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Abstract This paper develops an integrated economic

model for the joint optimization of quality control param-

eters and a preventive maintenance policy using the

cumulative sum (CUSUM) control chart and variable

sampling interval fixed time sampling policy. To determine

the in-control and out-of-control cost for both mean and

variance, a Taguchi quadratic loss function and modified

linear loss function are used, respectively. Imperfect pre-

ventive maintenance and minimal corrective maintenance

policies were considered in developing the model, which

determines the optimal values for significant process

parameters to minimize the total expected cost per unit of

time. A numerical example is used to test the model, which

is followed by a sensitivity analysis. The integration of

CUSUM mean and variance charts with the maintenance

actions are proven successful to detect the slightest shift of

the process. The findings reveal that among all the cost

components, process failure due to external causes and

equipment breakdown has a noteworthy attribute to the

total costs of the optimized model. It is expected that top

managers can utilize the suggested combined model to

minimize the costs related to quality loss and maintenance

policy and achieve economical advantages as well.

Keywords CUSUM control chart � VSIFT sampling

policy � Quality control �Maintenance policy � Average run
length � Genetic algorithm

1 Introduction

In today’s business world, quality is a key component of

customer satisfaction (Konstantas et al. 2018). A high-

quality manufacturing process is a critical prerequisite for

producing reliable products which necessitate flawless

manufacturing processes as well as proper quality assur-

ance technique (He et al. 2018). Therefore, it is essential to

monitor the key variables that are critical to ensure the

quality of processes and products. To ensure proper mon-

itoring, statistical tools are suggested to analyze the

anomalous variations of the process and improve the

quality of the overall production system. Statistical process

control (SPC) is the collection of different statistical tools

that can be used to regulate the process stability and pre-

vent deviation of the products and processes from the

desired quality. SPC is not only used in manufacturing and

industrial sectors but also applied to monitor several non-

industrial processes as well (Bersimis et al. 2018). In SPC,

various types of control charts are used to monitor and

control necessary process parameters by detecting shifts or

deviation from the desired condition. Conventional control
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charts are designed considering statistical criteria only.

Therefore, sometimes its performance can be unsatisfac-

tory from an economic point of view. However, economic

control charts (ECC) are designed considering both eco-

nomic and statistical criteria (Sultana et al. 2018; Khadem

and Moghadam 2019). Thus, ECC is not only used in

quality control but also to determine and evaluate some

design parameters to optimize overall costs (Pasha, Bameni

Moghadam et al. 2018a, b).

While the control charts focus on restricting the process

parameters within the statistical control limit, the process

itself can be hampered due to the sudden breakdown of a

machine and requires corrective maintenance action to

reperform. In addition, before the complete breakdown, the

machine may degrade from its desired working conditions

while manufacturing process parameters remain within

control limits, which deteriorates product quality and

sometimes results in rejections of products. The rejections,

in turn, increase repair and replacement and the associated

costs. Preventive maintenance (PM) can reduce these

breakdown rates as well as improve a machine’s perfor-

mance and enhance productivity (Esmaeili et al. 2019).

Besides, ‘Condition-based monitoring’, a predictive main-

tenance program can also be launched to take necessary

actions for the critical to failure equipment (G. Q. Cheng

et al. 2018). It guides the top management to decide and

execute suitable maintenance plans to prevent premature

failures of the equipment. Even the data from regular

cleaning and repairing actions; often termed as ‘Minor

maintenance’ can assess the current condition of an asset

and thus contribute to accuracy in the diagnosis and pre-

dictive techniques used in condition-based monitoring

(Liang et al. 2020). Therefore, a suitable maintenance

policy can help to reduce the number of breakdowns and

process variations, which enhances quality levels. Hence,

quality control and maintenance management are interre-

lated and a joint optimization technique between these two

may bring economical amenities towards the sustainable

growth of the organization.

Therefore, economic control charts and maintenance

policies should be implemented simultaneously by the

industries to maintain desired quality levels at minimum

cost, which led researchers to develop integrated economic

models using the concept of maintenance policy and con-

trol charts (B. Bouslah et al. 2016; X. Yang and Zeng

2018). However, there is a significant lack of comprehen-

sive studies to develop a joint optimization model that aims

to deliver the best quality products considering both quality

and maintenance-related costs. Therefore, this research

contributes to the existing literature by addressing the

following objectives:

• Proposing an integrated model for evaluating the

optimal values of CUSUM chart parameters and

preventive maintenance intervals to minimize costs.

• Introducing the VSIFT sampling policy in conjunction

with a CUSUM control chart. This will facilitate faster

detection of any shift or process deviation; conse-

quently, out of control ARL during the process will be

minimized.

• Computing quality cost by precisely detecting in-

control and out-of-control quality loss for both process

mean and variance using the TLF function and a

modified linear loss function respectively.

The remainder of the paper is organized as follows:

Sect. 2 gives the related literature. Section 3 presents the

proposed model. Sections 4 provides the numerical

examples and compares the findings with extant literature,

followed by sensitivity analysis in Sect. 5. Finally, the

conclusions comprising of the research implications, limi-

tations, and scope for the future works are discussed in

Sect. 6.

2 Literature review

The extant literature shed light on the necessity of inte-

grating quality control and maintenance management, also

presents several models of control charts with a focus on

maintenance policies.

Many studies proposed that process quality control and

machine maintenance should be considered simultane-

ously. It has been established that integration of quality

control and maintenance decisions can reduce the overall

production cost significantly for a single machine unit as

well as for a multi-stage production system (Duffuaa et al.

2020; G. Cheng and Li 2020). Rasay et al. (2018) con-

sidered SPC with maintenance activities to evaluate as well

as improve productivity and showed that integrated eco-

nomic design of SPC and maintenance planning are far

more effective and lucrative for a production system than

stand-alone models, which are designed with each com-

ponent considered separately. Salmasnia et al. (2018)

demonstrated that integration of production planning,

maintenance policy, and statistical process monitoring can

contribute to significant cost savings in the production

system. An integrated model of production, quality, and

maintenance control for a multistage manufacturing system

has also been developed by some researchers (Bassem

Bouslah et al. 2018; Zheng et al. 2020). They demonstrated

that system reliability is interrelated to the incoming pro-

duct’s quality in a multistage manufacturing system and the

final outgoing quality of a product depends on the
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production, quality, and maintenance control settings

across all manufacturing stages.

Due to the correlation between quality control and

maintenance, researchers initially started developing joint

economic models of control chart and maintenance using X

control chart (Tagaras 1988; Ben-Daya 1999; Ben-Daya

and Rahim 2000). Xiang (2013) integrated age-based pre-

ventive maintenance with X control chart to minimize the

overall operational costs of a deteriorating production

system. Besides, Liu et al. (2013) utilized X control

chart with a condition-based maintenance program for a

two-unit series system and concludes that quality loss can

be reduced when statistical analysis is blended with

maintenance policy.

