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Abstract

We describe the integrand in the martingale (or stochastic integral )repre-
sentation of a square integrable functional F' of a Lévy process in terms of
(a derivative or difference operator acting on) a map BF introduced in Ra-
jeev and Fitzsimmons (Stochastics 81, 5, 467-476, 2009). The kernels in the
chaos expansion of F' are also described in terms of the iterated derivative
and difference operators.
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1 Introduction

The martingale representation theorem for Brownian motion originates
with the (equivalent) chaos expansion proved by It6 in It6 (1951) & Wiener
(1938); It6 also proved a chaos expansion for (time homogenous) Lévy pro-
cesses in Itd (1956) using Poisson random measures. Applications of this
result, and in particular its role in the theory of forward-backward stochas-
tic differential equations, originating in control theory and finance are by
now,well known. The chaos expansions have been well studied for Lévy
processes (see, for example, Nualart and Schoutens, 2000; Solé et al., 2007;
Di Nunno et al., 2009; Privault, 2009) and also for other processes like the
Azema martingales (see Emery, 2006).

For a given square integrable functional F' of Brownian motion, the Clark-
Ocone formula provides a method for calculating the integrand in terms of
the stochastic derivative of F. Since then a number of papers have been
devoted to extending this result for Lévy processes using the techniques
of stochastic analysis (and in particular chaos expansions)(see Nualart and
Schoutens, 2000; Solé et al., 2007; Di Nunno et al., 2009; Privault, 2009) or
by using white noise analysis (Di Nunno et al., 2004).
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The central issue, as far as the martingale representation results - like
the predictable representation property (PRP)or the weak predictable rep-
resentation property (weak PRP, see He et al., 1992, chapter 13) - are con-
cerned maybe formulated as follows : Given a functional F' which has such
a representation how does one calculate the integrands in the representa-
tion for F'? There are two issues here : Firstly, one needs to obtain a
representation. Secondly, there is the question of uniqueness. For the sec-
ond question, see Remark 4.5, below. For existence of a representation, it
is known that for time homogenous Lévy processes, the weak PRP holds
(He et al., 1992, Theorem 13.49, Theorem 13.18). In this paper,we ex-
tend the explicit formula for the integrands proved in Rajeev and Fitzsim-
mons (2009) & Rajeev (2009) to general d - dimensional time homogenous
Lévy processes. Given a square integrable functional F' of a Lévy process
(Y;) with induced filtration (F)), we show the existence of a ‘factorisa-
tion’ of the conditional expectation (E[F|F)]) in the form B¥(t,w,Y;(w))
for an appropriately measurable functional 5% (t,w,y). In other words,for
each t,almost surely, E[F|F}] = 8¥(t,w, Y;(w)). The martingale representa-
tion theorem then becomes a statement of the smoothness of the functional
B (t,w,y) in the variable y = (y1,--- , 4, -+ ,ya) : it allows us to define
the derivative 9;3% with respect to the variable 7; as a closed linear opera-
tor, initially on the dense subspace of smooth finite dimensional functionals
(Lemma 3.3) and then on the whole of L? (Lemma 4.2, Proposition 4.3,
Theorem 4.4). The difference operator 63" (= A" in Lemma 3.3) that ap-
pears in the discontinuous part of the martingale representation,also arises
from the factorisation of the conditional expectation mentioned above. In
particular, §8% (t,w,y, 2) = BF(t,w,y + 2) — BF(t,w,y). A number of au-
thors have introduced the notion of a ‘stochastic derivative’for Levy pro-
cesses via the chaos expansions (see Nualart and Schoutens, 2000; Solé
et al.,, 2007; Di Nunno et al., 2009; Privault, 2009). Our definition,on
the other hand, involving as it does the conditional expectations with re-
spect to the underlying filtration (F;) and the martingale representation
theorem (rather than the chaos expansion), maybe considered to be that
of an ‘adapted derivative’ (However, see Di Nunno, 2007, for a notion of
adapted derivative in a somewhat different context ). Once the martin-
gale representation is obtained, it allows us, by repeated application, to
obtain the chaos expansion in terms of iterated integrals,as in the case of
Brownian motion.

The paper is organised as follows : In Section 2, we recall a few well
known results on Lévy processes. Propositions 2.1 and 2.2, we believe are
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well known - we present proofs only for completeness. In Section 3, we intro-
duce the map [ and prove the main representation result for finite dimen-
sional smooth functionals (Lemma 3.3). In Section 4, we present the main
representational result as an isomorphism induced by the map /3 between L?
and a Hilbert space of martingales 7 obtained by conditioning with respect
to the natural filtration of the Lévy process. The derivative map D = (V, )
associated with 8 and mentioned above, is realised as a linear isomorphism
between H; and a Hilbert space Hg of processes, which are the integrands in
the martingale representation of an element F' € L? (Proposition 4.3, The-
orem 4.4). In Section 5, we define the iterated multiple stochastic integrals
with respect to Brownian motion and Poisson random measures(see also It0,
1956; Privault, 2009, p.234), derive the chaos expansion (Theorem 5.2), show
equivalence of the chaos and martingale representations (Remark 5.3) and
describe the kernels in the chaos expansion of a functional F' in terms of the
iterated derivatives of 3% (Remark 5.4), a result that extends the formula
in Stroock (1987) to Lévy processes.

