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Abstract The main focus of this paper is on the reli-
ability modelling of a computer system considering the
concepts of redundancy, preventive maintenance and pri-
ority in repair activities. Two identical units of a computer
system are taken—one unit is initially operative and the
other is kept as spare in cold standby. In each unit h/w and
s/w work together and may fail independently from normal
mode. There is a single server who visits the system
immediately as and when needed. Server conducts pre-
ventive maintenance of the unit (computer system) after a
maximum operation time. Repair of the h/w is done at its
failure while s/w is upgraded from time to time as per
requirements. If server unable to repair the h/w in a pre-
specific time (called maximum repair time), h/w is replaced
by new one giving some replacement time. Priority to h/w
repair is given over s/w up gradation if, in one unit s/w is
under up-gradation and h/w fails in another operative unit.
The failure time of h/w and s/w follows negative expo-
nential distributions while the distributions of preventive
maintenance, h/w repair/replacement and s/w up-gradation
times are taken as arbitrary with different probability
density functions. The expressions for several reliability
and economic measures are derived in steady state using
semi-Markov process and regenerative point technique.
The graphical study of mean time to system failure (MTSF)
and profit function has also been made giving particular
values to various parameters and costs.
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List of symbols

E
NO
Cs
a/b

M/
Qo

Bo
Pm/PM

WPm/
WPM

HFur/
HFUR

HFurp/
HFURP

HFwr/
HFWR

The set of regenerative states

The unit is operative and in normal mode
The unit is cold standby

Probability that the system has hardware/
software failure

Constant hardware/software failure rate
Maximum operation time

Maximum repair time

The unit is under preventive maintenance/
under preventive maintenance continuously
from previous state

The unit is waiting for preventive maintenance/
waiting for preventive maintenance from
previous state

The unit is failed due to hardware and is
under repair/under repair continuously from
previous state

The unit is failed due to hardware and is under
replacement/under replacement continuously
from previous state

The unitis failed due to hardware and is waiting
for repair/waiting for repair continuously from
previous state
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SFurp/ The unit is failed due to the software and is under

SFURP up-gradation/under up-gradation continuously
from previous state

SFwrp/ The unit is failed due to the software and is

SFWRP waiting for up-gradation/waiting for up-
gradation continuously from previous state

h(t)/H(t) pdf/cdf of up-gradation time of unit due to
software

g(t)/G(t) pdf/cdf of repair time of the hardware

m(t)/M(t) pdf/cdf of replacement time of the hardware

f(t)/F(t) pdf/cdf of the time for PM of the unit

q;j(0/Q;i(t)  pdf/cdf of passage time from regenerative
state 1 to a regenerative state j or to a failed
state j without visiting any other regenerative
state in (0, t]

pdf/cdf Probability  density function/Cumulative
density function

Qijxr (0/Qy5.  pdf/fcdf of direct transition time from

ke(t) regenerative state i to a regenerative state j
or to a failed state j visiting state k, r once in
©, t

w0 Probability that the system up initially in
state S; € E is up at time t without visiting to
any regenerative state

Wi;(t) Probability that the server is busy in the state

S; up to time °‘t" without making any
transition to any other regenerative state or
returning to the same state via one or more
non-regenerative states
m; Contribution to mean sojourn time (};) in state
S; when system transit directly to state S; so
that u; = va and my = ffinj(f) =
—q;/(0) 7
Symbol for Laplace-Stieltjes convolution/
Laplace convolution
~/* Symbol for Laplace Steiltjes Transform/
Laplace Transform
Used to represent alternative result

G/

‘(desh)

1 Introduction

Now a day’s computer systems are of growing importance
because of their wide use in many areas such as aerospace,
transportation, automobiles, home appliances as well as in
most of the clerical works. In computer systems, h/w and
s/w work together to complete various tasks in a given
period of time with full efficiency. In spite of increasing
development and availability of new computer technolo-
gies, a little work has been dedicated to the reliability
modeling of computer systems with independent failures of
h/w and s/w components. And, most of the research work

has been carried out either considering h/w or s/w alone.
Friedman and Tran (1992) tried to establish a combined
reliability model for the whole system including both
hardware and software. But the technique of redundancy
was not used in that paper in order to improve the per-
formance and reliability of the system. First time, Malik
and Anand [2010] developed a reliability model for a
computer system with independent h/w and s/w failures
using the technique of redundancy.

