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Abstract This paper takes into account the estimation of
the unknown model parameters and the reliability charac-
teristics for a generalized Fréchet distribution under pro-
gressive type-Il censored sample. Maximum likelihood
estimates are obtained. We calculate asymptotic confidence
intervals and also compare in terms of their coverage
probabilities for the unknown parameters, and the relia-
bility and hazard rate functions. Further, Bayes estimates
are derived with respect to various balanced type sym-
metric as well as asymmetric loss functions. Note that it is
impossible to get the estimates in closed-form. So, we
adopt importance sampling method in computing the Bayes
estimates. Furthermore, we consider one-sample and two-
sample prediction problems under Bayesian framework. In
this case, the appropriate predictive intervals are proposed.
Monte Carlo simulations are performed to observe the
performance of various estimates. Moreover, results from
simulation studies indicating the performance of the pro-
posed methods are included. Finally, a real dataset is
considered and analyzed for the illustration of the infer-
ential procedures studied in this paper.
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1 Introduction

The Fréchet distribution was introduced by a French
mathematician Maurice Fréchet in 1927. Since then, vari-
ous extreme value events (skewed data) have been modeled
by this distribution. For several applications of Fréchet
distribution, we refer to Kotz and Nadarajah (2000). Note
that the Fréchet distribution is a particular case of the
generalized extreme value distribution. It is dubbed as
type-II extreme value distribution (or inverse Weibull
distribution) in the literature. Sometimes, it is required to
expand families of distributions by introducing new
parameter(s) for better description of the data. A way to
achieve this goal is by taking power of the cumulative
distribution function (CDF), or its difference from 1. That
is, G*, which is known as Lehmann type-I distribution, or
1 —(1—G)”, known as Lemann type-II distribution,
where G is the baseline distribution. Nadarajah and Kotz
(2003) introduced exponentiated Fréchet distribution with
CDF

2 o
F(x;a,A,0)=1— [1 fexp{f(g) H ,x>0,0,A0>0.
(1.1)

Here, ¢ is known as the scale parameter, 4 and o are the
shape parameters. The CDF given in (1.1) was constructed
by taking the form 1 — (1 — G)*. Note that when o = 1, the
generalized Fréchet distribution reduces to the usual Fré-
chet distribution. Inverse generalized exponential distri-
bution is obtained for A =1 (see Abouammoh and
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Alshingiti 2009). This distribution is right skewed with
unique mode. Henceforth, we denote X ~ GF(a, 4,0) if X
has the distribution function given by (1.1). The probability
density function (PDF) of GF(«, A, o) distribution is given
by

flx;o, 4, 0) = ala”

1 —exp — %) “71x’(“1)exp ~(9)’ . (12)
e QY] e
x>0,0,A0>0.

It can be observed that thicker tails are associated with
small values of « when other parameters are fixed. Further,
more peaked distributions are obtained by larger values of
/. The tail thickness of the distribution is determined by the
product aA. Thus, the generalized Fréchet distribution with
CDF (1.1) is much more flexible than the usual Fréchet
distribution. For example, in actuarial related studies,
usually, a large loss generates a long-right tail distribution.
In such cases, generalized Fréchet distribution is useful for
modeling them (see Panjer 2006; Giindiiz and Geng 2016).

Nadarajah and Kotz (2003) discussed maximum likeli-
hood estimation for this distribution. Abd-Elfattah and
Omima (2009) considered the problem of estimating
parameters of a generalized Fréchet distribution based on
the complete sample when A is known. They obtained
maximum likelihood estimates (MLEs) for ¢ and o.
Mubarak (2011a) studied the problem of estimation of
Fréchet distribution based on the record values and
obtained various estimates for the unknown parameters.
Mubarak (2011b) considered Fréchet distribution associ-
ated with scale, shape and location parameters and
obtained MLEs based on progressive type-1I censored data
with binomial removals. Soliman et al. (2014) proposed
various estimates of the unknown parameters for lifetime
performance index of a two parameter exponentiated Fré-
chet distribution on the progressive first-failure-censored
observations. Soliman et al. (2015) derived maximum
likelihood and Bayes estimates for the parameters and
some lifetime parameters (reliability and hazard rate
functions) of a two parameter exponentiated Fréchet model
based on the progressive type-II censored data. They
computed approximate Bayes estimates using balanced
squared and balanced linex loss functions.

In many practical situations, the Bayesian prediction
problem plays a very important role under known prior
information in statistics. It can manipulate the past data to
acquire future observation for the same population. The
main concern relating to the informative sample is the
prediction of Bayes for unknown observable that is pre-
dicting the future sample from the current sample. It is
useful for a real-life practical field such as bio-medical
treatments, industrial experiments, and economic data, etc.

For some more references in recent years where the
problem prediction of censored or future observation based
on Bayesian framework under progressive type-1I censor-
ing, we refer to Kayal et al. (2017), Singh et al. (2017),
Dey et al. (2018) and Bdair et al. (2019). To the best of our
knowledge, nobody has considered estimation and predic-
tion for a generalized Fréchet distribution with CDF given
in (1.1) based on the progressive type-II censored sample.
In this paper, we study this problem. Below, we provide
brief description on the progressive type-II censored
sample.

The data are often censored in reliability and life testing
experiments. The most popular censoring schemes are
type-I and type-1I. However, for these schemes, the main
drawback is that we can not remove live items while an
experiment is going on. As mentioned above, in this paper,
we consider a generalization of the type-II censoring
scheme, where the live items can be removed during the
experiment. This is known as the progressive type-II cen-
soring scheme. Under this scheme, we assume that n items
are placed on a life testing experiment and m(<n) are
completely observed until failure. When the first failure
occurs at random time Xj.,,..,, R| randomly chosen items are
removed from n — 1 surviving items. At the second failure
time X5.,.,, Ry items are removed randomly from n — R} —
2 remaining items. We continue this process till the mth
failure. Denote X,,.... as the mth failure time. The set of
observed lifetimes X1.,.n, X2:mons - « -3 Ximomen 18 known as the
progressive type-1I censored sample with
scheme (Ry,R,,...,R,). Note that when Ry =R, = --- =
R,—1 =0 and R, =n — m, the progressive type-Il cen-
sored scheme reduces to the type-II censoring scheme, and
when R =R, =---=R, =0, it becomes complete
sampling scheme. For relevant detail on this sampling
scheme, we refer to Balakrishnan and Aggarwala (2000),
Balakrishnan (2007) and Balakrishnan and Cramer (2014).

The objective of this paper is to obtain point and interval
estimates of the model parameters and the lifetime
parameters (reliability and hazard rate functions) of a
GF (o, A, o) distribution based on the progressive type-II
censored sample. The reliability and hazard rate functions
at time ¢ > 0 are given by

r(tyo,A,0) = {1 - exp{—(%)i}]96 (1.3)
and
h(t;a, 4, 0) = A exP{_(%)A} (1.4)

el -6)]

respectively, where o, 1,0 > 0. In particular, we obtain
MLEs of oa,4,0,r(t;0,4,6) and h(t;a,4,0). For
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convenience, denote r(t) = r(t;o, 4, 0) and
h(t) = h(t;0,1,0). We also derive Bayes estimates with
respect to various balanced loss functions. We obtain
confidence intervals using normal and log-normal approx-
imations of the MLEs. Note that various authors have
considered estimation of parameters and their functions
based on progressive type-II censored sample for different
lifetime distributions. Few of these are Ahmed
(2014, 2015), Dey and Dey (2014), Rastogi and Tripathi
(2014a, b), Singh et al. (2015), Dey et al. (2016, 2017),
Seo and Kang (2016), Lee and Cho (2017), Chaudhary and
Tomer (2018), Kumar et al. (2018) and Maiti and Kayal
(2019).

The paper is arranged as follows. In Sect. 2, we obtain
MLEs of the unknown parameters, and the reliability and
hazard rate functions. The asymptotic confidence intervals
are calculated in Sect. 3. In Sect. 4, we compute Bayes
estimates with respect to various balanced loss functions
such as balanced squared error, balanced linex and bal-
anced entropy loss functions. Note that it is difficult to
obtain the Bayes estimates in closed form. In Sect. 5,
importance sampling method is employed to obtain
approximate Bayes estimates. Section 6 is devoted for
Bayesian prediction. A simulation study is carried out in
Sect. 7 to compare the estimates based on their average
values and mean squared errors. Further, real life dataset is
considered and analyzed for illustrating all the inferential
methods developed in Sect. 8. Concluding remarks are
added in Sect. 9.

2 Maximum likelihood estimation

In this section, we derive MLEs for the model parameters
o, A, g, reliability function r(¢) and hazard rate function h(f)
of a GF(«, A, o) distribution based on the progressive type-
II censored data. Denote X = (X{.nmy X2umny - - 5 Xmen) the
progressive type-II censored sample of size m from a
sample of size n drawn from GF(a, 2, 0) distribution with
CDF and PDF given in (1.1) and (1.2), respectively. For
convenience, henceforth, we denote X; = X, [ =
1,2,...,m. The likelihood function is given by
L mam _mj. —(2+1)
(o0, A, 0)x) = Coa™ " g H 2

(1 =92, 0;x))[9(4, 6;.,)* B,

where Xi = Xiimns ﬁ(iv G;xi) =1- exp{—(a/x[))'}, X =
(x1,%,..sXy) and C=nn—R —1)(n—Ry — Ry —

2)...(n =" R+ 1))
likelihood function (InL(.)

On differentiating the log-
=/(.)) with respect to the
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parameters partially, and then equating to zero, we obtain
the normal equations as

m

2D (4 R) (2, 03%) = O, (2.2)
i=1
lorm) g gsennld)
(=1 + (1 +R,~))<%) —Z;G) ln()%) =0
and
2y Zm:%(oc(R, 1) - 1)5(1,6;;@-)('))_]
= ' (2.4)

where (4, 0:x;1) = exp{—(a/x:)"} /(1 — exp{—(c/x;)"}).
The solutions of this system of non-linear equations give the
MLE:s of o, A and 6. It is easy to notice that the closed-form
expressions of the MLEs of o, 4 and ¢ do not exist. We need to
adopt numerical iterative technique in order to get approximate
solutions for o, /4 and ¢. In this purpose, we employ Newton—
Raphson iteration method. Denote the MLEs of o, / and ¢ by
4,7 and 6, respectively. Further, using invariant property, the
MLEs of r(f) and h(r) at t = ¢, are respectively obtained as

)i (25)

= [V 6 to)r and h = 3i6%¢(), 6510

3 Interval estimation

In this section, we compute approximate confidence
intervals for three parameters o, 4,0, and two lifetime
parameters r(¢) and h(¢). To evaluate asymptotic confidence
intervals, the usual large sample approximation is used.
Here, the maximum likelihood estimators can be treated as
approximately multivariate normal. We use two approa-
ches: (i) normal approximation (NA) of the MLE and (ii)
normal approximation of the log-transformed (NL) MLE.
To obtain the asymptotic confidence intervals of a, 4, g, it
is required to compute observed Fisher information matrix

(Z) of the MLEs. Denote £ = In L. Then,

oy
002 000 00do
- 0% 0% 0%
I=]- ey e |(a;r)—(ozfo@)v
0200 YK 000 0=
o U K
g0 060/ da?
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where the second order partial derivatives are given in
Egs. (10.1)—(10.5). Further, to obtain the asymptotic vari-

ance covariance matrix (M) for the MLEs of «, 4 and 7, we
need to compute the inverse of Z, which is given by

var(d) cov(d, 1) cov(a, )
M= cov(d, 1) var(/) cov(/, 6)
cov(d, 6) cov(4,6) var(g) (3.2)
T11 T12 113
=1 72 2 T23 |, Say,
731 3 733

that is, 7;; is the (7, j)th element of M;ij=12,3.
3.1 Confidence intervals for «, 2 and ¢

In this section, we present confidence intervals for the
unknown model parameters based on NA and NL methods.
First, consider NA method.