Over time, exponentially weighted moving average

(EWMA) control charts have received increased attention

from researchers compared to X charts (Serel and

Moskowitz 2008; Haq et al. 2015). Moreover, researchers

have focused on determining both in-control and out-of-

control costs and the proper selection of a sampling policy

for control charts. For instance, Chou et al. (2008) used the

variable sampling interval fixed time (VSIFT) control

scheme in developing a framework for the design of an

EWMA control chart. S. F. Yang (2010) compared a

variable sampling interval (VSI) control chart with a fixed

sampling interval control chart to monitor quality variables

of two dependent process steps. He found that the VSI

control chart showed better performance over fixed sam-

pling interval control charts in detecting small and median

shifts in mean and variance. Pandey et al. (2012) intro-

duced a new integrated approach for joint optimization of

preventive maintenance intervals and control chart param-

eters using the Taguchi loss function (TLF) and put for-

ward a method to categorize machine and process failure.

Shamsuzzaman et al. (2016) developed a model by com-

bining the Shewhart X and EWMA chart to optimize the

charting parameters of the X and EWMA charts. Sultana

et al. (2018) illustrated an economic model of the EWMA

control chart using the VSIFT sampling policy. They used

the Taguchi quadratic loss function to determine both in-

control and out-of-control quality loss. Their proposed

model optimizes both preventive maintenance intervals and

quality control policies.

However, many researchers are now giving preference

to CUSUM and other control charts than X and EWMA

charts. CUSUM showed a prompt and accurate response in

detecting shifts within a standard deviation of one or two

(De Vargas et al. 2004). Shrivastava et al. (2016) devel-

oped an integrated model using a CUSUM control chart to

optimize maintenance and quality control policies jointly.

They considered minimal corrective maintenance and

imperfect preventive maintenance policy to develop the

model. Li et al. (2018) proposed a recursive model by

integrating a CUSUM control chart and age-based pre-

ventive maintenance policy. In their model, sampling

policy has been developed using non-Markovian deterio-

ration assumptions. Adeoti and Olaomi (2018) developed

an SPC model to monitor the process mean using a new

process capability index control chart. They found that the

model performs better in detecting small shifts than do

existing control charts. Researchers also attempted to

develop an integrated model of quality control and main-

tenance using time-between-events (TBE) control charts

and preventive maintenance (PM) policy to minimize

product reliability degradation (He et al. 2019; Chen et al.

2020). According to the findings of these articles, a supe-

rior manufacturing process quality is the prime need to

ensure final product reliability. It is also found that joint

PM and TBE chart performs better than conventional

periodic maintenance and SPC method, to ensure product

reliability, with the same economic constraint.

Even though many of the above-mentioned integrated

models focused on integrating quality parameters and

maintenance policies, there are still some gaps that have

not been addressed by contemporary researchers. We have

identified the following research gaps in the existing lit-

erature on this topic:

1. Most of the studies implemented X control charts and

EWMA charts to observe the process mean of the joint-

optimization models, whereas the application of the

CUSUM chart, which is effective to detect a small

shift, has been limited in the literature.

2. To the best of our knowledge, no study combines the

mean and variance of a process utilizing the CUSUM

chart. However, process variance due to the event of a

machine/equipment failure can deviate more than the

acceptable limits while the process means remain

within the control limit in some cases.

3. Although the VSIFT sampling policy is found more

effective than other sampling techniques in designing

different control charts, it has never been used in

conjunction with a CUSUM chart to develop integrated

economic models.

4. In-control quality losses due to the deviation from the

target value have rarely been considered in most of the

studies. However, integrating in-control quality losses

along with the out of control quality costs should

provide a broader perspective of the overall costs to the

top management.

Hence, this study aims to address all these research gaps

and provide an all-in-one solution to the industrial man-

agers to obtain the economic benefits in their organizations.
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3 Model development

3.1 Problem statement and assumptions

An integrated economic model is presented using a

CUSUM chart to determine the optimal values of eight

parameters; i.e., sample size (n), fixed sampling interval

(h), sampling sub-interval (g), control limit coefficient of

CUSUM-m chart (k), warning limit coefficient of CUSUM-

m chart (w), control limit coefficient of CUSUM-S2

chart (k1) warning limit coefficient of CUSUM-S2

chart (w1) and preventive maintenance interval (tpm) to

minimize the expected total cost per unit time of this

integrated model. Here, the VSIFT sampling policy is

considered for both CUSUM-m and CUSUM-S2 charts.

Joint ARL for mean and variance was computed using the

absorbing Markov chain approach. In-control and out-of-

control costs were determined using the Taguchi quadratic

and linear loss function for the CUSUM-m and CUSUM-S2

charts, respectively.

We consider a production system that comprises one

machine and produces the same item at a constant pro-

duction rate. Here, a single component of a machine is

considered as the operating part and the time to failure of

this component follows the two-parameter Weibull distri-

bution. Two failure modes are considered for machine

failures:

(i) Failure mode 1 (FM1): causes breakdown of the

machine.

(ii) Failure mode 2 (FM2): causes deterioration in

process and product quality due to partial failure of

machine or due to some external causes.

Therefore, if any breakdown occurs that is due to FM1,

and if the machine runs at interior condition without any

breakdown that is because of FM2. Similar classifications

were also used by Lad and Kulkarni (2008), who stated

machine tool failures as any event, which either causes the

breakdown of a machine or keeps the machine running

with a high percentage of defective products. According to

Garg et al. (2013), this second failure mode actually occurs

due to unplanned preventive maintenance action and incurs

repairing and replacement costs. Therefore, due consider-

ation of these failures and failure costs is essential to make

a suitable maintenance planning decision.

We make the following assumptions when developing

the model.

• A single product is manufactured on the machine with a

single critical to quality (CTQ) characteristic.

• Minimal corrective maintenance and imperfect preven-

tive maintenance are considered here. Therefore, cor-

rective maintenance equipment will be of the same age

as it was during the time of failure. On the contrary,

after preventive maintenance, machine life will be

increased but the machine will not be considered as

new.

• Failure modes FM1 and FM2 are independent of each

other and in case of failure, probability of failure mode

1 (PFM1) ? Probability of failure mode 2 (PFM2) = 1,
since these two modes are the only failure types

considering here. These probabilities can be obtained

from the failure reports maintained by maintenance

personnel from production lines.

• The process is jointly monitored by a VSIFT CUSUM-

m and CUSUM-S2 control chart.

• Detection of assignable causes and restoration of the

machine is done by the transitory shut down of the

system. The whole system starts production again once

the machine returns to perfect operating condition.

3.2 Problem description

Different types of failure modes and the costs associated

with them have been discussed in some of the existing

studies. Since we have considered two different modes of

failures, we need to find out the costs that have been

incurred due to the complete failure (FM1) or partial failure

(FM2) of the machines. According to the study conducted

by Pandey et al. (2012), if FM1 occurs, prompt corrective

measures are performed to fix the machine by stopping it.

Thus, the expected cost of corrective maintenance

E[CCM]FM1 includes repair/restoration and downtime costs.

If FM2 occurs, the process deviates from its desired con-

dition, which increases the probability of rejection of

products. Thus, corrective actions are made to rectify the

process deviation. Process deviation or deterioration of

process performance occurs not only due to FM2 but it can

also take place due to some external causes (E), like

environmental conditions, inefficient operators, use of the

wrong tools, lack of awareness, etc. After detecting any

external cause ‘E’, the process is reset again in the con-

trolled condition. The Occurrence of FM2 or the presence

of an external cause may be detected by observing the

process. In an ideal scenario, it is assumed that after the

termination of a maintenance action, the component will

return to its’ brand-new condition. However, this is seldom

possible to achieve in practical settings. Instead, it is more

accurate to consider the age of the renewed component to

be a certain percentage of its’ original age, which is termed

as the ‘restoration factor (RF)’. A value of RF equals 1

indicates that the repaired component is as good as new and

a value of 0 means that no restoration takes place after

maintenance action. RF is an important concept to the top

management to establish proper inspection and
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maintenance plan provided that they don’t have the budget

to replace the defective component with a new one.