It is observed that continued operation and ageing of
operable systems reduce their performance, reliability and
safety. Thus, to slow the deterioration process as well as to
restore the system in a younger age or state, the preventive
maintenance can be conducted after a maximum operation
time. Malik and Nandal (2010) analyzed a cold standby
system introducing the concept of preventive maintenance
after a maximum operation time. Further, the availability of
the system can be increased by making replacement of the
failed components by new one in case their repair times are
too long. Kumar etal. (2012) discussed a computer system
with the aspects of maximum operation and repair times.
Furthermore, sometimes it becomes necessary to give pri-
ority in repair disciplines to one unit over the other not only
to reduce the down time but also to minimize the operating
cost. Malik and Sureria (2012) studied probabilistically a
computer system with priority to h/w repair over s/w
replacement.

While considering above observations and facts in mind,
here a reliability model for a computer system is developed
using the concepts of redundancy, preventive maintenance
and priority. Two identical units of a computer system are
taken up—one unit is initially operative and the other is
kept as spare in cold standby. In each unit h/w and s/w
work together and may fail independently from normal
mode. There is a single server who visits the system
immediately to conduct preventive maintenance of the unit
after a maximum operation time as well as to do h/w repair/
replacement and s/w up-gradation. If server unable to
repair the h/w in a pre-specific time (called maximum
repair time), h/w is replaced by new one giving some
replacement time. However, only up-gradation of the s/w is
made as per requirements giving some up-gradation time.
Priority to h/w repair is given over s/w up gradation if, in
one unit s/w is under up-gradation and h/w fails in another
operative unit. The failure time of h/w and s/w follows
negative exponential distributions while the distributions of
preventive maintenance, h/w repair/replacement and s/w
up-gradation times are taken as arbitrary with different
probability density functions. All random variables are
statistically independent to each other. The repairs and
switch devices are perfect. The expressions for various
reliability measures such as mean time to system failure,
availability, busy period of the server due to preventive
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maintenance, busy period of the server due to h/w repair/

[ —f*(A)] =pi1.13> P = & (B), p24:%[1—g*(B

replacement, busy period of the server due to software up- p25 =%[1-g'B)lpoyy = 2[1-gB), pp=%
gradation, expected number of software up-gradations, [l —g*(B)], psp =h""(A),pyy = m[ —h (A)], py=2%
expected number of hardware replacements and expected — [1 —2*(A)] = P39, Py = m*(A), P30 = }’Aﬁ [1—h*(A))
number of visits of the server are derived by using semi- =ps10. Psi =& (Bo)s Psie=1—28 *(By), Par7 =
Markov process and regenerative point technique. The % [1 —m*(A)] = py 17, Pe2 =f7(0), ps; = £(0),
graphical study of mean time to system failure (MTSF) and  pg3; =f*(0), pg; =h"(0), pio3 =hr"(0), pi13=2¢"(By),
profit function has been made giving particular values to P14 = 1 — " (By), Paig = bAﬁ [1 —m*(A)] = Ppass
various parameters and costs. P22 =8 (Bo)s Pias=1-8"(Bo), Pi31 =17(0).pa3 =
m*(0),  Par1o = Pato = %[1 - m*(A)] Pis, = m*(0),
Pis1 = m"(0),py7, =m*(0), pig *(0), P19.2 =m"(0),
2 Transition probabilities and mean sojourn times Pars = 2[1 — & (B)lg*(Bo) Pariss = 31 —&*(B)]
[1- ( o)l Pai = }%[ g (B)llg ( 0)] P23.11,14 =
Using Fig. 1, simple probabilistic considerations yield the 2 b [1—g*B)|[1 —g*(Bo)]s Pauiz= @ [1—g*(B)lg*(By)>
following expressions for the non-zero elements p22 1215 = @y [1—g*B)][1— ( ]
where
(o 0]
Pij = QU(OO) - /0 qU(t)dt as (1) A =al;+bly +o andB = ad; + by + oy + By (2)
Poi =% po :“AA, Po3 b:”Aﬁ P10 =f*(A),p1g = “f"i It can be easily verified that py; +pg + pes =
[1=f"(A)] =Piag P1s =" [1 —f(A)] =pPi3s, P13 = Pio+Pis+Pig T P13 = P20 +Pos T P2s + P11 +P212
Fig. 1 . State Transition Diagram
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= P3o P37 T P39 +P3,10 = Pao T Pa17 +Pai1s+ Paio
= P51t Psi6 = Pe2 = P73 = Ps3 = Po1 = Pi03
P113 1 Pi11a = P22+ P25 = P31 = Pua
=DP152 = P11 = P17.1 = P183 = P19.4 = P10 T P12
+ Pi1.13 T P13 = P20 T P24 T Pa1.5s T Pai,i6.5 T P23 11
T P23.11,14 T P22,12 T P22.12,15 = P30 T P31.9 T P37 + P33.10
= P40 +Pa1.17 + Pazio + Pazis =1 3)