2 Preliminaries

Let (92, F, P)be a probability space. For a measure space (X, A, i), L?(11)
will denote (unless otherwise specified) the real Hilbert space of equivalence
classes of real valued, A measurable functions, square integrable with respect
to the measure p. When X is [0,00) x  or [0,00) x  x R, the sigma field
A unless otherwise specified, will be the appropriate product sigma field viz.
B[0,00) x F or B[0,00) x F x B(RY), where B stands for the Borel sigma
field. We use the notation Rd := R% — {0}.

Let (Y;) be an R valued Lévy process i.e a process with stationary inde-
pendent increments and whose trajectories ¢ — Y;(w) are right continuous
and have left limits for all w € Q with Yy = 0. Let F} := 0{Y,,s <t} and
FY := 0{Ys,s > 0}. Abusing notation, we will again denote by (F}) the
corresponding right continuous and P -complete filtration.

We then have the Lévy-Itoé decomposition (see Kallenberg, 2002, Thm
15.4, Cor 15.7) given as follows : For A C {y: 0 < e < |y| < e2} and t > 0
the random measure associated with the jumps of (Y7) is defined in the usual
way:

N((0,t] x A) :=#{s <t: AY; € A}.

Further the compensated measure N is defined as

N((0,t] x A) := N((0,¢] x A) — tv(A)
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where v(.)is the sigma finite measure on RY := R? — {0} -a Lévy measure
- for (V) satisfying EN((0,t] x A) = tv(A). We then have the Lévy-Ito
decomposition,

t
Y(t)=bt+0.B + / yN (ds dy)
0
{y:0<|y|<1}
t
+ / / yN(ds dy) (2.1)
0
{y:ly|>1}
where b = (by,--- ,bg) € R?; 0 = (0ij)1<i,j<d is a matrix which we shall

assume is non singular ; (By) is a d dimensional standard Brownian motion
and the Lévy measure v satisfies

/]y\Q A1 v(dy) < oo.
R4

PROPOSITION 2.1. If E|Y;|? < oo for all t > 0 then [ |y|* v(dy) < oo
R§
and we have

t
Yi =bt +0.B; + // y N(ds dy) (2.2)
0 Rg

for some b= (by,--- ,by) and o, with (B) and N(-,-) as above.

ProOF. Equation (2.2) follows from the Lévy-Ité6 decomposition (2.1) as
soon as we can show [ |y|> v(dy) < oo which also suffices to prove the

{lyl>1}
first statement. We will do the case d = 1, the general case being similar.

Let, for n > 1,
t

Yt”:=/ / y N(ds dy).

0 {1<yl<n}

Then (Y;") is a square integrable Lévy process satisfying
sup E(Y;")? < oo.
n
This follows from the fact that the means and variances of the sequence
{Y;*} are bounded. Let

Pr(w) = B
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— e =DIncpy<ny(dy)}

Then () is twice differentiable (at the origin), with (¢})'(0) = E(iY}")
and ()" (0) = —E(Y;")2. In particular, we have

B(Y/)? = —(g2)'(0) = 12 / VP Ly emy(dy).

Since the sequence {Y;"} is L?-bounded and converges almost surely to

t
[ [y N(ds dy) =: Y as n tends to infinity, we have
0 {1<y|<o0}

E(Y")? = E(Y®)*.
Hence

/y2 v(dy) = lim [ y*Icpyenmv(dy)

n—o0

1
= — lim E(Y")?

2 nSo

1

O

Returning to the case of a general Lévy process, we have for every € > 0,
the decomposition Y; = Y, + Y. ; where, almost surely,

t

Y =bt+o0.B + / / y N(ds dy) (2.3)
0 {0<y|<e}
and
t
Va=[ [ wN@sa)
0 {ly[>e}

for all t > 0. Let f = F} = o{V5,0< s <t} C FY for 0 <t < oo and
e > 0. Note that (Y}°) is a square integrable Lévy process with characteristics
(b, 0,7¢) where 7*(dy) := lio<|y<e} (¥) 7(dy)-

Let Co(R?) := {f : RY — R,f continuous ] lim f(z) = 0}. Let

x|—00

T; : Co(RY) — Co(RY) be the semi group corresponding to (Y;) i.e for
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f€CoRY, T, f(y) := Ef(Y; +y) . Let C°(R?) denote the class of all in-
finitely differentiable functions f on R? such that f and all its derivatives
belong to Co(R?). Then the infinitesimal generator A of (7;) maybe de-
scribed as follows (see Kallenberg, 2002, Theorem 19.10): For f € C§°(R?),
we have

d

d
Afl) = %Z( )+ >hi 0

1

d
/{f Y+ ) Z (Y)2il ge|o <1y} (d)

Using the representation given by (2.2) when (Y;) is square integrable, the
corresponding description of A is obtained from above as follows: For f €
C3°(R%), we have

d
Z o0')i;0% f(y +Zbazg

l\D\H

/{fy+:c - Yo (24)

CH* ([0,00) xRY) := {f : [0,00) xR = R, f(t,.) € C§°(RY) ¥t > 0, f(.,9)
C0,00) Yy € RY} . Let f € C§°(RY) and define g(t,y) := Tif(y)
EVf(Y)) = E f(Yi+y)

PROPOSITION 2.2. Let g(t,y) be as defined above . Then g € C1> ([0, c0)
xRY).

