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Abstract

The paper addresses asymptotic estimation of normal means under sparsity.
The primary focus is estimation of multivariate normal means where we
obtain exact asymptotic minimax error under global-local shrinkage prior.
This extends the corresponding univariate work of Ghosh and Chakrabarti
(2017). In addition, we obtain similar results for the Dirichlet-Laplace prior
as considered in Bhattacharya et al. (2015). Also, following van der Pas et al.
(2017), we have been able to derive credible sets for multivariate normal
means under global-local priors.
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1 Introduction

Estimation of normal means under sparsity started a while ago. Its impor-
tance is felt for the analysis of high dimensional data. For example, in
microarray experiments, there is a multitude of genes, but only a few have
impact on a certain disease. A foundational article appears in Donoho et al.
(1992), who provided an asymptotic minimax estimation rate for estimation
of normal means with a large majority of zeros, but with also a few signifi-
cant departures from zeros. The idea was pursed in a Bayesian framework by
Castillo and van der Vaart (2012) who provided the same asymptotic min-
imax estimation rate under a class of priors II,, with “exponential decay”
(see (2.2) of their paper for its definition).

The present work addresses the same problem, but stems from several
recent excellent articles of Bhattacharya et al. (2015), van der Pas et al.
(2014), van der Pas et al. (2016) and Ghosh and Chakrabarti (2017). In
particular, our paper has more direct structural connection with the work of
Ghosh and Chakrabarti (2017), but extends their work in certain directions.
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It may be pointed out that the priors of Bhattacharya et al. (2015) or
Ghosh and Chakrabarti (2017) can be brought under the general framework
of van der Pas et al. (2014), but each has its own salient features which enable
one to provide a more concrete set of results. In particular, these priors, now
commonly referred to as “global-local” priors following Carvalho et al. (2009,
2010), are scale mixtures of normal priors with the scale parameters involving
both global and local components. The global components try to shrink the
normal means towards zero, while the local parameters try to balance the
same with the end of identifying and distinguishing the true signals from
the noises. While the work of Ghosh and Chakrabarti (2017) considers a
single global parameter and utilizes the same as a tuning parameter, Bhat-
tacharya et al. (2015) considered essentially multiple global parameters and
assigned certain priors on them. These ideas will be made more specific in
the following sections.

We first find the asymptotic minimax error for estimation of multivariate
normal means under sparsity in the nearly-black sense (Castillo and van der
Vaart, 2012). Tt is the same as the asymptotic minimax error in the univariate
case, which was proved by Donoho et al. (1992).

We then consider estimation of multivariate normal means under global-
local priors. Like Ghosh and Chakrabarti (2017), we obtain exact asymptotic
minimaxtity results as well in this situation. Further, in the framework of
Bhattacharya et al. (2015), we obtain asymptotic minimaxity results in the
multivariate case. This is the case where we put priors to the global param-
eters.

The final contribution of this paper is finding credible sets for multi-
variate normal means following the framework of van der Pas et al. (2017),
who considered the univariate case. We have considered a general class of
global-local priors which includes the now famous horseshoe prior, as well
as a more specific class of priors which is in the framework of Bhattacharya
et al. (2015). Like van der Pas et al. (2017), we have been able to identify
parameter vectors for which the posteriors give good coverage, and others
for which they do not.

The outline of the remaining sections is as follows. In Section 2.1, we find
the asymptotic minimax error in the multivariate setting. In Section 2.2, we
consider estimation of multivariate normal means and obtain exact asymp-
totic minimax error. We also find out the corresponding posterior con-
traction rates around both the estimator and the true means. Section 3
addresses results related to credible sets of multivariate normal means. Some
final remarks are made in Section 4. The proofs of some technical lemmas
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are given in Appendix A. The proofs of the main theorems are given in
Appendix B.

2 Point Estimation of Multivariate Normal Means
2.1 Asymptotic Minimaz Error under Nearly-Black Sparsity Suppose

X; ind N(0;,1),i = 1,...,n. To estimate multiple normal means, Ghosh
and Chakrabarti (2017) used a general global-local prior in which the global
parameter is treated as a tuning parameter. The exact asymptotic minimax-
ity was established under the prior. There, the true means 6y; (1 < i < n)
are assumed to be sparse in the nearly-black sense (Castillo and van der
Vaart, 2012, Donoho et al., 1992), meaning that the cardinality of the non-
zero Op;’s, say ¢, is o(n), as n — oo. The set of nearly-black mean vectors is
denoted by lp[gn] = {0 € R™ : >"7" ; 1(6; # 0) < g, } with g, = o(n). Donoho
et al. (1992) provides the asymptotic minimax error,

n R 9 n
inf sup Ep,, (0 —00i) = 2qplog <> (14 0(1)), asn —oo. (1)
0 6o€lo[qn] ; ( ) an

In the multivariate situation, the true means 6y; (1 < i < n) being

assumed to be sparse in the nearly-black sense also means that » ;" | 1(0¢; #
0) < gy, with g, = o(n). We denote the set of nearly-black multivariate means
by Lolgn] = {{00i}7-; : O0i € RFi = 1,...,n, > 1(80; # 0) < gp}. One
can prove that, in the multivariate settmg, the asymptotic minimax error
using the Mahalanobis distance loss is the same as the asymptotic minimax
error using the squared error loss in the univariate setting. We use ||| to
denote the Mahalanobis norm, e.g., | X;||% = X7 X' X, where X is the
positive definite population covariance matrix.
Theorem 1 Suppose that X; ~ Ni(0;, %), independently, fori=1,...,n,
with a positive definite covariance matrix X, and that the true mean vectors
{0;}, are sparse in the nearly-black sense. If we measure the error of an
estimator using the Mahalanobis distance loss, then, as n — oo,

inf  sup E@m
{6:} {60:}€Lo[gn] ZZI

n

~ Oual% = 2g0 log (q”) Ato1). (2

Remark 1 When X is positive definite, the Mahalanobis norm ||-||x is
equivalent to the lp-norm ||-||2 in the sense of equivalent norms, which means
that there exist two positive real constants ¢ and C such that 0 < ¢ < C, for
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each X € R¥ ¢| X |2 < || X||x < C|| X ||2. Specifically, ¢ = A\;L (X)), inverse
of the largest eigenvalue of X, and C = /\I;iln(Z), inverse of the smallest
eigenvalue of X'. So, Theorem 1 will not give us an exact asymptotic mini-
max error under the lo-norm unless X' satisfies certain eigenvalue conditions.
Instead, we can get both lower and upper bounds of the minimax error under
the lp-norm. Since both bounds are of the same rate, 2¢g, log (n/q,) (14+0(1)),
the minimax error under the l5-norm must be of the same rate as well, and

will only differ from it by up to a constant factor.

2.2  Minimaz Estimation of Multivariate Normal Means Now, we first
extend the results of Ghosh and Chakrabarti (2017) to the multivariate case.
We begin with a general global-local prior model

(i) X;|0; ind Ni(0;,%),i=1,...,n, X is known positive definite;

(ii) 6;]\? ind Ng(0, M7, %), i =1,...,n, where 7,, € (0,1) is a sequence of
positive constants to be chosen later, 7, — 0 as n — oc;

(iii) 7(A\2) = K(A\?)"*1L()\?),i=1,...,n, where a > 0 and L is a slowly
varying function.

In this model, the global parameter 7, is assumed to be a tuning parameter.
Note that the horseshoe prior (Carvalho et al., 2009, 2010) is a special case
of this prior in the univariate setup with a = 1/2.

The following regularity assumptions are made:

(I) L is non-decreasing in its argument with 0 < m < L(u) < M < oo;

(I1) 0 < Amin(¥) < Amax(X) < 00, where A\pin(X) and Apax(X) denote
the minimum and maximum eigenvalues of X.

We estimate 6; using the posterior means under the global-local prior,
ie.,

0;=E0; | X:) = E(1 —r; | X;) X, where r; = (1+ X27,)7%  (3)

and k; is the shrinkage factor. The estimators using a prior (iii) are denoted
by 5? specifically.

We prove the following theorem under this model, in which (4) and (5)
concern the error contributed by the zero and non-zero true means, respec-
tively, and (6) is then immediate following the previous two results. In par-
ticular, when 0 < a < 1, we already have an upper bound for the error.
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Theorem 1 provides the minimax lower bound, which matches the upper
bound here. This fact actually finishes both the proofs of Theorem 1 and (7).
As shown in Theorem 2, this general class of global-local priors attains the
asymptotic minimax rate in the multivariate setting, and when 0 < a < 1,
it attains the exact asymptotic minimax error.

