynamic responses for healthy
and faulty conditions in sun gear. They modelled TVMS
with and without tooth crack. The fault frequency, side-
bands around the gear mesh frequency, and its harmonics
are excited in the frequency domain. Ma et al. (2015)
reviewed various pieces of literature regarding the
dynamics of the cracked gear systems, in which the focus is
given on the planetary system. Dewangan et al. (2020)
modelled the WT gearbox with a damaged planetary
gearbox and detected the damage using modal strain
energy and damage index.
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Table 1 Geometrical parameters of lumped masses and gear mesh
frequencies of meshing gears

Parameters Base circle Moment of Gear mesh
radius, R (mm) inertia, (kg-mz) frequency, (Hz)
| HEALTHY SYSTEM DEFECTIVE SYSTEM |

Components
Rotor, (rot) - 4.18e06 -

[ PARAMETER IDENTIFICATION | Carrier, (¢) 270 5772 _
Ring, (r) 430 - 252

| marEEMATICAL MODEL | Planet, (p) 160 1.12 25.2
Sun gear, (s) 110 0.86 25.2

I EQUATIONS OF MOTION | Gear 1, (g1) 290 14.32 83.8
Gear 2, (g2) 95 1.515 83.8
Gear 3, (g3) 185 0.105 326.5

| DYNAMIC RESPONSES | Gear 4, (g4) 80 02 326.5

J, Generator, - 93.22 -
| FREQUENCY DOMAIN ANALYSIS | (gen)

I COMPARISON BETWEEN HEALTHY & DEFECTIVE CONDITIONS I

Fig. 1 Flow chart of research methodology

Apart from the dynamic modelling, researchers also
measured and analysed the dynamic responses from the
wind turbine gearbox. Lei et al. (2014) reviewed many
kinds of literature related to planetary gearbox condition
monitoring. The vibration features of a planetary gearbox
with healthy and cracked gear tooth were investigated
(Liang et al. 2015). Further, they added that the sun gear in
the planetary system is more prone to fail while in opera-
tion due to its geometrical configuration and gear

Planst

Carricr

dynamics. The planetary gear train plays a vital role in
WTDS in producing the much-needed high speed at the
generator shaft. Yoon et al. (2016) proposed a spectral
averaging technique to diagnose the tooth crack in the sun
gear, planet gear, and tooth breakage in the ring gear in the
planetary gearbox. Chen and Feng (2016) detected the sun
gear tooth crack by combining the iterative demodulation
technique and the time—frequency domain technique. Wang
et al. (2017) had taken the planetary gearbox of the wind
turbine to investigate the faults in the ring gear using the
frequency spectrum. He et al. (2017) analysed the wind
turbine system based on vibration signals and point out the
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Fig. 2 Line diagram of WTDS
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Table 2 Stiffness and material

. . . Parameters Torsional stiffness, N-m/rad Mean stiffness, N-m Bearing stiffness, N-m
properties of drivetrain
components Components
LSS (rotor and carrier) 7.19¢7 - -
ISS (sun and gear 1) 1.4e7 - -
ISS (gear 2 and gear 3) 1.4e7 - -
HSS(gear 4 and generator) 0.15¢7 - -
Carrier, k. - - 7.19¢7
Sun gear,kp; - - 1.4e7
Ring-planet mesh - 6.3477¢9 -
Sun-planet mesh - 4.6971¢e9 -
Gear 1-gear 2 mesh - 4.9349¢9 -
Gear 3-gear 4 mesh - 6.3851e9 -
Pressure angle,A = pi/9rad
Young’s modulus,E = 206¢9N /m?
Poisson’s ratio,y = 0.3
Face width of gear tooth,L = 11 % module
(a) kspl (GN/m) (b) ksz (GN/m) (c) kSp3 (GN/m)
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Fig. 3 TVMS for one revolution of sun gear meshing simultaneously with planetl, planet2, and planet3 for healthy a—c and defective cases d—

i including phase shift
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Fig. 4 TVMS for one revolution of planet gear meshing with fixed ring gear: a ring-planetl b ring-planet2 ¢ ring-planet3
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Fig. 5 TVMS for one revolution of gearl meshing with gear2

0.6

planetary gearbox were investigated using the optimal
demodulation sub-band selection method (Wang et al.
2018). Liu et al. (2018) investigated the planetary gearbox

excitation of gear mesh frequency and its harmonics.
Asymmetric modulation sidebands are also noticed due to
mesh phasing of planet gears. Faults in the sun gear of a
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kg34 (GN/m)

0 0.05 0.10
Fig. 6 TVMS for one revolution of gear3 meshing with gear4

having incipient tooth crack in the sun gear. Wang et al.
(2019) reviewed the condition monitoring and fault diag-
nosis aspects of WTDS. Cao et al. (2019) used a bi-di-
rectional long short-term memory network to detect sun
gear crack in WTDS. Feng et al. (2019) separated harmonic
components from the vibration signal using the Vold-
Kalman filter and represented in the time—frequency
domain to detect the sun gear wear and crack in the plan-
etary gearbox of the WT. According to the literature
review, the sun gear of a planetary gearbox is most likely to
fail (Lei et al. 2014; Liang et al. 2015) due to its geo-
metrical configuration.