PROOF. Clearly for t > 0, g(t,-) € C5°(R?) follows from the dominated
convergence theorem. Moreover since C§° C D(A) =: Domain of the in-
finitesimal generator A of (7;) (see Kallenberg, 2002, Theorem 19.10) we
have

I m

olt,y) = Tuf(y /ATf ds. (2.5)

In particular,
Og(t,y) = ATif(y) = TiAf(y)
which shows that g(-,y) € C*[0,00). The result follows.
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3 Representations on a Dense Subspace

We will first obtain the integral representation of square integrable func-
tionals coming from a dense subspace of L?, which we now define.

C == {FeL*:F=fy)...fa(Ys,), f; € C3°(RY),
0<t; < <tp<oo,m>1}.
The linear span of C will be denoted by V.

PROPOSITION 3.1. V is dense in L*(FL).

ProOOF. This can be shown as in the case when (Y;) is continuous (see
for example Rajeev and Fitzsimmons, 2009, lemma 1.2), using the fact that
the field of finite dimensional events generates F... O

PROPOSITION 3.2. Let h € C°(RY) and define gi(s,y) = E[h(Yi—s +
Y)],0 < s < t,y € R. Let (Y;) be a square integrable Lévy process with
representation given by (2.2) and the corresponding infinitesimal generator
given by eqn.(2.4). Then for every t > 0, almost surely,

t

MY () = Elh(Y(£)] + / (Vau(s, Ya_).0).dB(s)
0

t
+ [ [los. Yo 2 - s, v} Rlds.d). 31)
0 Ro
PROOF. Put Z; = ¢(s,Y(s)),0 < s < t. By Proposition 2.2, g €

Ch* ([0,00) x R%). Then from Itd’s formula we have,

Z(t)— Z(0) :/0 {059:(s,Ys) + 0.V gi(s, Ys)} d$+/0 (Vgi(s, Ys).0).dB(s)
1< [t
+2i§::1 /0 (00")i; aizjgt(s,Ys) ds

+/O R/d{gt(S,Ys_ +2) — gi(s, Ys— )} N (ds, dz)

0

t
+ /0 / {9005, Yar 1 2) — go(s, Yo ) — 2.V gu(s, Vo) Ju(d=)ds
Rd

0

= [0t ¥+ Aas. v s+ [ (Vals,)0)aB()
0 0
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+/O R/d{gt(S,Ys_ +2) — gi(s, Yo )} N (ds, dz)

= / (Vg(s,Ys).0).dB(s)

0
t
4 / (905, Yo + 2) — gi(s, Yo )} N (ds, d=)
0
R

where we have used (2.4) to obtain the middle equality; the equation g.(s,y) =
T;_sh(y) and the analogue of the semi-group relation given by eqn.(2.5) (with
f replaced by h and t by t — s respectively in the RHS of (2.5) and ¢(¢,y)
in the LHS replaced by g:(s,y)) to obtain the last equality . Now, using the
fact that

Z(0) = g:(0,Yo) = g(0,y) = E[h(Y; + y)]
and
Z(t) = gt V) = E[RY(0) +y)ly=v; = h(Y2).

the proof of the proposition is complete. O

We revert back to a general Lévy process (Y;). Let F'= f1(Y3,). .. fu(Ys,) €
C, where 0 < t; < ... < t, < oo . We define B (t,w,y) as follows:

(T —t(fiTty—t, (fo( o Tyt 1 fr) - )(y), 0 <t <y,

[fl (Y;ﬁ (w)) s fi—l(Y;fi—l(w))X

F I .
prltw.y) = Tyt (fiThiy—t; (fir (- Tty fr) - )(Z/)] r9<i< n_

\ F(U.)), t>1t,
We define functionals 5, 81" as follows :

Bf(tawvy) = vﬁF(tvwvy) -0
5§(t7(“)7y72> = ﬁF(t7w7y+Z)_/6F(t)w7y)
where V in the right hand side of the first equality represents the gradient

with respect to the y variable. Consequently Bf'(t,w,y) = 0 for t > t,
which implies that the process (8L (t,Y;—)) € L?(dt x dP), i = 1,--- ,d.
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Similarly, by an application of the mean value theorem and Proposition 2.1

, we can conclude that for a square integrable Lévy process (Y};), the process

(BY(t,Y;_, 2)) € L?(dt x dP x dv).We extend the definition of 37, 3", 8L’ to
n

F €V by linearity : If F €V, F =) «;F; define
i=1

n

B (twy) = > apli(tw,y)

=1
B (tw,y) = VB (tw,y).o
Bg(t,w,y,z) = 5F(t,w,y+z)—5F(t,w,y)
= 68" (t,w,y, 2).