Theorem 2 Assume that the true means are sparse in the nearly-black
sense. Under the regularity assumptions (I) and (II), using the global-local
prior with a tuning parameter, i.e., a model satisfying (i), (i) and (iii), if
Tn = (qn/n)%, where € > 0 and 0 < n < min(1,a), then, for any valid
choice of € and n,

m sp Y Eou@fn%/(qnlog(;)):. (1)

n—oo {00;}€Lo [q”]’i:BOi:O

and
Z Eem' /e\f_001”22
limsup  sup 0070 < a/min(1,a) (5)
n—00  {00;}€Lo[gn] 2qn, 10g(n/qn) - e
Consequently,
~R
" Eg |10, — 0¢;l|*
limsup  sup 2i=1 Fou[16: oillz < a/min(1,a). (6)
n—00 {0, }€Lo[gn] 2qy log(n/qn)

In particular, since the minimaz error (2) provides a lower bound, when
0 <a <1, one gets the result

~R
lim  sup >iz1 Boo [10; — 6ol
n—oo {Goi}ELo[qn] 2qn log(n/qn)

~1. (7)

The following theorem provides results on the rates of posterior contrac-
tion for this prior around both the Bayes estimators and the true means.
By (8), the posterior distributions contracts around the Bayes estimator at
least as fast as at the minimax rate. However, by (9), the rate of posterior
contraction around the true means would be slower than the minimax rate.
Theorem 3 Under the assumptions of Theorem 2, we have

n
. ~R n
lim  sup  Egg, 1D _)10: — 0, || > gnlog(—
n—oo {90i}EL0 [CI',J i=1 an

) [{Xi}) =0, (8)



98 Z. Qin and M. Ghosh

and

. " n
limsup  sup E{eoi}ﬂ<2||0remu2>annlog<q—>|{Xi}>=o, 9)

for any {M,} such that lim,_. M, = oco.

Next we extend the work of Bhattacharya et al. (2015) in the present
multivariate framework. We consider the following prior in which, while (i)
remains the same in our earlier formulation, we replace (ii) and (iii) respec-
tively by

(ii") 072, 7 " N0, N2 %), i =1,...,m;

(ii’) )\22 and 7; are mutually independent. Also, )\?’s are independent with

m(A?) oc exp(—AZ/2), i = 1,...,n, while 7;’s are also independent with
7(7;) o exp(—cn/(273))7; 971, where ¢, — 0 and will be chosen later
and 0 <d < 1.

As noted by Bhattacharya et al. (2015) as well, the Dirichlet-Laplace priors
can be rewritten in the above formulation, except for that the authors put a
Gamma prior on 7; while we put an Inverse-Gamma prior on it. Due to this
discrepancy, we refer the prior defined by (ii’) and (iii’) as the Exponential-
Inverse-Gamma prior.

It is worth mentioning that writing u; = A?7;, one gets m(u) o (u; +
)~4=1 and one can directly use the u; for inferential purposes. Further, this
particular formulation is a special case of van der Pas et al. (2016), who has
a very general result concerning asymptotic minimaxity of univariate normal
means. However, it seems more convenient to work with separate priors for )\?
and 7;, and the explicit nature of these priors makes the calculation smooth.
As an aside, u;/c, has a beta prime prior with ¢ = 1 and b = d, and this is

the prior considered in Armagan et al. (2011) and Griffin and Brown (2017).

~FEIG
With the above formulation, the estimators of the 8; are denoted as 8, .

We will prove Theorems 4 in this setup. It shows that the prior attains the
exact asymptotic minimax error as well.

Theorem 4 Assume that the true means are sparse in the nearly-black
sense. Under the reqularity assumption (II), using the Exponential-Inverse-

Cn
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Gamma pm’or i.e., a model satisfying (i), (ii’) and (iii’) above, if ¢, =
(qn/n) i , where € > 0, then, for any valid choice of €,

~EIG
lim sup ] Z E0||0Z»EI 12/ (qn log <qn>> =0. (10)
ZBOiIO n

n—0o0 {GOi}ELo [Qn it

and
~EIG
,02 Eq,,[10; —901'||2
limsup sup - 0:70 <1. (11)
n—00 {6¢,}€Lolgn] 2q”10g(n/Qn)
Consequently,
~EIG
" Ep, |0,  — 00>
lim sup Zz:l 901H i OZH -1 (12)
"% {G0:}€Lolgn] 2qn log(n/qn)

We also have the following results regarding the posterior contraction
rate around the Bayes estimator and the true means. The same contraction
rates are observed as using the tuning parameter model.

Theorem 5 Under the assumptions of Theorem /4, we have

) " ~EIG n
lim  sup E{GOi}U(lefh — 0, |I”>gulog(—) [ {X;}) =0, (13)
=00 (9, }elo[gn] P n

and

limsup sup  Eyg, 17 Zue —00il|? > Myngn log( ) | {X;}) =0,
n—00 {60 }€lo[qn] i=1
(14)
for any {M,} such that lim,,_,o M,, = co.

3 Credible Sets of Multivariate Normal Means

In this section, we first study coverage probabilities of credible sets con-
structed under global-local priors defined by (ii) and (iii). The global param-
eter is treated as a tuning parameter. We consider credible sets of the form:

OB, =0, 0: — 8, |% < L7/ (a, 1)}, (15)



100 Z. Qin and M. Ghosh

for some p(> 0) to be chosen later and 7, ;(«, 7;,) is determined from
~R 5 N
II(|0; — 0, |5 < Thile,mn) | Xi) =1—a.

In the following, we will omit the subscript n in 6*,?2 and 7, ; for notational
simplicity.

Following van der Pas et al. (2017), we view the true mean vectors as in
three categories:

S :={0y; : H00¢H22 < Kgmn}

1
M :={00; : fr. 70 < ||00i||3 < Kprlog 7}

n

1
L:= {0 : ||00i]|3 > K1, logT—}

n

for some positive constants Kg, Kjs and Ky, and some f; that goes to
infinity as 7, goes to zero. We will show that, the proposed credible sets will
cover the true means in either S or £ with a desired probability, while the
true means in M will not be covered with probability tending to one. The
results are summaried in the following theorem.

Theorem 6 Consider the global-local prior with a tuning parameter ,, i.e.,
a model satisfying (i), (ii) and (i), with a < 1, under the reqularity assump-
tions (I) and (II). Suppose that Kg > 0, Kj; < 2a and Ky, > 2a, and that
fr, = o0 and f;, 7 — 0 as 7, — 0. Then, given «, for the credible sets of
form (15) with L > Xi@(xiﬁ)*“/(l*p) for some fixed > a and p > 0,

Pa, (80; € CIY >1—a, if 6y € S, (16)
Py, (80; ¢ CFY — 1, if 6; € M, (17)
Pgm(eol' S @R) >1—aq, if Oy; € L. (18)

as T, — 0.

Remark 2 From the proof of the theorem, the conclusions for @y; in either
S or M do not rely on any specific choice of L, while only the conclusion for
L has the requirement on L. To make the credible sets as narrow as possible,
noticing that L > Xi’a(xzﬂ)*a/“*p), we should choose 3 to be as close to «
as possible. As for p, noticing that

L;f;/ (1+p)(

) > X o (Tile, ) /xR 6) ),
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the choice should depend on 7; (v, 7,,) /X3 - For instance, when 7;(ct, 7,) / Xz 5>

1, we can choose as large p as possible, so that L??/(Hp)(a, Tn) would essen-

tially become Xi,a' On the other hand, when 7;(a, Tn)/xzﬂ < 1, it would be
more preferable to choose p closer to 0. This observation also motivates an
individualized choice of L; instead of a common L among all the subjects, so
that each credible set can be narrowed as much as possible while maintaining
the theoretical coverage probability.

Assuming sparsity in the nearly-black sense, most true means would be in
the set S. This fact immediately leads to a high overall coverage probability,
i.e., the following corollary.

Corollary 1 Under the setup of Theorem 6, further assume that the true
means Oy; are sparse in the nearly-black sense. Then, for almost all i =
1,...,n, as 7, — 0,

Pgm(eol' € @R) >1—a.
Next, we study coverage probabilities of credible sets constructed under

the Exponential-Inverse-Gamma priors defined by (ii’) and (iii’). We consider
credible sets of the same form as in the previous setup:

CFIG =40+ 10: - 07 % < L7 @, c0)), (19)

for some p(> 0) to be chosen later and 7;(a, ¢y,) is determined from

~EIG
(6: — 8, 1% < Filayen) | Xi) =1 -

Here, we divide the true mean vectors as in the following three categories:
S":={60; : 1801 % < Ksen}

1
M= {0y, : féncn < HBOiHQE < K),log c—}
mn

1
L= {00; : |60:]|3, > K7 log ?}

n

for some positive constants K§, K, and K}, and some f/ that goes to
infinity as ¢, goes to zero. And similar results regarding the coverage prob-
abilities are observed under this prior.

