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Abstract

The problem of estimating the variance of a multivariate normal distribu-
tion is considered under quadratic loss. A large class of generalized Bayes
minimax estimators for the variance is found. This class include estimators
obtained by Ghosh (1994). A simulation study shows superior performance
of our estimators.
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1 Introduction

Let X and S be independent random variables having
X ~ N, (0,0%1,), S~ o*x2, (1.1)

where N, (9, U2Ip) denotes the p-variate normal distribution with unknown
mean vector § and covariance matrix O'zlp, where I, denotes the p x p identity
matrix, and x2 denotes a chisquare variable with n degree of freedom. We
consider the problem of estimating o2 when the loss function is

6 2
. +2)
L(6;0%) = <02—1> , (1.2)
where § = (X, S) is an estimator of o2.

The best affine equivariant estimator is §g = (n + 2)~1S which is a
minimax estimator with constant risk 2(n 4 2)~!. Stein (1964) showed that
do can be improved by considering a class of scale equivariant estimators § =
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(n+2)"1 (1 —¢(F))S for F = X;X. He found a specific better estimator

6% =(n+2)" (1—¢5(F)) S, where ¢°(F) = max {O pp(ﬁ;f%F}. Brewster
and Zidek (1974) obtained an improved generalized Bayes estimator §5% =

(n+2)"" (1 - ¢PZ(F)) S, where

n+2  [IASTH 14 AF) 5

¢BZ(F):1 p+n
pHn+2 N1 4 AF) 20N

(1.3)

They also gave a general sufficient condition for minimaxity, using an in-
tegral expression of the difference in risks between dg and §. Strawderman
(1974) derived another sufficient condition for minimaxity. Using conditions
of Brewster and Zidek (1974), Ghosh (1994) obtained a class of general-
ized Bayes estimators for o2. Maruyama and Strawderman (2006) proposed
another class of improved generalized Bayes estimators.

In this paper, we derive a large class of generalized Bayes minimax es-
timators of o2 which contains estimators of Ghosh (1994) as special cases.
To do so, we use techniques of Wells and Zhou (2008) and Brewster and
Zidek (1974). Section 3 considers some examples of classes of generalized
Bayes minimax estimators. In particular, Example 1 demonstrates that a
result in Ghosh (1994) follows from our main theorem. Section 4 compares
the minimax estimators of Sections 2, 3 and the equivariant estimator dy by
simulation.

2 A class of generalized Bayes minimax estimators

In this section, we consider the problem of estimating o in (1.1) under
the loss function (1.2). Our main result is Theorem 2.2. Before stating
and proving this theorem, we state a theorem due to Brewster and Zidek
(1974) and Kubokawa (1994), discuss a class of priors, borrow some nota-
tions from Wells and Zhou (2008) and state and prove two technical lemmas
(Lemmas 2.1 and 2.2).

Brewster and Zidek (1974) derived general sufficient conditions for min-
imaxity of estimators having the form § = (n+2)"" (1 — ¢(F)) S, where
¢(F) is a function of F' = X/TX For the purpose of verifying the minimaxity
of a generalized Bayes estimator, we use the following specialized result.

THEOREM 2.1. The estimator 0(X,S) given by
§=(Mn+2)""1—-¢F))S (2.1)

is minimax for o under the loss function (1.2) provided that the following
conditions hold
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L. ¢(F) is nonincreasing,
II. 0 < ¢(F) < ¢BZ(F), where ¢BZ(F) is given by (1.3).

PROOF. See Brewster and Zidek (1974) and Kubokawa (1994). O

Now, we construct generalized Bayes minimax estimators of o2 under
the loss function (1.2). To do so, we consider the following class of prior
distributions.

For 7 = 02, let the conditional distribution of  given v and 1 be normal
with zero mean vector and covariance matrix VT]_IIp and let the generalized
density of (v,7n) given by h(v,n) = n’g(v), v > 0, n > 0, where b > —"Tﬂ’ -1
and g(v) is a continuously differentiable positive function on [0, c0) such that
the following conditions hold

Cl. [yA572g (12) d) < oo,

2. lim —2¥)_— — .
v—o00 (14v)2~
In the following discussion, we obtain conditions on g and b such that the gen-
eralized Bayes estimators satisfy the conditions of Theorem 2.1, and hence
are minimax. Note that the joint density function f(n,z,s) of n, X, S is

* p _nll==01> _p p _mnllo|? p oo _ms
f(n,z,8) o / /7726 T wvoEnzes @ og(v)n'nze 2 didy
o Jre

