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Abstract
Let G = (V, E) be an infinite graph. The purpose of this paper is to investigate the
nonexistence of global solutions for the following semilinear heat equation

u=Au+ut t>0xeV,
u(0, x) = uo(x), xeV,

where A is an unbounded Laplacian on G, « is a positive parameter and ug is a
nonnegative and nontrivial initial value. Using on-diagonal lower heat kernel bounds,
we prove that the semilinear heat equation admits the blow-up solutions, which is
viewed as a discrete analog of that of Fujita (J Fac Sci Univ Tokyo 13:109-124, 1966)
and had been generalized to locally finite graphs with bounded Laplacians by Lin and
Wu (Calc Var Partial Diff Equ 56(4):22, 2017). In this paper, new techniques have
been developed to deal with unbounded graph Laplacians.
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1 Introduction and main results

Recently, there have been increasingly more studies on non-linear partial differential
equations on graphs, especially the existence and nonexistence of solutions for such
equations. For example, Grigor’yan, Lin and Yang [7, 8] used the variation method
to get the existence results for Yamabe type equations and Kazdan-Warner equations
on graphs. Using the Nehari method, Zhang and Zhao [20] proved that the nonlinear
Schrodinger equation has a nontrivial ground state solution, and the ground state
solution is convergent. Lin and Yang [13] proposed a heat flow for the mean field
equation and obtained the existence of a unique solution on graphs.

On R”, Fujita [4] considered the following Cauchy problem of the semilinear heat
equation
{8,M=Au+u1+°‘, t>0,x eR", (1.1
u(0, x) = ug(x), x € R, ’

where & > 0 and u is initial value. Fujita showed that if « < 7, then for any
nonnegative and nontrivial initial value, the solution of Eq. (1.1) blows up in finite
time. The discretization of this problem has attracted lots of attentions. For example,
Lin and Wu [15, 16] studied blow-up phenomenon of the semilinear heat equation
on locally finite graphs. In [19], Wu established a new heat kernel lower estimate on
graphs, and used it to improve the blow-up result that was done in [15]. Based on [16],
Lenz, Schmidt and Zimmermann [12] presented a sufficient condition for blow-up of
solutions to the abstract semilinear heat equation on measure spaces, including graphs.
Chung and Choi [1] developed a new condition for blow-up solution to the semilinear
heat equation on networks. Liu [11] considered the semilinear heat equation on a finite
subgraph and investigated the conditions of blow-up phenomenon.

The common thing of the existing conclusions about blow-up phenomenon of the
semilinear heat equation on graphs is for bounded Laplacians. However, in the case of
manifolds, the geometry does not need to be assumed to be bounded, and it was able
to work with for unbounded Laplacians. Furthermore, in the studies of the existence
of solutions to partial differential equations on graphs, there are very few of them
concerned with unbounded Laplacians. Recently, by assuming that the weights of the
graph have a positive lower bound and the distance function of the graph belongs to
L?, which allows an unbounded Laplcian, Lin and Yang [14] derived the existence
of solutions to Schrérdinger equation, Mean field equation and Yamabe equation on
locally finite graphs.

In this paper, we focus on the existence and non-existence of solutions to the semi-
linear heat equation on locally finite graphs with unbounded Laplcians. To deal with
unbounded Laplcians, we introduce mild solution to avoid exchanging P; (semigroup)
and A, and then prove the existence of mild solution with small time to the semilinear
heat equation (Theorem 1.2). Furthermore, by introducing intrinsic metric to graphs,
we obtain on-diagonal lower heat kernel bounds (Theorem 1.1) and then get the nonex-
istence of solutions to the semilinear heat equation for unbounded Laplcians (Theorem
1.3).

