Revista Matematica Complutense
https://doi.org/10.1007/s13163-024-00500-w

n

Check for
updates

Dispersiveness and controllability of invariant control
systems on nilpotent Lie groups

Jean G. Silva' . Josiney A. Souza'

Received: 5 February 2024 / Accepted: 20 July 2024
© Universidad Complutense de Madrid 2024

Abstract

This manuscript presents sufficient conditions for dispersiveness of invariant control
systems on nilpotent Lie groups. The main theorem shows that a nilpotent control
system is dispersive if its drift vector is not a linear combination of the controlled
vectors and the Lie brackets among all the vector fields of the system. This condition
implies a necessary condition for the existence of a control set. A classification of
homogeneous and inhomogeneous nilpotent control systems is presented.
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1 Introduction

This paper adds information to the knowledge of stability and controllability in control
theory by means of a study of dispersiveness in nilpotent control systems. Disper-
siveness is a dynamic property characterized by the absence of recursiveness, which
implies non occurrence of periodic trajectories, mixing, or transitivity. It relates to the
orbital Lyapunov stability and parallelizability, being suitable for problems concerning
the behavior of close trajectories [7, 8]. The control theoretical formalism of disper-
siveness was introduced in [21, 22]. The prolongational limit criterion states that a
control system is dispersive if and only if every prolongational limit set is empty. This
criterion was used in various studies on dispersive concepts in the control framework.
In [20], sufficient conditions for dispersiveness of invariant control systems on the
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Heisenberg group were presented. In [13], one of the main results shown that a dis-
persive control affine system (with piecewise constant controls) has absolutely stable
semiorbits. The paper [19] proved that a control affine system with piecewise constant
controls is dispersive if and only if its associated control flow is parallelizable. One has
discovered that the dispersiveness contrasts with the controllability, since the absence
of transitivity means non existence of any control set [19].

Invariant control systems on nilpotent Lie groups have received quite some atten-
tion in the last forty years, becoming important mathematical models in physics and
engineering applications. The main subjects in this framework are controllability,
equivalence, classification in low-dimension, optimal control problems, mechanical
systems, particle physics, and quantum theory (as references source we mention [1-6,
9-11, 14, 15, 17, 18, 24] ). The contribution of the present paper consists of furnishing
sufficient condition for dispersiveness of the nilpotent control systems, promoting a
classification of homogeneous and inhomogeneous systems.

The insight for the main result of this paper came into the planar system x =

Fy x)+u) Fy (x), x € R2. This system is dispersive, essentially because the
X1 X3

flow of a partial derivative vector is dispersive, and N does not depend linearly on
X1

0
PP In the general case, we consider a simply connected nilpotent Lie group G and
X2

an invariant control system

i=Xo@+Y u;yOXi(x), xeGq,

i=1

with right invariant vector fields and piecewise constant controls. Every non trivial
invariant vector field on a nilpotent Lie group has a dispersive flow [12]. Thus, the
nominal invariant system x = Xg (x) is dispersive. By adding the controlled vec-
tors, the problem consists of finding sufficient conditions for the perturbed system
to preserve the dispersiveness. The main theorem of this paper shows that the nilpo-
tent control system is dispersive if the drift vector X does not belong to the greatest
adx,-invariant ideal £ that contains the controlled vectors X1, ..., X,, (Theorem
3.1).

This result can be applied to the studies of stability and controllability. If Xo ¢ Lo
(inhomogeneous system), the nilpotent control system is dispersive, hence all orbits are
absolutely stable and the control flow is parallelizable [13, 19]. The nilpotent control
system is dispersive if, and only if, it has no control set [19]. If the intention of adding
the controlled vectors is the rise of control sets, the dispersiveness should be broken,
which needs X € £y (homogeneous system). A classical result assures that the strong
accessibility rank condition (dim £y = dim G) is necessary for the controllability of
the system [23]. We show that the condition X¢ € Ly is necessary for the existence
of a control sets. All these possibilities distinguish the invariant control systems on
nilpotent Lie groups
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2 Preliminaries

This section contains the basic definitions of invariant control systems on nilpotent Lie
groups. We show the properties and differences of dispersiveness and controllability.
Assume that G is a simply connected nilpotent Lie group with the Lie algebra g of
the right invariant vector fields on G. It is well-known that G is isomorphic with g via
the exponential map exp : g — G and the Baker—Campbell-Hausdorff product in g
defined as
AxB=A+B+R+- -+ R

with R; given by the Lie brackets of A, B € g, and R; € g', where 0 = g"*! c g ¢
... C g? C gis the descending central series of g. This means in particular that exp
is a global diffeomorfism of manifolds.