00 1 2., 11012
pnyy —3[le-oP+ 2]
x / / n2 the * v 2g(v)e 2vdfdy
o Jre
o]

[l=]]

n —7|s+ }
< [TuEg e e sl
0

where ||.| denotes the Euclidean norm. Therefore, the generalized Bayes
estimator of n = o2 with respect to the loss function (1.2) is

Eln X, 5]
E[n?[ X, 5]

S Je " g (0) (L4 v) " e (i) dndy
2 [ T2 () (14 v) ™
S Llgw) 1 +v)”

n+p+20+4 . _
Jo g(w)(1+v)
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Using the change of variables A = = + , we have

S WA (5 AR5
n+p+26+4f A5 (%A) (1+)\F)_nT+p_b_3d)\' '

This estimator is of the form (2.1) with

¢(F)=1=d(1+r(F)),

_ n+2
where d = P T and

L N (52 (AR i
0= (o (5 a0 9

WhereA:"—;p—i—b—i—&

To continue discussion, we need the following notations borrowed from
Wells and Zhou (2008). Define the function I, 4 4(F') as

Inag (F) = /lea (14+AF) g <1;A> dA. (2.4)

Using integration by parts, we obtain

i - [y
9(0)%
+3:1/01(1+AF) (1+ \F) %’Qg(lAA)
7ﬁ/01(1+”) AR A 1)\)\) ')

Also, we define the functions J, (g (F —u

-*)) and Jo <1+ug(F;“)> as

Ja <g <F; “)) = /OFu (14+u)™g (F;“) du = F", 44 (F) (2.6)
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and
Au F—u F _a Au F—u
a — “(1
(e () = [earot S () a
1 1—-\\ ANF
Fa“/ CLHAF) g (=
AN AEAR) g ) ToE ™
(2.7)

respectively. By integration by parts, we have
Au F—u F _a Au F—u
(e (50)) = e e ()
F
= 7/ u“”ng(Fiu)d(lJru)_A
0 u

F
= PO @) [ (F ‘“) du
0 u

F
+/ (14 u) Aty (M) (—%) du. (2.8)
0 u U

To show ¢(F') is a decreasing function in F', it is sufficient to show that r(F")
is an increasing function in F'. The following lemma gives conditions under
which 7(F') = F°(F) is an increasing function in F'.

Lemma 2.1. If ¥ (v) = — (1 +v) %VV)) can be decomposed as l1(v) + l2(v),
where 11(v) is increasing in v and 0 < la(v) < ¢, a constant, then 7(F) =

Fer(F) is nondecreasing.

PRrROOF. The proof is similar to the proof of Lemma 3.2 in Wells and
Zhou (2008). Differentiating 7(F') = F°r(F') with respect to F, we have

T = (N ) = P (R + FRP)),

oF F

where R(F') = L]f) Therefore, 82’(;“) > 0 is equivalent to

R (T 1ag PV Iy an g (F) =Ty g 4y (F)I5_ya4 (F)} .
Iy 5 4,4 (F) f%,Q,A,g (F) -

which in turn is equivalent to
FIy gy (F) Iy g (F) < (14 O3 gy (F) Is_y g (F)
_FI/%72,A,g (F) I%—LA,g (F). (2.9)

Now, we see

1 1—A\ ANF
—FI F)= [ N+ F) g —2) 22 _an.
w.dg (F) /0 (1+AF) g( X >1+>\F
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Using (2.6) and (2.7), (2.9) can be written as

l\)
-
T
Na)
—~
eS|
SN
IS4
SN—
N———

g (g (554)) T
1+ 27
<l+c+ — (2.10)
Tpo1 (9 (554)) Tp—2 (9 (554))
By applying (2.8), (2.10) is equivalent to
et s [ )
*F29(0)(1+F)’A+(g>+ 0 w g (Ee) N
Tpa0(570) 2 fo W (L) g (55 du
U - ST B F1C Y Y
—Fi 901+ F)4 p o(52)
s b Jg72 (9(7*)) +2 1+ fOFu%”(l—l—u)*Ag(F;“)du
which in turn is equivalent to
~gO+F) A e (0 () 0 (5) | T (0 (5) B2 (5))
Ip 1 a4 (F) J§_1( (£=v)) Je_4 9 (554))
_A F—u F—u ’ F—u F—u
- Iy 2,44 (F) Tpa (9 (F54)) Tp (9 (F54))
(2.11)