We sometimes (particularly in Section 5) use the notation 57 (¢) for the vari-
able Bf'(t,Y;_) and similarly 8L"(t, z) or 637 (¢, 2) for the variable 8 (t,Y;_, 2).
The following Lemma provides the basic representation result for F' € V.

LEMMA 3.3. Let (Y;) be a Lévy process, with representation given by
(2.1). Let F € V, ¥ 8" and I be as above. Then

F = E[F]+/5f(s,w,1g_).d35
0

+O//ﬁ§(s,w,n_,z)mds,dz). (3.2)
Rd

In particular, (85(¢,Y;)) € L?(dt x dP) i=1,---,d and (B (t,Yy,2)) €
L2(dt x dP x dv).

PRrOOF. It suffices, by linearity, to prove (3.2) when F' € C and is of the
form F' = f1(Ys,) ... fm(Y2,,) € C, where 0 < t; < -+ < t, < co. We further
note that (3.2) follows for a general Lévy process, if we can show that it is true
for a square integrable Lévy process. Indeed, let F' = f1(Y%,) ... fm(Ys,,) €C
and let F, := fi(Y{")... fm(Y{"), where (Y;"),n > 1 are square integrable
Lévy processes with representation given by (2.3),with ¢ = n. Since Y; =

lim Y;" almost surely, it is easy to see , using the dominated convergence
n—oo

theorem, that almost surely,
BY(t,Y:) = lim Brn(t,Y;")
n—oo

where 5, is the functional 8 defined on finite dimensional functionals of
the Lévy process (Y;*). In fact the convergence also holds in L? since
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BEn(t,Y) = E[F, | F] — E[F | FY] in L?. Tt is also straight forward
that
8,67 (1Y) = lim 0,65 (t,Y7")

almost surely, for all t > 0 and 1 <14 < d, and that

08" (1, Yi-,2) = lim 66, (¢, V)", 2)

almost surely, for all ¢ > 0 and z € R. Using the above observations the
statement of the theorem for B (,Y;) can be derived by letting n — oo in
the corresponding statement for B2 (¢, ;).
Let now (Y;) be a square integrable Lévy process.We prove the result by
induction on m. Note that by Proposition 3.2 the result is true for m = 1.
Assume that (3.2) is true for all F' € V with no more than m — 1 factors.
Let G := [175! fu(¥2) s Fon := fm(Yi,,) and define

tm—1At tm—1/AL .
Z1(t) ::/O BY(s,w,Ys_).dB +/0 /Rd B (s,w,Ys_, 2)N(ds, dz)
0

tm AL tm At R
Zs(t) ::/ ,Blm(s,w,Ys_).st—i—/ B5™(s,w,Ys—, 2)N(ds,dz).
t

m—1/t tm—1 AL Rg

By the induction hypothesis, if s > t,,—1 then
Zl(s) = Zl(tmfl) =G - E[G|]:0]

Now we apply the case m = 1 to the process Yf’”’l =Y, ,t >0 It
follows that for s > t,,

Z2(8) = Z2(tm) = fm(nm) - Ttm*tmflfm(nmfl)‘
Clearly Zs(s) =0 for s < t,,,—1. We use the integration by parts formula
t t

Zl(t)Zz(t) = Zl(O)ZQ(O)+/Zl(8—)d22(8)+/Zz(8—)d21(8)

0 0
H(Z1, Zo)o(t) + Y AZi(s)AZs(s).

s<t

We then get

tm
2t Zaltn) = [ Z1(s)5F (0, Yen ),

tm—1
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tm
+/ / Zl(s—)ﬂgm(s,w,YS_,Z)N(ds,dz)
m—1 JRE
/Ooo (G — E[G|Fo)} 85 (s,, Ys_).dB,
+/0<>0 /Rd {G—E[G\fo]}BQm(s,w,YS,,Z)N(ds,dz)

On the other hand, by the remarks above ,

Z1(tm)Z2(tm) = {G—E[GIFol} - {fm(Y2r) = Ttrr—tys S (Yer) }
= F+ E[G|f0]'Ttm7tm71 fm(th,l)
—E[G|Fo]- fm(Y1,,) — G- Thp—ty 1 fin (Vi)

We shall examine the last three terms in the right hand side of the second
equahty separately. Applying the representation obtained for m = 1 to
Fi= f(Yi,_,) where f(y) = Th,,—1,,_, fm(y) we find that

Ttmft'mfl fm(i/t'mfl )

tm—1 ~
= Ty (Th—tr fm) (Yo) + / B (s,w,Y,_).dB
0

tm—1
+ / /Bf(sa‘vﬁ)?}@—,z)N(ds,dz).
0 Rg

Similarly,
tm
E(C| R fn(Ys) = E[G|fo].{Ttmfm<Yo>+ [ 4l (s, a,
tm
+ Bzm(s,w,Ys_,z)N(ds,dz)
/]
Define f,1(2) = fun-1(2)- Tt Jun(@) and G* = [[I752 fu(¥e,)]

I _1(Y,, ,). By the induction hypothesis,

G'Em_tmfl fm(Y;mfl) = G*
= E[G"|F]

/51 (s,w,Ys—).dBs
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[ [ v N s a2)
0 Rd

= EiYn) - fm(Ya,)|Fo]
o [0 a3,

[e 9]

+//Bg*(s,w,YS_,z)N(ds,dz),
0 Rd

where we have used the Markov property of (Y;) in the last equality. Equat-
ing the (last) two expressions for Z; (t,,) Z2(t,,), the statement of the theorem
is established for any square integrable Lévy process and the proof of the
lemma is complete. O

4 Representations on L?

In this section we extend the representation obtained on V to the whole
of L3(FY).