3.1.1 Normal approximation of the MLE

In this subsection, we derive confidence intervals of the
parameters o, A and ¢ using asymptotic normality property
of the MLEs. From large-sample theory of the MLEs, the
sampling distribution of (g, i, 6) can be approximately
distributed as N((«, A, ), M). Thus, 100(1 — )% approx-
imate confidence intervals for o, 4 and ¢ are obtained as

(1 2,2v7). (A£2,0/70) and (6:42,20).

respectively, where Z, , is the upper (y/2)th percentile of
the standard normal distribution.

3.1.2 Normal approximation of the log-transformed MLE

Since the parameters o, A and ¢ are positive valued, it is
also possible to use logarithmic transformation to compute
approximate confidence intervals for these parameters. We
refer to Meeker and Escobar (1998) in this direction. They
pointed out that the confidence interval obtained using NL
method has better coverage probability than that obtained
using NA method as in Sect. 3.1.1. The 100(1 — )%
normal approximate confidence intervals for log-trans-
formed MLE are respectively

(lno? + 7,5\ 11 ln&), (lni :tZy/Z\/rzzlni) and
(ln& +Z,5\/ 133 ln&),

where 1y Ind =var(Ind), 1 Ini= var(In /I) and

733 In 6 = var(In G). Thus, based on NL method, 100(1 —
1)% confidence intervals for «, 4 and ¢ are obtained as

(oufe 21, e of 23] )

respectively.
3.2 Confidence intervals for r(f) and A(¢)

In the previous subsection, we obtain confidence intervals
for o, A and o. Here, we compute confidence intervals for
the reliability characteristics r(f) and A(f) given in (1.3) and
(1.4), respectively.

3.2.1 Normal approximation of the MLE

Using this approach, to obtain the approximate confidence
intervals for r(f) and h(?), it is required to evaluate their
variances. This can be obtained from the inverted observed
Fisher information matrix. Here, we use delta method. One
may refer to Greene (2000) for detail on delta method.
Denote A’ as the transpose of A. Let

or Or or Oh Oh Oh

===, d o, =(—,—,—
r (aa’a;ﬂaa> ane T (605’82’66)’
where the first order partial derivatives are given in (10.6)—
(10.9). Now, from delta method, the estimates of the

variances of 7 and & can be obtained approximately as

(3.3)

var () = (OLM®,) and var(h) = (O,M®;),

respectively, where the partial derivatives are computed at
(3, ., 6). Again, from the general asymptotic theory of the
MLE, the sampling distribution of

Fr h—h

var (h)

can be approximated by a standard normal distribution.
Hence, 100(1 — y)% approximate confidence intervals of r
and h respectively are

(fiZy/z v’a\r(f)> and (ﬁiz.,/z v’a\r(ﬁ))

3.2.2 Normal approximation of the log-transformed MLE
In this subsection, we obtain confidence intervals for r(f)

and h(f) using NL method. Note that the computation is
similar to that discussed in Sect. 3.1.2, and thus the details
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are omitted. The approximate 100(1 — )% confidence
intervals for the reliability and hazard rate functions are
obtained respectively as,

<f X exp{:t 27"//2 Av’a\r(f)] }) and

h x exp{ + =
P h

2,3\ var (h)

4 Bayesian estimation

This section concerns Bayesian point estimates for three
unknown parameters ¢, A and o, the reliability and hazard
rate functions r(¢) and h(f) of the GF(a, 4,0) distribution.
One of the motivations of taking balanced loss functions is
due to its usefulness in decision making. In statistical
decision theory, usually, the loss functions focus on the
precision of estimation. But, another important criterion in
this direction is “goodness of fit”. Zellner (1994) first
introduced a balanced loss function (BLF) for the estima-
tion of an unknown parameter 6 based on random vector
Y = (Yl, Yz,. . .,Yn) as

“’i(y ) + (1 — w)(5 — 0) (4.1)
ne 7

where 0 < w < 1. Note that this loss function was studied in
the context of the general linear model to reflect both
goodness of fit and precision of estimation. In the statistical
inference, loss functions often reflect any of these two
criteria, but not both. As an example, least square estima-
tion reflects goodness of fit consideration. The linex loss
function involves a sole emphasis on the precision of
estimation. later, Jozani et al. (2006) proposed an extended
class of balanced type loss functions of the form

Ly(0,8) = on(8,8) + (1 — w)n(0,9), (4.2)

where #(0,0) is an arbitrary loss function, dis a priori
target estimate of 6 which can be obtained from the cri-
terion of maximum likelihood,  is an estimate of 6 and
o € [0, 1] is weight. The loss function given by (4.2) has
been used by various authors. In the direction, we refer to
Farsipour and Asgharzadeh (2004), Asgharzadeh and Far-
sipour (2008), Ahmadi et al. (2009), Jozani et al. (2012)
and Barot and Patel (2017). Note that this loss function was
used by Zellner (1986, 1988) to develop minimum
expected loss estimates for the coefficients of structural
econometric models. It is also remarked that for many
years, the balanced loss functions have been the subject of
many theoretical and applied studies. For example,

@ Springer

Rodrigues and Zellner (1994) used this loss function on the
estimation of time to failure, Wolfe and Godsill (2003)
applied the BLF on spectral amplitude estimation in audio
signal analysis. Further, one may argue that the loss
function given by (4.2) provides a potentially useful tool
for decision making because of the flexibility of the choices

of w and . The BLF (4.2) is well suited to assist in setting

credibility insurance premiums with the target choice )
relating to a collective estimate of risk and with many
instances where a squared error loss is not necessarily an
appropriate choice (see Gomez-Déniz 2008). Various
authors used a symmetric loss function due to its sym-
metrical nature in several estimation problems. It provides
equal weight to over-estimation as well as to under-esti-
mation. However, there are many situations, where the loss
function is not of symmetrical nature. In such situations, an
asymmetric loss function would be a better choice than a
symmetric loss function. In this paper, we consider both
balanced symmetric loss function and balanced asymmetric
loss function for better insight in the Bayesian estimation
and prediction problems. Especially, we consider balanced
squared error loss (BSEL), balanced linex loss (BLL) and
balanced entropy loss (BEL) functions, which are respec-
tively given as

Lys(60,0) = (6 — 8)* + (1 — w)(d — 0)*, (4.3)
Lyy(0,6) = wlexp{p(s — )} — p(6 — &) — 1]
+ (1 — w)exp{p(6 = 0)} =p(6 —0) = 1], p #0
(4.4)
Lye(0,8) = 0[(6/6)" — qIn(6/0) — 1] 5)

+ (1= w)[(6/0) — qIn(6/0) — 1], ¢ # 0.

The Bayes estimates of the unknown parameter 0 with
respect to the BSEL, BLL and BEL functions given in
(4.3)-(4.5) are respectively given by (see Jozani et al.
2012; Barot and Patel 2017)

Ops(x) = 0d(x) + (1 — w)E[0]X = x], (4.6)

Op(x) = —p~" In[w exp{—pd(x)} (47)
+ (1 — 0)Elexp{-p0}|X = x]],

Ope(x) = [ *(x) + (1 — @)E[07|X = x]] 7. (4.8)

When o = 1, the above estimators reduce to the MLE. To
derive Bayes estimates, it is required to assign prior dis-
tributions to describe the uncertainty of all the unknown
parameters of the model. Here, we assume that the model
parameters o, A and ¢ have independent gamma distribu-
tions with PDFs
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b a1 ~le n(0,8) = (6 — @)%, linex loss function n(0,8) =
m(oa1,b1) = IFTI)’ %> 0. ai,b1 >0, (4.9) e)((p{p)(é —(0)} —)p(é —-0)—1,p#0 and gengrali)zed
2 a1 by entropy  loss  function  #5(0,0) = (6/0) — qIn(d/
(Vs a2, by) = M—e’ >0, ay,by >0, (4.10) 0)—1, ¢#0. For the sake of brevity, we omit the com-
['(a2) plete form of the Bayes estimators of o, 1, 0,r(t) and
b9 g1 p—0obs h(f) with respect to these loss functions.
n3(0;az, bs) = = Fay) 6>0,as3,b3 >0, (411)

respectively, where the hyper-parameters a;,b;, i = 1,2,3
are known. The joint prior distribution of o, A and o is
given by

n(o, A, 0) = gl jalgaslgmab g=ibr g mabs o )

>0,a;,b;>0,i=1,2,3.

After some simplification, the posterior distribution of o, 4
and o given X =x is

m
H(O{,)v, 6|X — x) — kflam+a171)ym+azflo_m).+a371 Hel(xi)a
i=1

(4.12)
where
k= /OO /OO /Oo a1 jmra=1 mita;—1
mo - (4.13)
[[ e () dedido
i=1
and
er(xi) = er(o, 2, 05x1) = x; "V exp

{_ <<°> +aby + Aby + ab3> }19““"“)1(/1, o5 ;).
x;

(4.14)

Now, we compute Bayes estimates of the model parameters
o, /, 0 and lifetime parameters r(f), A(f) with respect to the
BSEL, BLL and BEL functions. From (4.6), (4.7) and
(4.8), the Bayes estimates for 0= (o, 4,0,r,h) are
respectively obtained as

0ps = 00+ (1 — )0, (4.15)

0, = f[ljln [co exp{fpé} +(1—-w) exp{fpé,}} ,p#0
(4.16)

and

1

Ope = [wé*q +(1- )] g0, (4.17)

where 0 < ®w <1 and 0 is the MLE for 0. Further, ()S, él and

ée in (4.15), (4.16) and (4.17) are the Bayes estimates of 6
with respect to the squared error loss function

5 Importance sampling method

We propose to use the importance sampling technique. In
the section, we consider another approximation technique,
the importance sampling method to obtain the Bayes esti-
mates for the parameters, reliability and hazard functions.
We rewrite the joint posterior distribution of o, 4 and o is
given by (4.12) as

I(a, 4, 0lx) o< Gy 0

(m +ai, by — Z(l + R;) In (4, a;x,))

=1
G; (m +ap, b+ Z lnx[>
i=1
X Gg|,(ml +az,b3)S(4, 0;x;),

(5.1)

where

S(A,0;x;) = (b1 — Zfr'”:‘(] +Ri) In (4, ‘75)‘1'))7(’”“1)
bgm“m ) (b +>0, lnx,-) (m-+a)

X

5()“7 O-;xi)
i=1 i

Now, the importance sampling technique has following
steps for sample generation process.

Step-1  Generate 4 from G;(m + az,b+ Y 1" Inx;) (i.e.
a Gamma distribution with shape parameter (m +
a>) and rate parameter (b + > i, Inx;)).

For a given 4 in Step 1, generate ¢ from
G|, (m/ + a3, b3) (i.e. a Gamma distribution with

Step-2

shape parameter (mA + a3) and rate parameter
b3).

For a given A in Step 1 and ¢ in Step 2, generate o
from G (m+ai,by — Y1t (1+ Ri) In9(4, 03
x;)) (i.e. a Gamma distribution with shape
parameter (m+a;) and rate parameter
(b1 — Z:il (1 + R,) In 19()», a;x,-))).