For a given right invariant vector field X on G, we consider its associated vector
field X* on g given by

X* (V) =exp, X (Y) = d (exp*‘)exp(y) (X (exp(Y)), Yeg.

The corresponding flow X} on g is the map
X;(Z)y=tX*Z, (t,Z)eRxy,

and satisfies exp (X ; (Z)) = exp (1 X) exp (Z). This means that the exponential map
is a conjugation between the flow of X™* on g and the flow of X on G.

Assume X # 0 and consider the positive integer j such that X € g/ but X ¢ g/*!.
Take a hyperplane Ay of g containing g/*! but not containing X. We know that Ay is
a global section for the flow X, which means there is a continuous map tx : g — R
such thatforevery Z € g, X[ (Z) € hx if,and only ift = tx (Z) (see [12, Proposition
1]). This means that the flow X on g is parallelizable, or in other words, itis dispersive.
By conjugation, it follows that the flow exp (X) on G is dispersive.

We now consider an invariant control system on G given by

)%:X(x,u(t)):X()(x)+§:ui ) X; (x), x eG,
i=1 (%)

u € Upe = {u : R — U : u piecewise constant}

with control range U C R™ and right invariant vector fields Xg, X1, ..., X, in g. The
solutions ¢ (¢, x, u) of this system satisfy the cocycle property:

o(t+s,x,u)=@{, p(s,x,u),u-s), t,s eR,x € G,u € Up,,

where u - s is the shift u - s (t) = u (s 4+ 1), and they satisfy the right invariance
property:

o, x,u)=9p((, 1,u)x, teR,x € G, uelp, (Ri)
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where 1 is the identity of G.
For every x € G and T > 0, we define the sets

OF (x) = {(p(t,x,u):tZO,M eL{pc}, OiT (x) = {(p(t,x,u):t> T,u eupc}.
ot = [ € M : there are sequences t, — 400 and (i) in U ’
such that ¢ (t, x, up) - y
It =1{? € M : there are sequences (1;) in R, (u) inUpc, and (x,) in M
= | such that x, — x, 1, — 400, and ¢ (tn, Xn, ) —> ¥ '

The sets OF (x), o' (x), and JT (x) are called respectively positive semi-orbit ,
positive limit set, and positive prolongational limit set of x.

Definition 2.1 The control system X is said to be dispersive if, for every pair of
points x, y € G there are neighborhoods Uy of x and Uy, of y and a constant T > 0
such that Uy N ¢ (t, Uy, u) = @, for all t and u, with [t| > T.

In general, a control system is dispersive if, and only if, J* (x) = @ for all state x
([21, Theorem 3.1]). In the invariant case, the right invariance property Ri implies

JT) =0t (x) =0t ()x, foralxeG.

Thus, the invariant control system X is dispersive if, and only if, o (1) = @ (see
[19]). In this case, for each constant control function u, the autonomous differential
equation x = Xo (x) + Y ;- u; X; (x) defines a parallelizable dynamical system, and
the solution ¢ (z, x, u) is orbitally Lyapunov stable with respect to a compatible metric
[19].

Definition 2.2 A nonempty set D C G is a control set of the system X if it satisfies
the conditions:
(1) For each x € D, there is a control function u € U, with ¢ (¢, x, u) € D for all
t>0;

(2) D C cl(O*(x)) forevery x € D;
(3) D is maximal satisfying both the properties (1) and (2).

The control system is called controllable if the whole space G is a control set itself,
and D C ¢l (0T (x))

By the right invariance property Ri, there are two distinct conditions for the invariant
control system on G:

(1) The control sets form a partition of G. In this case, the control set D containing
the identity 1 is a Lie subgroup (D = ¢l (O (x)) N ¢l (O~ (x))), and all other
control sets are the right cosets Dx, with x € G.