Since Iz 1 44 (F) < Ip 544 (F), we have

—9(0)+ )~ _ —g(0)(1+F)1
Ig 1,A,9 (F) o Ig—Q,A,g (F)

=)

Note also that /;(v) is increasing in v implies that for all F fixed, [ (
is decreasing in u. When t < u, we have

w2 (14+u) g () 1(u < F) < ut = (1 +u) g (
ERa Mg (B 1< F) e g (B 1 <P

By a monotone likelihood argument, we have

T (g () 0 (5) _ fyud ' (14u)” Ag(F;“)h(F;“)du

u

Jr ~1 (9 (5) fOF L1+u)™yg —1) du
P () (B Do (51 ()
Jo wE 72 (1w g (F2) du Ty2 (9 (5%))

and
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Tpa (9 (552) 12 (552)) Tp-1 (g () 12 (554))
BB SO T )y

2
Thus, we have established the inequality (2.11) and the proof is complete.

O
The next lemma gives conditions under which a lower bound of r(F") can
be determined.

0<

Lemma 2.2. With the regularity conditions C1 and C2, assume that v (v) =

—(1+v) fi;((;j)) > M, where M is a finite real number. For the r(F') function,

we have

PROOF. The proof is similar to the proof of Lemma 3.1 in Wells and
Zhou (2008). According to (2.3), we have

- pdo AT (52 (AR AN Taay ()
et JoA g (;A)<1+AF>‘AdA_ng_g,A,gw)'

Using (2.4) and (2.5), we obtain

1 A (D . 1— X\ p_q
Ny = —— 1+ A\F E_ 1Y 2(— 2 ) d\ = 2 In. F
= A (505 (SR ) i = S, (1),

1 ! —A g72 / 1_)\ _)\

e (P (5]
)

Ip_ 944 (F) fol A2 (1 AF)” g(l;

2

A A
A-1 JINE2(1 4+ AF) " g (12) dx
M
A-1

Vv

I§—2,A,g (F) )

and
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Iy o (F) PO (14 AF) g (152) (5E) dA

A-1 Tp 44 (F)
Ty aony (F)FIS (LA 2572 (152) | 220 (<152~ 1) | an
A-1 Iy 54y (F)
_ Tz2ae(F) Ffol FAF) AN (12) v (152) ax
A1 Ip_3 44 (F)
> Mr(F)

1 L3240 (F).

Combining all the terms, we obtain the following inequality
(A—1)r(F) > (g —1)+ M+ (f — 1) r(F) + Mr(P),

implying

+ M
r(F) > 250

,’L w\“@
w\% =

Thus, we have the needed bound on the r(F) function.

Now we use Lemmas 2.1 and 2.2 to show minimaxity of the generalized
Bayes estimator dp in (2.2). In fact, this is our main result.

THEOREM 2.2. If ¢ (v) = — (1 +v) ((VV)) is increasing in v and ¢ (v) =
—(14—1/)M > M, where M is a finite real number and also 1 < d

a(v)

p_
(1 + (%)), then dp in (2.2) is minimaz under the loss function (1.2).

PRrROOF. First, assume l3(v) = 0 and 13 (v) = ¢ (v). By using Lemma 2.1
for the case ¢ = 0, we see that r(F') is an increasing function in F', hence
¢(F) is deceasing in F. By (1.2), we have

BZ(py=1- "2 (),

= r
4 p+n+21

where
JyAE Tt A+ AR) T
[TV Sy

Tl(F) =

Using the change of variables u = AF', we have

1\3\’@

F P_q 2"—1 u
n(p) = o Q) T d

JEuEY (1 4+ w) 2 du
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Since r1(F') is increasing in F', we have

NS

_ndp
(14 u) 2 1du_p—|—n+2

_n+p

() < b
11+ = 2du n+2

Jo
By Lemma 2.2, we obtain
E_1+M
e(F)=1-d(1+r(F))<1-d {14— (2p+>} .

A—Z-M

[SiS)

Also we have

2 2 2
goBZ(F)zl— n+ r(F) > 1— n+ p+n+ —o.
p+n-+2 p+n+2 n+2
b_
Therefore, if 1 —d [1 + (f‘_;j\d/[ < 0 is satisfied, then condition (II) in
2

Theorem 2.2 is satisfied and hence dp in (2.2) is minimax under the loss
function (1.2). O

3 Examples

In this section, we give three examples to which our results can be ap-
plied. We also make some connections to existing literature (Ghosh, 1994).