Let P denote the previsible o-field on [0, 00) x Q generated by (F}) i.e.
P = o{(g) : g(w) is left continuous on (0,00) and (F}) adapted}. Let
f:[0,00) x Q x RE — R. We will say that f is previsible if f is P ® By
measurable where By is the Borel o-field on R¢. Note that if f(t,w,z2) is
previsible then f(¢,w,Y;_) is previsible in (¢,w). For F' € V, recall the map
BE defined in Section 3, following the proof of Proposition 3.2. We list some
of the properties of 3" in the following proposition.

PROPOSITION 4.1. Let F € V. Then B (t,w,y) has the following prop-
erties:

1.y — BY(t,w,y) is a C*®-map.
2. a.s., t — B (t,w,Y;) is right continuous.
3. forallt >0, BF(t,Y;) = E[F|F)] a.s.

4. The map (t,w,y) — ;87 (t,w,y) is P ® By measurable. In particular,
(0;8% (t,w,Y;_)) is a previsible process.

5. If 687 (t,w,y, 2) := BT (t,w,y+2) = 7 (t,w,y), then (687 (t,w,Yi-, 2))
18 previsible.
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PROOF. 1) and 2) follow from the definition of 4 and the regularity of
Tif(x) in t and z. 3) follows from the Markov property. As for 4), note
that the first statement follows by inspection and the second follows from a
monotone class argument. Lastly 5) follows from 4). O

The following lemma proves a version of the integral representation prop-
erty for (F))-martingales of a special form.

LEMMA 4.2. Let f : [0,00) x Q x RY — R be such that (f(t,Y;)) is a
right continuous, L*-bounded (F} )- martingale. Then there exists previsible
processes (fi(s)) € L?(dt x dP),1 < i < d and a P ® By previsible process
(fi*1(s,2)) € L?(dt x dP x dv) such that for 0 <t < oo

q ¢
fEY) = B+ [r(s) av
=17
t
+/ /de(s,z)N(ds dz) (4.1)
0 Rd
almost surely, where we use the notation Y := (¢.B); for the continuous

martingale part of (Yz).
PROOF. Let f(o0) := 1tlim f(t,Y;). Since f(oco) € L? and V is dense in
—00
L?, 3 F" € V such that F™ — f(00) in L?. We then have from Lemma 3.3 ,

E[F"FR] = " (tY)

d t
= BF 4y / BT (1, Y, ) dY S

=17

N /t / 585 (5,Y,_, 2) N(ds dz).

ORg

Since F™ — f(oo) in L2, it follows from the properties of the stochastic
integral that 3 previsible processes (f%(s)),1 < i < d and (f%*'(s,2)) in
L?(dt x dP) and L?(dt x dP x dv) such that (o -9;85" (5,Ys_)) — (o - fi(s))
in L?(dt xdP) and (68 (s,Y,_,2)) — (f%¥*1(s, 2)) in L?(dt xdP x dv). From
the It6 isometry and the orthogonality of the martingales in the right hand
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side , it follows that the right hand side of the above equality converges in L?
to the right hand side in the statement of the Lemma for each ¢,0 <t < oo.

O
We now define real Hilbert spaces H; and H as follows:

Hi = {f:]0,00) x 2 x RY = R, jointly measurable such that f(t,Y;)

is a right continuous, L? bounded, (F} ) martingale}.

Then H; is a real Hilbert space with the inner product (f, ¢)x,:=E(f(c0)g(0)),
where f(c0), g(co) are the L2-limits of the martingale f(t,Y;), g(t, Y;) respec-
tively. Note that we identify f(t,w,y) and g(t,w,y) in H; if for all t > 0,
f(t,Y;) = g(t,Y;) a.s. Under this identification an L?-bounded, right contin-
uous (F}) martingale (M;) may be identified with the element f of H; given
by f(t,w,y) := M¢(w) ® 1(y), where 1(y) = 1 V y. For previsible processes
(fi(s)),1 <i<dand (fi*'(s,2)) and f:= (f',---, f4, fH*1) we define

d o0
13 = Y E / fi(s) f(s) d(yes, yedy,
0

ij=1

+ EZ R[ (fT (s, 2))? ds v(dz),

where Y := (0 B); . Note that since (Y! Y%7), = (00t);;t and oot > 0, it
follows that || f||3, = 0 implies fi(s,w) = 0 for a.e. (s,w) dsxdP,1<i<d
and f¥*1l(s,w,z) = 0 for a.e. (s,w,z) ds x dP x dv. Clearly with this
identification, || - |7, is a Hilbertian norm and we define the Hilbert space
Ho as