(2) There is no control set.

The first condition includes the controllable case D1 = G. The second condition is
called complete uncontrollability, and is equivalent to the dispersiveness ([19, Section
3]). Indeed, if D is a control set, by the conditions (1) and (2) of Definition 2.2, there
is a control function u € U, such that D C cl (O (¢ (t, x,u))) C ¢l (O, (x)) for
all + > 0. This means that D C o™ (x) for every x € D.
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3 Main results

For the main results of this paper, we consider a fixed nilpotent control system of the
form X with drift Xo 7 0. The nominal system X = Xg (x) on G is dispersive. The
problem can be viewed from two distinct points of view. By interpreting the control
system X as a perturbation of X by the vector fields X1, ..., X, the problem consists
of providing conditions for the system to preserve the dispersiveness. On the other
view, since the dispersiveness is opposite to the controllability, the problem consists
of providing conditions for breaking the dispersiveness, permitting the rise of control
sets.

The strategy is to investigate a conjugate control system on the Lie algebra g. The
system X on G is associated to the following system on g:

m
F=X50+ Y m X (), xeg. (Zg)
i=1
The general solution ¢™* (¢, X, u) of the system X satisfies the relation
exp (¢* (1, X, u) = ¢ (tr,exp (X),u), 1€R X €g,ucly. (P*1)

In other words, the exponential map is a conjugation of the systems X5 and X. As a
consequence, the solutions of X are completely determined by the solutions through
the origin, which means the right invariance property:

e*(t, X, u) =¢" (t,0,u) x X, teR, X eg,uecly. (P*2)

We often denote by w; (X) and J,© (X) respectively the positive limit set and the
positive prolongational limit set of X € g. Since the exponential map is a conjugation,
the properties P*1 and P*2 imply the following relations:

exp (J;F (X)) =J  (exp(X)), of X)) =J7X), JFX) =J'0=X.

Thus, the control system X is dispersive if, and only if, its associated control
system X is dispersive, which is equivalent to o} (0) = ¢.

We now are able to show the main theorem of this paper. Let ady denote the adjoint

map of g,adx (Y) =[X, Y] for X, Y € g.

Theorem 3.1 Let Ly C g be the Lie subalgebra generated by all vector fields of the
form ad§0 (X;), withk > 0andi = 1,...,m. The nilpotent control system X is
dispersive, if Xo ¢ L.

Proof For each constant u € U, define the vector field X, = X (-, u) and set F =
{Xy : u € U}. The system semigroup S* of X is given by

S*:{Ftll*o..-oFtZ*ZFiG}—,l‘,’zo,néN}.
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Since the control functions are piecewise constant, the system semigroup S*
determines all the trajectories of the control system X.

Foru € Uyc andt > 0, there are then sequences 11, ..., t; > 0 and Fl..... FreF
such that 7 = ), #; and

o*(t, X.u)=F oo F/*(X), Xeg.

For X = 0, we have
F,;’* O)=t,F"+0=1,F"

and then
anl* o Flz* (0) — tn_lF”71 % tnFn — tn_an71 + tnFn + Ré + e + Rll

In—1

where R; is given by the Lie brackets of t,,_1 F n—1and 1, F":

1 Ih—1t,
Rl =~ [t,,_lF”_l, tnF”] =2 [F"_l, F”]

2
R‘—it F' 'ty F" ) 1, F" —itF" tp1 F" 1 t, F"
3—1 n—1 s | tn—1 s In 12 n s | tn—1 s In
2
- [ ) e )
12 ’ ’ 12 ’ ’

Following by induction, we obtain

n
0 (t,0,u) = F)* oo F*(0) =Y 4;F' + Ry(t,u) + -+ R (t,u)  (E)
i=1

where R; (¢, u) depends on the Lie brackets of | F L., t,F".Take u’] € U such that

By the equation E, we have

m

n k
O*(t.0.u)=> 4 | Xo+ Y uiX; |+ Ri(t.u) (E2)
i=1 j 1=2

—1

n m k
= tXO+ZZtiu;Xj +ZR1 (t, u)
=2

i=1 j=1I
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where we used r = i, ;. We notice that