There is very little work (Dewangan et al. 2020) has
been done on WTDS modelling by incorporating gear tooth
crack. Moreover, researchers have modelled the WTDS
using Fourier series-based mesh stiffness (Shi et al.
2013, 2014; Srikanth and Sekhar 2013, 2015, 2016; Zhu
et al. 2014) without incorporating the mesh phasing.
Fourier series-based mesh stiffness has ignored the effect
of changing positions of the gear tooth and excitation of
redundant frequency components.

The main objective of this paper is to study the dynamic
responses of WTDS under constant wind load. Therefore, a
mathematical model has been developed for healthy and
defective WTDS. Two defective WTDSs have been mod-
elled by incorporating tooth crack with different depths on
the root of the sun gear. The different depths of crack are
10%, and 30%, respectively. In this work, the TVMS is
estimated by the potential energy method. The equations of
motion of the model are numerically solved using the
Houbolt discretization technique. Further, dynamic
responses (contact forces and angular speeds) are analysed
in the frequency domain for healthy and defective systems.
Finally, the results are compared among the healthy and
two defective WTDS cases to understand the behaviour of
healthy and faulty drivetrain systems.

2 Wind turbine drivetrain modelling
and simulation

Understanding the gear dynamics of WTDS in presence of
defects will play an important role in the area of WTDS
monitoring. Time-varying gear mesh stiffness plays a vital
role in establishing the true dynamical characteristics of a

@ Springer
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gear pair or gearbox. The geometrical configuration of the
mating gears led to time-varying characteristics in mesh
stiffness. So far, the rectangular waveform of TVMS is
used in the dynamic analysis of WTDS which is estimated
by the Fourier series method (Shi et al. 2013, 2014; Sri-
kanth and Sekhar 2013, 2015, 2016; Zhu et al. 2014).
However, this method neglects the effects of change in the
contact positions of the meshing gear tooth and generates
some unwanted frequency components (Liang et al. 2014).
Therefore, it is necessary to look beyond this method to
mitigate the demerits and look for other methods (analyt-
ical approach) to estimate the stiffness. The angular ori-
entation of multiple planets in the PGT is not uniform and
is positioned around the sun gear at some phase angles
(Parker and Lin 2004). However, most of the researchers
have neglected the phase angle. Therefore, incorporation of
phase angle is required to accurately realise the dynamic
characteristics of the model. Moreover, in presence of
varying crack levels, modelling of the drivetrain system is
required which will help in studying the dynamic beha-
viour of the model. The flow chart of the research
methodology undertaken in this paper for the dynamic
analysis is given in Fig. 1.

2.1 Drivetrain model

Figure 2 gives a sketch of the rotor, three stages of gearbox
along with intermediate shafts and generator. A planetary
drive train and two parallel gear trains are simultaneously
connected to transmit the power from the rotor to the
generator. Only spur gears are assembled in the drivetrain
system. The planet carrier of the planetary drive train is
connected to the rotor. The ring gear is assumed fixed with
the gearbox housing. The sun gear transmits the power to
the succeeding stages. Further, the input shaft of the gen-
erator is connected from the third stage. Each drive-train
component possesses three rotational and three transla-
tional DOF’s. However, to refrain from complexity, only
rotational DOF about the shaft axis is taken for the
11-lumped masses.

Rotational displacements of three planets are considered
in the relative coordinate frame to planet carrier (01, Ocp2
and 0.3). The absolute displacements of planets are
Op1, 0,0and0,3. Here, 0.,; and 0,; (i = 1, 2, 3) are related as:

0(,'pi = Gpi - 0(,' (1)
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Table 3 Values of eigen values and natural frequencies of the proposed model

Eigen value 5.8e8 3.9¢e8 3.5e8 2.5e8 2.5e8 1.2e8 1.2e7 7.4e6 1.9¢6 1.5e3 1.4el
Frequency (Hz) 3.84¢3 3.14e3 2.99¢3 2.53e3 2.53e3 1.76e3 572.3 431.7 218.4 6.086 0.603
(a) Healthy (b) 10% Crack (¢) 30% Crack
2 0 0 0
2 0 -10 -10
2 20 20 -20
=30 30 -30
0 3 6 9 12 15 0 3 9 12 15 0 3 6 9 12 15
Time (s) Time (s) Time (s)