Let us recall some basic notations and definitions for weighted graphs. Let V be a
countable discrete space as the set of vertices of a graph, w : V x V — [0, 00) be an
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edge weight function that satisfies wyy = wyy forall x, y € V and wyy > 0 if and
only if xy is an edge (which is denoted by x ~ y),andm : V — (0, oo) be a positive
measure on V. These induce a weighted graph G = (V, w, m). We assume that the
measure is non-degenerate,
mg := inf m(x) > 0.
xeV

The graph is called locally finite if the sets {y € V : wyy > 0} are finite forallx € V.
In this paper, we are interested in connected and locally finite graphs.

The space of real valued functions on V is denoted by C (V) and the space of finitely
supported functions is denoted by Co(V). Co(V) is dense in £7(V,m), p € [1, o],
the £7 spaces of functions on V with respect to the measure m.

On C(V), we define the Laplacian as

1
AT = s D 0 (f) = f)).

y~x
As well known, the Laplacian A is bounded in EZ(V, m) if and only if

D = —Zy~x ) <0
: o) .

In this paper, we consider unbounded Laplacians. We denote by P; = ¢'* the semi-
group associated to A. The heat kernel p(z, x, y) with¢t > 0, x, y € V is the smallest
non-negative fundamental solution for the discrete heat equation 9,4 = Au. Moreover,
forany f € £P(V,m) with p € [1,00]and x € V,

Pif(x) ="y mp(t,x,y)f ).

yeV

In order to adapt to unbounded Laplacians, we use the intrinsic metric on graphs.
For manifolds, the intrinsic metric naturally arises from the energy form as well as
from the geometry, which was introduced on graphs by Keller and Lenz [10] and
improved by Frank et al. [5].

Definition 1.1 [Intrinsic metric] An intrinsic metric p : V x V. — [0, 00) is a distance
function satisfying for any x € V

Y w0np’(x,y) < mx).

yeVv

We say p has finite jump, if there exists a positive constant j such that the jump size

sup{p(x,y) :x,y e V,x ~y} < j.

Fixed a point x € V, the ball on graphs with the intrinsic metric p is defined by
B,(x,r)={yeV:pkx,y) <r}
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where r > 0. We say B, (x, r) is finite, if it is of finite cardinality, namely £B,(x, 7) <
00. The volume of balls B, (x, 7) is

Vy(x,r) = Z m(y).

YEB,(x,r)

Definition 1.2 [Polynomial volume growth] G has polynomial volume growth of
degree n € N, if there exist constants C > 0 and ro > 0, such that for all x € V,
r = ro,

Vo(x,r) < Cr". (1.2)

In this paper, we investigate the non-existence of global solutions for the following
semilinear heat equation
u=Au+ut r>0,xeV, (13)
u(0, x) = up(x), xeV, '

on locally finite connected weighted graphs, where A is an unbounded graph Lapla-
cian, « is a positive parameter and u is an initial value. We will study non-negative
mild solution of Eq. (1.3), which is motivated by the following observation. Let
u:[0,T) x V — R be continuously differentiable with respect to ¢ and satisfy-
ing &u = Au + u'**. If we further assume that A is a bounded Laplacian, then u
satisfies the following integral equation

t
u(t, x) = Pruo(x) +/ P s(u(s, ~)l+°‘)(x)ds, (1.4)
0

for any ¢ € [0, T'), which depends on the exchangeability of integral and limit, as well
as AP; = P;A. In the case of unbounded Laplacians, they are not always true.

Definition 1.3 [Mild solution and Global solution] A function u : [0, T) x V — R
is a mild solution of Eq. (1.3) on [0, T') if u is continuously differentiable on (0, T'),
uniformly bounded and Eq. (1.4) is satisfied on [0, T) x V.If T = oo, then we call
u a global solution of Eq. (1.3).

Now, we are ready to introduce our main results.

Theorem 1.1 Let G = (V, w, m) be a weighted graph with an intrinsic metric p with
finite jump size and finite balls. Suppose that the graph has polynomial volume growth
property with power n. Then, for all sufficiently large t and all x € V,

1

[, xX,Xx) > ——————,
PO =y G e logt)

where ¢ > \/g
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Theorem 1.2 Suppose that G = (V, w, m) be a weighted graph. Then there exists a
unique mild solution of Eq. (1.3) for any bounded initial value on [0, T) with some
T > 0.