Theorem 7 Consider the Exponential-Inverse-Gamma prior, i.e., a model
satisfying (1), (ii°) and (iii’), under the regularity assumption (I1I). Suppose
that Kg > 0, K); < 2d and K} > 2d, and that f. — oo and f] ¢, — 0
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as ¢, — 0. Then, given «, for the credible sets of form (19) with L >
X%a(xiﬂ)_d/(lﬂ) for some fixred B > o and p > 0, for a < 1/2

Py, (60; € CFIC) > 1—a,if 0g; € S, (20)
Py, (00; ¢ CF1G) = 1,if 6g; € M, (21)
P90ri(00i € éiEIG) >1- «, Zf OOi € ‘C/' (22)

as T, — 0.
The following corollary is also immediate due to the nearly-black sparsity.

Corollary 2 Under the setup of Theorem 7, further assume that the true
means Og; are sparse in the nearly-black sense. Then, for almost all i =
1,....n, as ¢, — 0,

POOi(OOi € @EIG) >1—a.

4 Final Remarks

The paper addresses asymptotic estimation of multivariate normal means
under global-local priors. We first find the asymptotic minimax error in the
multivariate setup. Then, the asymptotic minimax error is obtained by treat-
ing the global parameter as a tuning parameter. The same result is obtained
under Dirichlet-Laplace priors. Also, credible sets are obtained under global-
local priors extending the idea of van der Pas et al. (2017) in the multivariate
case.
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Appendix A: Lemmas

A.1 Lemmas for the Multivariate Tuning Parameter Model Regarding the
multivariate tuning parameter model, we can establish the following lemmas.
Under the model (i) - (iii), the posterior density of x; is given by

1— ki -
(k| X:) o kF/2H01(1 — gp)~o 1L < n ) exp (—%X?E—lxi).

RiTn

In the following, we will use K (> 0) to denote a generic constant.

Lemma 1 Under the multivariate global-local prior model with treating the
global parameter as a tuning parameter and under the reqularity assumption
(1), assuming 7, — 0 as n — oo, for arbitrary n such that 0 < n < min(1, a),
when n is sufficiently large,

(A1)

X/ x'X;
E(1 — k| X;) < K7,7exp <H> .

2
Proof For an arbitrary constant & > 0,
E(1—-ri| X;)
=7, B [A? (1+ A7) | Xi]
9] —(&+1 —a (XX
() G0 L () e (-5 22 ) 4% 4y
J5™ (@4 X)) ~E (O2) = LOZ) exp (3T ) AN

XI'»-1tx,
ngexp(lf)Il/ (I2L(£))

where

I :/ (LX)~ G () 7 L (A7) a? (A3)
0
and
I = / (1 X2r) 7 (A2) "1 (A4)
'3
But

I > / (1+ A?)‘g (A?)‘“‘l d\?} =K. (A5)
13
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Next, by choosing 0 < 7 < min(1,a),

1 e ]
L< / (A2)(A2) " L(AZ)dAZ+ M / (N27) (1 X27) 5 () a2
0 1
<K M a— )t

(A6)
Combining (A2)-(A6), E (1 —x; | X;) < K7, exp (XTZ%lX), when n is
sufficiently large. a

Lemma 2 Under the multivariate global-local prior model with treating the

global parameter as a tuning parameter and under the reqularity assumption
(1), for arbitrary constants 0 < £ <1 and 0 < § < 1,

E (kiljs,g | Xi) < K7, %exp —5(12_5))(?2—1)(@» : (A7)

Proof For an arbitrary constant 0 < £ < 1,

E (kilje,>¢ | Xi)
fl Kf2ta(y _ -l <1—7m> exp (—5 XTX71X,)dk;

fllik/2+a 1(1 ) a— lL(l “7>exp (—%XlTS_le)dlﬁlz

0 "¢
S R = ki) L (A2 ) exp (<5 XT 271X ) dry
ke ) L( )exp (-5 XT21X,)dn;
fl k/2+a - ) a— 1L( )d/{z
S exp _MXTE X ] 5 k/24a—1
2 05 Z/+a (1- )alL( )d/fz
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Now observe that

1
1 — g
/ %f/%“(l—m)_“_lL( ' m) dr
I3 RiTn

(1_5)/(57—71)
- / (14 N2r)~®240 (027 (1 4 A2r) ) 1L ()
0

(1-€)/ (&™)
| (14 Xom) /20 (2) L () N2
0
<ri [T OO = K
0

By assumption (I) and 7, < 1,

§6 1 — ks
/ Rf/2+a71(1 k)L ("%> drs;
0 RiTn
= /66 "f]'c/2+a_1L 71 — dr;
= . i P %

1- 55) /55 k/2+a—1
>L | —— K, dk;
( £o 0

s 1_55 (gé)k/2+a
N ( £ ) k/2+a "

Combining (A8) - (A10),

E (Hi]l[m>§] ‘ Xz) S K’Tn_a exp |:—§(12_5)X7T2_1X2 .

7'nd)\l2

(1+ /\127.”)2

(A10)

(A11)

O

Lemma 3 Under the multivariate global-local prior model with treating the
global parameter as a tuning parameter and under the regularity assumption

(1), for an arbitrary constant 0 < & < 1,

E(kilp,<¢|X:) < K/XTE7' X,

(A12)
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Proof For an arbitrary constant 0 < £ < 1,

E ("Qil[mgﬂ | Xz)
0§ Rf/2+a(1 — k)L (ﬂ) exp (—%X?Z‘_lXi)d/‘ii

RiTn

f01 R§/2+a—1(1 — ki)~ 1L (1—7&> exp (—%X;TFZ‘_lXi)dﬁi

-9 M JERIPPT oxp (5 XT 271X, dr

L(EE) fo s e (<5 XTZ X )dn,

(A13)

Ty—1y . k/2+4a
Xy X’/2( 2t > exp (—t)dt

3
(-9 'm ko XTS X,

1-¢ XTE1X,/2 k/2+a—1
L(&m) Oé ' / <7X322§1Xi> exp (—t)dt

(oM PR e (—tyat

L (%) XTsix, {50 kizratexp (—t)dt.

Integrating the numerator by parts,
exTy—1x,/2
/ tR/21 oxp (—t)dt = (k/2 + a)x
0

exTy—1x,/2 Ty—1y \ 5+a Ts—1y .
/ tk/2+aflexp(_t)dt_ <‘£X12 Xz) exp (_SXZZ Xz)
0

2 2
(A14)
Combining (A13) and (A14),
E (kilpg<g | Xi) < K/ XXX, (A15)
(|

A.2 Lemmas for the Multivariate Fxzponential-Inverse-Gamma Model
Under an Exponential-Inverse-Gamma model (i), (ii’) and (iii’) the posterior
density of x; is given by

d+%

- XT'y-1x,
I (il X ) oy 2 (1= ki + micn) 4 exp <_"M%> :

2

Now, we give three basic inequalities involving the Exponential-Inverse-
Gamma prior.
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Lemma 4 Under the multivariate Exponential-Inverse-Gamma model, assum-
ing ¢, — 0 as n — oo, for large n,

T'y-1x.
E(l - ri]X;) < Kc exp (m> .

. (A16)

Proof Firstly,

ko xTx—1x.
fol(l - /ii)fc;HQ ! exp (—w) (1 — ki + Kkicn) 4k

fl dt+k—1 R XT2-1x,;

E(l — li7,|XZ) =
o0 K exp <7f) (1 — ks + Kicn) % 1dk;

k_
fol(l — m)anr? 1(1 — Ri + Kicn) " R
1 dtk-a
Jo Ki

<exp(X; ¥ 'X,/2)

(1 — Ki + micn)—d—ldm

=exp(X] X' X,/2)

ol =

Now,

(3

! d+%—1
D > / kK, 2 (1—kri+ mcn)*dfldni
l1—c,
! d+t-1 d—1
Z/ Ry : (Cn+cn)_ - dK"L'
1—c,

= (2Cn)_(d+1)/ Hﬂgild/‘%
1

1—(1—cy)its

k
d+ 5
k
> K@+ [cn_ d+§—1c?21]
d+5%—1
:Kc;d [1— 3 cn]
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Next,
! d+%—1 —d—1
N = / (1—ri)k;, > (1 —Ki+ Kicp) dr;
0
1 B
< / (1-— f@i)m;-HZ 1(1 — Iii)idildfii
0
1 E_
= [ &N = ) sy
0
k
~ Beta(1 — d, 3 +d).

Therefore, when n is sufficiently large,
E(l —ri|X;) < Kl exp(XTX71X,/2).