Example 1. The class of priors studied by Ghosh (1994) (in the setup and
notation of Section 2) corresponds to

h(v,n) =kn®(14+v)""%, v>0, >0,

where k is a positive constant. If M = b+ 2 and —g —1<b< —1, then
we can show that the class of priors of Ghosh (1994) satisfies the conditions
and hence our results include the results of Ghosh (1994).

Example 2. Another class of prior distributions is
h(v,n) =knbe™, v >0, n>0,

where k is a positive constant. If M =1, p > 2 and —”JFTT” —1<b< -1 then
Theorem 2.2 is satisfied and the generalized Bayes estimator will be minimaz
under the loss function (1.2).

Example 3. Consider the following prior distribution
h(v,n) =kn® (14+v) 2% 1v>0, n>0,

where k is a positive constant. If M = a+c¢, ¢ > 0 and —ZH'T” -1

b < 24 a+ ¢, then the conditions of Theorem 2.2 are satisfied, so the
corresponding generalized Bayes estimators are minimax.
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4 Simulation study

In this section, we compare the performance of the affine equivariant
estimator g with the generalized Bayes estimator in Theorem 2.2. The
comparison uses the following simulation scheme computing bias and mean
squared error:

a) set values for n, § and o?;

b) simulate a random sample of size n from a seven-dimensional normal
distribution with mean vector 6 and covariance matrix O'QIp;

¢) compute

n 7
2
S=3 3 (X, - XY
i=1 j=1
where
n 7
Y:z— j=1 :
™
<
s
©
g T
8
©
o -
I
o
3

20 40 60 80 100

Figure 1: The biases of Jy (solid line) and dp (broken line) versus n =
10,11,...,100 when 6 = (0,0,0,0,0,0,0) and 02 = 1
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Figure 2: The mean squared errors of dy (solid line) and ép (broken line)
versus n = 10,11,...,100 when 6 = (0,0,0,0,0,0,0) and 0% = 1

-20
|

Bias

-60
|

-80

-100

0 20 40 60 80 100

0o

Figure 3: The biases of dyg (solid line) and dp (broken line) versus 6y =
—50,49,...,50 when 6 = (6o, 09, 6, 00, 09,00, 00), n = 100 and 0% = 1
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Figure 4: The mean squared errors of dy (solid line) and ép (broken line)
versus 0y = —50,49,...,50 when 0 = (0o, 0y, 6o, 00, o, 0o, 60), n = 100 and
o2 =1

Bias
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|
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-100

0 20 40 60 80 100

2
(¢}

Figure 5: The biases of dy (solid line) and 6z (broken line) versus o? =

1,2,...,100 when 6 = (0,0,0,0,0,0,0) and n = 100
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d) compute the equivariant estimator dy by dy = T%Q;
e) compute the estimator dp given by Theorem 2.2 with b = —2 and
gv) =e™;
f) repeat steps b) to e) one thousand times;
g) compute the biases of the estimators as
| 1000
bias (dg) = 1000 - (d0,i — 02)
i=1
and
' | 1000 )
bias (6p) = 1000 2 (6B7i —0 ) ,

where dp; and dp,; denote the estimates of dgp and g, respectively, in
the ith iteration;

o
(=]
O_
o
-~
o
o _
o
L
£
o o
-
E(O
>
o
c 8
§ 2
S <
=
o
o
o
N
o -

0 20 40 60 80 100

2
(o)

Figure 6: The mean squared errors of dy (solid line) and ép (broken line)
versus 02 = 1,2,...,100 when 6 = (0,0,0,0,0,0,0) and n = 100
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h) compute the mean squared errors of the estimators as

| 1000 )
do) = ——— 8o,i — 0
mse (Jo) = 70 2 (%04 = 77)
=1
and
| 1000 )
2
mse (0p) = 1000 4 (5372- —0 ) .
=1
Plots of the biases and mean squared errors versus n = 10,11,...,100
when 6 = (0,0,0,0,0,0,0) and 0> = 1 are shown in Figs. 1 and 2. Plots
of the biases and mean squared errors versus 6y = —50,49,...,50 when
0 = (6o, 0o, 0o, 60, 0o, 00,60), n = 100 and o = 1 are shown in Figs. 3 and 4.
Plots of the biases and mean squared errors versus o2 = 1,2, ...,100 when

6 =(0,0,0,0,0,0,0) and n = 100 are shown in Figs. 5 and 6.