Ho = {f= (fl,... 7fd“) . f'is previsible 1 <i < d+1
and || f|[#, < oo}

Note that the spaces Hg and H; © R are isomorphic via the representa-
tion given by Lemma 4.2. Note also that H; is isomorphic to Mas, the
space of right continuous, L2-bounded, (F}) martingales. We also have
My = M§ @ M | a direct sum of the continuous and purely discontinuous
spaces of martingales (see Dellacherie and Meyer, 1982,Chap.VIII, Sec.2).
Accordingly we have Hi = R @ Hi . ® H1,4 where

Hie:={f € Hi:t— f(t,Y;) is continuous a.s., f(0,0) =0 a.s.}
and

Hia = {fe€Hi:(f(t,Ys)) is a purely discontinous martingale with
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f£(0,0) =0 a.s.}.

The isomorphism between H; © R and Hg implies a similar decomposition
for Ho : Ho = Ho,c ® Ho,a where

H07C = {fEHO:f:(fla"' ’fd+1)7fd+150}
and
%O,d::{fE%O:f:(fl7"' 7fd+1)7 fZE(]alSZSd}

Note that the stochastic integral defines a linear map I : Hy — L?> © R as
follows : For f = (f1,---, f&1)

RS
:Z O/f dys //fd“sz (ds dz)

=1 0

and is in fact an imbedding of Hg into L? © R. On the other hand we have
the map 5 :V C L? — H, given by the representation in Lemma 3.3 and we
will denote by H{ the image 3(V) i.e.

HY = {f € Hy: f=pF for some F eV C L?}.

Since for F' € V, BF(t,w,y) is a smooth function in the variable y, we have
the map D : HY — H defined as follows : For f = BY F €V, we define the
d + 1 dimensional vector DF" as follows :

Df = D" = (VB",68").

PROPOSITION 4.3. The linear operator D : HY — Hy is closable and ex-
tends as a closed linear operator to D : H1 — Hy.

PROOF. Suppose F;, € V, #f» — 0in H; and DBF" —g=(¢"---, g™
in Ho. We have from Lemma 3.3, with Y¢ = (Y1, ... [Yod),

F, = EF, +/VBF”SY ).dYE + //56F"SYS ,2) N(ds dz).

0 ]Rd
Since F,, — 0 in L? it follows that

IDB 3y = II(DB™)|I 12
= ||Fn_E}’_1n||L2
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— 0

as n — oo since ||Fy ||z = ||87 /3, It follows that g = 0.

From the denseness of V in L? and the definition of the norm in H{ it
readily follows that H! is dense in H;. For f € Hy, let F™ € L?, F™ — f(o0)
in L2. Then Df := lim DB = lim (VB §85) = (f1,---, f¥1) where

n—o0 n—oo
the last equality follows from the representation for f given by Lemma 4.2.
This gives the required closed extension of D to Hi. O

Let Py : H1 — R denote the orthogonal projection into the subspace R
of Hy and POl the projection to its ‘orthogonal complement’ viz. Hi © R.
The preceding formulations now yield the following result.

THEOREM 4.4. The map B : V — Hi extends as an isometric isomor-
phism to the whole of L? with inverse given by

ﬂfl:Po—i—IoDoPOJ‘

where D = (V,8) : H1 ©R — Hy and I : Hyp — L?> © R are isometric
1isomorphisms.

PROOF. For F € V, Lemma 3.3 and the properties of the map B (t,w, y)
show that (37 (¢,Y;)) is a right continuous, L? bounded martingale. Hence
ﬁF € H;1 and from the definition of the inner product in H; it follows that
if [,GeL?>NY

<5F35G>H1 = E(FG) = <F7 G>L2'

For general F € L? we define 8" = f € H; where f(t,w,y) := My(w) ® 1(y)
where (M;) is a right continuous version of the martingale (E[F | FY]).
This gives the desired extension of 8 : L? — H; with 3(c) = ¢,c € R. It is
clear that I : Hy — L? © R is an isometric imbedding of Hg into L? © R.
For F € L? © R, the element f € Hg such that I(f) = F is given as
f=DpY = Do P(BF). It is also clear that for F,G € L2 O R,

(B, 8%, = (DBY, DB,

first for F,G € V and then for F,G € L?. The theorem follows. O

REMARK 4.5. Note that we have used the fact that o is non-singular to
ensure that the Hilbert space Hg as well as the stochastic gradient V with
respect to the martingale Y¢ is well defined. However, we note that these
and the results below work also when o = 0.
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5 The Chaos Expansion
In the decomposition ¥; = Y + Yc;,e > 0 we can write the square
integrable Lévy process (Y) as Y = Y, + Y, * where (Y,°) is the con-
tinuous semi-martingale part and (Ytd’e) the purely discontinuous martin-
gale part of (Y)) , easily identified from eqn.(2.3). Let u!‘(s),u*(s),i =

1,---,d, be deterministic simple functions of s > 0, u! = (u!!,--- ,u'¥), u? =
(u?t, -+, u?d) and u = (u',u?). Define for 0 < t < oo,
t ¢
Yo = /ul(s).dY;C’E + /u2(8).dY;d’E. (5.1)
0 0

The exponential martingales (M;") are then defined as follows: for 0 < ¢ <
w?
1 &
Mtﬁ»u = exp }/te,u . Z ulz’(s) ulj(s) d<Yc,e,i,Yc,e,j>s
2 <
i,j=1 0
t

_/ / {0 — 1 —w?(s).y} y(dy) ds 3 . (5.2)

0 {0<[y|<e}

LEMMA 5.1. The set {Ms' : e > 0,u = (u't, -+, u?®)} is total in L.