O

Lemma 5 Under the multivariate Exponential-Inverse-Gamma model, for
arbitrary constants 0 < € <1 and 0 < 6 < 1,

_ 1 _
Bl gl X0 < Keptoxp (~360-XTE7X,). (A1)
Proof For arbitrary constants 0 < £ <1 and 0 < 6 < 1,

E(rilye,>¢|X)
k

1 d+k -1 R XTx—1x,; —d—1
f€ Kik; 2 exp (—%) (1 — ki + Kicn) dr;

1 d+E-1 XTx—-1x,
Jor; 2 exp (7“17) (1 — ki + Kicn)~ 9 1dk;

0 7 2
1 d+k xTx-1x, —d—
f§ K; 2 exp (_7&, 5 1) (1 — ki + Kicn) "4 R,

5 d+Ek-—1 riXTe-1x,;
SRt T exp (=i T ) (] gy 4 kyen) 9 Nk
o fi p 2

< exp <J§(1f X7 XX,
2 f&S d+2 1 — K + Kicn) "% 1dkK;

l d+ _
2( 1—m+mcn) —4= 14k,

) 2(1 — ki + Kicn)~ =1k,

1 1
< exp (_75 1-)XTx X,
2 ( f’sé a3 - 1—|—c) d=1dk,
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1 - d+k/2 [ —a-
< exp (—55(1—6)X1T2 1XZ-> (1+C")d+l(§5)di+{c/2/g (1= ki + Kicn) ™% Hdr

) —-dql
< Kexp (—%5(1 - 6)X?2’1X¢) [%}
3

< Kexp (755(1 - 6)X1-T2’1X¢) o

O

Lemma 6 Under the multivariate FExponential-Inverse-Gamma model, for
an arbitrary constant 0 < € < 1,

E(kilp,<¢|X:) < K/XT X' X, (A18)
Proof For an arbitrary constant 0 < £ < 1,

E(Hz]l[mggﬂXz)
d+t XTY X, —d—
fof K; > exp (—7&)(‘ § X‘) (1 — ki + Kicp) d=1q.

1 d+i-1 XTy-1x.
fo ke exp (_%) (1 — ki + Kicn) 9 1dn;

(2

d+k XTy-1Xx. —d—
f(f K; 2 exp (—w) (1 — ki + Kicn) "4 Ldk;

<
- d+i-1 XTX-1X,
foé k; > exp <—7’“ = ) (1 = ki + Kicn)~4 dr;

d+E . 1y
(1— 5)—d—1 fog Hi+2 exp <—7”1X?§ Xl) dr;

= —d—1 E_ , rp—
(1+&en) (;sﬁjh L exp (_%) dr;

(1-g XX P e (o tttiar
T (L Een)TITIXT B TIXG (EXII X2 o (i gy

Integrating by parts,

EXTX1X, /2 .
/ exp (—t)tT 2 dt
0

1=EXTE X, /2 L [EXTETIX/2
= |exp (- #tE] Ha+y) [ exp (=) 14511,
= 0

Therefore,
R ) L .
exp(—t)t4stat ~ 2

EXTE1X,)2
0
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Hence,
E(kil g, <g|X:) < K/XTx1X;.

Appendix B: Proofs of the Main Theorems
B.1 Proofs of Theorems in Section 2
Proof of Theorem 1 For each X; e Ni(0;, %), define Y; = (Yi1,...,Yip) | =
12X, and N\ ()\11,...,/\%)T .= X 120,. So, all the components
of Y;’s are independently normally distributed, i.e., Y; N (Nij, 1),7 =
L...onj=1,...,k
Given estimators /A\Z-, if we use @Z = 21/2:\1- to estimate 6;’s, then

E[|6; — i3 = E|X — \i|* = ZE ij = Nij)

Also, since {\;;} € lo[q),;] would imply that {6;} € Lo[g,], when we let
¢ = qn, we have

sup ZZE ij —Nij)T < sup ZEHB —6,|%.

{NijYelbolan,] ;= 1 j=1 {9 YeLolgn] ;=1

Finally, since X' is positive definite, there is a one-to-one correspondence
between {{6;}" ;} and {{)\ij}?;lle}. So the above inequality still hold, if
we further take the infinum over all possible estimators:

inf sup E(\; 2<inf sup EHO —6;||%.
(X} s Yelolg i) ;; T {0:}{0:}€Lolgn) ;

Donoho et al. (1992) provides the result for the left hand side, which is,
as n — oo,

Wt s 30T E(Ry - ) = 2 lognk/aly)(1 + of1)
{)‘u}{)‘J}EZO[an =1 j=1

= 2Qn Iog(n/Qn)(l + 0(1))'

The last equality holds because we let ¢}, = gn.
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So we have a minimax lower bound now,

n
inf sup Y E[6; — 6,3 > 2g,log(n/gn)(1 + o(1)).
{0:}{0:}€Lolan] .o

As we will see in (6) and (12), when using some particular priors, the error
of the Bayes estimate of 8;’s will be at most 2¢, log(n/g,)(1 + o(1)). This
fact provides an upper bound for the minimax error, which coincides with
the lower bound, and finishes this proof. O

Proof of Theorem 2 We first prove (4). Observe that
~R
1613 = E (1 —ri | X0)* | Xal% < E(1—ri | Xo) |1 X3

Denote the lo-norm by ||-||2. Then, making use of Lemma 1, for a sequence of
positive constants {a,,n > 1} to be specified later with a,, — oo as n — oo,

Eo [E(1— ki | X3) 1 Xall351x, 2<a)
< KrlEo [exp (XT 271 X,/2) || X51130 ) x, 2<a,]

— Kf;z/” ” I X il5exp (X7 271 X;/2 - X271 X,/2) dX;
X %San

—xn [ XX,
||Xi||%§an

< K1)lan Vi (an)
= Krjlayt!, (B19)

where Vi (r) = %rk is the volume of a Euclidean ball of radius r in

k-dimensional Euclidean space.
Moreover, under assumption (II),

Eo [E(1— ki | X3) |1 X6[13 1 x, 2500
<Eo (IXill3%1x, 25 Amm(5-an])
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Noting that under 6y; = 0, || X;||% ~ x3, one gets
Eo (IX i3 1 135 A (5 )an))
/Oo ( l’) :Ek:/Z—l J
= rexp | —= )| =————7dr
e (5 1) 2/ I'(k/2)2k/?

() xk/2
—2/ exp (—z) ———dzx
Omin(Z D)) /2 ( I'(k/2)
00 l,k/Z

<2 _)\min Z_l n 4/ _E Nk
<2exp ( (271 an/4) (Amm(zl)an)/f"p( 2) k/2)""
<exp (=Amin (V71) an/4) (5) 2

-1

Now choosing a,, = 4\ ;. (2_1) (1+¢€)log(n/qy), with € > 0, one gets

Eo [E(1— ki | X3) |1 X3ll30x, 25a0] < Klgn/n)' T (B20)

1+e

Finally, choosing 7, = (¢n/n) 7 , the theorem follows from (B19) and
(B20),
By [B (1~ i | X0 X013 < K [(an/m) ™ (Qog(n/a:)*" + (g0/n)" ]

< (gn/n)' ¢ (log(n/gn))F ™, as n — oo

Summing over all i’s for which 6y; = 0, one gets

sup Z Engszx/ <qn log <qn>> =o0(1), as n — oo.

{901‘}6110 [qn}i:gmzo

Now we prove (5). Use the inequality

~R
Eoo,[10;" — 00il%
=Eoo,||(1 - B (ri | X)) X — X+ X — oil|3
=FEb,, [E (ki | X2 IX3)1% 4+ 1 X5 — 0013 — 2(Z7V3(Xi — 00i), B (i | X3) 271/2X¢>]
<Eoo, [E (i | Xo)? |1 Xl1%] + Eo, | X = O0ill%

42 (Boo X, — B0l Bay, [B (s | X7 1X.013])
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But Fp,,|| X — 60i|% = k, the above becomes
Eo, 18; — 00ili% <Eo,, [E (s | X:)? |1 Xil:]
+2k%E§m [E (ki | X;)? ||XiH22:| +k
<Bg,, [E (ki | Xi) | X[|3]
203 By, [ (i | X0) | X3] + &
Since ¢nk/qnlog(n/q,) — 0, as n — oo, it suffices to show that

> Epy [E (ki | X3) | XlI3]

limsup  sup #80.70
n—00 {80,}€ Lo[qn] 4agy log(n/qn)

< 1/(2min(1,a)). (B21)

and

> Eg B (ki | X3) | XlI3]
1901750

limsup  sup = 0. (B22)

=00 {Ba:}€Lolq.] ¢n log(12/qn)
In view of Lemma 2, for sufficiently large b, > 0, uniformly in 8¢; # 0,
E (kilp,>g | Xi) 1 Xl 31x, 2,56,
-9) |!Xi||22] Ljix, (255,

2
=0, (B23)
2 n

<K X% exp [—

<K, by exp [—

n

<K (g /n)" 9/ log (”) ,

by choosing b, = %ﬁlog <q%), with p > €, and recalling that 7, =

(gn/n) ™.