[Fi7 Fk] Zu adXO Zu adxo +ZZM ”l X],Xl

j=1l=1

hence [F, F¥] € Lo. Recursively, we have R; (¢, u) € Lo.
Now, suppose that w} (0) is nonempty and take Z € ] (0). There are sequences
t, — +oo and (u,) such that ¢* (¢,, 0, u,) — Z. By the equation E,, we may write

% (tnao un)—tizXO+ZZtn an +ZRI (tn, un)

i=1 j=1 =2

1
/1 t'. We then have —(p (ty, 0, u,) — 0, which means

where £, = Y/

Iy m nnl

X0+ZZ

i=1 j=1

X +Z Rl (tn, un) — 0.

n

)L)’ll
L

As Z[” Z/ X+ Zl -3 LR (ty, uy) € Lo, it follows that X € Lo. Thus,
} (0) is empty, 1f Xo ¢ Lo. This proves the theorem. O

An immediate consequence of Theorem 3.1 is that the condition X € Ly is nec-
essary for the existence of control sets. Recall that the system satisfies the strong
accessibility rank condition if dim Ly = dim g, that is, Ly = g [23]. By assuming a
locally path connected control range U C R™, the strong accessibility rank condition
is necessary for the controllability of the system X ([23, Theorem 4.10]). The hypoth-
esis from Theorem 3.1 implies the system does not satisfy the strong accessibility rank
condition. Clearly, the converse does not hold.

3.1 Classification of nilpotent control systems

We now discuss all possible properties of nilpotent control systems in view of dis-
persiveness and controllability. It should be remembered that the system X is called
homogeneous if the drift X¢ is an element of Ly; otherwise, the system is called
inhomogeneous. By Theorem 3.1, every inhomogeneous nilpotent control system is
dispersive. In the homogeneous case, there are three possibilities:
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Xo € Ly and the system is dispersive

For instance, let G = H3 be the Heisenberg group

H; = ca,b,ceRy,

S O =
S = Q
—_—a S

and consider the invariant control system X = X (x) 4+ u (¢) X1 (x), with control
range U = [0, 1], and

0 2 0 0 -1 0
Xo=10 0 0}, X3=|0 0 O
0 0 0 0 0 O

We have the fundamental solution

ZZ—fotu(s)ds 0
1 0

1
o, 1,uy=10
0 0 1

Since t < 2t — fot u (s) ds, it follows that lim (2t — f(; u(s) ds) = +00. Hence,
—+0o0
wt (1) = 0.

Xo € Lo and the system is controllable

This occurs when an invariant control system, with unrestricted controls, satisfies the
strong accessibility rank condition.

Xo € Lo and the system is neither dispersive nor controllable

In this case, there are many control sets, every point of G is contained in a control set,
the identity control set Dy is a Lie subgroup of G, and G is foliated by cosets of D;.
For example, consider again the invariant control system x = X (x) + u (t) X1 (x)
on the Heisenberg group H3 as above, with control range U = [0, 3] instead. We
have X (x, 2) = 0 for all x € H3. Hence, every point is stationary with respect to the
constant control function # = 2. The control set D containing the identity is the Lie
subgroup

1 a O
D = 0 1 0):aeR
0 0 1

and all other control sets are the right cosets D1x, x € H3.
The dynamics of the non-dispersive nilpotent systems are determined by the Lie
subgroups of G. A summary of all cases is expressed in Fig. .
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Nilpotent control system Property
Dispersive
Homogeneous Controllable

Foliated by cosets of the identity control set

Inhomogeneous Dispersive

Fig. 1 Classification of nilpotent control systems

3.2 Examples

Next, we present some examples and illustrations for the main result of this paper.
Example 3.1 Let G be the simply connected Lie group with Lie algebra g =

{ (?) z> ia,x € R}. Consider the invariant control system on G given by

Xx=Xox)4+u@) X (x), x € G,
u €Upe ={u: R — [—1, 1] : u piecewise constant}.