We consider a VSIFT CUSUM control chart mecha-

nism. The expected total cost of process failure, E

[TCQ]process-failure owing to FM and external causes is

computed considering downtime, rejections, repair/reset-

ting, sampling, and inspection costs. Investigation costs of

false/valid alarm and costs of deviation from target value

are also considered. Along with these corrective actions,

preventive maintenance is also necessary to minimize

unexpected downtime losses.

Imperfect preventive maintenance is considered as a

preventive maintenance policy implying that, after main-

tenance, equipment will be in a condition somewhere

between as-good-as-new and as-bad-as-old. Therefore, the

failure frequency and out of control quality cost can be

minimized through proper use of PM and FM2. Since PM

also causes some machine downtime while executing pre-

ventive actions, the expected cost of PM (E [CPM])

includes both downtime cost and the cost of performing

preventive maintenance.

3.3 The VSIFT CUSUM chart

In the VSIFT sampling scheme, samples are taken at every

fixed time interval (denoted as h) while the possibility of

process deviation tends to zero. However, additional sam-

ples are taken when the sample points remain within the

control limits but not close to the target value, indicating

the probability of process deviation from the expected

level. If the fixed time interval h is divided into g subin-

tervals of length d, where d = h/g, for example, if h = 1 h

and g = 5 (i.e., d = 12 min), and the sample point does not

indicate any problem, then samples will be collected at

each hour interval. However, if there is any indication of

the process shift, then the next sample should be taken

12 min later.

3.3.1 CUSUM chart for the mean (CUSUM- m)

The ith sample statistic of a CUSUM chart for the mean is:

Ciþ ¼ max Cþ
i�1 þ xi � l0 þ sð Þ; 0

� �
; ð1Þ

Ci� ¼ max Cþ
i�1 þ l0 � sð Þ � xi; 0

� �
; ð2Þ

where Ci
? and Ci

– indicate upper and lower (one-sided)

CUSUM for ith sample statistic, respectively. l0 is the

process target value, xi is the observed value or average of

the observed values of subgroups of a sample and s is the

allowable slack and it is denoted by s ¼ d�rx
2

Since the

primary aim of the CUSUM chart is to monitor the small

shifts in the process, the slack is tried to maintain within

0.5–1 of standard deviation. So, the value of d can be of

any value between 1 and 2. However, the default value of d
is usually set to 1 to ensure the detection of the minimum

shift and capture all the assignable causes around the

vicinity (Woodall and Faltin 2019). The upper (UCL) and

lower control limits (LCL) for the CUSUM-m chart are:

UCL ¼ l0 þ krx; ð3Þ
LCL ¼ l0 � krx: ð4Þ

The k is the control limit coefficient of the CUSUM-m

chart and rx is the sample standard deviation and denoted

as

rx ¼
o0p
n
; ð5Þ

where o’ is the process standard deviation and n is the

sample size. The upper (UWL) and lower (LWL) warning

limits for the CUSUM -m chart are:

UWL ¼ l0 þ wrx; ð6Þ
LWL ¼ l0 � wrx: ð7Þ

Here, w is the warning limit coefficient of the CUSUM

chart for the mean.

3.3.2 CUSUM chart for variance (CUSUM-S2)

Castagliola et al. (2009) proposed a new type of CUSUM

chart to monitor and control the variance of a process. The

CUSUM-S2 chart is used in this paper to monitor the

variance.

Let xk,1,...,xk,n be n independent random variables used

as a sample in plotting a control chart to observe process

dispersion, having process mean, l0, nominal process

standard-deviation, o’ and subgroup number k. Since this

chart is employed to observe the process dispersion,

therefore, the ‘‘out-of-control’’ condition is considered

when the process mean matches the target mean but the

standard deviation shifts from the desired level. If Sk
2 is the

sample variance of subgroup k, i.e.

S2k ¼
1

n� 1

Xn

j¼1

ðxkj � xkÞ2: ð8Þ

Here, xk is the sample mean of subgroup k.

Tk ¼ aþ bln S2k þ c
� �

; ð9Þ

where b ¼ B nð Þ;

c ¼ C nð Þr2;
a ¼ A nð Þ � 2B nð Þ ln rð Þ;

The values of A nð Þ;B nð Þ;C nð Þ can be determined from

the study of (Castagliola et al. 2009). The kth static to

monitor the process variance is,
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Zkþ ¼ max 0; Zk�1 þ E Tkð Þ þ Lð Þ½ �; ð10Þ
Zk� ¼ max 0; Zk�1 þ E Tkð Þ � Lð Þ � Tk½ �; ð11Þ
Zk ¼ max Zk�; Zkþð Þ: ð12Þ

Here, E(Tk) is the expected mean value of Tk. L is the

allowable slack for the CUSUM-S2 chart. L C 0 is a con-

stant. The upper control limit (UCL) and lower control

limit (LCL) for the CUSUM-S2 chart are:

UCL ¼ k1rx ð13Þ
LCL ¼ 0; ð14Þ

where k1 is the control limit coefficient of the CUSUM-S2

chart and

rx¼
o0p
n
: ð15Þ

The upper warning limit (denoted by UWL) for the

chart is,

UWL ¼ w1rx; ð16Þ

where w1 is the warning limit coefficient of the CUSUM-S2

chart.

Thus, in case of a VSIFT sampling policy, if a sample

point falls in the in-controlled region (i.e., LWL B xi-
B UWL) for both of the mean and variance charts, then the

next sample is taken after the fixed sampling interval. If the

last sample point falls in the warning region for at least one

chart, i.e. CUSUM-m or CUSUM-S2 (i.e., UWL\ xi-
B UCL or LCL B xi\ LWL or xi[UWL), then the next

sample is taken after sampling sub-interval d. If any sample

point falls outside the control limit, then managers look for

the assignable causes for the problem in order to rectify it.

3.4 Mathematical model

3.4.1 Joint ARL computation for mean and variance

Average run length (ARL), which measures the expected

number of consecutive samples, remains at the in-control

region before the sample statistic is outside the control

limits. The value of ARL depends on whether the process is

in-control or out-of-control. In case of using multiple charts

for process monitoring, the search for an assignable cause

commences if any one of the charts shows an out-of-con-

trol signal. Therefore, while using multiple charts simul-

taneously, joint ARL of multiple control charts is more

effective than ARLs of individual control charts. The joint

ARL of mean and variance for the VSIFT CUSUM

chart can be computed using the absorbing Markov chain

approach.