Then summing over all i’s for which 8y; # 0, one gets

> Egy, [E (Fil,>¢ | X0) 1IXal51x, 1250
1:00;7£0

limsup  sup =0.
n—00 {80,}€Lolq.] qn log(n/qn)

(B24)
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Finally,
Eo,, [E (Filp,>g | Xi) I Xll351x, 02 <b.)]

<Eg,, [IXil%1x,12<bu]
<bn (B25)

1+p 2a (n)
<——— —— o — .
=Ty -0 g

Since the result above is independent of any specific choice of the param-
eters, by making ¢ — 0, p — 0, n — min(l,a), { — 1 and § — 0, and
summing over all i’s for which 8¢y; # 0, one gets

> Eoy [E (kilps,sg | X0) 1 X6l151yx, 2. <b.)

limsup  sup 0070
n—00 {00,}€Lo[qn] dagy log(n/qn)

< 1/(2min(1,a)).

(B26)
Together with Lemma 3 and (B24), this leads to (B21).
Altogether Lemma 2, (B23) and (B25) also imply that

n
Eo, [E (ki | X;) |1 Xi]3] < Klog (

n

> (14+o0(1)), as n — oo. (B27)

Again summing over all i’s for which 6y; # 0, one gets (B22). This com-
pletes the proof of (5).

(6) follows (4) and (5), immediately. In particular, when 0 < a <
1, Theorem 1 provides a lower bound for the estimation error and (7)
follows. O

Proof of Theorem 3 By Markov’s inequality and the independence of sam-
ples,

g, 11( )16 — ~ 83 > g log( ) [ {Xi})
1=1

"~ ~R n
SE{em}E(ZH‘)i -6, 1% | {X:})/an log(q*)

i=1 n

_ZEQO (6: - 6;' Hz!X)/qnlog(q )-

n



116 Z. Qin and M. Ghosh
Since
0;| X ki~ Nk(gzﬁ» (1— k)X,
we have
B0, - 6, % | X)
—E{E(|0; - 6, 1% | X, k) | X}

~R
0, -0, |2
o1 - m)p(% 2005 x ) x)
K
:kE(l — Ky | Xz)
Now we only need to find a bound for Fg ,E(1 — k; | X;). When 0y, # 0,

EemE(l — Ry | Xl) S 1

When 60y; = 0, letting {a,} be a sequence of positive numbers that will be
chosen later, using Lemma 1, for 0 < < min(0, a),

Eo, E(1 — ki | X;)
= FEo{E(1 — i | Xi)1jx,|2<a,} + BolE(1 = mi | Xo)1jx, 1250}
< Bo{ K] exp (X] X7 X1/2) 1x 320} + Eo{1x.3>a.1}
= K7Vi(an) + KPr(x; > an)
< KTgaﬁ + Kaf“'/Q exp(—an/2),

where Vj(r) is the volume of a Euclidean ball of radius r in k-dimensional
Euclidean space, and the probability is bounded using the Chernoff bound
for the x? random variables.

For some € > 0, choose a, = 2(1 + €)log(n/q,) and 7, = (gn/n) /7,
Then,

~R n
sup ZEeo (16: = 51 | X,)/gn log(~)
{HOz}ELo Qn i=1 dn

W2 exp(—an/2))

<In + (n — qn)(K7/lak + Kay

— 0,
an log(qn )

as n — oo. This proves (8).
Next, since

~R ~R
E(|16; — 60il% | Xi) <2E(|0; — 0, |13 | X3) +2E(]|0; — 603 | X2),
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by Markov’s inequality, (6) and (8) immediately lead to (9). 0
Proof of Theorem 4 The proof of (10) is similar to the proof of (4), but now
using Lemma 4. We start from

~FEIG
16; I3 =E1 -k | X)X < EQ-ri | X)) | X513

Then, for a sequence of positive constants {a,,n > 1} to be specified later
with a,, — co as n — oo,

Eo[E(1 -8 | X3) |1 X131 x j2<a0]
<KcEo [exp (X] 271 X3/2) | X413 1x, 2<a.)]

<Kclalt,

and,
Eo [E(1— ki | X3) |1 X6[131)x, 2500
<Bo (1 Xil511x 25 Awin (5 )a])
<exp (_Amin (2_1) an/4) :
1+e

By choosing a, = 4\i, (271 (1 + €)log(n/g,) and 7, = (gn/n) <, with
€ > 0, one gets

By [B (1= i | X3) 1Xil3] < K [(gn/n) Qog(n/n)*+ + (gn/n) ]

< (gn/n)' ¢ (log(n/gn))F ™, as n — oo

and hence

~FEIG
sp Y Eollo” H%/<qnlog ((j)) — o(1), s n — oo.

{eoi}ELo[Qn}i:gmzo n

The proof of (11) is similar to the proof of (5), but now using Lemmas 5
and 6. Again, it suffices to show that

> Eey, B (ki | Xi) | X413

. 601§é0
limsup  sup : <1 B28
n—00 {0; }€Lo[gn] QAmax(E)Qn log(n/Qn) ( )
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and

> B 1B (ki | X)X
7,001750

=0.

limsup  sup
n—0o0 {@y;}€Lo|gn] dn log(n/Qn)

By Lemma 5, for sufficiently large b,, > 0, uniformly in 6¢; # 0,

B (rilpesg | Xo) 1 Xl 3 1yx, 02 50,]

1—90
00 o

<Ky X3 exp [—

SKc;dbn exp [— 5(12_ 9) bn}

<K (gu/n)"~<log (”) |

dn

(B29)

(B30)

by choosing b, = zgtg; log (ﬁ), with p > €, and recalling that ¢, =
1+4e
(gn/n) . So,
Y. Eoy, [E(ilje,>a | Xa) 1Xill31)x, 2. 5,)]

. 1:00;7#0

limsup  sup

n—00 {80;}€Lo[q] qnlog(n/qn)
Also,

Eg,, [E (kiljn,>¢ | Xi) 1 Xall351 1, 12.<b,]
<Epg,, [IXill 31y x,2<b.]]
<by,

A1e(2)

By making € — 0, p — 0, n — min(1,a), £ — 1 and § — 0, one gets

> Eay, [E (kilje,>g | Xa) 1 Xl 31 x, 2.<b01)

limsup  sup #0070
n—00 {B:}€Lo[qn] 2qn log(n/qn)

Together with Lemma 6 and (B30), this leads to (B28).

(B31)

(B32)
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Altogether Lemma 5, (B30) and (B31) also imply that

Eg, [E (ki | Xi) | X HE] < Klog ( > (14 0(1)), as n — oc. (B33)

’Vl

Consequently, one gets (B29). This completes the proof of (11).
Finally, (12) follows the previous two results and Theorem 1. O

Proof of Theorem 5 Similar to the Proof of Theorem 3, we only need to find
a bound for Fg ,E(1 — k; | X;). When 0¢; # 0,

Ey,,E(1 — k; ’ X,) <1

When 60y; = 0, letting {a,} be a sequence of positive numbers that will be
chosen later, using Lemma 4,

EgOiE(l — Ry ‘ Xz)
=Eo{E(1 — ki | Xi)Ix,|2<an]} + Bol E(1 — i | Xi)1jx,|25a,]}
<Kcak + Ka*/? exp(—an/2).