PROOF. Since FS, := o{Y; : t > 0} T FX as € T oo, it suffices to show
for € > 0 fixed and ¢ € L?(FS), E(M'p) = 0 for all u = (ul,u?), u¥
simple functions, ¢ = 1,2,j = 1,--- ,d, implies ¢ = 0 a.e. Since ¢ is FS,
measurable, 3 .5 C [0,00), S = {t;, i =1,2,---} such that ¢ is measurable
with respect to the o-field o{Y,"¢, Y;**,t € S§}. Since moment generating
functions uniquely determine the distributions of random variables it follows
that Ep | Gs,- s,,) = 0 almost surely where Gy, ... 5, is the o-field generated
by the random variables {Y, Yscf’e, 0<sp<- <8k s €S} Since the

above is true for all k£ > 1, this implies ¢ = 0 almost surely. O
Forn>1,let a = (a1, - ,ap), o € D:={1,--- ,d+1}.
Zy = Aziz= (21, ,2), zi = (55,¥%i),8 20, ;=0
if a; € {1,---,d}, yie}Rg ifa; =d+1ands; <s;ifi<j}.

B(Z%) will denote the Borel o-field on Z and p& will denote the restriction

n
of the product measure & u{" on ([0,00) x RY)" to Z% where pufi(dz;) =
i=1
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dsi v (dyi), v (dy:) = do(dy:) if a; € {1,---,d} and v (dy;) = v(dyi) |rg
if ; = d+1. For n > 1, £ will denote the Hilbert space L?(Z2, B(Z2), u2)
and £, = @ L%, the direct sum of L?(Z%, B(Z2), p&). For n = 0, we set

Ly =R.
We now define an inner product (-, -), on £, as follows: For oo = (o, - - -,
n

an) and = (B1,- -, Bp) define aqp := [[(00")ass,- For f = (fa),g = (95)

=1
in £, we shall think of each f, as being defined on all of Z,, := ([0, 00) X
R%) x --- x ([0,00) x R?) - the n-fold cartesian product of [0,00) x R? - by
taking f, to be zero outside Z C Z,. We define the o-finite measure p,, on
the Borel subsets of Z,, as follows:

n(A) == 3" p(A N 72).
We define the inner product (-, ), on L,, as follows:

<fag>n = Z/foc gg Gap il

Bz

n
For a = (aq, - ,ap),k =1,--- ,d+ 1, let ok := ] 0a,;k- Then it is easy

i=1
to see that
d+1
1918 = [ 1Y fadan
Zn k=1 «

Using the non singularity of o, we can verify that ||f||2 = 0 implies
fa = 0 a.e.(uy) for every a, and similarly that Cauchy sequences converge.
Thus (L, (-, )n) is a (real) Hilbert space.

Recall the notation Y% := (0.B);, 1 < i < d. We will drop the super-
script ¢’ for convenience and write Y for Yo% Y41 will denote the random
measure N (ds dy) on [0, 00) X R¢. Integration with respect to N(ds dy) will
be denoted by dY+1.

Fixn > 1, a = (a1, ,ap) . Let g € LS. We shall define the iter-
ated multiple stochastic integral I, o(g) by induction.For z, € Z{, define
G(52n) : Z9 1 — R, where & = (at,--- ,a™ 1), by §(z1,+ ,20-1; 2n) =
g(z1, -+, zn)Ize(21,- -+ , 2n), where Ig denotes indicator function of the set
G. Then, for a.e. z,(u]"),d(;;2n) € LE_|. By modifying g(.; z,) on a set
of pf™ measure zero, we will assume g(.,2,) € LS_; for every z, € Z{™.
For s > 0 define ¢(s1,- -+ ,8n-1;5) := Ifo< <<, _1<s} (81,7 + ,8n—1). Then
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#(:;8)3(.;2n) € LS for every s > 0,2, € Z{". By the induction hypothe-
sis, the n — 1 fold iterated stochastic integrals I,,_1(¢(.; $)g(., 2n)) is defined
and defines an adapted process in (s,w) which is right continuous and has
left limits for s € (0,00). For 2z, = (sp,Yn), let I,,—1,4(G(.; 2n,—)) denote
the left limit of I,,—1 a4(¢(.;5)g(.;2n)) as s increases to s,. Then for each
a = (aq, - ,ay) the n-fold iterated stochastic integral of g with respect to
Yai... Y% is defined inductively as

Lnalg) = / Loo1.a(i(s 2a—)) dY2"
Zim

where I 4(g9), 1 < a < d+ 1 is the stochastic integral of g : Z{ — R with
respect to Y. For g = (g4) € L, we define

In(g) := Z Ina(9a)-

We note that if f € £,,,9 € L,,, then
E(L(f) Im(9)) = Snm(f, g)n-

The following theorem gives the chaos decomposition for L2(FY).
THEOREM 5.2. Let F € L*(FY). Then 3 f, € L,,n > 1 such that

F=FEF+Y_ IL(fn)

n=1
In particular if C,, = {I,(fn) : fn € Ln} then C, are closed subspaces,
o, ¢]
isomorphic as a Hilbert space to L, , Cp L Cpym # n and L? = @ C,
n=0

where Cy := R.