According to Morals and Pacheco (2000), to determine

the ARL of a combined scheme, the run length distribution

of mean and variance charts needs to be determined. Then,

using these results, the complementary cumulative distri-

bution function can be determined. The joint ARL is:

ARLj ¼
X1

s¼0

FRLil
sð Þ � FRLj

s2
sð Þ

" #

i ¼ 1; . . .:uþ 1

j ¼ 1; . . .:vþ 1

ð17Þ

FRLil
sð Þ ¼ f1;S\1;

eTl:i�½Ql�s�1l;s[ 1;
ð18Þ

FRLj

s2
sð Þ ¼ f1;s\1;

eT
s:2 j

�½Qs2 �
s�1s2;s[ 1;

ð19Þ

where FRLil
sð Þ and FRLj

s2
sð Þ are the probability that the

expected run length of CUSUM-m and CUSUM-S2 is

greater than or equal to s, respectively. Here, u ? 1 and

v ? 1 are the number in the in-control state for the

CUSUM-m and CUSUM-S2 charts, respectively. eTl:i and

eTs:2j are the transpose of the orthonormal basis of Ru?1 and

Rv?1, respectively.Ql and Qs2 are the [u x u] and [v x v]

matrix that represents initial transition probabilities for the

CUSUM-m and CUSUM-S2 charts, respectively. 1l and 1s
2

are the column vector of one.

3.4.2 Development of cost function

The cost function is developed following the model by

Lorenzen and Vance (1986), and the details of the cycle

length and different cost functions are given in Appendix 2

and 3, respectively.

The expected cycle length is,

E Tcycle
� �

¼ E T1ð Þ þ E T2ð Þ þ E T3ð Þ þ E T4ð Þ: ð20Þ

Here, E T1ð Þ = the expected in-control process time;

E T2ð Þ = the expected out-of-control time before

declaring the process is out of control;

E T3ð Þ = the expected sampling time; and.

E T4ð Þ = the expected time interval for searching for and

correcting the assignable cause.

The expected cost of minimal corrective maintenance

owing to FM1 is given as:

E CCM½ �FM1
¼ MTTRCM PR:Clp þ LC

� �
þ CFCPCM

� �
� PFM1

� Nf :

ð21Þ

MTTRCM PR:Clp þ LC
� �

denotes the downtime cost

owing to corrective maintenance.

The expected total cost of preventive maintenance

action of the component will be

E CPM½ � ¼ MTTRPM PR:Clp þ LC
� �

þ CFCPPM

� �
� Teval
tPM

:

ð22Þ
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MTTRPM PR:Clp þ LC
� �

þ CFCPPM is the downtime cost

owing to preventive maintenance.

The expected cost of process failure per cycle is denoted

as:

E Cprocess

� �
¼aE Cfalse

� �
þ E Cost of Sampling½ �

þ E Cresetting

� �
þ E Crepair

� �
FM2

h i

þ E Lin control½ � þ E½ðCost of Lout of controlÞM
C
�

þ E½ðCost of Lout of controlÞE
ð23Þ

The process failure is considered as a cyclic phe-

nomenon because whenever a process goes into an out-of-

control state, then the problem is rectified and the process

is again restored to an in-control state. Therefore, a cycle is

realized for a process from the occurrence of an assignable

cause to return to the normal condition. This is known as a

process failure cycle. If there are M process failure circles

in a given period, then the expected cost of quality control

due to process failure for the given period is:

E TCQ½ �process�failure¼ E Cprocess

� �
M; ð24Þ

where

M ¼ Teval

E Tcycle
� � : ð25Þ

3.4.3 Optimization model

The main objective of this model is to minimize the

expected total cost per unit time (ETCPUT) of the system.

Therefore, the desired objective function for this model is,

Minimize ½ETCPUT � ¼
E CCM FM1 þ E� ½CPM½ � þ E TCQ½ �process�failure

Teval
:

ð26Þ

where [ETCPUT] = f (n, h, g, k, w, tpm, k1 and w1) and

Teval is the time taken to complete the observation.

4 Results and discussions

4.1 Numerical illustrations

In this section, we present a numerical illustration to test

the effectiveness of the model.

A component of a machine is considered here as the

only operating part which is expected to operate six days a

week. Each day has 3 shifts of 7 h. The required time for

preventive maintenance is considered TPM = 7 time units

with a restoration factor of RFPM = 0.6, which means, after

preventive maintenance action, the component will recover

60% of its life and its age will be reduced by 40% of the

age it was before PM. The required time for corrective

maintenance is considered as TCM = 12 time units having a

restoration factor of RFCM = 0. That means the component

will not be able to get an extra life; rather it will be of the

same age as it was when it failed. This is called minimal

corrective maintenance. In this model, the time to failure

for the component is obtained through the simulation used

by Pandey et al. (2012).

An example is also provided in this section to compute

joint ARL and to analyze the proposed integrated model. In

this example, the process is considered to be running in an

in-control state with mean lo’ and standard deviation o’.

Here, the deviation of the process mean from the target

value owing to external reasons is denoted by dE and owing

to the machine failure is denoted by dm=c. Similarly, the

deviation of the process variance from the target value

owing to external reasons is denoted by d1E and owing to

the machine failure is denoted by d1m=c, which occurs at

random. The initial transition probability matrix for the

CUSUM-m and CUSUM-S2 charts is given in Appendix 1.

The initial values of necessary parameters used for the

integrated model are given in Table 1.

After setting the values of the parameters, we attempted

to solve our objective function as mentioned in the previ-

ous section. The proposed model is formulated in Matlab

and is optimized using the Nelder Mead Downhill simplex

algorithm and the Genetic Algorithm (Gen and Cheng

1999) methods.

Table 2 gives the optimization results obtained using the

Nelder-Mead downhill simplex method. It is evident from

Table 1 Initial values of parameters

Parameter Value Parameter Value

dE 1 PR 10

dm=c 0.5 Teval 1000

d1E 0.004 Clp 400

d1m=c 0.001 Treseting 2

a 50 LC 500

b 5 TS 0.4

CFalse 1200 MTTRCM 12

A 500 MTTRPM 6

CFrej 2750 D 0.03

CFCPPM 1000 D1 0.005

CFCPCM 10,000 l0 24

Creset 2000 r 0.01

t0 1 k1 0.05

t1 1 PFM1
0.4

c1 0 PFM2
0.6

c2 0
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Table 2 that each observation shows similar results, not

only for the optimum cost but also for the values of 8 test

variables. We need to set three different categories of

parameters for the Nelder-Mead simplex method as shown

in Appendix 4. The parameters are set in such a way that

they can bring the maximum percentage of successful

minimization of our problem.

Table 3 gives the results obtained using the genetic

algorithm. Stall generation (G) and mutation rate (m) have

been changed to provide more insight into the results, and

it is found that the results are similar to that of the former

method. The parameter settings for the genetic algorithm

have been shown in Appendix 4. Genetic algorithm mainly

consists of two phases named the intensification and

diversification phase which are characterized by appropri-

ate mutation and cross-over operators (Fathollahi-Fard

et al. 2018). We have selected the parameters based on a

trial and error method to obtain the best performance of the

operators.

Since the results of these two methods resemble each

other, it can be concluded that the solutions obtained from

the model attained global optimum values.