We repeat 1000 times to obtain (o4, 4;,07),

Step-3

Step-4
(02, A2, 02), ..y (%1000, 410005 T1000)-
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The Bayes estimates of a parametric function g(a, 4,0)
under linex and entropy loss functions are given by,
respectively

dm s 1
gf (o, 4, 0) = —l—)1n
Fim(fo exp{—pg(i, 4i, i) }S(4i, 03 Xi)] 5:2)
Z,!:O?O S(;Li, Ui;xi)
and

_1
S o (o, iy 03) ISy 05 xi) |
32010 S()»h Ui;xi)

gim((x, /la 0) = l

(5.3)

We compute the Bayes estimates of o, 4, a,r(¢) and h(z)
after substituting «, 4, o, r(¢) and h(z) in place of g(o, 4, 0),
respectively in Eqs. (5.2) and (5.3) under linex and entropy
loss functions. When g = —1, (5.3) reduces to the Bayes
estimate with respect to squared error loss function. The
details of this method have been omitted to maintain
brevity. The respective Bayes estimates with respect to the
BLL and BEL can be obtained after replacing the desisted
Bayes estimates in (4.15)—(4.17). For some recent refer-
ences in this direction, we may refer to Sultan et al. (2014),
Kundu and Raqgab (2015) and Chacko and Asha (2018).

6 Bayesian prediction

In the previous section, we obtain the Bayesian estimation
for unknown parameters, reliability and hazard functions.
Here, we discuss Bayesian prediction for the future
observations based on progressive type-II censoring sample
from GF distribution and also compute the corresponding
prediction intervals. For various applications of prediction
problem, we refer to the recent articles Singh and Tripathi
(2015), Asgharzadeh et al. (2015) and Kayal et al. (2017).
In this section, we have used two different prediction
methods (one-sample and two-sample) for computing
prediction estimates and prediction intervals of progressive
censoring observations.

6.1 One-sample prediction

Suppose we have observed n number of total life testing
units on experiments. Let an informative observed pro-
gressive censored sample y; = (yi1, yi2, - - -, Yir,) Tepresents
ith failure times at censored x;. We wish to predict future
observations y = (y;;i = 1,2,...,m;c =1,2,..,R;). Let
x = (x1,x2,...,%,) be the progressive type-Il censored
sample with censoring scheme R = (R, Ry, ...,R,,) from a
distribution whose CDF and PDF are respectively given by

@ Springer

(1.1) and (1.2). We wish to predict future observation y =
(yie;i=1,2,...,mjyc=1,2,...,R;) based on observed
samples (x1,x2,...,%,). The conditional density and dis-
tribution functions of y given x can be written as

Atk i) = (%) St (7w

(1=F)* (1 = F)®

= ald’c (i’) Zz;(_l)clm (c; 1)

X HDGHR=L() g 3
X (1= 9(2 53)) "R (4, 0:.3,)
(6.1)
and

Ri c—1 (_l)c—k—l c—1
F A,0) = S

1= (= FE) (1= F)* ]
RN (DT o1
()55 (G
[1— 9 R, 0;x)9% % (2, 03)].
(6.2)

Notice that the posterior predictive density and distribution
functions under the prior n(x, 2, o) are respectively given
by

ff‘(y|x):/ / / fiolx, o, 4, 0)I(a, A, 6|x)dodrdo
o Jo Jo

(6.3)
and
Ff(y|x):/0 /o /0 Fi(ylx, o, A, 0)II(, 4, o|x)daddo.
(6.4)

The Bayesian predictive estimate of y under linex and
entropy functions are given by

5=~ >in [ / " exp{-py}f; <y|x>dy]
= _I%IH[E(PI (o, 2, 0)]x)]

and

o= [ o

where

= [E(Pa (e, 2,0)x)] 7,

(6.6)
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Py(%,,0) = / exp{—py}fi Olx, o, 4, o)y

i

. . c—1 —
— O(;LO'AC<RI)X_(A+1) (_1)c—k—l (C 1)
c = k

YHk=R) (A, 05x;)

X / exp{—(py+ <a> )}ﬂ“(R'k>l
X y

(4,03y)dy
(6.7)

and

Pz(ot,)v,a):/ y U (ylx, o, A, 0)dy

c—1
= alo’c (Rl)x(Hl) (1! (C B 1>
c = k

PRI (2, 05)

></ y (1 =94, 05 y)) 9" Rh
(2, 05y)dy.
(6.8)

Note that the above integrals cannot be determined ana-
lytically. Thus, one needs to use numerical technique in
order to compute the predictive estimates. In this purpose,
we use importance sampling methods as mentioned in
Sect. 5. Equations (6.5) and (6.6) can be evaluated using
importance sampling method as

~ 711 Z}:o?o Py (o, A, 0;)S(4i, 015 X;) (6.9)
Y= n 1000 o/ 7 . :
P Zi:l S(Aivo-irxi)
and
~1
NP0y, 4y 01)S(2, 0i3.x3) /q (6.10)
1 2112?0 S()u,‘,G,';X,')

6.1.1 Bayesian prediction interval

The associated predictive survival function Sy (y|x, o, f§) is
obtained as

P(y > tlx,a,,0) ftoofl(u|x,ac,/l,0')du

P(y > xi|x,0,1,0) fxoof] (ulx, 0, A, 0)du’

The associated posterior distribution function under the
prior distribution 7(a, 4, ¢) is given by

ST(y|x7a7)“7a):/ / / Sl(y|xaaaiaa)
0 0 0

(o, 2, o|x)dodAdo.

(6.11)

Equation (6.11) can be evaluated using importance sam-
pling method under squared error loss function as

Z,'lgfo S1(ylx, o, 4iy 6:)S (i, 03 X;)

ST(y|x,oc,}v,6): ZlOOOS() a'x)
i=1 Liy Oiy Ai

(6.12)

We obtain two sided 100(1 — y)% equal-tail symmetric
predictive interval (L, U), where the lower bound L and the
upper bound U can be computed by solving the following
non-linear equations

Si(Lix) =1 —% and S}(Ulx) :%.

(6.13)
One may refer to Singh and Tripathi (2015) for the algo-
rithm to obtain L and U.

6.2 Two-sample prediction

In this section, we evaluate Bayesian two-sample predic-
tion estimation from future observation based on progres-
sive type-II censoring sample. Two-sample prediction is
general version of one-sample prediction. Let x =
(x1,%2,...,X,) be a progressive censoring sample. Sup-
pose, two-sample prediction is use to predict the jth failure
time from a failure sample of size M. A two-sample pre-
diction problem involves the prediction and associated
inference about the failure sample z = (z1, 22, . . ., zm). The
condition predictive density function of z; can be written as

f(zle, 2, 0) —j<];.4> :z::;(—l)j‘k‘l <fk 1)
M—k—1

[1-F(z)] f(z)
= oc)vaij(];[)xu“)(l —9(4,0:z))

-1 .
k1 (] —1
(—1y ™" 1(’ L )19“<Mk>l(ﬂu,a;zj).

(6.14)

~.

k

Il
=}

The two-sample posterior predictive density function is
given by

[ (zlx) = / / f(zjlo, 4, 0)(a, A, o|x)dod do.
o Jo Jo

The Bayesian predictive estimate of z; under linex and
entropy loss functions using importance sampling method
are obtained as
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1 0
G=—1h [ / exp{—py}f*(zz'lx)d@]

_ —lln [21000 Ty (o, Aiy 3)S( A, O'i;xi)] (6.15)
P Z112(1)0 S(Zi» 03 %)
and
> —1/q
% = {/0 Zf (Zj|X)dzj]
(6.16)

-1
S0 7y (04, 2, 00)S iy 03]
Z,‘I:O?OS(/Livo'ﬁxi) ’

where

Ti (o, A,0) = /OOC exp{—pz}f(zlo, 4, 0)dz;
_06/10]< ) A+1:ZZ:) Jk1< l)
/OOO exp{— (ij + (g)j }
)

x 9*MR1() gy 7)dz

(6.17)

and

T2(OC, ;“a G) = / Zjiqf(zj|a7 ;“7 O’)de
0

j— l

_ OC/IO']( ) —(A+1)
k:O
/0 7 /(1 = 9(4, 0;%))

x 9*M-D=1() g1 7)d;.

)

(6.18)

The predictive survival function is given by

ST(zj|x):/0 /0 /0 Si(zjlx, o, A, 0)I1(a, A, 6|x)dadido
(6.19)

where

f filulx, o, 2, 0)du
f Si(ulx, o, )du’
which can be approximated using importance sampling
method. To obtain the two-sided 100(1 — 7)% equal-tail

symmetric prediction interval (L, U;) for z;, we can solve
the following non-linear equations

Si(zjlx, 0,4, 0) =

@ Springer

s;(L1|x)=1—% and S} (Ulx) =2 (6.20)

7 Numerical comparisons

In this section, we perform a Monte Carlo simulation study
to compare the estimates developed in the previous sec-
tions. We obtain their average values and the mean squared
error values using statistical software R. Based on the
algorithm proposed by Balakrishnan and Sandhu (1995),
we replicated 1000 progressive type-II censored samples of
size m from a sample of size n drawn from a generalized
Fréchet distribution with CDF given by (1.1). Note that
n = 30,40; m = 20,25,30,40 and w = 0,0.3,1 are con-
sidered for the purpose of the numerical study. The true
value of (o, 4,0) is taken as (0.75, 3.5, 0.25). For three
distinct values of @ = 0,0.3,1, the Bayes estimates with
respect to the BSEL, BLL and BEL functions are calcu-
lated. The values of p and g are considered as p =
—0.5,0.005,1.0 and g = —0.25,—-0.05,0.5, respectively.
All the Bayes estimates are evaluated with respect to the
noninformative prior distributions with a; =a; = a3 =0
and by = b, = b3 = 1. We compute mean squared error
(MSE) using the formula

M

SO0 = 007 k=1,2,3,4,5.
i=1

Here, 6, =0,0, =1,05 =0,0,=r(t), 0s=~h(t) and
M’ = 1000. We consider the following censoring schemes
(CS)

o CS-I: (Rl,Rz,...,Rm) =

1
MSE =5 (7.1)

(n—m,0*(m—1))

o CS-L: (R,Ry,.. Ry) = (072, (n—m),0" (2 — 1)) if
m is even, (Ri,Rz,...,Ry) = (0", (n —m),0" 21)
if m is odd

e CS-II: (Ry,Rz, .. Ry) = (0*(m—1),n —m)

e CS-IV: (R(,Rs,...,Ry) = (0"m) if m = n,

where for example (0*3,2) denotes the censoring

scheme (0, O, 0, 2). The average values and MSE values of
the MLEs and the Bayes estimates of o, 4, g, r(#) and h(z)
are tabulated in Tables 1 and 2, respectively. Note that the
third columns of all the tables are for the MLEs (when
w =1), fifth is for the Bayes estimates under BSEL
function, sixth, seventh and eighth columns are for the
Bayes estimates under BLL function, and ninth, tenth and
eleventh columns are for the Bayes estimates with respect
to BEL function. Further, each value of w (here & = 0,0.3)
corresponds to four rows. First and second rows respec-
tively represent average values and the MSE values of the
Bayes estimates obtained via importance sampling method.
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Table 1 Average values and MSE values of estimates for the parameters «, 4 and ¢

Parameter (n,m) CS w=1 w BS BL BE

MLE p=-05 p=0005 p=1.0 qg=-0.25 qg = —0.05 qg=05

o (30,20) I 0.81146 0 0.78742 0.79246 0.78689 0.78205 0.78318 0.77101 0.76152
(0.07632) (0.00884)  (0.00964) (0.00876) (0.00821)  (0.00784) (0.00745) (0.00716)