The Mean Sojourn Times (1) in the state S; are

1 1
Ho _a/ll-l—b/lz-‘rﬂto’ H _ail—l—b/lz—i—aco—i—oc’
1 1
uzz P 2 u3: ] 7 )
a/L]+b/L2+060+0+ﬁ0 a/L]+b/L2+fx0+ﬂ
1
My = (4)

ai —l—b/lz—ﬁ—O(o*F'))

3 Reliability and Mean Time to System Failure
(MTSF)

Let ¢;(t) be the cdf of first passage time from the regenerative
state i to a failed state. Regarding the failed state as absorbing
state, we have the following recursive relations for

¢; (D) as

=Y 0i(®¢(1) + D Qik(1) (5)
J k
where j is an un-failed regenerative state to which the given
regenerative state i can transit and k is a failed state to
which the state i can transit directly.
Taking LT of above relation (5) and solving for (?)0(s)
We have

_ 1= Po(s)

N

R (s) (6)
The reliability of the system model can be obtained by
taking Laplace inverse transform of (6).
The mean time to system failure (MTSF) is given by

1—¢ N
MTSF = lim%(s) ==L where (7)
§—0 1

N1 = pg + po1y + poztly + poss + paapoapty and Dy =

1 — po1P1o — Po2P20 — P 03 P30 — P02P24P40

4 Steady state availability

Let A;(t) be the probability that the system is in up-state
at instant ‘t’ given that the system entered regenerative
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state i at t = 0. The recursive relations for A; (t) are
given as
Ailt) = Mi(D) + 4} (© A(1) (8)

J

where j is any successive regenerative state to which the
regenerative state i can transit through n transitions. Mj(t) is the
probability that the system is up initially in state S; € E isup at
time t without visiting to any other regenerative state, we have

Mo(t) — —(a/1|+h/12+060) M1 (t) e (a)l-‘rb)z-‘roto)fF( )
Mz(l‘) _ (a/11+b/12+x0+/30 tG(l‘) (l‘) aiHrb/lerag)tH(t)
M4(t) — e—(a/11+h/12+oc0)zM(t) (9)

Taking LT of above relations (8) and solving for A{(s),
the steady state availability is given by

Ap(00) =limsAj(s) = Nz where (10)
s—0 D2

No = po {0 = piz) [ = p3zio — P73 P37)

(1 = P2212 = P22.12.15 — P24P42.19)] — Pize [(1 — P30

= P73 P37) (P25 + P21si6 + Par17P24) + P3ro(Ps.an

+ P23.11,14 + Pa3.18P24)] — P13.s[(1 = P22.12 — P22.12.15

= P24Pa2.19)P310l} + iy {por (I — p3zio — P73 P37)