We can observe the following from Figs. 1 to 6. The biases are generally
negative for both estimators. The biases approach zero in magnitude as
n increases. dp has smaller bias for every n. The mean squared errors
approach zero as n increases. dp has smaller mean squared error for every
n. The biases decrease from being positive to negative as 6y increases from
—50 to 50. The biases are smallest in magnitude when 6y = 0. The mean
squared errors take a parabolic shape as 6 increases from —50 to 50. The
mean squared errors are smallest when 6y = 0. The biases are negative and
decrease as 02 increases from 1 to 100. The biases are smallest in magnitude
when o2 = 1. The mean squared errors increase as o2 increases from 1 to
100. The mean squared errors are smallest when o2 = 1.

The computations were performed using the R software (R Development
Core Team, 2023) and the package mvtnorm (Genz et al., 2021). The codes
used are given in the Appendix A.
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Appendix A. : R codes
HAHHAHBHHBHHAHHHHBHHBHHAHHAH B HBHH AR AR RS H RS H AR ARG H RS H AR AR

# computes the bias and mean squared error with respect to n #
HIHHE R R

nn=seq(10,100)
biasl=nn
bias2=nn
msel=nn

mse2=nn
nsim=1000
estl=rep(0,nsim)
est2=estl

for (n in seq(10,100))
{for (i in 1:nsim) {x=rmvnorm(n,mean=rep(0,7),sigma=diag(7))
mm=mean (x)
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S=sum ( (x-mm) **2)

tt=0

for (i in seq(1l,n)) tt=tt+sum((x[i,])**2)
F=tt/S

fi=function (x) {x**(3/2)*exp((x-1)/x)*(1+x*F)**(-(n+7)/2)}
f2=function (x) {x**(3/2)*exp((x-1)/x)*(1+x*F)**(-(n+7)/2-1)}

est1[i]=S/(n+2)
est2[i]=S*integrate(f1,lower=0,upper=1)$value/
((n+7)*integrate(£f2,lower=0,upper=1) $value) }

biasl[n-9]=mean(est1-9)
bias2[n-9]=mean(est2-9)

msel[n-9]=mean((est1-9)*%x2)
?seQ[n—9]=mean((est2—9)**2)

g s s
# computes the bias and mean squared error with respect to sigma #
g L L S s S s S s s

nn=seq(1,100)
biasl=nn
bias2=nn
msel=nn

mse2=nn
nsim=1000
estl=rep(0,nsim)
est2=estl

n=100

for (s in seq(1,100))

{for (i in 1:nsim)

{x=rmvnorm(n,mean=rep(0,7) ,sigma=(s*xdiag(7)))
mm=mean (x)

S=sum ( (x—-mm) **2)
tt=0 for (i in seq(1,n)) tt=tt+sum((x[i,])**2)
F=tt/S

fi=function (x) {x**(3/2)*exp((x-1)/x)*(1+x*F)**(-(n+7)/2)}
f2=function (x) {x**(3/2)*exp((x-1)/x)*(1+x*F)**(-(n+7)/2-1)}

est1[i]=8/(n+2)
est2[i]=S*integrate(f1,lower=0,upper=1)$value/
((n+7)*integrate (£2,lower=0,upper=1)$value) }

biasi[s]=mean(estl-s)
bias2[s]=mean(est2-s)

msel[s]=mean((estl-s)**2)
mse2[s]=mean ((est2-s) **2)

}
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g L s
# computes the bias and mean squared error with respect to theta #
2 S S 2

nn=seq(1,101)
biasl=nn
bias2=nn
msel=nn

mse2=nn
nsim=1000
estl=rep(0,nsim)
est2=estl

n=100

for (mu in seq(-50,50))

{for (i in 1:nsim)
{x=rmvnorm(n,mean=rep(mu,7),sigma=(diag(7)))
mm=mean (x)

S=sum ( (x—mm) **2)

tt=0

for (i in seq(1l,n)) tt=tt+sum((x[i,])**2)
F=tt/s

fi=function (x) {x**(3/2)*exp((x-1)/x)*(1+x*F)**(-(n+7)/2)}
f2=function (x) {x**(3/2)*exp((x-1)/x)*(1+x*F)**(-(n+7)/2-1)}

est1[i]=S/(n+2)
est2[i]=S*integrate(f1,lower=0,upper=1) $value/
((n+7)*integrate(£2,lower=0,upper=1)$value) }

biasl[mu+51]=mean(estl-mu)
bias2[mu+51]=mean(est2-mu)

msel [mu+51]=mean((estl-mu)**2)
mse2 [mu+51]=mean ( (est2-mu) **2)

}
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