Fig. 7 Contact forces between sun-planetl at varying tooth root crack levels in the sun gear: a healthy, b 10% crack, and ¢ 30% crack in time

domain

a) Health b) 10% Crack 9

> 30 (a) Y - (b) 10% Crac 36 (¢) 30% Crack

< 20 ‘ | 20 | 20 ’ I

o
u‘?n 10 i I 10 | | 10 l | I I
0 0 0
0 3 6 9 12 15 0 3 6 9 12 15 0 3 6 9 12 15

Time (s) Time (s) Time (s)

Fig. 8 Contact forces between gearl-gear2 at varying tooth root crack levels in the sun gear: a healthy, b 10% crack, and ¢ 30% crack in time

domain

5 (a) Healthy 5 (b) 10% Crack 5 (c) 30% Crack
é -2 | I =20
%ﬂ -6 i I -6
w10 -10
4] -14
0 3 6 9 12 15 0 3 9 12 15 0 3 6 9 12 15
Time (s) Time (s) Time (s)

Fig. 9 Contact forces between gear3-gear4 at varying tooth root crack levels in the sun gear: a healthy, b 10% crack, and ¢ 30% crack in time

domain

Rotational displacements of drivetrain components
namely; rotor, carrier, sun, gearl, gear2, gear3, gear4, and
generator are taken in the absolute reference frame, rep-
resented by 0,01, 0c, 0, 051, 042,043, 04, Ogen, respectively.
The following relations express the relative displacements
() between two meshing gears in the drivetrain:

S = ROy — RoOc + ROy 2)
S = —Rob. — R0 (3)
0g12 = R1041 + R20, (4)
Og34 = R30,3 + Ra0g4 (5)

Here, Og1, dgnanddy,; are three displacements when the
sun gear is meshing with planetl, planet2, and planet3,
respectively. Similarly, for the ring gear meshing internally
with  the three planets, it is given by
Orpl, Oppandd,,3.0412andd 34 are displacements of the next

two parallel gear drives meshing externally. The radius of
the sun gear is Ry and the planet gear is R,. The radial
position of planet carrier from the sun gear centre is:

R. = R+R, (6)
Lagrange’s equation is given by:
d (oL oL
(o) -5 =T )
t 661 a01

Here, 0 stands for rotational deflection and I" stands for
torque. The subscript ‘I’ stands for the rotor, carrier,
planetl, planet2, planet3, sun, gearl, gear2, gear3, gear4,
generator, respectively. Lagrangian ‘L’ for the system is
obtained by:

L=T-V (8)
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I — 1 Jmle'%at +
) . . .
1507 + J1 0% + T 202
2
1 +krp1 (Rrec + Rpecpl) +krp2
2
L +kp (le — 95)2-"-/(,2 (0g3 —

2 + Jg30§3 + ]g4é§4 +
kspl (Rv Hs - Rsec + Rp 96p1)2+ksp2 (Rv Hs - Rsec + Rp 60p2)2+ksp3 (R.vg.v - Rsec + Rp 60173)2

+kg12 (Rglegl + Rg20g2)2+kg34 (RgS 6g2 + Rg49g3)2+ktl (00 - Qrot)z

(Je +3mR2)0? + J, (éc,,l + éc)zwp (9},,2 + éc)zﬂ,, (%3 - éc)2

Jeen0?

gen

(Rrgc + Rpecp2)2+krp3 (Rrec + Rp 00[73)2

0g2) 2+kt3 (9g4 - Qgen) 2+kbcy93 + kbsef |

Here, J,o1J cs Jss I, J g1, J g2, g3 and J g4 are the moment of
inertia of the rotor, carrier, sun gear, gears 1-4 respec-
tively. kg,; and k,,; are the mesh stiffness for the externally
meshed sun gear and ith planet and internally meshed ring
gear and the ith planet, where i = I, 2, 3. kg1 and kg4 are
the mesh stiffness between the gears 1-2 and gears 3—4.k,1,
ki and kg are torsional stiffness of connecting shafts; for
LSS (low-speed shaft), ISS (intermediate speed shaft), HSS
(high-speed shaft) respectively. k;. and kj,; are bearing
stiffness of the planet carrier and sun gear respectively.

With the help of Lagrange’s formulation, the differential
equations are obtained and given below in matrix equation:

MO+KO=T (10)

The Mass matrix, M, stiffness matrix, K, displacement
vector matrix, 0, and torque vector matrix, I, are quoted in
the “Appendix”. Characteristic rotational frequencies of
the drive-train components are estimated using the fol-
lowing relations (Lei et al. 2014).