12 1 -1
we(o i) o= )

Since g is an abelian Lie algebra, and X does not depend linearly on X1, this con-
trol system is dispersive, by Theorem 3.1. Figure?2 illustrates the trajectories of the
associated control system on the algebra g.

where

Example 3.2 Let G be the simply connected Lie group with Lie algebra g =

axy 00b
Oaz|:a,x,y,zeR .Wehave92= 000):beR andg3=0.
00a 000

Consider the invariant control system on G given by

Xx=XoX)+ur X1 x)+u2(t) X2 (x), xeG,
ue€lpe ={u:R—[0,1] x [-1,0] : u piecewise constant}.

where

X1 X2

>
S
I
o O O
SO =
S = O
I
oS O O
S O
p—
I
o O O
SO B
SN O
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4T

|

Fig. 2 Trajectories of the control system X = <(1) ?) + u(t) (1 _1> on the Lie algebra g =

01
ax -1, ifr <—1
{(0 a> ta,x € ]R}, with control range U = [—1, 1], control function u (1) = { 0,if —1 <7 <0 .
1, ift >0

Itis easily seen that X ¢ Lo. Therefore, this control system is dispersive, by Theorem
axy

3.1. Each 3-dimensional shape Rg = Oaz|eg:(x,y z)€R} is invariant
00a

by the system. The trajectories of the associated system on the algebra g, with respect

to a constant control function u, are lines given by

fx+(2zfx76)u1+(4272x)u21

Z
ax+(+2uy+4ur)t y+
¢* (. X u) = 2
> 0 a 24+ (1 +up +2up)t
0 0 a
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Fig. 3 Trajectories of the system X = XG5 (X) + uy () X7 (X) + uz (t) X3 (X) on the Lie algebra g =

axy 010 02 -3 040
Oaz]:a,x,y,zeRp, withXg=1001)],X; =100 1 |],X, =100 2], control range
00a 000 00 0 000

(1,-1), fort <1
U = [0, 1] x [—1, 0], control function u (t) = { (0,0), forl <z <5 .
(1,0), for5 < ¢t

Concatenations of these trajectories make all the trajectories of the system (see Fig.
3).

Example 3.3 Consider an invariant control system x = Xq (x) + Zg”:l u; (1) X; (x)
on the Heisenberg group Hz, 4 of the (n + 2) x (n + 2) real matrices

S O =
o<

c
w
1
where v is a row vector of length n, w is a column vector of length n, and I, is the

identity matrix of size n. Take the element E in the Heisenberg algebra h,,41 given
by

S o

0 1
E=10 0, O
0 0

(=)

We have h%n 41 = {aE :a € R}. By Theorem 3.1, it follows that the control system is
dispersive, if the drift X¢ is not of the form a E + ), _, ma; X;. This was previously
proved in [20], using an alternative method.

@ Springer



J.G.Silva, J. A. Souza

4 Final comments

The paper [19] shows that a necessary and sufficient condition for dispersiveness of
an invariant control system is the parallelizability of the control flow. It also assures
that the existence of a functional that diverges on the system semigroup is sufficient
for dispersiveness. The condition for dispersiveness given in the present paper may be
simpler of checking, since it consists of analyzing the linear dependence of the drift
vector on the controlled vectors and the Lie brackets of all the vector fields of the
system. A dispersive control system has absolutely stable orbits. An open question of
this paper asks about the converse theorem: Is the dispersiveness a necessary condition
for absolutely stable orbits?

Author Contributions Josiney Souza wrote the manuscript text and made all the figures for the illustrations.
Both authors checked the proofs and reviewed the paper.

Funding This work was supported by CNPq, Conselho Nacional de Desenvolvimento Cient ifico e Tec-
noldgico - Brasil (grant n 303011/2019 — 0), and by Coordenagdo de Aperfeicoamento de Pessoal de
Nivel Superior - Brasil (CAPES) - Finance 001.

Data availability Data sharing not applicable to this article as no datasets were generated or analyzed during
the current study. Source data for the figures are provided with the paper.

Declarations

Conflict of interest There is no potential conflict of interest.
Human participants or animals Not applicable.

Informed consent Not applicable.