For some € > 0, choose a, = 2(1 + €)log(n/q,) and ¢, = (g,/n) /4,
Then,

~FEIG n
sup Ey, E(]|0; — 6, X;)/qnlog(—
{90 }ELO Z ’ H ‘ )/ (qn)

<n +(n— qn)(chak + Kay, k/2 exp(—an/2))
- dn log(qn)

— 0,

as n — oo. This proves (13).
Next, since

~EIG
E(|6; — 8uill% | X:) < 2E(|6: — ;|13 | X:) +2E(|0; © — 6uill3; | X,

by Markov’s inequality, (12) and (13) immediately lead to (14). 0
B.2 Proofs of Theorems in Section 3

~ ~R

Proof of Theorem 6 We use 8; for 0,

; in this proof.
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Proof of (16). Look at the case where [|0y;]|3% < Kg7,,. Note that we could
write X; = 0o; + €;, where €; ~ N(0, %) and hence HeZH% ~ Xi- So,

160 — 6313 = 1160i — E(1 — ki | X3) X413
= [|E(ri | X:)00i — E(1 — ki | Xy)eil|3
< 2BE(k; | X0)?[|60il|5 + 2B(1 — i | Xi)?|leil %
< 2K7 +2E(1 — Ky | Xz)||el||22

By Lemma 1, for any fixed n < a,

X!I¥ X,
E(l1—k; | X;) < K7lexp <H>

2
< 7l exp ([100:%:) exp (Jle]1%) -

We will show that, for small enough 7,,
i, ) = X3 aaCTa(1 4 0(1)), (B34)

for some ¢ > 0 which we will fix later and any fixed A > Km/(ac®) with,
specifically, K = [ u~*"'L(u)du here. Given this, for fixed a/(1 + p) <
1n < a and for any fixed L,

Py, (B0; € CIY) = Poy, (180: — 0:]1% < Lt/ (a, 7))
> Py, (K + Krlel03 6|2 < K78/0F9 (1 + 0(1)))
> Pyo, (K + K713 [le,|% < Kr2/ 40 (1 4 0(1)) | [les]|% < XE.a)

x P(lleills < Xi.a)
—1x(1—a)=1-aq,

as 7, — 0, since the left hand side of the inequality in the conditional
probability is of a higher order of infinitesimal.
Now, it remains to prove (B34). Due to the normality of the posterior

applying Anderson’s lemma, we have

I1([10: =313 > Ti (cv, 7) | X 3, XF) 2 LT (|10 — (1= 1) X i[5> Fiex, ) | X, A7),



GLOBAL-LOCAL SHRINKAGE PRIORS FOR ASYMPTOTIC POINT... 121

Thus,

a =/ I([10; = 8,3 > Filer, 7a) | Xis X)w(AF | Xi)dA?
0

> / (|6; = (1= k) X315 > Tiler, 7) | X, A)m(AT | X)dA].
0

Recall that (A2 | X;) oc (14 A27,) M/2(A2) 70 L(\2) exp(— 3 mat). Let
T(A2 | X;) oc (14 M27,)7*/2(A2)7%"1L(A\?) be another density. Then, since
m(A7 | X3)/®(AF | X3) and I1([|0; — (1 — ki) X33 > Tia, ) | X3, A7) are
both increasing in )\12

(]16; — (1= k) X% > Fila, ) | Xa, AD)T(AT | X3)dA]
0

> / I(118; — (1 — k) Xill3 > Filam) | X oy ADF(A? | X)dN2.
0

On the other hand, since [|0; — (1 — x;) X;||%/(1 — ;) | X4, A? ~ X3, and
1 —k; > crp(1 4 o(1)) when A\? > ¢ for any ¢ > 0. Thus, for some fixed
A(> 0) to be determined later,

/ (]10; = (1 = 5) X315 > Xi aacTa(1+0(1) | X3, )TN | Xi)dN]
0
Z/ (|0 — (1 = £:) Xill% > XE aacTa(1 +0(1)) | X3, ATV | X3)dA;

/ (10; = (1= k) Xill% > Xk aa(l = £i) | Xo, X)TOF | Xi)dA]

—AaIl( N > ¢ | X)).
Since, by the dominated convergence theorem,

SO+ M) T FRO) T L () dA?
Jo T (L4 X27,) ~F/2(A2) =01 L(A2)dA?
A 1L(A?)dA?

(A== LL(A7)dA?

I

>Km / (02)=9-10\2 = K'm/(ac®).

IO2>c| X;) =




122 Z. Qin and M. Ghosh

First fixing ¢ to be such that Km/(ac®) > «, if we further fix A > ac®/(Km)
with K = [7°u™* "' L(u)du, then

/ T(16; — (1 — k) X313 > xEaarn/2(1 + 0(1)) | Xis )TN | X1)dN2
0

>aAKm/(ac®)
> [T 16, - (- k)Xl > Rl | X AFOE | X%

This implies that 7;(a, ) > X2 4,¢Tn(1 + 0(1)) which completes the proof
of the first part. 7

Proof of (17) For the case where f,, 7, < ||60i||% < K log 2 =, we start
with the inequality

[ Xill2 < (|00l = + [|€0ill =
For Ko > Ky,

1\ /2 1/2
[ Xills — (Kolog T) < |l€oill = + (\/KM \/?0> <log ) <0,

n Tn

if

leoills < (Vo — vEur) (mg)m,

the probability of which converges to 1 as 7, — O.
We now study 7;(a, 7,) in this case. We will find an upper bound for
ri(c, 7). As the first ingredient, for B > 0,

II(\ > B| X;)
R R )00 LOR) exp (— Pk ) ax?

S+ N2m) R (02) 0 L) exp (- 525 ) an?

1+M27,)
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The denominator

00 B o X”2
1 )\2 - k/2 )\2 a=lp )\2 - H 21D} d)\?
e o L0 e - g s ) X
| X
Z ( | ||E 1 4 )\27_n k/2()\2) a—lL()\ZQ)d)\ZQ

2
> ex ( HX HE) k/ZL (A?)fafldA?
2
P

1
o (IXIE).
= p

Hence,

(B35)
X3
—Kexp H HZ> B—(l
2
Next, by the inequality
16; — 813 < 2010; — (1 — 5) X3, +2]10; — (1 — k) Xi[13,
for r > 0,
1 —~ ~
5110i = 0ill% — 116; — (1 — k) X5 > 7
would imply that
10; — (1 — k) X 4|5 > 7.
Now,
1 ~ —~
H*Oi_0i2_0i_1_iXi2> Xz>\2
0= Bl — 0= (=) Xl 2 7| Xi0t) o

<I(|10; — (1 — k) X% = | X3, A7).
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Using (B36),

/ 1()|0;—0:]%>2r+2 sup [|6;— (1 — £) Xil[3 | Xo, A)m(A? | X;)dA2
0 \2<B

B

</ I1(]|0;—65]1% > 2r+2 sup [|0; — (1— ) X313 | X3, AD)m(AF | X4)dA?
0 \2<B

+II(X\; > B| X;)
B

é/ I(]10; — 0513 > 2r +2(10; — (1 — 5:) XI5 | Xi, X)w(A | X3)dA;
0

+II()? > B | X;)

B
< / T(10;— (1—w) Xl% > 7| X3, A2)m(A2 | X0)dN? + T2 > B| X)),
0

Since 1 — k; < % when )\12 < B, we can bound the first term above by
a/2 via

B
Br,
2 2 n 2 2 2
/0 ()6 = (1 = ki) Xils 2 Xkao7 T g B | X, AD)m (A7 | Xa)dA;

B
< /0 I(16; = (1= 5)Xl% > 3 p(1 — k) | Xi, A)m(A2 | X)dN2

<a/2.
As for the second term, by (B35), when X is fixed, for large enough B,
I\ > B| X;) < a/2. (B37)
This leads to

/ I1(18; — 0:l% > 7, 7) | Xi, A2)m(A2 | X1)dA2
0

=«
> / (10— 81% > 2r+2 sup [[Bi—(1— k) X% X i N)m(A2 | X1)dN2,
0 Ai<B
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if r = Xi,aﬂBTn/(l + Bry,) and B is large enough. Thus, when || X% <

Ky log &, for small enough 7,,
Tn

B,

G e +2 s [0~ (1= ) Xl

A2<B

rio, o)

BT,
f2Xka/21+B +4sup [[E(1-ri| X)X H2+4 Sup. ||(1 R X%
N<B

<2X o o BT + 8B || X%

1
<K BrT,log —.

Tn
Again, applying Lemma 1, when || X;||3 < Kolog %, for fixed n < a,
163113 <BE(L — ki | X1 Xl5
<Kmlexp (|1 Xi%/2) | X%
1 1
<KTexp <K0 log /2) Kylog —
Tn Tn

1
:KT,’J_KO/2 log —
Tn

If we choose B to be such that B* = K7, Ko/ 2, in which the factor K makes
(B37) hold, we then have, as 7,, — 0,

1 a/(1+4p)
2(10:]|% + 27/ U (o, 7,) < Ko K0/2 log - + K ( 1=Ko/2a 40 7) = o(1),

Tn Tn

if we require Ky < 2a and fix n and Kj to be such that Ky < Ko < 21 < 2a.
This leads to that, when || X;||3. < Ko log , for some f; such that f; — oo
and fr 7, — 0as 1, — 0,

1
100il13; > fr. 0 > 28:l1% + 270 (o, 7).
Finally, by the inequality
160sl|3% < 2[|60; — 6:]1% + 2184]|3,

the fact that
160:1% > 2(16; 1% + 27/ P (@, 7,),
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would imply that

160: = 8ll% = 71/ (a, 7).
So,

Py, (80; ¢ CF)
=Py, (100 — 83, > L7/ (0, 7,))
> Pp,, (100: =03, > L (0, 1) [ lleoil|3 < (VEo— v/ Kar) log 1/72)
% P(lleoi|[3 < (VKo — VEa)?log 1/7,)
=P(leoil% < (v/Ko — v/Kar)*log1/7)