- n T am ]
10 -~ t‘] fg\ fﬂ‘l»t f{lﬂ_fﬂ f] fn]+fn fln+f‘2]
é 0.1+
uq%
0.001 -
(a) Healthy | | | | | |
0 5 10 15 20 25 30 35
10~ A Fa f 1'1 n m A f m n_ T gm m, A J
fr'] f7Z, B f([ 'f;fg F{ 'fz\ F} bt 1111 1 f‘l %f(' f‘1“4'?11 f] +F1+fg f‘1n+f;
%Nl 1 P IS
F |
0.001 — v
(b) 10% Crack | ! . | | |
0 5 10 15 20 25 30 35
10~ T J ‘ J m m & Fm m, ) I
f;/f‘ln/zsfd fg\ o f{1n 'fg'f(: f{ln {21 f‘1 'f‘ll'fg f‘1 '&A f'] fl +f{1 fT*“T**f [1“ H; d
— m m, A
é 0.1 l r 315 ‘Is fo(: Ff{; j f] HHy
m%
0.001 — !
(c) 30% Crack | | | | | |
0 5 10 25 30 35

15 20
Frequency (Hz)

Fig. 10 Frequency spectra of contact forces between sun-planetl assuming y-axis in logarithmic scale (0-35 Hz): a healthy, b 10% crack, and

¢ 30% crack
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Fig. 11 Frequency spectra of contact forces between sun-planet] assuming y-axis in logarithmic scale (35-100 Hz): a healthy, b 10% crack, and

¢ 30% crack

z,
= 1-—= 11
n=r(1-7) (i
fcp:fp_fc (12)

Carrier rotational frequency (f.) is assumed to be equal
to the rotor rotational frequency. Rotational frequency (f,)
of the sun gear is given by,

Z,

where Z;, Z,, Z, stand for teeth number in the sun, ring, and
planet gear, respectively.

For the second stage, the rotational frequency (f,,) of
the pinion is (f,) as

V4
fg2 :fgl (Z—i;)

For the third stage, the rotational frequency (f,4) of the
pinion (f3) as

Z
fg4 :fgS (Z_Zi)

The Z,;, Z,>, Z,3, and Zy, are the number of teeth in
parallel gears of the 2nd and 3rd stage of the WTDS. The

(13)

(14)

(15)

time period between sun-planet (ith) and ring-planet (ith)
mesh pair is given by:
2z
11z,

(16)

where f7' represents the GMF for the planetary gear train,
can be expressed as:

T (17)
GMF of the 2nd stage (f7) is:

12 =faZg =fpZgp (18)
GMF of the 3rd stage (f7%) is:

f%" :fg32g3 ng4Zg4 (19)

In presence of a fault in planetary gear, the fault char-
acteristic frequency (ff) is excited, which is given by
(Chaari et al. 2006),

m
)T

=3 (20)

where the number of planets is n in the planetary gear train
of WTDS.
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Fig. 12 Frequency spectra of contact forces between sun-planetl assuming y-axis in logarithmic scale (100-350 Hz): a healthy, b 10% crack,

and ¢ 30% crack
2.2 Gear mesh stiffness estimation

The angular orientation of the ith planet (i stands for 1, 2,
and 3) with respect to the sun gear is represented by an

angle psi ({,).
v, = 2r(i— 1)

n

(21)

Tooth meshing between two gears (either external or
internal) is modelled using a spring. Stiffness of gear tooth
meshing can be computed by Fourier series approximation
(Shi et al. 2013, 2014; Srikanth and Sekhar
2013, 2015, 2016; Zhu et al. 2014), finite element method
(Wang and Howard 2004), analytical method (Liang et al.
2014; Chaari et al. 2009), experimental method (Pandya
et al. 2013; Raghuwanshi et al. 2016). Contrary to the
shortcomings associated with the other methods, the
potential energy method is simple and is derived theoreti-
cally (Liang et al. 2014; Chaari et al. 2009). Hence, the
analytical method is used in the estimation of the mesh
stiffness of the system. The relationship of mesh stiffness
(k) for external-external or external-internal gear pair is
given by:

@ Springer

k= (22)

2 1
Jj=1 ﬁ kslu kalu + i + ﬁ kllzj kaln
Here, bending stiffness is given by k,. k, gives shear
stiffness and axial compressive stiffness is given by k,. &,
represents the Hertzian stiffness. j stands either for first
tooth (j = 1) or second tooth (j = 2) when the contact ratio
is greater than one. The individual involute tooth profile of
the meshing gears is regarded as a cantilever beam pro-
truding from the root circle of gears. The bending, shear,
and axial compressive stiffness are put in the MatLab
coding with various boundary conditions of the cantilever
beam. The gear parameters given in Tables 1 and 2 are
used in the simulation. The Hertzian stiffness is separately
estimated for the two curved surfaces of tooth meshing.
Finally, the mesh stiffness for one mesh cycle is obtained.
The mesh phasing in the planetary gear drive leads to the
angular shifting of data points of mesh stiffness in a mesh
cycle. The mesh phase angles for the ith planet meshing
either with the sun gear or with the ring gear are:

Z,
=, =S 23
'))Spl lpIZTC ( )
Z,
i 24
Vi = FWis- (24)
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¢ 30% crack

The phase angle of the ith planet to the sun gear is y,;
and 7,,,; is the phase angle of the ith planet to the ring gear.
The value obtained by the above two Egs. (23) and (24)
can have integral and fractional values. The fractional part
is quantitatively used to shift the data points of mesh
stiffness in one mesh cycle and the integral part is used to
shift the whole mesh cycle in one specific revolution of the
sun gear. The relative mesh phasing between the sun gear
and ring gear meshing with the ith planet is indicated by
7,s- The value of y,, is calculated in the MatLab software
for the given parameters (Parker and Lin 2004). The value
of 7, is identical for each meshing pair in the planetary
gear drive. The TVMSs of the ith planet by incorporating
mesh phase angle are:

kspi = k(t - VspiT) (25)
krpi = k(t - yrpiT - yrsT) (26)

where k is the stiffness estimated from the Eq. (22). T'is the
time period of one mesh cycle and ¢ is the instantaneous
time during the meshing. In presence of crack, the quan-
titative value of bending and shear stress gets reduced due
to the reduction in tooth cross-sectional area. This led to a
quantified reduction in the TVMS of the planet-sun gear
meshing for varying crack levels in the sun gear tooth.

With the increase in the crack surface area, there is more
reduction in stiffness value. The subplots in Fig. 3 are
showing different mesh stiffness for healthy sun gear, 10%,
and 30% crack level with three different planets and phase
shift. The mesh stiffness between the ith planet and the sun
gear is represented by kg,;; ( kg K2, kop3).

The subplots in Fig. 4 are representing the stiffness of
the ring gear and three planet gears under meshing. The
effect of mesh phasing due to one revolution of planet gear
is also shown. TVMS for ring gear and the ith planet is
represented by k,p,i; (K1, Kip2, Kip3).

Figures 5 and 6 show the gear mesh stiffness of the
second stage; k,;» and third stage; ko34 of the drivetrain
system, respectively. The diagrams are showing the stiff-
ness data points for one revolution of driver gears of
respective stages.

2.3 Numerical analysis

When the direct integration method in the closed-form fails
to produce the results, an implicit numerical integration
method is applied to the model. An approximate solution
obtained by the numerical techniques need not satisfy the
differential equations of a model continuously at all-time ¢
rather at some discrete time interval iAz, where i ranges
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from O to 7/At. T is the time duration for which the
numerical integration is done. At is the critical time step of
numerical integration (Rao 2011). The drive-train model
discussed here is numerically solved using the Houbolt
method to obtain the steady-state response. With the help
of Taylor’s series, equations that co-relate the displacement

(0), velocity (9), and acceleration (é) terms are given below
as:

. 1
Oiy1 = 6A (110,11, — 180; +90;_; — 20;_») (27)
0[+1 = W (26[+1 - 50[ + 46[’*1 - 6[72) (28)

In the central difference method, the displacement (6),
velocity (9), and acceleration (é) are related by the fol-
lowing equations:

1

oz Oiet = Oic1) (29)

05+1 =

i1 = (0ig1 —20; 4+ 0;1) (30)

(a0

@ Springer

The equations of motion for the WTDS, when put into
matrix form are written as:

MOy + KOy =Ty (31)

The expressions obtained after rearranging the terms in
the sequence are given by:
By the Houbolt method,

0: :[LM_FK]A*{FA + LM 0:
i+1 (Al‘)2 i+1 (At)2 i

- (ﬁM> Oi—1 + (ﬁM> 02} (32)

By the central difference method,

1 ! 2
i+1 — [wM] { i (K (A )2 ) !
— ((A—II)ZM> Oi—1} (33)

At t =0, acceleration is calculated using Eq. (10) as
given as:



Int J Syst Assur Eng Manag (August 2022) 13(4):1666—1687 1677
T T o
2f 3h
01 m off | 8™ 3 58 [ s
z o | ' 1367 E
= l | 10f] I
& 0.001 pr —
\ ]
0.00001 F H
(a) Healthy | | | 1
100 150 200 250 300 350
T T I T
2 £ pn @
L m 2 £ g0 3 3 21_
_ 0.1 Sfrln 6f1 gt{ln 3 2 . 3 \;.7 ‘ 4f;
& | | o | 1t
o 0.001 -
5 \ m
.
0.00001 ! il
(b) 10% Crack | | | |
100 150 200 250 300 350
T o T T T S
P o e
2 . 540 fl SfT 2 131 \ <l
<) i | 10?{ i
a0.001 -
Ch
0.00001 ! i
(¢) 30% Crack | | | |
100 150 250 300 350

Frequency (Hz)

Fig. 15 Frequency spectra of contact forces between gears1-gear2 assuming y-axis in logarithmic scale (100-350 Hz): a healthy, b 10% crack,

and ¢ 30% crack

0 =M (T — K0O) (34)

The central difference method is executed for the first
two iterations and then the Houbolt method is continued
henceforth.