0.3 0.78671 0.78865 0.78643 0.77008 0.77177 0.76086 0.75907
0.00831)  (0.00904) (0.00826) (0.00820)  (0.00814) (0.00810) (0.00808)

I 0.82788 0 0.78215 0.78346 0.78207 0.78185 0.78109 0.76991 0.75864
(0.07400) (0.00836) (0.00872) (0.00829) (0.00818) (0.00794) (0.00746) (0.00728)

0.3 0.78130 0.78261 0.78127 0.78097 0.76503 0.76224 0.76056
(0.00809)  (0.00863) (0.00806) (0.00801)  (0.00786) (0.00733) (0.00704)

11 0.84173 0 0.78855 0.79164 0.78813 0.78156 0.77600 0.77252 0.76810
(0.08539) 0.00861)  (0.00873) (0.00858) (0.00844)  (0.00768) (0.00746) (0.00730)

0.3 0.78605 0.78864 0.78586 0.77077 0.76453 0.76312 0.76108
(0.00842) (0.00869) (0.00840) (0.00831) (0.00724) (0.00719) (0.00708)

(30,30) v 0.79792 0 0.76806 0.77369 0.76785 0.76543 0.76438 0.75608 0.75557
(0.03715) (0.00613)  (0.00786) (0.00607) (0.00601)  (0.00594) (0.00573) (0.00531)

0.3 0.76531 0.77218 0.76510 0.76248 0.76102 0.75417 0.75276
(0.00609) (0.00742) (0.00606) (0.00594) (0.00564) (0.00543) (0.00513)

(40,25) I 0.77093 0 0.77164 0.78233 0.77147 0.76403 0.76125 0.75684 0.75469
(0.04103) (0.00566) (0.00634) (0.00562) (0.00531) (0.00524) (0.00520) (0.00512)

0.3 0.76618 0.76705 0.76609 0.76422 0.76300 0.75988 0.75706
(0.00543) (0.00625) (0.00541) (0.00522) (0.00514) (0.00510) (0.00506)

1T 0.78690 0 0.77808 0.78533 0.77786 0.77436 0.76489 0.76211 0.75815
(0.05375) (0.00582)  (0.00681) (0.00576) (0.00533)  (0.00513) (0.00503) (0.00500)

0.3 0.77473 0.78446 0.77468 0.77200 0.76138 0.76038 0.75348
(0.00529) (0.00643) (0.00524) (0.00518) (0.00511) (0.00501) (0.00492)

11 0.78970 0 0.77867 0.78705 0.77855 0.77639 0.76564 0.76407 0.75953
(0.06383) 0.00561)  (0.00631) (0.00558) (0.00546)  (0.00532) (0.00528) (0.00520)

0.3 0.77432 0.78416 0.77404 0.77111 0.76342 0.75899 0.75647
(0.00555)  (0.00643) (0.00548) (0.00531)  (0.00527) (0.00522) (0.00517)

(40,40) v 0.76182 0 0.75394 0.75461 0.75368 0.75267 0.75199 0.75143 0.75102
(0.02672) (0.00378) (0.00412) (0.00372) (0.00326) (0.00308) (0.00286) (0.00213)

0.3 0.75285 0.75315 0.75276 0.75219 0.75167 0.75138 0.75116
0.00346)  (0.00385) (0.00338) (0.00320)  (0.00275) (0.00247) (0.00208)

A (30,20) 1 3.63462 0 3.59613 3.61253 3.59607 3.58521 3.57820 3.57422 3.56869
(0.06661) 0.00156)  (0.00172) (0.00154) (0.00126)  (0.00105) (0.00086) (0.00073)

0.3 3.58407 3.59674 3.58379 3.57648 3.56088 3.56439 3.56117
(0.00144) (0.00151) (0.00140) (0.00137) (0.00094) (0.00081) (0.00068)

1II 3.61942 0 3.57523 3.59640 3.57514 3.56861 3.56702 3.56123 3.55808
(0.04870) (0.00138)  (0.00169) (0.00126) (0.00091)  (0.00082) (0.00079) (0.00073)

0.3 3.57086 3.58941 3.57081 3.56342 3.56267 3.56064 3.56003
(0.00131) (0.00158) (0.00121) (0.00088) (0.00078) (0.00064) (0.00055)

I 3.62749 0 3.57864 3.60317 3.57852 3.57505 3.56911 3.55136 3.54842
(0.04913) (0.00142) (0.00152) (0.00138) (0.00128) (0.00111) (0.00086) (0.00066)

0.3 3.57411 3.59378 3.57410 3.56891 3.56147 3.55128 3.55099
(0.00127) (0.00146) (0.00121) (0.00110) (0.00087) (0.00078) (0.00059)

(30,30) v 3.60222 0 3.56286 3.58642 3.56275 3.56213 3.56168 3.55045 3.54103
(0.03125) 0.00108)  (0.00127) (0.00106) (0.00082)  (0.00074) (0.00063) (0.00062)

0.3 3.56138 3.58564 3.56135 3.56117 3.55884 3.55817 3.55576
(0.00096) (0.00118) (0.00094) (0.00092) (0.00078) (0.00065) (0.00052)

(40,25) 1 3.61485 0 3.57807 3.58915 3.57785 3.57648 3.56755 3.55506 3.54613
(0.04241) (0.00125)  (0.00148) (0.00121) (0.00106)  (0.00093) (0.00080) (0.00076)

0.3 3.56762 3.58438 3.56757 3.55068 3.54975 3.54672 3.54305
0.00118)  (0.00136) (0.00115) (0.00103)  (0.00090) (0.00072) (0.00062)

I 3.58938 0 3.56315 3.58651 3.56276 3.56177 3.54679 3.54430 3.52701
(0.02634) (0.00085) (0.00091) (0.00081) (0.00074) (0.00062) (0.00059) (0.00052)

0.3 3.56267 3.57613 3.56264 3.55828 3.54636 3.54371 3.52433
(0.00078)  (0.00085) (0.00076) (0.00067)  (0.00062) (0.00055) (0.00050)
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Table 1 continued

Parameter (n,m) CS w=1 w BS BL BE

MLE p=-05 p=0005 p=1.0 qg=-0.25 qg = —0.05 qg=05

11 3.57898 0 3.57134 3.58057 3.57116 3.55476 3.54926 3.53449 3.53212
(0.02503) 0.00070)  (0.00103) (0.00068) (0.00061)  (0.00053) (0.00050) (0.00046)

0.3 3.56637 3.57948 3.56628 3.54396 3.54423 3.52262 3.52101
0.00064)  (0.00096) (0.00062) (0.00057)  (0.00051) (0.00046) (0.00042)

(40,40) v 3.55625 0 3.55186 3.57232 3.55162 3.53467 3.52304 3.51588 3.51264
(0.01143) (0.00068) (0.00081) (0.00066) (0.00059) (0.00051) (0.00047) (0.00046)

0.3 3.53466 3.56086 3.53447 3.52671 3.52462 3.51263 3.51167
0.00057)  (0.00078) (0.00056) (0.00048)  (0.00044) (0.00040) (0.00037)

o (30,20) 1 0.25794 0 0.25578 0.25637 0.25568 0.25446 0.25346 0.25312 0.25288
(0.00492) (0.00056)  (0.00067) (0.00055) (0.00054)  (0.00062) (0.00059) (0.00056)

0.3 0.25553 0.25612 0.25548 0.25346 0.25286 0.25147 0.25109
(0.00067) (0.00070) (0.00064) (0.00061) (0.00066) (0.00063) (0.00061)

I 0.25916 0 0.25706 0.25836 0.25684 0.25513 0.25532 0.25447 0.25364
(0.00557) (0.00063)  (0.00072) (0.00062) (0.00058)  (0.00060) (0.00051) (0.00047)

0.3 0.25573 0.25725 0.25565 0.25431 0.25317 0.25291 0.25252
(0.00070) (0.00081) (0.00068) (0.00062) (0.00064) (0.00055) (0.00053)

I 0.25911 0 0.25671 0.25761 0.25668 0.25586 0.25531 0.25513 0.25476
(0.00504) (0.00049) (0.00065) (0.00046) (0.00045) (0.00047) (0.00042) (0.00040)

0.3 0.25624 0.25731 0.25617 0.25543 0.25522 0.25475 0.25231
(0.00054) (0.00068) (0.00054) (0.00049) (0.00051) (0.00047) (0.00042)

(30,30) v 0.25702 0 0.25416 0.25473 0.25408 0.25315 0.25284 0.25270 0.25268
(0.00476) 0.00041)  (0.00046) (0.00040) (0.00036)  (0.00039) (0.00035) (0.00031)

0.3 0.25382 0.25437 0.25369 0.25342 0.25240 0.25222 0.25197
(0.00044) (0.00048) (0.000042) (0.00039) (0.00043) (0.00040) (0.00032)

(40,25) I 0.25814 0 0.25338 0.25516 0.25327 0.25264 0.25210 0.25177 0.25146
(0.00426) 0.00032)  (0.00039) (0.00030) (0.00027)  (0.00029) (0.00025) (0.00024)

0.3 0.25315 0.25445 0.25306 0.25276 0.25243 0.25212 0.25209
(0.00040)  (0.00046) (0.00039) (0.00035)  (0.00037) (0.00031) (0.00028)

I 0.25714 0 0.25297 0.25364 0.25287 0.25209 0.25186 0.25153 0.25134
(0.00530) (0.00041) (0.00044) (0.00037) (0.00034) (0.00040) (0.00032) (0.00030)

0.3 0.25284 0.25327 0.25276 0.25155 0.25143 0.25098 0.25056
0.00048)  (0.00053) (0.00047) (0.00041)  (0.00043) (0.00038) (0.00033)

1 0.25800 0 0.25286 0.25316 0.25285 0.25240 0.25212 0.25177 0.25120
(0.00582) (0.00045)  (0.00052) (0.00043) (0.00037)  (0.00041) (0.00037) (0.00035)

0.3 0.25261 0.25278 0.25257 0.25199 0.25167 0.25130 0.25105
(0.00049) (0.00056) (0.00047) (0.00040) (0.00045) (0.00035) (0.00029)

(40,40) v 0.25578 0 0.25209 0.25353 0.25187 0.25164 0.25144 0.25139 0.25127
(0.00254) (0.00021)  (0.00024) (0.00020) (0.00017)  (0.00019) (0.00016) (0.00015)

0.3 0.25134 0.25234 0.25126 0.25117 0.25097 0.25063 0.25038
(0.00026) (0.00031) (0.00025) (0.00022) (0.00024) (0.00018) (0.00016)
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Table 2 Average values and MSE values of estimates for the functions reliability r(f) and hazard h(r)

Function  (n,m) CS w=1 w BS BL BE
MLE p=—05 p=0005 p=1.0 gq=-025 ¢g=-005 ¢g=05
r(t) (30,200 I 0.17416 0 0.16724 0.19476 0.16718 0.16613 0.16513 0.16462 0.16386
(0.01008) (0.00517)  (0.00534)  (0.00515)  (0.00482)  (0.00406) (0.00374) (0.00366)
0.3 0.16645 0.17506 0.16637 0.16553 0.16503 0.16431 0.16371
(0.00530)  (0.00628)  (0.00529)  (0.00462)  (0.00431) (0.00426) (0.00422)
1I 0.17340 0 0.16513 0.18561 0.16508 0.16346 0.16297 0.16237 0.16164
0.00876 (0.00212)  (0.00273)  (0.00208)  (0.00164)  (0.00152) (0.00143) (0.00138)
0.3 0.16476 0.18217 0.16474 0.16132 0.16218 0.16189 0.16125
(0.00235)  (0.00324)  (0.00228)  (0.00243)  (0.00227) (0.00221) (0.00215)
I 0.17165 0 0.16326 0.17553 0.16324 0.16261 0.16194 0.16143 0.16094
0.00932 (0.00273)  (0.00325)  (0.00270)  (0.00261)  (0.00255) (0.00243) (0.00219)
0.3  0.16277 0.17439 0.16272 0.16188 0.16165 0.16108 0.16078