PROOF. The first part of the theorem follows from the continuity prop-
erties of I,,(-) as soon as we establish the expansion for a dense subspace of
L?. We do this in Lemma 5.5 below. The second statement follows from the
first and the properties of I,,. O

REMARK 5.3. The chaos expansion given in the theorem implies the mar-
tingale representation for F in terms of the Y’s : Clearly, from the definition
of the iterated integrals I, o (f,) we can write, using the notation introduced
before the statement of Theorem 5.2 for fn 4(., 2n—),

d+1

In(fn) = E In,a(fn,a) = Z Zjl,an(ln—l,d(fn,d(-aZn_)))

a=(a&,an) ap=1 &
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d+1

— Z Il,an(fn,an) )

an=1

where the process (fn.a,) for ap, =1,--- ,d+ 1 is given as

fnan ZIn la na ))

Introducing the L?(2 — L2(Z{™, B(Z{™), pi™)) convergent sum f,(2) :=
o
Y fral(2), a=1,---,d+1 we get
n=1

00 oo d+1
F = EF+Z In(fn) = EF+Z Z Il,om(fn,an)
n=1 n=1 an=1
d+1
= FF+ le,a(fa)
a=1

REMARK 5.4. For F' € L?(FY) we can introduce iterated derivatives
aaﬁF(zh T ,Zn,CU) with o = (ab T ,Oén),Oéi € {17 T 7d+1}7 (217 T 7ZTL) €
Zy and 0% = Oy, -+ - O, Here for a; € {1,--- ,d}, Oa, denotes the partial
derivative with respect to the a;th coordinate of y; where z; = (s;,y;) and for
a; = d+ 1, 0y, will denote 0 the difference operator. Let & = (ag, - , ap).
Then we can define inductively,

OO‘BF(zl, Cee L Zp,Ww) = 8'1150(32""’Z”)(21,w).

where for fixed (2z2,---,2n),G (22, ,2zn,w) := 0%BF (20, -+, 2p,w) € L?
(.7-"032) Then the kernels f, , in the chaos expansion of F' can be expressed
as
fn,a(zlv o 7Z’n> =F 8QBF(217 tte ,Zn)
To state the next result Jet € > 0,u = (ul,u?), v’ = (u™,---  ui?),i =
1,2 where u¥(s) = Z ul I (tr_1,t] (). Recall the processes (Y;*), (Y49,

(YY) defined at the beglnnlng of Section 5 via (2 3) and (5.1); we now set
b¢ = 0 in the definition of Y. Consequently Y, is a continuous vector mar-
tingale, independent of € and we denote it by Y,¢ = (¢.B); = (Y,},--- ,Y}9).
Let F&" := M&" be defined as in (5.2). Note that Lemma 5.1 remains true in
this case also. Let f" = (fnla) be given by fia(z1,- -, 2,) i= H fai(z)

where f'(z) = u(s;) if ; = j,1 < j < d and 2z = (s;,0) and f “(zi) =
(€u2(8i)‘yi — 1)I{O<|yi|§e}’ o =d+1, z; = (Si,yi).
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LEMMA 5.5. Let € > 0,u, F¢% and f" be as above. Then
oo
FU=EF"+> 1
n=1

PROOF. Let 0 < ¢ < €. Let

t d t
€eu c 1 i j i Vg
X /ﬁ%@dxg—z‘Z%‘/M($uUQ)MY,YOS
0 LI=1 0

—l—] / u?(s).y N(ds dy)

0 {0<e'<Jy|<e}

_] ,/ (0% —1—w(s).y) (dy) ds.

0 {¢<[y|<e}

Itd’s formula applied to f(Xf/’e’“), f(z) := €® and letting ¢ | 0 in the result-
ing equation yields the martingale representation,

Feu —1+/M5“1 ).dYE + / / M"Y — 1) N(ds dy).

0 {o<|y|<e}

Repeated application of the above representation now yields for every n > 1,

“:1+ka(fk)+ Z Int1(9a)
k=1

aeDntl

where D™ is the n-fold Cartesian product of D; the f = (fra) := (fya) are
as in the statement of the lemma; and

n+1
9ozt zap1) = [ 9%(20)

where ¢%i(z;) = f&'(z;)) MY where z; = (s;,0) or (s;,y;). Note that

si—
I,+1(ga) are orthogonal for different oo and hence

2
y (Z INH(ga)) = E(lns1(9a)” < Cri(d+ )

n!
(7
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where C = max{1, [  |y|*v(dy)}. The result follows on letting n — oco.
{0<ly|<e}
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