Theorem 1.3 Let G = (V, w, m) be a weighted graph with an intrinsic metric p with
finite jump size and finite balls. Suppose that the graph has polynomial volume growth
property with power n. If 0 < na < 2, then there is no non-negative global solution
of Eq. (1.3) for any bounded, non-negative and non-trivial given initial value.

2 Upper bounds of heat kernel

In this section, we introduce the on-diagonal upper bounds of heat kernel. First, we
recall some important properties about the heat kernel from spectral theory [17, 18].

Lemma 2.1 Fort,s > Oandany x,y € V, we have

(1) p(t,x,y) is continuous with respect to t;

(2) p@t,x,y) = p(t, y x);

(3) p(t,x,y) =0;

(4) Yyeympt, x,y) < 1;

(5) dpt,x,y) = Axp(t,x,y) = Ayp(t, x, y);
(6) Y .cym@)p(t,x,2)p(s, 2, y) = p(t +s,x, y);
(7) p(t, x, x) is non-increasing with respect to t.

The weighted graph G = (V, w, m) is called stochastically complete if

Y mp,x,y) =1

yev

for all ¥ > 0 and x € V. Using the intrinsic metric, Huang et.al established the
volume growth criterion of stochastically complete for graphs, which is the exact
discrete analogue to the works of Grigor’yan [6] on manifolds and can be found in [9,
Theorem 1.1], as follows.

Lemma 2.2 Letlog" = max{log, 1}. Let G = (V, w, m) be a weighted graph with an
intrinsic metric p with finite distance balls B, (r). If

/w;drzoo,
log?(V,(r))

then the graph is stochastically complete.

Remark 1 The use of log® instead of log is to deal with the case when the measure m is
small. And the actual value of the constant 1 can be replaced by any positive number.

Remark 2 Under the same assumptions as Lemma 2.2, if G satisfies the polynomial
volume growth of degree n for large r, then G is stochastically complete. Indeed,
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when the measure of the graph is finite, the conclusion is obvious from the definition
of logﬁ. If m(V) = oo, we have

V,(r) < Cr" < Cr¥ < Cnle”

for large r, which implies that

o r o0 r o0 r
A | AR |
log(V,(r)) log(Cn!le”™) log(Cn!) +r

These two cases yield the conclusion.

The following upper bounds of the heat kernel comes from Davies [2].

Lemma 2.3 Let H be the set of all positive functions ¢ on V such that ¢=' € £2°(V).
Then, forany x,y € V and allt > 0, we have

p(t, X, y) < (m(_x)m(y))_f (;ggﬂ{gb(x)_]d)(y)ed(p)t}v

where c(¢) 1= sup,cy b(¢, x) — A,

I 600 P )
b(op, = — ey | —— -2,
@)= 50 2 (¢>(x> oo

y~x

and A > 0 is the bottom of the £* spectrum of —A.

For given x, y € V, we choose ¢ = ¢~*¥, where s > 0 and

¥ (z) = min{p*(x, 2), p*(x, ¥)},

to yield the following upper bounds of the heat kernel.

Proposition 2.1 Let G = (V, w, m) be a weighted graph with an intrinsic metric p
with finite jump size j > 0. For any s > 0, the inequality

pit.x.y) < (mCm() 7 exp (—sp%x, »+ %(sef'zs —se~ )1 — M) .1

holds forallt > 0andx,y € V.

Proof 1t is easy to see that

b)) =1, ¢(y)=e P @,

From the mean value theorem, we obtain there exists £ € (0, p2(x, y)) C (0, j2] such

that )

ﬁ_y) = e = e Ep2(x, ) + 1 < —se S pP(x, ) + 1.
X
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Similarly,
P00
d(y)

Together with the definition of p, it yields

200 v 2
e < 50075 p2(x, y) + 1.

1. )
b(p,x) < 5(se/2‘ —se™i’).