4.2 Comparative analysis of the research

with existing literature

The final model of this study shows some variations from

the existing literature. Most of the studies focusing on the

joint integration of the quality control and maintenance

policy often prefer the EWMA, X chart, and the Shewhart

p-chart to detect the process shift (Charongrattanasakul and

Pongpullponsak 2011; Bahria et al. 2020). However, we

have implemented the CUSUM chart and found that, for

faster detection of the smallest shift, the CUSUM chart is

much more effective than any other conventional quality

chart. Moreover, we have discovered that the CUSUM

chart with the VSIFT sampling policy can successfully

trace a concurrent process with partial failure, unlike the

fixed sampling policy as suggested by some researchers

(Shrivastava et al. 2016; Li et al. 2018). Furthermore, most

of the studies assumed that two or three standard deviations

of the process should be considered as significant process

variations and they often concentrated on the process mean

to detect the assignable causes (X. Yang and Zeng 2018;

Bahria et al. 2020). In contrast, we have considered that

even one standard deviation of the process can be signifi-

cant enough for the industries and focused on both mean

and variance simultaneously. Consequently, our model can

detect the assignable causes within one standard deviation

of the process and thus decreases the rate of premature

equipment failure.

5 Sensitivity analysis

A sensitivity analysis is done based on the example men-

tioned in Sect. 4 to analyze the effects of different design

parameters on the total cost. The variation of the final

results with the change of sensitive parameters is displayed

in Table 4. In Table 4, the basic level shows the dataset

utilized to solve the example as illustrated in Sect. 4.1.

Levels 1 and 2 mentioned in Table 4 represent the values

corresponding to these parameters with a 10% decrease and

a 10% increase from the basic level, respectively. The

optimum objective function values for these three different

levels are shown in three different columns in Table 4. The

final column of Table 4 indicates how sensitive the opti-

mum value is to the changes in the values of these

parameters.

It is evident from Table 4 that four parameters (dE, d1E ,
k1 and A) are the major contributors to bring changes to the

optimum cost value compared to other parameters which

ultimately emphasizes the robustness of the proposed

model. However, with the changes in the magnitude of

Table 2 Optimization using the

Nelder-Mead downhill simplex

method

No. of obs n h g k w tpm k1 w1 Cost

1 8.0002 15.999 10 4.9992 1.5001 220 5 2 1119.303

2 8 16 9.9997 5 1.5 219 4 2 1119.083

3 8.0001 15.599 9.999 4.9997 1.5 219.35 4.97 2 1118.835

Table 3 Optimization data

using a genetic algorithm
G m n h g k w tpm k1 w1 Cost

1200 .02 8.002 15.994 9.991 5 1.5 220 4.999 2.0 1119.18

1000 .02 8.0001 15.999 9.998 4.99 1.5 219.997 4.999 2.0 1119.30

800 .02 8 16 9.984 4.98 1.5 219.997 5 2.0 1120.17

800 .015 8.0001 15.996 9.986 4.99 1.5 219.996 4.997 2.0 1119.38
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these four parameters, the optimum cost value of the pro-

posed model is changed significantly, which means the

model is highly sensitive to changes to these four

parameters.

To precisely analyze the effect of these four parameters,

the experiment is performed using � fraction factorial

analysis in Minitab, and the findings are illustrated in

Table 5 and Fig. 1. From Table 5 and Fig. 1, it can be

observed that a shift due to assignable causes or external

reasons takes place in the CUSUM-m chart (dE), as

reflected in the change in dE. It is the most significant

parameter even though A and dE � A contribute to the

change of optimum cost value, being much less than the

change caused by dE: It can be concluded that the proposed

model is highly sensitive to the change in the value of dE;
so the production process should be designed in a way to

restrict dE; as much as possible to minimize the overall

cost.

To observe the impact of the variables on the total cost,

an analysis of some significant decision variables was

conducted. In total, 16 data points were used for each of the

independent variables keeping all other variables constant.

In this dataset, eight points were taken following an

increasing trend, and another eight points were taken fol-

lowing a decreasing trend of the respective variables to

better understand the effect of the variable change on the

total cost.

It is evident from Fig. 2 that with an increase in sample

size, the cost increases, while with a decrease in sample

size, the cost decreases. It could be expected that an

increase in sample size will increase the sampling and

inspection costs, and vice versa.

As shown in Fig. 3, with the increase in the control limit

coefficient (k), the cost decreases rapidly, but at a value of

6 or higher, the rate of cost reduction becomes steady. On

the other hand, with a decrease of k, the cost increases

rapidly at first before slowing down. One possible reason

for this is, with a higher control limit coefficient value, the

probability of rejection decreases. Since the value of

standard deviation is fixed for this problem, with the

increase of k, the area between the two control limits also

increases, which, in turn, increases the probability of poor

products are accepted. Thus, rejection, repair, and out-of-

control costs also decrease.

On the contrary, with the decrease of k, the area between

control limits decreases, which increases the probability of

rejection and demands a high precision production system

with little margin of error. Thus, the rejection cost and out-

of-control cost also increase. However, while k increases,

due to the application of TLF, the in-control cost also

increases. That is why the rate of cost increase is much

higher than that of cost decrease for the decrease and

increase of k, respectively.

Table 4 Dataset and the results of the sensitivity analysis

Parameters Basic level (BL) Level 1 (L1) Level 2 (L2) BL Cost L1 Cost L2 Cost Change from L1 to L2

dE 1 0.9 1.1 1120 563.893 2512 1948.107

dm=c 0.5 0.45 0.55 1120 1121.99 1120.6 1.39

d1E 0.004 0.0036 0.0044 1120 1118.3 1124.39 6.09

d1m=c 0.001 0.0009 0.0011 1120 1118.7 1121.8 3.1

k1 0.05 0.045 0.055 1120 1115.5 1128.7 13.2

b 5 4.5 5.5 1120 1119.7 1124.2 4.5

TS 0.4 0.36 0.44 1120 1118.9 1120.8 1.9

A 500 450 550 1120 1039 1207.7 168.7

Cfrej 2500 2250 2750 1120 1119.6 1120.5 0.9

tr 2 1.8 2.2 1120 1119.8 1120.1 0.3

t0 1 0.9 1.1 1120 1120 1120 0

t1 1 0.9 1.1 1120 1120 1120 0

a 50 45 55 1120 1119.2 1124.1 4.9

Table 5 Results from � fraction factorial analysis

Parameters Effect F value P value

dE 1949.01 750,815.78 0.00

d1E 1.01 0.20 0.665

k1 11.16 24.63 0.001

A 253.21 12,672.50 0.00

dE � d1E 0.98 0.19 0.675

dE � k1 8.33 13.71 0.006

dE*A 193.48 7398.74 0.00
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The change of total cost concerning the number of

sampling sub-interval (g) has been shown in Fig. 4. For the

values of 5 to 16, the cost remains almost unchanged and,

beyond this range, the cost increases, and for values less

than 5, it increases rapidly. As such, when the number of

subintervals becomes high, the sampling cost increases,

and when the number of g is very low, the out-of-control

ARL increases, which, in turn, increases the probability of

repair and rejection, as well as out-of-control costs.

Figure 5 shows that, with the increase and decrease of

tpm, the cost decreases and increases, respectively, and the

relationship is linear. It occurs since the increase of tpm
results in the decrease of preventive maintenance costs.

However, it is also found that the change in cost is very

low, so a small change of tpm from its optimum value has

little effect on the cost.

Figure 6 shows that, with the increase of k1 the cost

remains almost unchanged, and with the decrease of k1, the

Fig. 1 Pareto chart of the

standardized effects in �
fraction factorial analysis
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cost remains constant at first and starts increasing from

3.75 and continue increasing with a decrease in the value of

k1. Due to the very small value of k1, the margin of error

decreases at a very low level for sample variances, which,

in turn, increases the probability of rejection and, thus,

increases rejection costs.