3 Results

The numerical simulation of the mathematical model is
done for constant torque in MatLab (Shi et al. 2013). The
rotor and generator are not subjected to any external
loadings and it is assumed that the rotor is excited with
0.3 Hz of constant rotational frequency. This frequency
gives a rotational motion to the gearbox assembly through
the planet carrier. Tables 1 and 2 tabulate the drive-train
components specification used in the wind turbine model
(Todorov et al. 2009). Base circle radius, inertia, and mesh
frequency are tabulated in Table 1. Torsional stiffness of
the intermediate shaft, bearing stiffness, mean stiffness of
meshing gears, Young’s modulus, poison’s ratio, and
pressure angle are given in Table 2. QR-decomposition
technique is applied to estimate the Eigen solutions of the
system, given in Table 3.

The subplots in Fig. 7 represent the contact forces
between planetl and sun gear for healthy and defective
conditions. The subplots in Figs. 8 and 9 show the contact
forces of parallel gear trains in three different situations.
Figures 10, 11, 12 show the frequency spectra of the
contact forces between sun and planetl for un-cracked and
cracked gears with varying crack levels. The spectra show
the excitation of Ist and 2nd natural frequencies (f7,f3) of
the system, 1st stage GMF (f]') along with sidebands and
their harmonics. 1st and 2nd natural frequencies are
0.603 Hz and 6.086 Hz, respectively, which are shown in
Table 3. The excitation of 2nd and 3rd stage GMF (f75, f%)
and their harmonics with sidebands are also seen in the
frequency spectra but with minimal significance. For
cracked sun gear, fault frequency (fff) and its harmonics are
excited as well as it appears as sidebands around the 1st
and 2nd GMFs. Thus it modulates the contact force. The
frequency spectrum of the contact force between gear 1 and
gear 2 is plotted in Figs. 13, 14, 15. The significant fre-
quencies are earmarked with arrows for healthy and
defective gears. Here, first and second natural frequencies;
first, second, and third stage GMFs; their harmonics and
sidebands are observed. In defective cases, fault frequency
and its harmonics appear. Similar to the previous contact
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force, the fault frequency also modulates the 1st and 2nd
GMFs. The contact force between gear 3 and gear 4 is fast
Fourier transformed and obtained frequency spectrum is
plotted in Figs. 16, 17, 18. The spectrum highlights the
excitation of natural frequencies, mesh frequencies, and
their harmonics with sidebands for the healthy case. For the
defective cases, the fault frequency and its harmonics also
got excited and modulating the mesh frequencies.

In Figs. 19, 20, angular speed fluctuations of the sun
gear and gear4 are plotted in the time domain. The time
domain representation in Figs. 19, 20 depicts the amplitude
variation in different situations but the amplitude variation
is very negligible. Hence, the speed fluctuations are fast
Fourier transformed to observe the excitation of various
frequencies. The frequency spectrum of sun gear is plotted
in Figs. 21, 22, 23 for three different situations. For the
healthy system, the frequency spectrum shows the excita-
tion of first and second natural frequencies (f7, i = 1, 2),
GMFs along with sidebands and their harmonics. The first
and second natural frequencies are modulating the GMFs
and their harmonics. The sidebands around the first GMF
are observed due to amplitude modulation of natural fre-
quencies. However, for the defective cases, the frequency

spectrum shows the excitation of fault characteristic fre-
quency (f‘;) and its harmonics (Liu et al. 2017; Ma et al.
2015; Lei et al. 2014; Liang et al. 2015; Yoon et al. 2016;
Chen et al. 2016; Wang et al. 2017). This fault frequency is
modulating the first stage GMF and its harmonics. The
modulating features of the first two natural frequencies and
fault frequency are observed in the sidebands at f7'+f7 and
’l":I:ff, which are shown in Figs. 21, 22, 23. The speed
fluctuation of gear 4 is analysed in the frequency domain
using FFT as shown in Figs. 24, 25, 26. For the healthy
case, similar to speed fluctuation of the sun gear, the first
two natural frequencies, GMFs, and their harmonics with
sidebands are excited. For the defective cases, the fault
frequency and its harmonics appear in the spectrum. The
amplitude of the fault frequency and its harmonics increase
when the depth of crack increases. However, modulating
characteristic of the fault frequency is not observed in the
speed fluctuation of gear 4.
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Fig. 16 Frequency spectra of contact forces between gear3-gear4 assuming y-axis in logarithmic scale (0-35 Hz): a healthy, b 10% crack, and