(0.00320)  (0.00377)  (0.00316)  (0.00294)  (0.00246)  (0.00240)  (0.00233)
(3030) IV 0.16895 0 016218  0.17400  0.16207  0.16145  0.16106 0.16102 0.15983
0.00414 (0.00175)  (0.00264)  (0.00172)  (0.00156) (0.00148)  (0.00137)  (0.00134)

03 016150  0.17287  0.16147  0.16055  0.16079 0.16009 0.15462

(0.00218)  (0.00289)  (0.00207)  (0.00177)  (0.00170)  (0.00164)  (0.00157)

(4025) I 016785 0  0.16159  0.17342  0.16156  0.16108  0.16089 0.16016 0.16012
0.00328 (0.00152)  (0.00172)  (0.00148)  (0.00136)  (0.00131)  (0.00124)  (0.00122)

03 016123 017198  0.16121 0.16099  0.16051 0.15946 0.15687

(0.00194)  (0.00219)  (0.00186)  (0.00172)  (0.00160)  (0.00153)  (0.00147)

oI 016943 0 016437 017776 0.16434  0.16310  0.16222 0.16194 0.16105
0.00274 (0.00158)  (0.00182)  (0.00155)  (0.00147) (0.00132)  (0.00124)  (0.00113)

03 016308 017500  0.16313  0.16244  0.16206 0.16188 0.16094

(0.00163)  (0.00223)  (0.00158)  (0.00152)  (0.00144)  (0.00136)  (0.00125)

m 016427 0 016137  0.17009  0.16126  0.16099  0.16022 0.15764 0.15307
0.00306 (0.00234)  (0.00280)  (0.00228)  (0.00221)  (0.00154)  (0.00150)  (0.00142)

03 016045  0.17284  0.16043  0.15806  0.15795 0.15518 0.15443

(0.00201)  (0.00243)  (0.00199)  (0.00175)  (0.00161)  (0.00155)  (0.00147)

(40,40) IV 0.15953 0  0.15796  0.16261 0.15788  0.15742  0.15689 0.15567 0.15406

0.00138 (0.00113)  (0.00148)  (0.00109)  (0.00092)  (0.00088)  (0.0081) (0.00072)

03 015713  0.16228  0.15707  0.15628  0.15615 0.15488 0.15342

(0.00140)  (0.00162)  (0.00137)  (0.00131)  (0.00124)  (0.00118)  (0.00114)

h(r) (30,200 I 560637 0 536531 545617 536506 531086  5.31806 5.26481 522643
4.41109 (1.64284)  (1.76525)  (1.63477)  (1.56099) (1.31806)  (1.27214)  (1.20886)

03 527618  5.40861 52758 526130  5.29103 524314 5.17658

(1.57264)  (1.71606)  (1.55861)  (1.51371) (1.46275)  (1.42286)  (1.37612)

I 563676 0 530545 541356 530527 524680  5.27563 525164 520211

3.85936 (1.43115)  (1.50834)  (1.42733)  (1.34681)  (1.31520)  (1.29464)  (1.24086)

03 530807 534613 530796 526966  5.27643 5.26231 5.24317

(1.51326)  (1.52154)  (1.50765)  (1.43105)  (1.37529) (1.32604) (1.28861)
I 5.74572 0 5.41826 5.43162 5.41799 5.39462 5.40679 5.36186 5.31088

4.72600 (1.14502)  (1.18564)  (1.14477)  (1.12046)  (1.07613)  (1.00751)  (0.94764)
03 535641 539908 534708 531357  5.31897 5.24672 5.23406

(1.28461)  (1.35751)  (1.27649)  (1.20751)  (1.16421)  (1.12605)  (1.10807)

(30,30) IV 541286 0 531649 534608 530947 527612  5.29131 5.24505 5.21844
2.09714 (1.13142)  (1.17407)  (1.12869)  (1.11091) (1.10607)  (1.07154)  (1.01012)

03 524366 531608 523769 523107  5.26642 5.15686 5.12679
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Table 2 continued

Function  (n,m) CS w=1 w BS BL BE
MLE p=—05 p=0005 p=10 g=-025 ¢g=-005 ¢g=05
(1.16281)  (1.24551) (1.14834) (1.10831)  (1.10031) (1.07281) (1.00675)
(40,25) 1 524578 0 5.27086 5.30948 5.27012 5.26976 5.28743 5.23234 5.23068
2.05212 (0.92340)  (1.05431)  (0.92276)  (0.86047)  (0.81733) (0.72483) (0.69475)
0.3 523506 5.27810 5.23476 5.20761 5.23199 5.18642 5.14361
0.97853)  (1.11831)  (0.96799)  (0.91064) (0.83175)  (0.76912)  (0.71466)
II 5.31606 O 5.24499 5.27852 5.24431 5.20761 5.21643 5.16894 5.13647
2.43527 (0.88506)  (0.96115)  (0.88476)  (0.79455)  (0.75411)  (0.70891)  (0.62458)
0.3 5.17691 5.25640 5.17627 5.12465 5.16306 5.12454 5.10862
(0.90581)  (1.03482)  (0.91358)  (0.82607)  (0.80907)  (0.72483)  (0.70611)
I 531388 0 5.21657 5.23147 5.21617 5.17806 5.20470 5.14264 5.14100
2.83625 (0.68452)  (0.75482)  (0.67942)  (0.64283)  (0.60734) (0.57183) (0.54288)
0.3 521243 5.23064 5.21107 5.13122 5.16231 5.10657 5.10312
(0.71354)  (0.91252) (0.70684) (0.64802)  (0.61834) (0.57671) (0.55674)
(40,400 IV 513720 O 5.14356 5.17133 5.13761 5.13348 5.14608 5.12127 5.10748
1.31246 (041251)  (0.44852)  (0.41246)  (0.37925)  (0.34821)  (0.31714)  (0.29170)
0.3 5.11405 5.13650 5.11376 5.11246 5.14454 5.10064 5.07463
(0.46207)  (0.50182)  (0.46187)  (0.44612)  (0.40831) (0.36147) (0.33421)
The following points are observed from the tabulated (iii)) We have tabulated 90% and 95% asymptotic

values.

®

(i)

Table 1 presents the simulated values of the
average values and the MSE values of the MLEs
and the Bayes estimates for o, 4 and ¢ for various
choices of n and m. The values are presented under
four different sampling schemes described above.
In general, in terms of the average values and
MSE values, the proposed Bayes estimates per-
form better than the MLEs. However, among all
the Bayes estimates, estimates obtained with
respect to the BEL function are superior to others.
When considering BLL function, p = 1 seems to
be a reasonable choice among the other choices.
For the case of BEL function, ¢ = 0.5 is the best
choice among the other choices considered in
Table 1. It is noticed that when p is small, the
average and MSE values of the Bayes estimates
with respect to the BLL and BSEL functions are
quiet close, as expected. Moreover, we notice that
the MSE decreases when n and m increase.
Similar to Table 1, we present estimated average
values and the MSE values of the reliability
function r(¢) and hazard rate function h(¢) based on
various sampling schemes in Table 2. Note that
for (a,4,0) =(0.75,3.5,0.25), r(t) = 0.156858
and h(r) = 5.021398 for r = 0.5. Similar pattern
of the estimates developed for r(f) and h(f) is
observed.
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confidence intervals and coverage probabilities for
the parameters o, A and ¢ in Table 3. Six rows are
presented corresponding to each sampling scheme.
First, third and fifth rows are for the confidence
intervals of o, A and o, respectively. Second, fourth
and sixth rows are for the coverage probabilities of
o,A and o, respectively. These intervals and
coverage probabilities are calculated using NA
and NL methods for various choices of n, m and
sampling schemes. In general, with the effective
increase in sample size, the average lengths of
confidence intervals and coverage probabilities
tend to decrease. It is also observed that the
average lengths of confidence intervals and cov-
erage probabilities obtained by NL method are
larger than the corresponding lengths by NA
method. Among the coverage probabilities, esti-
mates obtained via NL method perform better than
NA method. The coverage probabilities lie below
the nominal level of 0.90 and 0.95.

Table 4 represents 90% and 95% asymptotic
confidence intervals for the reliability and hazard
rate functions. Here, each sampling scheme corre-
sponds to four rows. First and second rows present
the asymptotic confidence interval and coverage
probabilities for the reliability function and the
third and fourth rows present the confidence
intervals and coverage probabilities for the hazard
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Table 3 Interval estimates and coverage probabilities of «, 4 and &

(n,m) CS 90% confidence interval 95% confidence interval
Coverage probability Coverage probability
NA NL NA NL
(30,20) 1 (0.502662, 1.120256) (0.554623, 1.187231) (0.443531, 1.179387) (0.515645, 1.276975)
0.870 0.885 0.917 0.928
(3.017067, 4.252165) (3.066681, 4.307730) (2.898813, 4.370419) (2.968511, 4.450189)
0.886 0.891 0.918 0.928
(0.238057, 0.277824) (0.238804, 0.278611) (0.234250, 0.281632) (0.235305, 0.282754)
0.877 0.886 0.936 0.944
11 (0.510618, 1.145136) (0.564333, 1.214496) (0.449866, 1.205888) (0.524404, 1.306971)
0.851 0.880 0.907 0.918
(3.065305, 4.173537) (3.105637, 4.218203) (2.959198, 4.279644) (3.015914, 4.343695)
0.872 0.892 0.919 0.934
(0.241591, 0.276722) (0.242173, 0.277331) (0.238227, 0.280086) (0.239050, 0.280954)
0.855 0.872 0.937 0.940
11T (0.519486, 1.163972) (0.573997, 1.234341) (0.457780, 1.225678) (0.533423, 1.328229)
0.864 0.872 0.915 0.924
(3.101064, 4.153914) (3.137479, 4.194028) (3.000259, 4.254719) (3.051492, 4.312211)
0.881 0.883 0.930 0.946
(0.241374, 0.276854) (0.241967, 0.277476) (0.237977, 0.280251) (0.238816, 0.281138)
0.856 0.859 0.918 0.942
(30,30) v (0.541250, 1.054594) (0.578440, 1.100683) (0.492100, 1.103744) (0.543885, 1.170614)
0.838 0.844 0.913 0.920
(3.077514, 4.126934) (3.113940, 4.167074) (2.977038, 4.227410) (3.028283, 4.284942)
0.867 0.878 0.927 0.942
(0.243632, 0.270404) (0.243974, 0.270759) (0.241069, 0.272967) (0.241553, 0.273473)
0.869 0.882 0.937 0.944
(40,25) 1 (0.504543, 1.037317) (0.545694, 1.089133) (0.453533, 1.088327) (0.510755, 1.163636)
0.875 0.888 0.920 0.931
(3.073926, 4.155772) (3.112453, 4.198340) (2.970345, 4.259353) (3.024533, 4.320380)
0.882 0.894 0.942 0.953
(0.242874, 0.273412) (0.243317, 0.273873) (0.239950, 0.276336) (0.240576, 0.276992)
0.846 0.880 0.934 0.941
I (0.514280, 1.059514) (0.556491, 1.112698) (0.462077, 1.111717) (0.520771, 1.189019)
0.871 0.879 0.885 0.910
(3.095183, 4.083571) (3.127695, 4.119208) (3.000551, 4.178203) (3.046312, 4.229254)
0.847 0.864 0.926 0.938
(0.243511, 0.270768) (0.243865, 0.271135) (0.240901, 0.273377) (0.241403, 0.273901)
0.833 0.843 0.933 0.943
I (0.514136, 1.065258) (0.557077, 1.119452) (0.461369, 1.118025) (0.521070, 1.196809)
0.868 0.870 0.892 908
(3.110468, 4.047496) (3.139838, 4.079545) (3.020752, 4.137212) (3.06211, 4.183101)
0.858 0.864 0.948 0.952
(0.244655, 0.271335) (0.244994, 0.271686) (0.242101, 0.273889) (0.242580, 0.274389)
0.844 0.872 0.938 0.940
(40,40) v (0.588692, 0.934954) (0.606955, 0.956206) (0.555539, 0.968107) (0.581108, 0.998737)