6 Conclusions

Combining the SPC and maintenance management policy

in a production system can lead to considerable economic

gains. To address this, an integrated economic model of

quality control and maintenance policy was developed.

A CUSUM chart was employed to examine the process

mean and variance due to its’ absolute nature in detecting

small shifts and for facilitating faster detection. Besides,

deviation from a desired mean or variance deteriorates a

product’s quality and incurs costs. Therefore, calculating

joint ARL by integrating both mean and variance is justi-

fied. With the use of a VSIFT sampling policy, substan-

tially faster detection of process shifts became possible and

the probability of running the manufacturing process in an

out-of-control was decreased. Moreover, incorporation of

TLF and a modified Kapoor and Wang’s linear loss func-

tion (C. H. Chen and Chou 2005) in the model helped to
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minimize in-control and out-of-control costs for both the

mean and variance, which performed better than conven-

tional approaches. Industrial managers and practitioners

may be benefitted from CUSUM-m and CUSUM-S2 charts

as prescribed in this research by minimizing the joint

optimization costs of quality and maintenance actions

when the overall system is sensitive to a small shift from

the desired value.

6.1 Research implications

The final model developed in this research has several

implications for manufacturing industries, textile mills, and

other industries that deal with machines and other related

equipment regularly. Industrial managers can use it to

monitor and control the dimensions of products and dif-

ferent process parameters to ensure the desired quality.

Some research implications of this research are discussed

as follows.

• Process failure cost owing to external factors and

equipment failure has a significant contribution to the

total cost. So, the top management should inspect and

regulate the machine conditions as needed and take

maintenance actions accordingly. For example, in the

textile industry, dyeing machines can be inspected

during operations to control different parameters, such

as squeezing pressure, mangle pressure, dye bath

temperatures, etc.

• Overestimation or underestimation of sampling inter-

vals may drastically increase the total costs. So, the top

management should have the ability to analyze the

sample data and choose a suitable sampling technique

accordingly.

• Frequent preventive maintenance activities may be used

as a tracking tool for transport vehicles and other

devices to prevent transportation failures. Here, tpm can

be used as the required test parameter to monitor

delivery chains and control delivery times for different

destinations. However, instead of using univariate

CUSUM in this model, incorporating multivariate

CUSUM charts would be more effective.

6.2 Limitations and future research direction

In this study, a single unit is considered to be manufactured

with a single quality characteristic at a time. However, the

production system of the current decade is complex and it

often involves multi-unit batch production. Even a single

unit consists of various quality attributes and so suit-

able testing and inspection methods need to be included for

each quality trait to make the research more robust and

extensive.

In the future, one possible extension of this research is to

incorporate the use of the Multivariate CUSUM chart and

Multivariate EWMA chart or the combined use of CUSUM

and EWMA charts to monitor both mean and variation in

addressing the quality control and preventive maintenance

problems. Besides, the variable sampling rate (VSR) can

also be an effective alternative to VSIFT as VSR allows

both the sample size and the sampling interval to vary

based on the previous values of the control statistics.

Moreover, using non-normal quality characteristic distri-

bution, especially Johnson distribution for quality variables

(Pasha, Moghadam et al. 2018a, b) in conjunction with our

proposed model can be a persuasive subject for further

research.

Appendix 1

The initial transition probability matrix for CUSUM-m

chart,

Ql ¼

0:47 0:47 0:03 0 0 0 0 0

0:09 0:59 0:31 0:01 0 0 0 0

0 0:15 0:64 0:15 0:06 0 0 0

0 0:01 0:19 0:65 0:09 0:06 0 0

0 0 0:03 0:35 0:45 0:13 0:04 0

0 0 0 0:09 0:3 0:41 0:16 0:04
0 0 0 0 0:05 0:25 0:45 0:2
0 0 0 0 0:02 0:13 0:32 0:39

2

66666666664

3

77777777775

The initial transition probability matrix for CUSUM-S2

chart,

Qs2 ¼

0:48 0:45 0 0 0 0 0 0

0:28 0:45 0:19 0:05 0 0 0 0

0 0:25 0:61 0:12 0:02 0 0 0

0 0:01 0:3 0:45 0:21 0:03 0 0

0 0 0:02 0:28 0:41 0:28 0:01 0

0 0 0 0:05 0:21 0:49 0:24 0:01
0 0 0 0 0 0:45 0:47 0:08
0 0 0 0 0 0 0:43 0:57

2

66666666664

3

77777777775

Appendix 2

Cycle length calculation

According to Eq. (20), expected cycle length

E Tcycle
� �

¼ E T1ð Þ þ E T2ð Þ þ E T3ð Þ þ E T4ð Þ:

The expected in control process time

E T1ð Þ ¼ 1

k
þ 1� c1ð Þ � t0 �

s

ARLj1
: ð27Þ
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where t0 is the expected time of searching an assignable

cause under a false alarm, and s is the expected sampling

frequency while in control; ARLj1 denotes in-control joint

average run length.

c1 ¼ 1; if production goes on during searches.

0; if production stops during searches.k is the process

failure rate. Process failure rate due to an external cause is

denoted by k1 and the process failure rate owing to inferior

machine condition is denoted by k2.
Here it is assumed that k1 and k2 are independent of each

other and do not occur simultaneously.

So,

k ¼ k1 þ k2: ð28Þ

k1 ¼ 1=Meantime between process failures due to external causesð Þ;
ð29Þ

k2 ¼
Nf � PFM2

Teval
; ð30Þ

where Nf is the number of machine failures and Teval is the

evaluation period and tPM is the preventive maintenance

interval.

According to Pandey et al., (2012), the relationship

between Nf and tpm is expressed by

Nf ¼ 0:0437 � tPMð Þ0:8703: ð31Þ

where the sampling frequency is calculated based on the

concept given by Chou et al., (2008). The first sampling

takes place at the time point h during the first interval of [0,

h]. When the manufacturing process is in control, aside

from the first interval, the possible values of the sampling

frequency for any interval with fixed length h (i.e., the

intervals [h, 2 h], [2 h, 3 h], [3 h, 4 h] …) are 1, 2,…. g.
Thus, the expected in control sampling frequency is,

s ¼ 1þ ð1� qeg�1

1� q
þ 2g� 1ð Þ � qg�1Þ �

X1

j¼2

e� j�1ð Þkh;

¼ 1þ 1� qeg�1

1� q
þ 2g� 1ð Þ � qg�1

� 	
� e�kh

1� e�kh

� 	
;

ð32Þ

g ¼ h

d
ð33Þ

where q indicates the conditional probability that the

sample point shows a warning signal whereas the process is

actually in control. Therefore,

q ¼ 2 / kð Þ � / xð Þ½ �
/ kð Þ � / �kð Þ þ / k1ð Þ � / x1ð Þ½ �

/ k1ð Þ � / 0ð Þ
� 2 / kð Þ � / xð Þ½ �

/ kð Þ � / �kð Þ � / k1ð Þ � / x1ð Þ½ �
/ k1ð Þ � / 0ð Þ

� 	
: ð34Þ

where / :ð Þ denotes the standard normal cumulative dis-

tribution function, and.