(1 = p22.12 = P22.12.15 — P24P42.19) + Poz [(1 = P3z.1i0 — P73
p37) (P25 + Paisiae t PararP24) t+ Paro(P2san
+ P23.11,14 + Pa3z.18P24)] + Po3l(1 — pa2.12 = P22.12.15
— P24P42.19)P31.9]} + (Ua+p2attg){Po1 [(1 = P33.10 = P73 P37)
Piz6 + Po2{(1 = pir13) (I = P3zi0 = P73 P37) — Pi3s
pstol + Poz ParoPizs} +  (W){por  [Pize(P23.11
+ P2ani4 + PazagPas) + (1 = Poi2 = P15 — P2Pa2i19)
P13gl + Po2l(1 = P1113) (P23.11 + P2s.a114 + PazigPas) + Piss
(P215 + Pasie +  Papa)]  + pol — piiis)
(1 = pa212 = P21215 ~ P2P4219) ~ Pizs (P215 + Paisie
+ Pari7p24)]}

and

Dy = po {(I = pias) (A — pazio — P73 P37)
(1 = p2212 = P22.12.15 ~ P24P42.19)] — P26 [(1 = P33.10 — P73 P37)
(P22.5 + P21.5.16 + Pa1.17P24) + P31.9(P23.11 + P23.11,14
+ Paz.18P24)] — P13.s[(1 = P22.12 = P22.12.15 — P24P42.19)
parol} + # {po1 (1 = p3z.io = P73 P37) (1 — paziz

~ P22.12.15 ~ P24P42.19) + Po2 [(1 = P33z.10 = P73 P37)
(P21.5 + P21.5.16 + Pa1.17P24) + P31.9(P23.11 + P23.11,14
+ Paz.18P24)] + Po3[(l = p22.12 = P22.12.15 — P24P42.19)
p3iol} + (M/2+P24Mﬁ;){P01 [(1 = p33.10 = P73 P37)P12.6
+ po2f(l = pi113) (I = p3sio = P73 P37) — Piss
Psto]l 4+ Pos P3roPize} + (U3+pP3zt){pPor [Pize
(P23.11 + P23.11,14 + Paz.1sP24) + (1 = P22 = P22.12.15
= P24P42.19)P13.8] + Po2l(1 = P11.13) (P23.11 + P23.11,14
+ Pa3.18P24) + Pi1z.g (P21.5 + P21.s.6 + Par.17P24)]
+ posl(l = pr1as) (I = paoiz2 = P2212.15 — Poa
P42.19) ~ P12.6 (P21.5 + P21.5.16 + Pa1.17P24)]}
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5 Busy period analysis for server

Let BP (1), BR(1), BS(1) and B"®" (t)be the probabilities that
the server is busy in preventive maintenance of the sys-
tem, repairing the unit due to hardware failure, up-
gradation of the software and hardware replacement at an
instant ‘t’ given that the system entered state i at t = O.
The recursive relations for BP(z), BX(r), BS(t) and B (1)
are as follows

0+ Z 417 (1)OB) (1)
1+ Z q;; (t)©B (1)
B (1) )+ Z g;; (1)©B}(t) and
B (1) 1) + Z (N ©BI™ (1) (11)

where j is any successive regenerative state to which
the regenerative state i can transit through n transitions.
Let Wi(t) be the probability that the server is busy in
state S; due to preventive maintenance, hardware and
software failure up to time t without making any transition
to any other regenerative state or returning to the same via
one or more non-regenerative states. We have
Wl _ ef(a/ller/lszxo)tF(t) 4 (OC()e (ari+bla+o) t©1) ( )
(a/{ e~ aA1+bA2+oco)t©1) F([) (b/L e —(al1+biy+og) t©1) ()
W2 —e — (a1 +bly+on+py)t G([) + (O(()e (ad1+bla+uo+Py) I)G( )
((11116 (aki1+bia+ao+Py) t©1) ( ) (b;ze a71+b)z+ao+ﬁo) )
G( )W3 —e —(aki+bla+og)t H(I) + ((xoe (ali+bla+ug) t@l)H( )

(a)le (aki1+bir+a) ) () +(b/L e~ um-o—bm-o—vo)z@l) (t)
—e (a)1+b)2+o<0)rM() 4 (oc()e (aki+bla+ag) t©1) () (cml
_(a/L[+b/L2+y(] t©1) ( ) (bj_ze—(a/h-‘,—17/12-',-@0)1@)I)M(l‘)7 Tak-
ing LT of above relations (11). And, solving for
BP(s),BR(s), B:5(s) and B;"™(s), the time for which
server is busy due to preventive maintenance, h/w
repair/replacement and s/w up-gradation respectively is
given by