Thus, applying Lemma 2.3 to complete the proof. O

Remark 3 For the graph with bounded Laplacians, Davies deduced the upper bounds
of the heat kernel using the combinatorial distance [2, Theorem 10]. Moreover, Folz
obtained another non-Gaussian upper bound of the heat kernel for the intrinsic metrics
with finite jump size [3, Theorem 2.1].

3 Proof of main theorems

Proof of Theorem1.1. Notice that mq := inf,cy m(x) > 0. For any x € V, summing
the inequality (2.1) in Proposition 2.1 with respect to y on B, (x, r)¢ with r > 0, we
obtain foralls > 0, ¢ > 0,

Y. mp.x,y)

yEB,a(x,r)c

1. .
Z m(y) exp (—s,o2(x, y) + E(sejzs — se_jzs)t - At) )

YEB,(x,r)¢

1
mo

=

Since B, (x, r)¢ can be decomposed into the union of B, (x, 2k+1 M\B,(x, 2%r) from
k = 0 to oo, we obtain

Y. mypa,x,y)

YEB,(x,r)¢
1 & 5 1 2 _ig
=—> > m(y)exp [ —sp*(x,y) + = (se/ ¥ —se™ /")t — At
mo 2
k=0 yeB,(x,2kt1r)\ B, (x,2kr)
< Li Z m(y) ex —4ksr2+l(sejzs—se_jzs)t—)»t
= mo y) exp )

~
Il
=}

yEB, (x,25F1r)\ B, (x,2kr)

IA
3|~
WK

~
Il
(=)

1 ) .
exp <—4ksr2 + E(sefzs - se_-’zs)t — At Z m(y)
yEB, (x,2k+1r)

I
3|~
WK

~
Il
o

1 , .
Vp(x, 2K+ 1y exp <—4ksr2 + E(sefzs — se*fzs)t — M)

@ Springer



Y.Linetal.

Together with the polynomial volume growth (1.2), we get for r > rp and s > 0,

c & 1 i2 i2
Z m(y)p(t,x,y) < — Z (2k+]r)n exp <—4ksr2 + E(se] S —se™ /5 — M) . (3.
YEBp (x,r)¢ ™0 1 2o

Let
n 1 . .
ay = <2k+1r> exp (—4ksr2 + z(sefzs — se_st)t — M) , k=0,1,---

It is easy to see that

ag+1
423

=2"exp (—4k+lsr2 + 4ksr2) <2"exp (—3sr2) .

Here, we choose

r:c\/;logt and s:;,

wheret > 1, ¢ > % Notice that there exists a 71 > e such that, for any ¢ > T,

3sr? = 3c%(log1)? = 3c¢?logt > n.

Thus,

which implies

Y= w0 (3.2)

k=0 1= (%)n

Applying (3.2) to (3.1), we obtain for r > ry and ¢t > T,

1 . ,
Z my)p(t,x,y) < Br'exp (—sr2 + E(sejz‘Y — se_/zs)t — At) . (33)
YEB,(x,r)¢

where 8 = 2C = c/tlogtands = % By combining the above conditions

mo(1-(2)")
r > rg and ¢t > Ti, there exists a 7o > T7 such that the inequality (3.3) holds for any
t > T». More precisely, for any t > T>,
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Z m(y)p(t, x, y)

YEBp (x,r)¢
(12 1 _j2
§ﬁ<c«/;10gt>nex <c (logt) +2<t JT te]f>tht
R 1 L 2 3.4
§ﬂ<cﬁlogt> exp | —c logt—&—i T —e T | —A\t

2 n

n
logt 1{ 2 2
n‘B( - ) elrexp( (e]t_e_][))’
2 1 2
tn 2
where ¢* > -

We claim that the right-hand side of (3.4) approaches to 0 as t — +-oc0. Indeed,
observe that e < 1 for any ¢t > T since A > 0, and

et —e T =0, t— +oo.