0.851
(3.017444, 4.095052)
0.866
(0.240552, 0.271006)
0.825

0.870
(3.056275, 4.138011)
0.881
(0.240997, 0.271468)
0.861

0.884
(2.914269, 4.198227)
0.918
(0.237636, 0.273922)
0.920

0.893
(2.968879, 4.259823)
0.934
(0.238265, 0.274581)
0.947

@ Springer



1290

Int J Syst Assur Eng Manag (October 2019) 10(5):1276-1301

Table 4 Interval estimates and coverage probabilities of () and h(f)

(n,m) CS 90% confidence interval 95% confidence interval
Coverage probability Coverage probability
NA NL NA NL
(30,20) I (0.033789, 0.240032) (0.064465, 0.290769) (0.014042, 0.259778) (0.055806, 0.335882)
0.863 0.873 0.920 0.927
(3.245196, 8.028081) (3.687765, 8.615435) (2.787261, 8.486017) (3.400008, 9.344595)
0.874 0.880 0.930 0.937
1II (0.026286, 0.242428) (0.060108, 0.300323) (0.005591, 0.263123) (0.051528, 0.350334)
0.840 0.837 0.904 0.916
(3.104525, 8.334373) (3.620724, 9.034684) (2.603795, 8.835103) (3.317214, 9.861316)
0.864 0.849 0.910 0.918
I (0.021329, 0.237282) (0.056100, 0.298040) (0.000653, 0.257959) (0.047810, 0.349719)
0.831 0.860 0.843 0.884
(3.090671, 8.568771) (3.644164, 9.326050) (2.566173, 9.093270) (3.330615, 10.20402)
0.866 0.872 0.910 0.915
(30,30) v (0.058712, 0.226191) (0.079135, 0.256428) (0.042676, 0.242226) (0.070710, 0.286981)
0.834 0.855 0.897 0.905
(3.736564, 7.245548) (3.989247, 7.558242) (3.400598, 7.581514) (3.752485, 8.035129)
0.847 0.876 0.908 0.929
(40,25) I (0.055333, 0.250644) (0.080805, 0.289653) (0.036633, 0.269344) (0.071508, 0.327312)
0.869 0.878 0.928 0.940
(3.366244, 7.277909) (3.685364, 7.685672) (2.991723, 7.652431) (3.434935, 8.246007)
0.892 0.881 0.937 0.947
1I (0.049330, 0.245609) (0.075802, 0.286894) (0.030537, 0.264402) (0.066733, 0.325885)
0.822 0.841 0.922 0.937
(3.353133, 7.433485) (3.694628, 7.872992) (2.962461, 7.824157) (3.436466, 8.464446)
0.846 0.864 0.946 0.941
1T (0.047848, 0.249270) (0.075419, 0.292628) (0.028563, 0.268555) (0.066238, 0.333191)
0.837 0.850 0.918 0.923
(3.277519, 7.506571) (3.642857, 7.981141) (2.872610, 7.911481) (3.379320, 8.603552)
0.855 0.872 0.928 0.931
(40,40) v (0.079376, 0.234836) (0.095790, 0.257670) (0.064492, 0.249720) (0.087132, 0.283276)
0.816 0.837 0.876 0.912
(3.558554, 6.786435) (3.786081, 7.066595) (3.249502, 7.095488) (3.566491, 7.501687)
0.829 0.840 0.925 0.929
rate function. Here, we observe similar pattern as For computing the predictive estimates with
discussed in the previous point. respect to the BLL and BEL loss functions, we
(v) InTables 5 and 6, we present one-sample and two- assume p = —0.5,0.005,1.0 and ¢g = —0.25,

sample predictive estimates under Bayesian
framework using Monte Carlo simulation. Here,
we consider same true values of the parameters
and hyper-parameters. In one-sample prediction,
the values of c¢ are taken as 1 and 2 at the stage of
ith failure. Similarly, in two-sample prediction, the
values of j are considered as 1 and 2. Further, we
take the sample size M = m.
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—0.05,0.5, respectively. With respective to BLL
and BEL, the predictive estimate values seems to
be smaller at p = 1.0 and ¢ = 0.5, respectively. It
is observed that the predictive estimate values
increase when the lifetime of higher order units
increase under one-and two-sample cases. Also,
we notice that the values of predictive estimates
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viluesfor foare obsetvations. ) CS 1 ¢ BSEL  BLL BEL

p=—05 p=0005 p=10 ¢g=-025 g=-005 ¢g=05

(30,20) I 1 1 047631 0.48102 0.47627 0.47402 0.47863 0.47308 0.46185

2 0.53158 0.53971 0.53151 0.52805 0.52990 0.52312 0.51069

5 1 0.70346 0.73152 0.70337 0.68154 0.69148 0.67152 0.67101

2 0.84262 0.84714 0.84260 0.82582 0.83115 0.81260 0.81218

I 1 1 051248 0.53094 0.51241 0.51177 0.51199 0.50886 0.50270

2 0.60201 0.61348 0.60177 0.57615 0.58251 0.57421 0.55186

5 1 0.66425 0.66893 0.66421 0.63158 0.63522 0.63101 0.60845

2 0.70829 0.72186 0.70816 0.70523  0.70674 0.68435 0.68211

m 1 1 0.33856 0.34515 0.33851 0.31524 0.31604 0.30158 0.30107

2 0.35247 0.35941 0.35241 0.32364 0.32471 0.30824 0.30422

5 1 037809 0.37934 0.37802 0.37431 0.37611 0.36618 0.36252

2 041825 0.42158 0.41817 0.40861 0.41275 0.40103 0.40084

(30,30) IV 1 1 0.27524 0.29475 0.27518 0.25817  0.26071 0.25422 0.25211

2 0.31642 0.31856 0.31628 0.31275 0.31407 0.30056 0.28615

5 1 031152 0.32804 0.31127 0.31027 0.31316 0.30585 0.29904

2 0.33176 0.33885 0.33158 0.32061 0.32175 0.31692 0.31056

(40,25) 1 1 1 0.35086 0.37423 0.34076 0.32515 0.30599 0.27562 0.27304

2 038125 0.41055 0.38118 0.38077 0.38106 0.36428 0.35867

5 1 0.54502 0.54937 0.54488 0.54268 0.54314 0.51994 0.49872

2 0.58621 0.58917 0.58617 0.56907 0.57218 0.56314 0.55208

I 1 1 042870 0.43122 0.42853 0.42617 0.42700 0.41886 0.41253

2 0.43771 0.43806 0.43468 0.42586 0.42836 0.41937 0.41406

5 1 0.57913 0.58067 0.57884 0.57233  0.57311 0.54826 0.52866

2 059745 0.62596 0.58767 0.54627 0.54708 0.51594 0.51307

Im 1 1 028944 0.31594 0.28938 0.25861 0.26408 0.23461 0.23241

2 0.31632 0.32947 0.31625 0.31408 0.31523 0.28672 0.24586

5 1 032236 0.32940 0.32218 0.30152  0.30933 0.27415 0.23924

2 0.35050 0.35975 0.35045 0.31864 0.31887 0.29486 0.28561

(40,40) IV 1 1 0.23475 0.26952 0.23471 0.21078 0.21134 0.17825 0.15069

2 0.26089 0.26729 0.26076 0.25861  0.25907 0.22719 0.20909

5 1 0.24942 0.25806 0.24876 0.21386 0.21434 0.18977 0.18207

2 0.28086 0.31732 0.28074 0.25714  0.26101 0.25810 0.21668

(vi)

tend to decrease with the effective increase in

sample size.

Table 7 provides the 90% and 95% prediction
intervals for one-sample and two-sample Bayes
prediction. We observe that the 90% produces
prediction intervals with shorter average length
than 95%. The average lengths of prediction
intervals tend to decrease with the increase in
effective sample size. The lengths of these inter-
vals increase with ¢ and j increase under one-and

two-sample prediction, respectively.

8 Real data analysis

In this section, we consider real dataset to discuss the
estimates obtained in this paper. The dataset presented
below, represents the number of cycles to failure for 60
electrical appliances in a life test experiment (see Lawless
2011). Note that this dataset has been used by Seo et al.
(2017) (see also Sarhan et al. 2012) for the study of robust
Bayesian estimation of a two-parameter bathtub-shaped
distribution.
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Table 6 Two-sample predicted

values for future observations (n,m) ¢S j  BSEL BLL BEL
p=—-05 p=0005 p=10 ¢g=-025 ¢g=-005 ¢g=05
(30,200 1 1 0.19672 0.22586 0.19643 0.17252  0.17699 0.12083 0.11979
2 0.23457 0.23774 0.23455 0.23317 0.23412 0.22078 0.19987
II 1 0.21564 0.25523 0.21559 0.17645 0.18124 0.17170 0.17008
2 0.22531  0.23911 0.22530 0.20086  0.21028 0.17586 0.17243
I 1 0.14288 0.15245 0.14285 0.12652  0.12704 0.11253 0.11201
2 0.17502  0.17867 0.17486 0.16642  0.16728 0.14642 0.14772
(30,30) IV 1 0.13425 0.13678 0.13422 0.12585  0.12700 0.09674 0.09465
2 0.14972  0.17135 0.14967 0.14315 0.14526 0.11371 0.10086
40,25) 1 1 0.17883 0.21753 0.17883 0.14256  0.14643 0.10849 0.08975
2 0.18648 0.22897 0.18644 0.17408 0.17794 0.14328 0.11283
I 1 0.23965 0.24870 0.23964 0.20843  0.21452 0.18672 0.14563
2 0.25251 0.26408 0.25249 0.22813  0.23100 0.19534 0.17819
o 1 0.13284 0.16897 0.13277 0.12121  0.12403 0.10531 0.08641
2 0.16270 0.21056 0.16256 0.13452  0.13607 0.11800 0.11427
(40,25) IV 1 0.10069 0.11728 0.10066 0.09485 0.09517 0.07885 0.07467
2 0.12215 0.14644 0.12213 0.10834  0.11465 0.09475 0.08756

0.014 0.034 0.059 0.061 0.069 0.080 0.123 0.142 0.165 0.210
0.381 0.464 0479 0556 0.574 0.839 0917 0.969 0.991 1.064
1.088 1.091 1.174 1.270 1275 1355 1397 1477 1578 1.649
1.702  1.893 1.932 2001 2.161 2292 2326 2337 2628 2.785
2811 2.886 2993 3.122 3248 3.715 3.790 3.857 3912 4.100
4.106 4.116 4315 4510 4580 5.267 5299 5583 6.065 9.701

We consider fitting of four reliability models such as
exponential (Exp), Fréchet (FR), exponentiated exponential
(Eexp) and generalized Fréchet (GF) distributions (see
Table 8). To estimate the parameters of these distributions,
maximum likelihood estimation is used. Now, for the
purpose of the test the goodness of fit of the above models,
we employ various test statistics such as (/) Kolmogorov—
Smirnov statistic (K-S statistic), (ii) the negative log-
likelihood criterion, (iii) Akaikes-information criterion
(AIC), (iv) the associated second-order information crite-
rion (AICc) and (v) Bayesian information criterion (BIC).