N
B} = lina sBiF(s) = -2, By = hm sB*S( )

D,’
gi BE = hmsB*R( )= Z—g
And
i Ny
By = lim B (s) =l3)—2 (12)
where
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N§ =W (0){po; (1 = P33.10— P13P37) (1 = Popin—

P22.12.15 — P2aPa2.19) T Po2[(1 — P33.10 — P73P37)
(P21.5+ Pa1.5.16 + Par.17P24)
+ P39 (stu P2.11,14 7+ P43.18P24)]
+ Pos[(1 = P2212 = P2212.15 — P24Pa2.10)P31.0]}
N§ = W;(0){po: [(1 — P33.10 — P73P37)P126
+Po2{ (1 = P11.13) (1 = P33.10 — P73P37) — Pi3sP310)

+ Po3P31.9P12.6 1>+ Wi (0)P37{Po1 [P12.6 (P23.11 + P23i114
+ P43.18P24) + (1 = P21 — Pa2i2.15s — P2sPaz.10)P13.s)
+ Poa[(1 = Pi113) (Posis + P23.11,14 + P43.18P24)
+ P138(P21.s + Parsiie T+ Par17P2s)]
+Po3[(1 = P11.13) (1 = Pazi2 — Po2i21s —
= P126(P215+ Parsi6+ Pari7Pas)]}
N3 = W5 (0){Po; [P12.6 (P23.11 + Pas.i1,14 + Pas.isPas)
+ (1= P2.12 = P22.12.15 — P24P42.19)P13]
+ Poa[(1 = Py113) (P23A11 + Poz.1,14 T P43A181324)
+P138(P215+ Paisie t Pari7Ps)]
+Po3[(1 = Pr1.13) (1 = Pzt = Pazizis —
— P126(P21.5+ Par a6+ Pari7Pas)]}
NHRP Wi p2alpoi (1 — p33.10 — P73P37)P126

+po2{ (1 =p33.10 = P73p37) (1 = p11.13) —P13sp3io) }
+ Po3P12.6P31.9) and D2 is already mentioned.

P24Pa2.19)

P24Pa2.19)

6 Expected number of h/w replacements
and s/w up-gradations

Let R¥(z) and RS (t)the expected number of h/w replace-
ments and software up-gradations by the server in (0, t] given
that the system entered the regenerative state i at t = 0. The
recursive relations for R¥ (1) and R} (¢) are given as

Zqz
= Z CIi,j (0@

where j is any regenerative state to which the given
regenerative state i transits and oj = 1, if j is the regen-
erative state where the server does job afresh, otherwise
oj = 0.

Taking LST of relations and, solving for Rf(s) and
Iég(s). The expected numbers of h/w replacements per unit
time and software up-gradations per unit time are respec-
tively given by

[5 + R (1 )}

[5,- + Rf(r)} 1)
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S

R (00) = lim R (s) = & and RS(0c) = lim sRS(s) = M4
0 s—0 0 D2 0 s—0 0 D2
(14)

Nf = (P24 + P21.5.16 + P22,12,15 + P23,11.14)
{po1(1 = p33.10 — P73P37)P12.6 + P02
(1 = p11.13)(1 = p33.10 — P73P37) — P31.9P13.8)
+ Po3p31.oP12.6}
N; = (p3o + P3s.10 + P319)
P12.6(P23.11 + Paariat P43.18P24)Jr

{Po1 (1= Paa12 = Pa21215 — P2sPa2.19)Pi3s

+ Poa[(1 = Pr113) (Posis + P23.11,14 T P43.18P24)

+ P13s(Pars + Parsiae T Pari7P2s)]

+Pos[(1 = P1113) (1 = Pazi2 — Pa2ioias — PasbPazio)
— Pi26(Pa1s + Parsie T Pari7Pas)l}

where D, is already mentioned.