¢ 30% crack
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4 Discussion

There are many operational and physical constraints linked
to the wind turbine that led to any unforeseen industrial
hazard. It can badly affect the operational life and relia-
bility of the wind farms. Therefore, a reliable wind turbine
system with a proper health diagnosis system should be
developed. Hence, a mathematical model is developed. The
Eigen solutions of the system shown in Table 3 are positive
values. That indicates the stability of the model (Todorov
et al. 2009). It is earlier mentioned that various signals like
vibration signal, speed signal, current signal, etc. are used
in WT condition monitoring. The vibration signal is mainly
acquired from the drivetrain system by an accelerometer
and the signal is related to the contact forces. The
accelerometer can be installed easily at the respective
bearing positions. Hence, the contact forces between sun-
planet, gearl-gear2, and gear3-gear4 for the un-cracked
and cracked tooth of the sun gear are investigated. In
Figs. 7, 8, 9, there is a gradual increase in the mean values
of contact forces from un-cracked gears to cracked gears
with the increase in the crack levels. Though the mean

values are changing due to gear defect, yet it is not clear to
recognise the location of the gear defect.

Therefore, the contact forces are fast Fourier trans-
formed, and amplitude modulation by natural frequency
and fault frequency of all GMFs and their harmonics is
observed in Figs. 10, 11, 12. The dominance of 1st GMF
and its harmonics are observed since the amplitudes of 2nd
and 3rd GMF’s are lower in the spectrum. The modulating
characteristics are observed in the sidebands at f}'+f7,
where [ can be 1, 2, 3 and i can be 1, 2. However, when a
crack is initiated in the sun gear, fault characteristic fre-
quency ( ff) and its harmonics are excited (Liu et al. 2017,
Ma et al. 2015; Lei et al. 2014; Liang et al. 2015; Yoon
et al. 2016; Chen et al. 2016). For the defective system,
various sidebands are excited due to the modulation effect
of either natural frequency or fault frequency, or both.
These modulations are observed at fT:I:f?,fT:I:ff and
" £ (Liu et al. 2017; Ma et al. 2015; Liang et al.
2015) in frequency spectrum very well.
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The contact forces between gearl and gear2 are fast
Fourier transformed and plotted in the frequency spectrum
in Figs. 13, 14, 15 for the healthy and defective situations.
For the healthy system, the natural frequency is signifi-
cantly excited; causing amplitude modulation at GMF’s
and their harmonics. Two sidebands are observed due to
modulation along three GMF’s but it is more pronounced at
the first stage of mesh frequency. The modulating effect of
the second natural frequency is significant at 2nd and 3rd
GMF’s compared to the first natural frequency. For the
defective system, the fault frequency and its harmonics are
excited but its modulating strength is very less at 2nd and
3rd GMF’s of the second stage parallel gear trains.

Natural frequency, mesh frequency, and harmonics of
mesh frequency are excited in the frequency spectrum. The
2nd natural frequency is modulating the 2nd and 3rd
GMF’s very well unlike Ist natural frequency. This is due
to the proximity of the rotational frequency of gear trains to
the system’s natural frequency. With defective gears, fault

@ Springer

frequency and its harmonics are excited but its modulating
strength to mesh frequency of third mesh frequency is less.
With increasing crack level, the amplitude of ff and its
harmonics also increases. Besides this, amplitudes of
GMFs, their harmonics with sidebands also increase with
crack levels.

Torsional vibration can be accessed by speed sensors
like rotary encoder and tachometer (Roy et al. 2014), which
are generally attached to the shaft end. However, in a
gearbox, it is very difficult to position the multiple speed
sensors at a time. Taking note of these constraints, it is
assumed that few sensors can be placed. Therefore, tor-
sional vibrations are analysed at the shaft end of the sun
gear of the 1st stage and gear 4 of the 3rd stage. In Figs. 21,
22, 23, the magnitude of speed fluctuation increases with
the increase in the gear ratio of succeeding stages of the
drivetrain system. The amplitude of fault frequency
increases with the increase in the depth of crack in the sun
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gear. Contrary to this, the modulation effect of 1st natural
frequency and defect frequency is minimal in the subse-
quent frequency spectra in Figs. 24, 25, 26. However, the
modulation effect of 2nd natural frequency is more pro-
nounced in the sidebands of 2nd and 3rd stage GMFs and
their harmonics. Comparative spectral analysis is done for
the un-cracked case (0% crack level) and cracked case with
crack levels being 10% and 30% on tooth root of the sun
gear. This can help in health monitoring of the WTDS as a
preventive measure to any industrial hazard coming in.