References

1. Anzaldo-Meneses, A., Monroy-Pérez, F.: Charges in magnetic fields and sub-Riemannian geodesics.
In: Anzaldo-Meneses, A., Bonnnard, B., Gauthier, J.P., Monroy-Pérez, F. (eds.) Contemporary Trends
in Geometric Control Theory and Applications. Word Scientific, New Jersey (2002)

2. Ayala, V.: Controllability of nilpotent systems. Geom. Nonlinear Control Differ. Incl. 32, 35-46 (1995)

3. Ayala, V., Da Silva, A., Zsigmond, G.: Control sets of linear systems on Lie groups. Nonlinear Differ.
Equ. Appl. 24, 1021-9722 (2017)

4. Bartlett, C.E., Biggs, R., Remsing, C.C.: Control systems on nilpotent Lie groups of dimension < 4:
equivalence and classification. Differential Geom. Appl. 54, 282-297 (2017)

5. Binz, E., Pods, S.: Geometry of Heisenberg Groups. American Mathematical Society, Providence
(2008)

6. Brockett, R.W.: Control theory and singular Riemannian geometry. In: Hilton, P.J., Young, G.S. (eds.)
New Directions in Applied Mathematics. Springer-Verlag, Berlin (1981)

7. Dugundji, J., Antosiewicz, H.A.: Parallelizable flows and Lyapunov’s second method. Ann. of Math.
73, 543-555 (1961)

8. Hajek, O.: Parallelizability revisited. Proc. Amer. Math. Soc. 27, 77-84 (1971)

9. Hall, B.C.: Quantum Theory for Mathematicians, Graduate Texts in Mathematics, vol. 267. Springer,
New York (2013)

10. Jean, F.: The car with N-trailers: characterization of the singular configurations. ESAIM: Control

Optim. Calc. 1, 241-266 (1996)

@ Springer



Dispersiveness and controllability of invariant...

11. Jouan, P.: Controllability of linear systems with inner derivation on Lie groups. J. Dyn. Control Syst.
17, 591-616 (2011)

12. Kawan, C., Rocio, O.G., Santana, A.J.: On topological conjugacy of left invariant flows on semisimple
and affine Lie groups. Proyecciones J. Math. 30, 175-188 (2011)

13. Marques, A.L., Tozatti, HM.V., Souza, J.A.: Higher prolongations of control affine systems: absolute
stability and generalized recurrence. SIAM J. on Control Optim. 58, 3019-3040 (2020)

14. Monroy-Pérez, F., Anzaldo-Meneses, A.: Optimal control in the Heisenberg group. J. Dyn. Control
Syst. 5, 473-499 (1999)

15. Monroy-Pérez, F., Anzaldo-Meneses, A.: Optimal control on nilpotent Lie groups. J. Dyn. Control
Syst. 8, 487-504 (2002)

16. Montgomery, R.: The isoholonomic problem and some applications. Comm. Math. Phys. 128, 565-592
(1990)

17. Remm, E., Goze, M.: Nilpotent control systems, Revista Matematica Complutense pp. 199-211. XV,
(2002)

18. Roxin, E.O.: Application of holding sets to optimal control, In: Proceedings of The International
Conference on Theory and Applications of Differential Equations, Ohio University, (1988)

19. Souza, J.A.: Parallelizability of control systems. Math. Control Signals Syst. 33, 259-278 (2021)

20. Souza,J.A.: Sufficient conditions for dispersiveness of control affine systems on the Heisenberg group.
Syst. Control Lett. 124, 68-74 (2019)

21. Souza, J.A., Tozatti, H.V.M.: Prolongational limit sets of control systems. J. Diff. Equations 254,
2183-2195 (2013)

22. Souza, J.A., Tozatti, H.V.M.: Some aspects of stability for semigroup actions and control systems. J.
Dyn. Diff. Equations 26, 631-654 (2014)

23. Sussmann, H.J., Jurdjevic, V.: Controllability of nonlinear systems. J. Diff. Equations 12, 95-116
(1972)

24. Tilbury, D., Murray, R.M., Sastry, S.S.: Trajectory generation for the N-trailer problem using Goursat
normal form. IEEE Trans. Automat. Control 40, 802-819 (1995)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer



	Dispersiveness and controllability of invariant control systems on nilpotent Lie groups
	Abstract
	1 Introduction
	2 Preliminaries
	3 Main results
	3.1 Classification of nilpotent control systems
	X0inmathcalL0 and the system is dispersive
	X0inmathcalL0 and the system is controllable
	X0inmathcalL0 and the system is neither dispersive nor controllable

	3.2 Examples

	4 Final comments
	References