7 Expected number of visits by the server

Let Nj(t) be the expected number of visits by the server in
(0, t] given that the system entered the regenerative state i
at t = 0. The recursive relations for N;(t) are given as

N() =0 0@ [0+ N, (15)
J
where j is any regenerative state to which the given

regenerative state i transits and 6 = 1, if j is the
regenerative state where the server does job afresh,

Fig. 2 .
87
0.6

0.5 4

0.4 4

0.2
0.1 4 T

MTSF —>

a0=5,$=10,80=10,a=.7,b=.3,7=8,6=2.1,A1=.7,2=.5

otherwise dj = 0. Taking LST of relation (15) and
solving for Ny(s). The expected number of visit per unit
time by the server are given by

~ N
No(o0) = limsNy(s) = D—S

, where (16)
s—0 H

Ns = (po1 + Po2 + Po3){(1 = pr1.13) [(1 = p3z.10 = P73
p37) (I = Pxia2 = Pr2i215 — P2aP42.19)] — Praes [(1 —
P33.10 — P73 P37) (P225 + Paisiae + Pari7P24) + P3io
(P23.11 + P23.a1,14 + PazasP2a)]2 — piasl(l — paoiz —
P22.12.15 ~ P24P42.19)P31.9]}

8 Profit analysis

The profit incurred to the system model in steady state can
be obtained as

P = KOAO — K1 B, — K2 BR — K3 B5 — K4 ™

17
— KSR —K6RS —KTN, 47

Ko Revenue per unit up-time of the system

K; Cost per unit time for which server is busy due
preventive maintenance

K, Cost per unit time for which server is busy due to
hardware failure

K3 Cost per unit time for which server is busy in
software up-gradation

K4 Cost per unit time for which server is busy in h/w
replacement

Ks Cost per unit time h/w replacement

K¢ Cost per unit time s/w up-gradation

K; Cost per unit time visit by the server

MTSF Vs. Preventive Maintenance Rate(u)

o0=5,p=10B0=5.a=.3,b=.7,y=8.6=2.1.A1=.7.A2=.5

an=5,p=10,0=5,a=.7,b=.3,y=8.0=3.1.A1=.7.A2=.5

o0=5.p=1080=5.a=.7,b=.3,y=8.6=2.1 A1=.7.2=.5

a0=10,p=10,p0=5,a=.7,b=.3,1=8,6=2.1, A1=.7,12=5
1 2 3 4 5 6 7 8 9 10
Preventive Maintenance Rate (o) —>
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Fig. 3 .
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Profit Vs. Preventive Maintenance Rate(u)

o0=5,p=10,0=10y=8,6=2.1,A1=7,A2=.5, a=.7,b=.3

o0="5,p=10,00=5y=8,6=2.1,11=.7,12=.5, a=.7,b=3

ao=5,p=10,p0=5y=8,0=2.1A1=7,42=.5, a=.3,b=.7

ao=10,=10,80=5y=8,6=2.1,A1=7,2=5, a=.7,b=.3

1 2

9 Conclusion

In the present study, the numerical results for mean time to
system failure (MTSF) and profit are obtained giving some
particular values to various parameters and costs taking
g(t) = 0™, h(t) = Be P, f(t) = ae™™ and m(t) = pe .
The graphs for MTSF and profit are drawn with respect to
preventive maintenance rate (a) for fixed values of other
parameters including a = 0.7 and b = 0.3 as shown
respectively in Figs. 2 and 3. These figures indicate that
MTSF and profit increase with the increase of preventive
maintenance rate (o), maximum repair time (Bg), and h/w
repair rate (0). But the values of these measures decrease
with the increase of maximum operation time (ag). Thus
finally it is concluded that a computer system in which
chances of h/w failure are high can be made more reliable
and profitable to use

(i) By taking one more unit (computer system) in cold
standby.

(i) By conducting preventive maintenance of the system

after a specific period of operation.

By giving maximum repair time to the server for h/w

repair in case priority is given to the h/w repair over

s/w up-gradation.

(iii)

@ Springer

3 4 5 6 7 8 9 10
Preventive Maintenance Rate(0t) ————>

(iv) By making s/w up-gradation immediately as per
requirements in case s/w fails to execute the desired
functions properly
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