a is the probability of false alarm given by

a ¼ 1=ARLj1: ð35Þ

The expected out of control time before declaring the

process is out of control can be denoted as,

E T2ð Þ ¼ ATS2�n; ð36Þ

where

ATS2 ¼ þ ATS2ð Þexternal; ð37Þ

ATS2 is the average time interval from the last in control

sampling point to the time to give out of control signal

ATS2 ¼ ½q
Xg�2

i¼0

qid þ 1� qð Þ
Xg�1

i¼o

qi h� idð Þ �� ½ðARLj2Þmc

� k2
k
þ ARLj2ÞE � k1

k

� 

:

ð38Þ

where ðARLj2Þmc and ðARLj2ÞE are the joint out of control

ARL for machine degradation and external cause respec-

tively. q
Pg�2

i¼0

qid þ 1� qð Þ
Pg�1

i¼o

qi h� idð Þ is the average

sampling interval.n indicates the average time gap between

the last sampling time point, while the process was in

control and the time point at which an assignable cause

actually occurs and it can be presented as

n ¼
Xg�1

j¼0

q1js1j
� �

þ q2s2: ð39Þ

Here,

pq1j ¼
qj 1� qð Þ h� jdð Þ

q
Pg�2

i¼0 qid + 1� qð Þ
Pg�1

i¼0 qi h� idð Þ
; ð40Þ

q2 ¼
q
Pg�2

i¼0 qid

q
Pg�2

i¼0 qid + 1� qð Þ
Pg�1

i¼0 qi h� idð Þ
: ð41Þ

s1j is defined as the expected in-control time interval while

an assignable cause occurs between the sampling time

points ihþ jd and iþ 1ð Þh.

s10 ¼
1� 1þ khð Þe�kh

k 1� e�kdð Þ ; ð42Þ

s1j ¼
1

k
� g� jð Þde�k g�jð Þh

1� e�k g�jð Þh ; ð43Þ

For j ¼ 1; 2. . .::g� 1. and s2 is defined as the expected

in-control time interval while an assignable cause occurs

between the sampling time points i and iþ 1ð Þ having

sampling interval d.
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s2 ¼ 1� 1þ kdð Þe�kd

k 1� e�kdð Þ : ð44Þ

The expected sampling time,

E T3ð Þ ¼ n � Ts: ð45Þ

where Ts is the average sampling, inspecting, evaluating,

and plotting time for each sample.

The expected time interval for searching and correcting

assignable cause is

E T4ð Þ ¼ t1 þ E Trestoreð Þ;

¼ t1 þ Tresetting �
k1
k
þMTTRcr �

k2
k

� 	
: ð46Þ

where t1 is the average time to search for the assignable

cause and E Trestoreð Þ is the expected time to repair or reset

the process.

Appendix 3

Process failure cost calculation

The expected cost of false alarm

E Cfalse

� �
¼ Cfalse �

S

ARLj1
� t0; ð47Þ

where Cfalse is the cost per unit time for scrutinizing the

false alarm.

If ‘a’ and ‘b’ respectively are the fixed and variable cost

of sampling for unit sample, then the expected cost per

cycle for sampling is,

E cost of sampling½ �

¼
aþ bnð Þ 1

k þ 1� c1ð Þ � t0 � s
ARLj1

n o
þ ATS2�nþ gTsþ r1t1 þ r2E Trestoreð Þ

h i

q
Pg�2

i¼0 qid þ 1� qð Þ
Pg�1

i¼o qi h� idð Þ
:

ð48Þ

c2 ¼1; if production continues while correcting the process

0; if production stops during correcting the process

Let,Cresetting be the cost of finding an assignable cause. It

also includes downtime costs if production stops func-

tioning while searching and resetting. So, the expected

value of Cresetting can be calculated as:

E Cresetting ¼� ½Cresetting � Tresetting
� �

� k1
k
: ð49Þ

The average cost of corrective actions and repairing

machine owing to FM2 is computed as:

E Crepair

� �
FM2

� �
¼ MTTRCM PR:Clp þ LC

� �
þ CFCPPM

� �

� k2
k
:

ð50Þ

Consideration of Taguchi loss

Taguchi loss function (TLF) is utilized to find out the in

control and out of control quality loss occurred due to the

production of defective products (Al-Ghazi et al. 2007).

Here, a critical to quality (CTQ) characteristic is consid-

ered with bilateral tolerances of equal value (D) for

CUSUM-m chart and unilateral tolerance of value (D1) for

the CUSUM-S2 chart. The penalty cost of producing a

defective product is A cost/unit, and uniform rejection cost

is incurred beyond the control limits.

CUSUM-m chart.

[Lin control] determination: At in control state quality loss

per unit time is computed as,

Lincontrol½ �mean¼ ½PR � A

D2
r

lþ krffiffi
n

p

l� krffiffi
n

p

x� lð Þ2f xð Þdx�

þ PR � R � Cfrej

� �
; ð51Þ

where PR is the production rate x representing sample

means of the quality characteristic, and f ðxÞ is its normal

density function with a mean of l and a standard deviation

of n rffiffi
n

p . Now, under this loss function, unlike the classical

SPC approach, any deviation from the target value can be

counted as a loss. While running the process within control

limits the proportion of nonconforming unit, R ¼ 1�
/ kð Þ � / �kð Þf g and Cfrej represent the cost of rejection

per unit.

After some algebraic manipulations,

Lincontrol½ �mean¼ PR � A

D2
� r

2

n
1� 2k

ffiffiffiffiffiffi
2p

p e
�k2

2 � a

� 


þ PR � R � Cfrej

� �
:

where a ¼ 2/ �kð Þ:
Lout of control
� �

determination

Loutofcontrol
� �

mean
¼ PR � A

D2

Z 1

�1
ðx0 � lÞ2f ðx0Þdx0 � r

lþ krffiffi
n

p

l� krffiffi
n

p

x0 � lð Þ2f x0ð Þdx0
9
=

;
;

ð52Þ

After some algebraic manipulations,
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Loutofcontrol
� �

mean
¼PR � A

D2
� r

2

n
½ 1þ d2n
� �

� 1� bð Þ

þ k þ d
ffiffiffi
n

p
ffiffiffiffiffiffi
2p

p
� 	

� e
� k�d

ffiffi
n

p
ð Þ2

2 þ k � d
ffiffiffi
n

p
ffiffiffiffiffiffi
2p

p
� 	

� e
� kþd

ffiffi
n

p
ð Þ2

2

þ PR � Rd � Cfrej

� �
:

ð53Þ

b ¼ / k � d �
ffiffiffi
n

p� �
� / k � d �

ffiffiffi
n

p� �
:

where Rd is the proportion of non-conforming units while

the process runs out of control state.