From the computed values presented in Table 8, it is
noticed that the generalized Fréchet distribution fits the
given dataset reasonably well since it has the smallest
values of the statistics among the fitted models. Thus,
based on a progressive type-II censored sample with total
size n =60 and the failure sample size m =50 (see
Table 9) drawn from the given dataset, we calculate the
estimates developed above. Here, we have used various
sampling schemes discussed in Sect. 7.

Tables 10 and 11 represent the average values of the
estimates for o,4,0 and r(¢), h(f), respectively. Third
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column of these tables represents the MLEs, fifth repre-
sents the Bayes estimates under BSEL function (denoted as
BS); sixth, seventh and eighth columns represent the Bayes
estimates with respect to BLL function (denoted as BL)
and the last three columns represent the Bayes estimates
with respect to the BEL function (denoted as BE). Further,
in Table 10, each censoring scheme has three row values in
the third column (MLE) and six row values in the columns
corresponding to the Bayes estimates under importance
sampling method. First, second and third row values in the
third column represent the MLEs of o, A and o, respec-
tively. Fifth column onwards, first two row values corre-
spond to the Bayes estimates for o, next two row values
represent the Bayes estimates for / and final two row
values correspond to that for ¢. In Table 11, each censoring
scheme corresponds to two rows in the third column
(MLE), and four rows for the Bayes estimates of r(f) and
h(?) functions. Furthermore, each value of w corresponds to
two rows. In Tables 12 and 13, we present 90% and 95%
asymptotic confidence intervals and coverage probabilities
of a,/,0 and r(t), h(f), respectively. In Table 12, each
scheme has six rows. First, third and fifth rows and second,
four and six rows are for asymptotic confidence intervals
and coverage probabilities of o, 4 and o, respectively.
Similarly, in Table 13, each scheme has four rows. First
two rows represent confidence interval and coverage
probabilities for r(¢) and the next two rows represent that
for h(¢). In Table 14, we obtain one-sample prediction
estimates of the lifetime of first two units at ith failure. The
two-sample prediction estimates of the lifetime of first two
units and size of sample M = 5 are tabulated in Table 15.
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Table 7 Prediction intervals for future observations

(n,m) Scheme One-sample Two-sample
i c 90% 95% J 90% 95%
(30,20) 1 1 1 (0.48153, 0.57531) (0.44097, 0.55652) 1 (0.03184, 0.29802) (0.07685, 0.37487)
2 (0.47908, 0.58973) (0.49056, 0.61248) 2 (0.06122, 0.34984) (0.10033, 0.41724)
5 1 (0.64816, 0.76174) (0.65468, 0.80182)
2 (0.75280, 0.87883) (0.78056, 0.93208)
I 1 1 (0.44087, 0.55196) (0.46725, 0.58736) 1 (0.08769, 0.40865) (0.10947, 0.52266)
2 (0.53342, 0.64684) (0.52371, 0.65824) 2 (0.10075, 0.45888) (0.11832, 0.55841)
5 1 (0.52809, 0.67805) (0.56186, 0.73428)
2 (0.58767, 0.73868) (0.62850, 0.82172)
m 1 1 (0.25996, 0.38093) (0.27186, 0.41915) 1 (0.03167, 0.3192) (0.04759, 0.34864)
2 (0.27164, 0.41273) (0.28408, 0.44823) 2 (0.05289, 0.34659) (0.09496, 0.40837)
5 1 (0.29067, 0.44143) (0.33169, 0.50977)
2 (0.34858, 0.52841) (0.36186, 0.57207)
(30,30) v 1 1 (0.22646, 0.30745) (0.23088, 0.33454) 1 (0.02983, 0.25749) (0.03697, 0.32806)
2 (0.24857, 0.33564) (0.25753, 0.38521) 2 (0.03638, 0.28139) (0.07135, 0.37528)
5 1 (0.23737, 0.34345) (0.27354, 0.39652)
2 (0.21055, 0.38287) (0.24681, 0.35864)
(40,25) 1 1 1 (0.23726, 0.48491) (0.24263, 0.52407) 1 (0.03123, 0.31757) (0.05863, 0.36869)
2 (0.26482, 0.52261) (0.31855, 0.60942) 2 (0.06585, 0.35667) (0.09787, 0.38906)
5 1 (0.35456, 0.60619) (0.41807, 0.67826)
2 (0.40778, 0.66209) (0.43726, 0.73255)
I 1 1 (0.32269, 0.50943) (0.36572, 0.60721) 1 (0.03182, 0.34887) (0.08976, 0.47612)
2 (0.36491, 0.56690) (0.38457, 0.63982) 2 (0.05247, 0.40316) (0.10944, 0.51841)
5 1 (0.41826, 0.65259) (0.46262, 0.75278)
2 (0.45278, 0.70454) (0.48907, 0.79866)
11 1 1 (0.16482, 0.39981) (0.17556, 0.45099) 1 (0.02905, 0.29578) (0.03799, 0.35964)
2 (0.19246, 0.47355) (0.20874, 0.52384) 2 (0.03642, 0.32358) (0.07852, 0.41756)
5 1 (0.11583, 0.42365) (0.14286, 0.50942)
2 (0.15464, 0.48378) (0.16977, 0.56737)
(40,40) v 1 1 (0.12097, 0.28531) (0.11852, 0.33721) 1 (0.02418, 0.25337) (0.03228, 0.31736)
2 (0.11508, 0.3126) (0.15837,0.37977) 2 (0.04179, 0.31216) (0.06427, 0.34448)
5 1 (0.11787, 0.33864) (0.12066, 0.33614)
2 (0.11969, 0.38662) (0.13854, 0.37805)

Finally, we represent 90% and 95% prediction intervals of
one-and two-sample prediction cases (Table 16).

In Fig. 1, we present the histogram of the real dataset
and fitted probability density function of four models such
as exponential, Fréchet, exponentiated exponential and
generalized Fréchet distributions. Here, we show the gen-
eralized Fréchet distribution covers the maximum area of
the dataset comparing to other distributions. Figure 2a—c
present estimated density, reliability and hazard function
plots under four censoring schemes. In this case, the
unknown model parameters are estimated using maximum
likelihood estimation technique. Figure 3a represents the

graphs of the estimated probability density functions where
the parameters are estimated by maximum likelihood
estimation and Bayesian estimation by importance sam-
pling method under BSEL function. Figure 3b depicts the
graphs of the density functions where parameters are esti-
mated based on the Bayesian estimation under BLL func-
tion for p = —0.5,0.005 and 1. In Fig. 3c, we plot the
densities where parameters are estimated based on the
Bayesian estimation under BEL function for ¢ =
—0.25,—0.05 and 0.5. Similarly, Fig. 4 presents the graphs
of the reliability and hazard rate functions for the given
dataset. Here, we consider o = 0.3 while computing Bayes
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Table 8 Goodness of fit tests

Exponential Fréchet Exponentiated Generalized
exponential Fréchet
K-S 0.7462 0.6364 0.7689 0.4779
-logL 107.1153 134.9363 106.9694 102.5410
AIC 216.2306 273.8726 217.9388 211.0820
AlCc 216.2996 274.0831 218.1493 211.5106
BIC 218.3249 278.0613 222.1275 217.3650
e Twe el T SN R N ST
Xismen 0.014 0.034 0.059 0.069 0.123 0.142 0.210 0.381 0.464 0.479
i 11 12 13 14 15 16 17 18 19 20
Xizmen 0.556 0.574 0.839 0.969 1.064 1.088 1.091 1.174 1.270 1.397
i 21 22 23 24 25 26 27 28 29 30
Xizmen 1.477 1.578 1.649 1.893 1.932 2.001 2.292 2.337 2.628 2.785
i 31 32 33 34 35 36 37 38 39 40
Xizmen 2.811 2.886 2.993 3.122 3.248 3.715 3.790 3.857 3912 4.100
i 41 42 43 44 45 46 47 48 49 50