—1

)

as 1, — 0, for any fixed L > 0.
Proof of (18). Consider the case where [|6;||3. > K, log % We write

180; — 65| = [180; — X; — B(x; | X)Xl o
< leills + [|E(ki | X)Xz

Applying both Lemmas 2 and 3, for any fixed £,6 € (0, 1),

K 2
B0 | X0l <2 () 1l
X%
_ £(1-6 2
2 (Ko (U 2IX0) ) IXR,

| Xills = [100; + €ll= > |00l s — [l&l| =]

Further,

in which [|@o;||3. > K1 log L, by assumption, and [|€;[|% < x% , with proba-
bility 1 — a. Since 7, — 0, when ||€;[|% < x7 ,, we will have

1\ /2 1/2
1 X2 > <KL log T) — (X%a)

n

and, consequently,

1
X% > Ky log = (1 + o(1).

n
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By choosing K1, &, and 6 to be such that K1, (14+0(1)) > 5(12%5), e.g., K1 = 3a

and £(1 — &) = 3/4, when ||&|% < X%,w we will have, as 7, — 0,
1B (ki | X)X ill3 < o(1),

hence,

~ 2
100: = 8:1% < (/X0 +0(1) = X2l +0(1)). (B33)

Then, we find a lower bound for 7;(«, 7,) in this case. Making use of the
posterior normality and Anderson’s lemma again,

o= / I1(16; — 0,13 > 7l m) | Xi, A2)m(A2 | X)dA2
0

> / I(|10: — (1= k) X315 > Filer, 7) | X, A)m(AT | X3)dA].
0

On the other hand, since 1 — x; > g, /(1 + g-,) = 1+ o(1), if \? > g, /7
with g, = (log1/7,)'/3, for some fixed A,

/0 (16; — (1= 5) X% > Xiaa9r /(L4 97,) | Xos X)w(A] | X4)dA]
Z/ H(]|6;— (1= k) XlI3 > X7 aar. /(14 gr,) | Xi, N)T(A] | X3)dA]
Gry [ Tn

2/ / I([16; — (1 — £) X313 > XF aa(l = K0) | Xi, A)T(A] | X3)dA7
9rn/Tn

=Aall(\? > g, /0 | X))

We now study the posterior probability in a situation where || X;[|% >
K log %(1 +o0(1)):

(N} < gr, /Tn | X2)
Ik T,L/rn(l + A27,)F/2(A2)=a-1 [ (A2) exp (—28‘1{7;%)) d\?
T )02 L0 exp (o )

1+X27,)
:=N/D.
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Next,

2(grn 1)/ X |2
p> | (U X)) 08 e (3 )
(Grn+1)/7 2(1+ A7)

) X2 2grt )/
Tn g

T7L+1)/Tn
B X, |2 T a
e+ e (-5 55) (55
T’Vl T’V‘L

Next, fixing a constant ¢ > 0, when g, is large enough,

V= [ O LB e (I XE ) o
i 2(1+ A27p) ’

c/Tn 9 /Tn X. |2
2_ \—k/2/y2\—a—1 2 B 1 X115 2
(/ //7—7l > (1+ A7) (X)) L(X}) exp ( 72(1 ) dX;

I:Nl —|— NQ.

The first term

o/ 1% 3
Ny = 1+ X)) F2 ()~ L] — ) A
= AR Ol L0 e (g ) i

¢/ Tn 12
< [Tonr o e (—galE ) o
0 2(1+4¢)

<exp o ”Xl||22 /OO(AQ)—a—lL()\Q)d)\2
= 2(1"‘6) 0 (] (] 7

1X]1%
=K — .
eXp( 2(1+¢)

When [|X;[|% > Kplog (14 0(1)),

1) X313 15
N, /D <K(2g. k2 (9 T St "
1/D <K(2g-, +3) < p P22+ 20+0)

1\ K, 1 1
<K(2g,, +3)*/? <gT> exp <—2L log T*mﬂ + 0(1))>

_K(2g,, +3)M/2 (gr, + 1) mi a7 )

(B39)
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as 7, — 0, if ¢ is chosen properly, e.g., ¢ = 1/3. Our choice of K, makes sure
that the above is o(1) as 7, — 0, given that g, = (log1/7,)"/?. Moreover,

= [ " 1 AR08 L) e (- g
c/Tn ’ ‘ ’ 2(1 + A?Tn) ’L

Xz' 2 Grn/Tn
<M(1+¢) "% exp (_2(H1+H2)> / (A2)—a—1g)?
gT’ﬂ- C/Tn

X112 —
<M1+ ¢) "% exp (—2(||1 —l—zlz )> (Tn/c)aﬂigﬂ; ‘
Th n

It follows that

a HXZH%‘
Na/D <K (29, +3)*'%(g., + 1)* (g5, — ¢) exp (— .
/ ( 7 A ) 2(1+9-,)(2+g-,)

Since we have chosen g, = (log1/7,)/?, when || X;||% > K[ log %(1—1—0(1)),
we will have, as 7,, — 0,

No/D = o(1). (B40)
Combining (B39) and (B40), when || X;||% > K, log %(1 +o(1)), as 7, — 0,

I < g, [t | X3) =o(1),

and hence

/0 IT(16; — (1— 5) X% > \2angn /(L + 0n) | Xi ADm(A | X1)dN2

>Aadl(N? > g, /70 | X3)
=Aa(l —o(1)).

Here, let A = 3/« for some fixed § > «. For small enough 7, we will have

/0 IT(18: — (1 m) Xl% > xEpgm /(L + gr) | Xi X2)w(A2 | X1)dN2

>f3(1—o(1))

>a
2/ I(/160; — (1 — &) X% > Tilar, ) | X, N)m(AF | X5)dA7.
0
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It follows that

ﬂ(a, Tn) > X%,ﬂgm/(l + gm) = Xz,ﬂ(l + 0(1))7 (B41)

when || X[|% > K log (1 + o(1)).

As a reminder, when 7, is small enough, ||&|% < X%, implies that
1X3]1% > K log (1 + o(1)).

So, by (B38) along with (B41), in the case where [6q;[|3, > K1 log X, for
any fixed 8 > «, as 7, — 0,

Pp,, (80i € CF) = Pp,,(|160; — 8il|% < L7/ (a, )
> P, (160: — 0ill% < L7y (a,70) | llel3 < XE o)
x P(lel3 < x3a)
> Py, (G o (1+0(1)) SL(xF )P (1+0(1)) | el3 < xF )

x P(|leill% < Xia)
—-1x(1l—-a)=1-a,

if we choose L > X%Q(Xi,ﬁ)_a/(l”), eg., L= QX%,Q(Xzﬂ)_a/(Hp)- 0

~ ~EIG
Proof of Theorem 7 We use 6; for 0?1 in this proof.
Proof of (20). We first find a lower bound for 7;(c, ¢,,). Recall that m(k; |

X;) x /@?+k/2_1(1 — Ki + cnki) " exp(—k; XT X1 X,;/2). Similar to the
proof of (16), let m(k; | X;) o fiC-Hk/%l(l — Ki + cnki) "% be another

(2

density. Also, under the setup of this theorem,
0; | Xi, ki~ Np((1— k) X4, (1 —r)X),

Now we can proceed similarly as the proof of (B34). For some A(> 0) and
some v(> 1) to be determined later,

1
08 = (= )Xl > | X | X
0

1—cy
>/ I(10; — (1 — £) Xl > XZ aaCh | Xiy 60)T (ki | Xi)dr
0

1—cy
2/ (]10; — (1 = £:) Xil13% > XF a1 — ki) | X k0T (k | Xi)dr;
0

=Aall(rk; <1—c | X5).



GLOBAL-LOCAL SHRINKAGE PRIORS FOR ASYMPTOTIC POINT... 131

Since
1 dtk/2—1 o
7 v f1—c; ”i+ / (1 — K + cpri) "9 dr;
fo ko (1 = ki + cpri)~4 R,

1 —d—
< flfc;fl Cnd ld/{i
a fll—cn(l - C“)dJrk/Zil(Cn + Cn(l - Cn))fdfldlii

(2 _ cn)d+1
(1 = ey )dtR/2-

suppose a < 1/2, when ¢, is small enough, if we fix A = 2, for example,
Aadl(k; <1—¢% | X;) > a.