5 Conclusions

The present mathematical model is developed to investi-
gate the dynamics of the WTDS for constant input torque
using Lagrange’s formulation. This model has taken into
account the analytically estimated TVMS for healthy and
cracked sun gear tooth, phase shift due to angular orien-
tation of the planets, the flexibility of the shaft, and the
bearing stiffness. The Houbolt technique is applied to solve
the equations of motion of the developed model numeri-
cally. The contact forces between the meshing gears and
angular speeds from the sun gear and gear 4 are analysed in
the frequency domain. Thus, an effective comparison is

made between healthy and defective WTDS. Frequency
spectra of the healthy drivetrain show the excitation of the
natural frequencies of the system, GMFs of meshing gear
pairs along with sidebands and their harmonics. In the case
of defective WTDS, the fault characteristic frequency and
its harmonics are excited and the amplitude of these fre-
quencies increases with increasing the depth of the crack.
As well as, this frequency modulates the dynamic
responses.

With this, the health diagnosis of the WTDS becomes an
important aspect of a wind turbine. Detection of gear tooth
crack under constant wind speed is a stepping-stone for
future work. This work can be extended for the analysis of
WTDS under non-stationary wind load conditions in the
future. However, due to inappropriate condition monitoring
of the critical components of the WT, the operational life of
the WT plant has been reduced to one-fourth. This
increases the cost of wind energy. As well as it demotivates
the industry to invest and rely on wind energy. Hence, the
modelling and analysis of the WTDS will help to develop a
more accurate and reliable health diagnosis technique for
the WTDS. Thus it will gradually improve the reliability,
system safety, and operational life of the WTDS. Finally,
the industry will look to wind energy as a secured invest-
ment for future power.

@ Springer



1684 Int J Syst Assur Eng Manag (August 2022) 13(4):1666-1687

zf‘]n fi“
= 1L 26" 3 -1 2 £ g -
3 N R Pt
g | |
E 0011 o
350
(a) Healthy | | | | |
40 50 60 70 80 90 100
T T T T T T
2"
1 i fm .
267-f 30 £ -£ f £ i

milli-rad/s)
(=3
b=t s
T T
(3]
—
g
S
—
-
]
)
=
(3]
-y
-
Sy
<_
!

wg4(

(b) 10% ICrack ‘ | i i i
40 50 60 70 80 90 100
T T I I T T
2" 2]
S '\ i 3y f; £ |
g 200 24y |
E 001+ =
K
# () 30% Crack , | ‘ | ,
40 50 70 80 90 100

ol Frequency (Hz)

Fig. 25 Frequency spectra of speed fluctuation of the gear4 at varying crack levels assuming y-axis in logarithmic scale (35-100 Hz): a healthy,
b 10% crack, and ¢ 30% crack

(milli-rad/s)

w
oWy
= g

L(a) Healthy | | | \ _
0 150 200 250 300 350

T T I T 1 m_
. g f f‘
2? Tof; 5 3 2\3\3\/ :

o
=)
S
S

S

; Wg " (milli-rad/s)

0.0001 teb) 10% Crack | 1 | | |

100
@
S 1k
g i
= ot
E 001 [ by
%
2 0001 1) 30% Crack | | | | i

100 150 200 250 300 350

Frequency (Hz)

Fig. 26 Frequency spectra of speed fluctuation of gear4 at varying crack levels assuming y-axis in logarithmic scale (100-350 Hz): a healthy,
b 10% crack, and ¢ 30% crack

@ Springer



Int J Syst Assur Eng Manag (August 2022) 13(4):1666—1687 1685
Appendix
(K11 Kip O 0 0 0 0 0 0 0 0 7
Ky1 Kyp Koz Kyu Kis Kiyg O 0 0 0 0
0 K;z» K3 O 0 K36 O 0 0 0 0
0 Kip O Ksu 0 Ky O 0 0 0 0
0 Ksp O 0 Ks5 Ksg O 0 0 0 0
K= 0 Ks» K3 Kes Kss5 Kes Ko7 O 0 0 0
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where, K2,2 =k + (krpl+k1‘}72 + krp3)R% + (ksp1+ksp2+

kgps) R2 + kpe, K77 = (ko + kg12R}), Ko7 = K76 = —ko2,
Kip =K, = —kn, Ky =Ko = —kn, Kio11 = Ky o =
—kis, K3 =Ks, = (kpiRyR — kgpiRyR), Ko =
ko + (kgpi+ kgo + ky3)R2 + kis, Kio10 = (ki + kgaaR3),
Kry =K, = (knp2RpRy — kgpaRyR,) K11 = ki Ky111 =
ki, Kas = K5, = (kip3R PR, — kg3R, Ry), K26 = Ke =
— (kgp1 kg2 + kg3 ) R2Ks6 = K¢ 5 = kyp3RpR;, Kgog =
(ks + k3aR3), K4 = (kr[)Z + kspz)R,%,Km =
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