For an out of control state, the quality loss per unit time

owing to a machine failure is computed as:

Loutofcontrol
� �

meanm=c
¼PR � A

D2
� r

2

n
½ 1þ d2m=cn
 �

� 1� / k � dm=c �
ffiffiffi
n

p� �
þ / �k � dm=c �

ffiffiffi
n

p� �� �

þ ð
k þ dm=c

ffiffiffi
n

p
ffiffiffiffiffiffi
2p

p Þ � þe

� k�dm=c
ffiffi
n

pð Þ2
2

� 	

þ ð
k � dm=c

ffiffiffi
n

p
ffiffiffiffiffiffi
2p

p Þ�

þe

� kþþdm=c
ffiffi
n

pð Þ2
2

� 	

þ PR � Rdm=c � Cfrej

� �
:

ð54Þ

where

Rd m=c ¼ 1� / k � dm=cr
� �

� / �k � dm=cr
� �� �

:

Similarly, for an out of control state, the quality loss per

unit time owing to external causes is computed as:

Loutofcontrol
� �

meanE
¼ PR � A

D2
� r

2

n

1þ d2En
� �

� 1� / k � dE �
ffiffiffi
n

p� �
þ / �k � dE �

ffiffiffi
n

p� �� �
þ k þ dE

ffiffiffi
n

p
ffiffiffiffiffiffi
2p

p Þe
� k�dE

ffiffi
n

pð Þ2
2

� 	�

þ k � dE
ffiffiffi
n

p
ffiffiffiffiffiffi
2p

p e
� kþdE

ffiffi
n

pð Þ2
2

� 	

þ PR � RdE � Cfrej

� �
:

ð55Þ

where

Rdm=c ¼ 1� / k � dErð Þ � / �k � dErð Þf g: ð56Þ

CUSUM-S2 chart

Since it is a ‘‘smaller the better’’ situation. I.e. it is better if

the variance is smaller in the CUSUM-S2 chart, the desired

value for variance is 0. In this case, only the upper control

limit is considered to monitor the chart. Trietsch (1999)

stated that when the expected cost of exceeding the toler-

ance limits does not equal to both sides of the target,

Taguchi quadratic loss function seems inappropriate in that

situation. That’s why here in control and out of control loss

for the CUSUM-S2 chart is determined considering the

modified Kapoor and Wang (1994) model stated by C.

H. Chen and Chou (2005), which is a linear loss function.

[Lincontrol] determination: At in control state quality loss

per unit time is computed as;

Lincontrol½ �variance¼ PR � A

D1
� r

k1�rffiffi
n

p

�1
yf yð Þdy

þ PR � R0 � Cfrej

� �
; ð57Þ

f yð Þ ¼ 1

/ k1ð Þ � rffiffi
n

p �
ffiffiffiffiffiffi
2p

p � e�
y�l
rffiffi
n

p

� 	2

2 : ð58Þ

where PR is the production rate, y represents sample

variance of the quality characteristic. Now under this loss

function, unlike the classical SPC approach, any deviation

from the target value is count as a loss. In this work l/
r[ 5, the probability that y\ 0 tends to 0.

After some algebraic manipulations,

Lincontrol½ �variance¼ PR � A

D1
� 1

/ k1ð Þ fl � / k1
r
ffiffiffi
n

p � l

� 	

� r
ffiffiffi
n

p � u k1
r
ffiffiffi
n

p � l

� 	

þ PR � R0 � Cfrej

� �

ð59Þ

where u :ð Þ Signifies the standard normal probability den-

sity function.R0 denotes the proportion of defective items

while the process is in control state.

R0 ¼ 1� / k1ð Þ: ð60Þ

Loutofcontrol
� �

Determination:

Loutofcontrol
� �

variance
¼ PR � A

D1

� f r
1

�1
y0f y’ð Þdy’ r

krffiffi
n

p

�1
y0f y’ð Þdy’

þ PR � R0
d � Cfrej

� �
;

f y0ð Þ ¼ 1

/ k1ð Þ � rffiffi
n

p �
ffiffiffiffiffiffi
2p

p � e�
y�l�d1r

rffiffi
n

p

� 	2

2 : ð61Þ

After some algebraic manipulations,

Loutofcontrol
� �

variance
¼ PR � A

D1
� 1

/ k1ð Þ

u k1� l
ffiffiffi
n

p

r
� d1r

� 	
þ f1� / k1� l

ffiffiffi
n

p

r
� d1r

� 	
g lþ d1rð Þ

� ��

þ PR � R0
d � Cfrej

� ��

ð62Þ

where R0
d is the percentage of the non-conforming unit

while the process runs out of control state.
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For an out of control state, the quality loss per unit time

owing to the machine failure is computed as:

Loutofcontrol
� �

variancem=c
¼ PR � A

D1
� 1

/ k1ð Þ

u k1� l
ffiffiffi
n

p

r
� d1m=cr

� 	
þ f1� / k1� l

ffiffiffi
n

p

r
� d1m=cr

� 	
g lþ d1m=cr
� �� ��

þ PR � R0
dmc
� Cfrej

 �i
:

ð63Þ

where

R0
dm=c ¼ 1� / k1� dm

c
r

 �
: ð64Þ

Similarly, at out of control state quality loss per unit

time owing to external causes is computed as:

Loutofcontrol
� �

varianceE
¼ PR � A

D1

� 1

/ k1ð Þ u k1� l
ffiffiffi
n

p

r
� d1Er

� 	�

þ f1� / k1� l
ffiffiffi
n

p

r
� d1Er

� 	
g lþ d1Erð Þ

� �
þ PR � R0

dE � Cfrej

� �

:

ð65Þ

where

R0
dE ¼ 1� / k1� dErð Þ: ð66Þ

Thus, the expected process quality loss for a cycle in the

in-control state is:

E Lincontrol½ � ¼ Lincontrol½ �mean þ Lincontrol½ �variance
� �

� 1
k
:

ð67Þ

Therefore, for an out of control state, the expected

quality loss incurred per cycle owing to the machine failure

is:

E costofLoutofcontrol
� �

m=c

h i
¼

Loutofcontrol
� �

variancem=c
� � ATS2�nþ n � TS þ r1t1 þ r2 � E Trestoreð Þf g � k2

k
:

ð68Þ

Thus, for an out of control state, the expected quality

loss incurred per cycle owing to external causes is:

E costofLoutofcontrol
� �

E

� �
¼ Loutofcontrol
� �

meanE

þ Loutofcontrol
� �

varianceE
�

� ATS2�nþ n � TS þ r1t1 þ r2 � E Trestoreð Þf g � k1
k
:

ð69Þ

Adding Eqs. [48], [49], [50], [51], [67], [68] and [69]

gives the expected cost of the manufacturing process fail-

ure per cycle as:

E½Cprocess� ¼E½Cfalse þE Costofsampling½ � þ E� ½Cresetting þE� ½ Crepair

� �
FM2

�
þ E½Lincontrol þE� ½ costofLoutofcontrol

� �
m
c

�

þ E½ costofLoutofcontrol
� �

E
:

ð70Þ

Appendix 4

Parameters of Nelder-Mead simplex algorithm

The following parameters have been set for the Nelder-

Mead Simplex algorithm:

Initial simplex parameters:

alpha (a): 1
beta (b): 0.5
lambda (k): 1
Convergence parameters:

epsilon1 (e1): 1e-6.
epsilon2 (e2): 1e-6.
Shrinkage parameters:

gamma (c): 2
delta (d): 0.5

Parameters of genetic algorithm

Parameter settings for a meta-heuristic algorithm like the

Genetic algorithm depend on the specific problem of

interest (Fathollahi-Fard et al., 2020). For our problem, we

have considered the following parameters of the Genetic

algorithm:

Population Size: 100.

Population type: Double vector.

Creation function: Constraint dependent.

Crossover Fraction: 0.8.

Maximum number of generations: 5000.

Function tolerance: 1e-8.

Nonlinear constraint tolerance: 1e-8.
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