On the other hand, by Anderson’s lemma,
1 ~
o = / H(HO, — 01”% > ﬂ(a,cn) | Xi,/ii)ﬂ’(lii ‘ Xi)dlﬁi
0
1
> / H(HOl — (1 — KZ)XZHQE > ?i(()é, Cn) ’ X, Ki)Tr(I{i | Xl)dliz
0

So,

1
/ IT(16; — (1— 5) X3 > \2ancs | Xoms) (i | Xi)dri
0
1
>« Z/ ]Y(HOZ — (1 — HZ)XZHQE > ﬂ(a,cn) ‘ Xi,lﬁli)%(lﬁi ‘ Xz)dﬁz
0

This implies that
Ti(a,en) = X7 aaCh- (B42)
For the case where ||6¢;||3. < K§c,. Again,
180 — 8313 = 11600i — E(1 — ki | X3) X%
= [|E(ri | X:)00i — E(1 — ki | Xy)eil|3:
< 2B(k; | X0)?(|60l|3: + 2B(1 — i | Xi)?|leil3:
< 2K 1 +2E(1 — ki | X)|le]|%.
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Using Lemma 4 and (B42), when we choose v to be such that vd/(1 + p) <
d<1l,eg,v=1+p/2,

Poy, (80 € CF'9) = Poy, (100; — 8:][3 < LFY (0, ¢0))
> Poo, (Ken + Kclel“lZ|[e)[13 < (043 anc?)
> Py (Kon + Ke2el“lE 1% < (062 aac)” | leil2 < xoa)

a/(1+0)y
X P(lleil|% < Xk.a)
—1x(1—a)=1-aq,

as ¢, — 0, since the left hand side of the inequality in the conditional
probability is of a higher order of infinitesimal.

Proof of (21) For the case where [/, ¢, < [|00;l|3 < K}, log— similar to
the proof of (17), for K > K,

1\ Y2 1\ /2
1% — (Ka log) < lleoill + (@— \/?0> <1og> <0,
Cn Cn

if

1\ /2
Jewls < (/55 - /i) (1o )

the probability of which converges to 1 as ¢, — 0.
Using (B36) again,

1
/ H(HBZ—OZH% 2 2T+2 sup Hgl—(l—lﬁ)XlH%;’X“Iil)ﬁ(lil|X7,)dlil
Ki> By

/ 11(10: =il 2 2r+2 sup [18: = (1) X3 | X )7 (si] X )
+ (ks < By | X.) o
< / I7(]10; — 0313 > 2r +2(10; — (1 — k) Xil|3 | Xy, mi)m(rsi | Xi)drs;
+ II(k; < By, | X;)

/ I(|6;— (1 — k) Xi||5>7 | Xy, ki)m(ks | Xi)dri+1T(k; < B, | X;).
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For the first term, let r = x3 a/g(l — By),

1
/B I(18: = (1= 1) Xl% > X2 o1 — Ba) | Xo i)l | X )

1
< /B (16 — (1= 1) Xil[3 > 2,0 o(1 — ) | X, mi)m(s | X )
<a/2.

(4/(2d+2)

For the other term, when X is fixed, if B,, =1 — ¢, , as ¢, — 0,

H(F&i < Bn ’ X,)
_fol_cz/(zdm /-@2”16/271(1 — ki + enkiy) T exp(—r XE XX /2)dR;
fol /i;Hk/z_l(l — i+ epi) "L exp(—r X T XX /2)dE;
Texp(—XTXIX,/2) fll o (1= cn) T2 ey 4 (1 — cn))~4 LR,
- (14 ¢ (d+2)/(2d+2) )l
exp(—X;fFZ' 1X,/2)end(1 — e,)d+kR/2-1(2 — ¢,)—d-1
<Kexp(XTX71X,/2)c,Y? < a)2.

So,

1
/ T(10; — 85|12 > Filer, en) | X, si)m(ss | X)de:
0
=

1
Z H(HGZ—HZHQE Z 27’+2 sup HGZ—(I — HZ')XiHQZ"XZ',KVi)W(Hi ‘ Xi)dlﬁi,
0 B

RiZ Dn

ifr=x3 o/2(1—Bn) and By, = 1—c/ ) Thys, when | X:]1% < K log é,
for small enough c¢,,

Pila, en) <2xh /(1 — Bn) +2 sup [10; — (1 — k) X%
k;>Bnp
<2apd! P +4 sup IB(L— i | XOXlE +4 sup (1 - r) Xl
<2Xk /2C d/(2d+2) +8 d/(2d+2) HX H

<KcY/(2d+2) log x
— n C,,L
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Finally, by the inequality
100:]1% < 2[00 — 0:]1% + 216:]|%,
the fact that
180il13: > 201813 + 27/ (@, ),

would imply that
160: — 013, > 7/ (0, 7).

1

cn?

Applying Lemma 4, when || X% < K log

16,13, <EQ — ki | X0)I1X0]3
<K exp (|| X4]1%/2) 1 X%

1 1
<Kclexp (Ké log /2> K| log —
n c

n

, 1
:chfKO/Z log —

Cn

We then have, as ¢, — 0,

a2 ~d/(1+p) a-rp/2, 1 d/(2d+2) 1\ Y0
2(|0;]|5 + 27"V T (a,cn) < Ken 7% log — + K (cn log —) =o(1),
n

Cn

if we require K); < 2d and fix K, to be such that K3; < K{ < 2d. This
implies that when || X;[|3, < K{log -, for some f;, such that f, — oo and
fi. cn — 0as ¢, — 0,

~d
100i1% > f. cn > 20|8:]% + 2770 (a, ).
Finally,
Py, (80; ¢ CPI€)
— Py, (10i — 0:[|% > L7 (a, 7,.))
> Py, (1180i—0il|% > L7 ) (a, 7,) | [leoill% < (vEo— v/ EKar)?log 1/7,)

x P(| 601||E (VEKo—vEKunm) logl/Tn
=P(|leoi |3 < (VKo — VKur)?log1/7,)

—1

)
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as ¢, — 0, for any fixed L > 0.
Proof of (22). Similar to the proof of (18), using Lemmas 5 and 6, when
1600i]|% > K/ logi and [|€;]|% < Xz,a’ we have, as ¢, — 0,

1
X3 = K log (1 + (1)),

n

and, for K7 (1 +0(1)) > zids,

160 — 8313 < X3 (1 + o(1)). (B43)

Then, we find a lower bound for 7;(«, ¢,,) in this case. Making use of the
posterior normality and Anderson’s lemma again,

a—/ T(0; — Bil|% > 7, en) | X, ri)m(ss | X)dr

/ I(|0; — (1 — k) X3 > Fila, en) | Xy, ki) (ki | X3)drks.

On the other hand, since 1 — k; > 1 — ¢, if k; < ¢,, for some fixed A,

1
/ (16 — (1 - ) X3 > aa(l — ) | X i)l | Xo)ds
/ (18 — (1 5) Xl% > xaa(l — n) | Xo, mi)m(os | X)ds

2/0 I([10; — (1= 5:) X% > Xiaa(1 = ki) | X, 53)m (ki | Xi)dr

=Aall (k; < ¢ | X5).
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When || X% > K} log Ci(l +0(1)), as n — o0,

(K > en | X5)
fcln /@?+k/2_1(1 — Fi + ear) " exp(—r X T XX /2)dR;
_fllic;//d K?+k/2—1(1 — Ki 4 cnki) " lexp(—r X T X1 X /2)dr;
_ fclﬂ e exp(—e, XT X1 X,/2)dk;
e @ = el R e e (1= o) exp (- X T T X/ 2)d

—c; exp(—(1 - ) XT 21X /2)(1 + o(1)

<cexp (~(1 - ) Ky o6 -1+ 0(1)/2 ) (1+ (1)

n

:c;l—cn,)K’L(1+o(1))/2—d _ 0(1)

since we have already chosen K (1 + o(1)) > E(l 5) > 2d.
Let A = 3/« for some fixed § > «a. For small enough ¢,, we will have

/ (|6: = (1= k) Xill% > XE aa(l = ca) | Xy mi)m(si | Xi)dri

>f(1 —o(1))

>«

1
> [ 1016~ (1 k)Xl > Rl en) | Koo | X
0

It follows that, as ¢,, — 0,
Filayen) > X3 (1 = en) = X7 5(1+ (1)), (B44)

when || X[|% > K} log - -(1+0(1)).
So, by (B43) along with (B44), in the case where [|0y;[|% > K log C%, for
any fixed g > «a, as ¢, — 0,

P, (80i € CEICY = Py, (/100 — 04]|% < L7 P (a, ¢,))
Poy, (100; — 8:]|3; < LFY T (a,e0) | llesl]3: < X7oa)
P(lleill3 < x3.a)

Y

X
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> Py, (xk,a(L+0(1) < L0xk,0)” "7 (L + o)) | el < xia)
x P(leills < Xia)
—-1x(1-a)=1-aq,

if we choose L > Xia(xzﬂ)*d/(l*ﬂ), e.g., L = sz’a(xiﬂ)*d/(lﬂ). O
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