Xismen 4.106 4.116 4.315 4.510 4.580 5.267 5.299 5.583 6.065 9.701

Table 10 Estimates of «, A and ¢ for the real dataset

(n,m) CS w=1 w BS BL BE
MLE p=-05 p = 0.005 p=10 qg=—025 qg=—0.05 q=05
(60,50) 1 0.774170 0 0.712461 0.731579 0.712440 0.708456 0.709831 0.700942 0.679405
0.3 0.728118 0.764501 0.728072 0.719748 0.720864 0.712013 0.708866
0.566658 0 0.538076 0.539779 0.537876 0.513262 0.518900 0.510913 0.517702
0.3 0.627064 0.642150 0.617053 0.608940 0.615709 0.600105 0.584237
0.965136 0 0.918641 0.943106 0.918574 0.918477 0.931605 0.908752 0.874105
0.3 0.922751 0.934802 0.922748 0.919421 0.930745 0.910546 0.908411
I 0.754321 0 0.719477 0.748054 0.719268 0.698475 0.709412 0.680648 0.687067
0.3 0.731504 0.741806 0.731486 0.708461 0.718243 0.708961 0.689955
0.552735 0 0.528643 0.548614 0.528076 0.520701 0.521134 0.513444 0.494209
0.3 0.551368 0.589474 0.551354 0.516243 0.520692 0.506142 0.501342
1.019437 0 0.949080 0.971036 0.949077 0.938877 0.941627 0.918064 0.911335
0.3 0.964101 0.990844 0.964067 0.943155 0.948672 0.927114 0.913409
il 0.737264 0 0.758642 0.759124 0.758473 0.750556 0.751692 0.758260 0.732121
0.3 0.761485 0.765006 0.761379 0.757642 0.758728 0.726428 0.721230
0.543235 0 0.558997 0.581031 0.558617 0.552046 0.561048 0.545012 0.516423
0.3 0.581102 0.609486 0.580979 0.577703 0.579334 0.548889 0.533003
0.983410 0 0.969674 0.978569 0.969562 0.962023 0.964482 0.955642 0.920884
0.3 0.972506 0.980811 0.972346 0.956471 0.963105 0.959064 0.950660
(60,60) v 0.760083 0 0.772341 0.777634 0.772087 0.770072 0.771562 0.759342 0.752182
0.3 0.775423 0.806042 0.775270 0.773691 0.778060 0.761123 0.744617
0.573944 0 0.541666 0.557682 0.541658 0.528994 0.540134 0.523003 0.519979
0.3 0.548064 0.558241 0.548060 0.540334 0.541997 0.524316 0.520775
0.782274 0 0.769089 0.779456 0.769077 0.755005 0.757612 0.752880 0.711452
0.3 0.771010 0.773462 0.771008 0.758073 0.759907 0.754564 0.731015
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Table 11 Estimates of r(¢) and A(¢) for the real dataset
(n,m) CS w=1 &) BS BL BE
MLE p=-05 p = 0.005 p=10 qg=-025 qg=-0.05 q=05
(60,50) 1 0.801678 0 0.781634 0.784264 0.781633 0.781081 0.783602 0.777538 0.772134
0.3 0.784582 0.795062 0.784578 0.783100 0.785132 0.782153 0.781007
0.365463 0 0.311642 0.315612 0.311275 0.284215 0.287908 0.280057 0.275131
0.3 0.284223 0.312061 0.284220 0.276163 0.278116 0.273003 0.251634
1I 0.783486 0 0.768634 0.771016 0.768633 0.761221 0.751364 0.750664 0.748642
0.3 0.775624 0.781241 0.775621 0.766777 0.768120 0.764005 0.751849
0.352276 0 0.317546 0.331579 0.317541 0.309947 0.311862 0.301547 0.291477
0.3 0.284042 0.319756 0.284035 0.282037 0.286694 0.275546 0.272544
1 0.802418 0 0.778661 0.793610 0.778655 0.764804 0.764525 0.762994 0.761669
0.3 0.779558 0.794682 0.779551 0.789014 0.770189 0.772688 0.763326
0.33056 0 0.370167 0.377791 0.370152 0.364919 0.367552 0.360049 0.358601
0.3 0.354690 0.368883 0.354682 0.334006 0.336728 0.322764 0.305615
(60,60) v 0.762421 0 0.746574 0.764825 0.746568 0.743035 0.742023 0.731657 0.716751
0.3 0.749339 0.786292 0.749331 0.745529 0.743106 0.736154 0.730409
0.406747 0 0.413546 0.429644 0.413545 0.412086 0.414318 0.405657 0.402391
0.3 0.424650 0.430153 0.424645 0.423110 0.424055 0.416125 0.413780
Table 12 Interval estimates and coverage probabilities of o, 4 and ¢ for real dataset
(n,m) Scheme 90% confidence interval 95% confidence interval
Coverage probability Coverage probability
NA NL NA NL
(60,50) 1 (0.535761, 1.012580) (0.568975, 1.053367) (0.490107, 1.058233) (0.536392, 1.117352)
0.881 0.875 0.926 0.938
(0.504496, 0.628820) (0.507784, 0.632358) (0.492592, 0.640724) (0.497229, 0.645782)
0.873 0.878 0.937 0.943
(0.326882, 1.603390) (0.498179, 1.869785) (0.204664, 1.725608) (0.438925, 2.122208)
0.873 0.879 0.932 0.940
II (0.515910, 0.992732) (0.549911, 1.034713) (0.470256, 1.038386) (0.517616, 1.099270)
0.862 0.874 0.934 0.942
(0.489682, 0.615788) (0.493145, 0.619525) (0.477608, 0.627862) (0.482490, 0.633207)
0.881 0.887 0.925 0.930
(0.399388, 1.639486) (0.554895, 1.872881) (0.280655, 1.758219) (0.493888, 2.104224)
0.874 0.880 0.928 0.932
1 (0.500289, 0.974239) (0.534601, 1.016755) (0.454911, 1.019617) (0.502689, 1.081301)
0.870 0.853 0.904 0.909
(0.477786, 0.608684) (0.481575, 0.612790) (0.465253, 0.621217) (0.470592, 0.627092)
0.867 0.885 0.923 0.927
(0.368594, 1.598226) (0.526283, 1.837597) (0.250864, 1.715956) (0.466903, 2.071298)
0.861 0.877 0.929 0.934
(60,60) v (0.548678, 0.971488) (0.575532, 1.003813) (0.508197, 1.011969) (0.545681, 1.058725)

0.853
(0.514431, 0.633457)
0.872
(0.320260, 1.244288)
0.861

0.861
(0.517413, 0.636652)
0.880
(0.433374, 1.412066)
0.867

0.909
(0.503035, 0.644853)
0.912
(0.231789, 1.332759)
0.907

0.917
(0.507241, 0.649419)
0.920
(0.387032, 1.581143)
0914
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Table 13 Interval estimates and coverage probabilities of 7(f) and h(f) for real dataset

(n,m) Scheme 90% confidence interval 95% confidence interval
Coverage probability Coverage probability
NA NL NA NL
(60,50) 1 (0.737565, 0.889174) (0.740990, 0.892819) (0.723050, 0.903690) (0.727884, 0.908896)
0.880 0.886 0.933 0.940
(0.273762, 0.505213) (0.289371, 0.524242) (0.251602, 0.527373) (0.273367, 0.554934)
0.874 0.892 0.942 0.948
11 (0.758809, 0.888053) (0.761280, 0.890657) (0.746435, 0.900428) (0.749925, 0.904142)
0.852 0.875 0.883 0.908
(0.264817, 0.461508) (0.277008, 0.476112) (0.245985, 0.480340) (0.263010, 0.501452)
0.864 0.881 0911 0.924
m (0.755312, 0.884718) (0.757799, 0.887339) (0.742922, 0.897108) (0.746435, 0.900848)
0.860 0.866 0.929 0.935
(0.262242, 0.452252) (0.273826, 0.466083) (0.244050, 0.470445) (0.260230, 0.490433)
0.864 0.871 0.931 0.942
(60,60) v (0.710925, 0.856245) (0.714192, 0.859720) (0.697011, 0.870159) (0.701622, 0.875122)

0.851
(0.316354, 0.537140)
0.857

0.859
(0.329477, 0.552734)
0.861

0.896
(0.295215, 0.558279)
0.918

0.902
(0.313554, 0.580803)
0.929

Table 14 One-sample

predicted values for future
observations under real dataset

@ Springer

(mm) CS i ¢ BSEL BLL BEL
p=-05 p=0005 p=10 g=-025 g=-005 g=05
(6050) T 1 1 058642 0.62348 058640 056744 052607 052437 050777
2 061275 062845 061271 057085 057129  0.55421 0.52143
5 1 067252 070872  0.67248  0.64827 0.65221 061758  0.60086
2 071283 078627 071279  0.70885 0.71009  0.68499  0.68133
I 1 1 062713 0.66947 062711 058934 0.60428  0.56726  0.55843
2 065284 0.68055  0.65280  0.62115 062340  0.60877  0.56421
5 1 0.66477 071809  0.66477  0.64829 0.60862  0.55648  0.55200
2 068502 0.74574  0.68497  0.68233 0.68307  0.63257  0.63009
Ol 1 1 051068 055847 051066  0.50907 051137 050070  0.47521
2 055824 056809 055822  0.51675 0.52086  0.50834  0.50177
5 1 063428 0.65537  0.63427  0.61299 0.61421 058612  0.54164
2 066152 0.66728  0.66150  0.63180 0.63286  0.63086  0.59257
(60,60) IV 1 1 048642 049665 048640 048622 0.48708  0.45154  0.44088
2 052375 055942 052396  0.49765 051025 050076  0.47991
5 1 056970 057432 056966  0.56431 0.56720  0.55824  0.51642
2 058344 058794 058343 058120 0.58346  0.57286  0.52860
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predicted value for e ) €S J BSEL  BLL BEL
observations under real dataset p=—-05 p=0005 p=10 ¢g=-025 ¢g=-005 ¢g=05
(60,50) I 1 0.23103 0.28064 0.23101 0.20864 0.21131 0.20234 0.17652
2 0.28461 0.31065 0.28457 0.27125 0.27242 0.24158 0.21056
II 1 025864 0.28724 0.25857 0.25109 0.25143 0.21375 0.20866
2 031025 0.34118 0.31025 0.30854 0.31277 0.30804 0.27511
o 1 0.18674 0.19484 0.18670 0.15864 0.16421 0.15807 0.15624
2 0.21458 0.21896 0.21454 0.20739  0.21086 0.20316 0.16990
(60,50) IV 1 0.16308 0.16887 0.16300 0.14268  0.14722 0.14300 0.12708
2 0.18442 0.21305 0.18439 0.18276  0.18303 0.14964 0.13990
Table 16 Prediction intervals for future observations under real dataset
(n,m) Scheme One-sample Two-sample
i c 90% 95% 90% 95%
(60,50) 1 1 1 (0.37168, 0.64821) (0.41286, 0.74564) (0.08641, 0.35340) (0.11086, 0.42642)
2 (0.41170, 0.71361) (0.44804, 0.79482) (0.12125, 0.41442) (0.14299, 0.49187)
5 1 (0.48526, 0.79812) (0.53755, 0.88947)
2 (0.55107, 0.86608) (0.57404, 0.92667)
11 1 1 (0.38694, 0.73170) (0.42648, 0.81256) (0.12915, 0.38634) (0.16458, 0.47094)
2 (0.41209, 0.77411) (0.46909, 0.86294) (0.16457, 0.43773) (0.21834, 0.52713)
5 1 (0.42152, 0.79007) (0.46782,0.91752)
2 (0.45390, 0.83699) (0.52508, 1.00076)
I 1 1 (0.31980, 0.59680) (0.37611, 0.70641) (0.10766, 0.31675) (0.13043,0.37152)
2 (0.37614, 0.67720) (0.42168, 0.76824) (0.13153, 0.38344) (0.14990, 0.42861)
5 1 (0.37415, 0.72123) (0.40704, 0.81342)
2 (0.40837, 0.77936) (0.42541, 0.86127)
(60,60) v 1 1 (0.24166, 0.51047) (0.31907, 0.64827) (0.01138, 0.20434) (0.07689, 0.29286)
2 (0.33087, 0.62962) (0.37805, 0.70936) (0.03154, 0.25366) (0.09421, 0.33934)
5 1 (0.37452, 0.61157) (0.42855, 0.72594)
2 (0.41347, 0.6797) (0.48229, 0.80802)
of . m ] estimates with respect to balanced loss functions for the
E N ke purpose of plotting the graphs. In Figs. 3 and 4, BS_Im
. or | N ] denote for the Bayes estimates with respect to the squared
g ol | \ . I ] error loss function using importance sampling method.
g by N — Eexp ] Further, p = 0.005_BL_Im (¢ = —0.05_BE_Im) represent
;; 30? IY Bayes estimates with respect to the BLL (BEL) function
g bl | when p = 0.005 (¢ = —0.05).
FL
10 r
i , 9 Concluding remarks
! ;).0 0.2 0.4 0.6 018 1‘07

Real data

Fig. 1 The histogram of the real dataset and the plots of the
probability density functions of the fitted Eexp, FR, Exp, GF models

In this paper, we established various methods for estimat-
ing the unknown parameters and reliability characteristics
of the exponentiated Fréchet distribution based on pro-
gressive type-II censored sample. We applied Newton-
Raphson method to compute the maximum likelihood
estimates and the asymptotic confidence intervals. Further,
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Fig. 3 Estimated density plots based on real dataset presented in
Sect. 8. a represents the density plots based on the MLE and the
Bayes estimates with respect to the balanced squared error loss
function, b presents the density plots based on the balanced linex loss
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Fig. 4 Estimated plots of the reliability (a—c) and hazard (d—f) functions based on real dataset
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Bayes estimates are obtained with respect to three balanced
type loss functions. In this purpose, importance sampling
method have been introduced. One-sample as well as two-
sample Bayesian prediction for the Future observations
based on progressive type-1I censored sample have been
considered. The prediction intervals are also computed.
Monte-Carlo simulation is employed to proposed esti-
mates. From the simulation study, it is noticed that the
Bayesian estimation is more accurate than the maximum
likelihood estimation.
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Appendix
Partial derivatives for Sect. 3

The following partial derivatives are required to compute
observed Fisher information matrix Z given in (3.1).
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Now, we present the partial derivatives which are needed
to compute @ and @), given in Eq. (3.3).
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