Moreover, since ¢? > 5

logt " . 1 "
lim (——) = lim (————) =0.
t—+00 tTif t—>+00 (02 1)tf,§

The proof of the claim is complete. Thus, there exists a real number T > T, such that
foranyt > T,

one has

1
> upt.x.y) < > (3.5)

YEB,(x,r)¢

where r = c/tlogt with ¢ > \/g

Using the properties of the heat kernel described in Lemma 2.1, stochastic com-
pleteness in Remark 2 along with Cauchy-Schwarz inequality, we obtain for any ¢ > 0
andall x € V,

p(t,x,x) > pQ2t, x, x)
=Y mp*(t,x,)

yeV
> Y m)p(tx,y)
YEB,(x,r)
2 3.6)
1
Zm Z m(y)p(t, x,y)
AT YEB,(x,r)
2
1
=—|1- t,x,
) Y. mOpt,x, )

YEB,(x,r)¢
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Setr = cﬁlogt with ¢ > \/g and r > T in (3.6). Combining (3.5) to complete the
proof of Theorem 1.1. O

Proof of Theorem 1.2. Set
Fr={f:10,T] x V— R| f(¢, x) is bounded and is continous with respect to ¢ }.
The norm in Fr is defined by

lfllz = sup [|fI
[0,T1xV

Obviously, Fr is a Banach space.
For any u € Fr, we consider

Y )t x) =Y my)pt, x, y)u0, y) + @), x),

xeV

where ¢ (u)(t, x) = fot Y yev mp — s, x, yus, y)!+%ds. The integral is well-
defined, since u € Fr. Next, we show that ¥ (u) is a contraction on the small closed
ball

B(uo, Alluoll 7)) :={u € Fr : lu —uollr, < (A— Dlluollz}

into itself, where A > é + 1. Indeed, for any #1, > € [0, T] and any x € V, from the
fact that Zer m(y)p(t,x,y) < 1foranyt > 0, we have

n
f Y ompt —s,x, yuls, »)'Tds| < Jull)F¥n—nl < AT ol F 10—,
f
yeV
3.7
Combining the continuousness of ) ., m(y)p(t, x, y)u(0, y) with respect to ¢, it
follows that v (1) (¢, x) is continuous with respect to 7. Moreover, let

1
T <— P
A% (1 + ) luoll’%,

(3.8)
forany (¢,x) € [0, T] x V,

A
[V @) (2, )| < lluoll 7 + IIMII;:J;“T < <1 + 1+—a) luoll 7y < Alluoll . (3.9)

which means that () € B(uo, AlluollF,). Furthermore, for any u,v €
B(ug, Allugll 7,) with (0, -) = v(0, -), from the mean value theorem, we have

1 1
' T — v < (1) max{ull %, , V%, Hu—v] < A* A+ lluoll %, lu—vll 7.
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Then, for any (¢, x) € [0, T] x V,
[ @) — ¥ )|, x) < A0+ ) luol%, Tllu — vl 7. (3.10)

Therefore, from the contraction mapping principle, there exists a unique solution
u € B(uo, Allugll 7,) of the following integral equation

xeV 3.11)
u(0, x) = up(x), xevV,

{u(t,x) = > my)p(t,x, Mu0,y) +o@)(t, x), (t,x) € (0, TIxV,
when A“(1 + ) ||lug ”afr T < 1, namely T satisfies the condition (3.8). O

Given a mild solution u# of Eq. (1.3) and ¢ € (0, T), denote
Ji(s, x) = Pr—s(u(s, 1)) (x)

and
K (s, x) = Pr_s(u(s, ) ™) (x)

forany 0 < s < t and x € V. The following lemma is the crucial ingredient of
proving Theorem 1.3, which is the discrete version of [4, Lemma 2.1], and it can be
founded in [16, Lemma 4.1] for bounded Laplacians.

Lemma3.1 Let G = (V, w, m) be a weighted graph with an intrinsic metric p with
finite balls. Suppose that the initial value function ug is positive at a given vertex x.
Let T > O, if u = u(t, x) is a non-negative bounded mild solution of Eq. (1.3) in
[0, T) x V, then we have

Ji(0,x0)"" —u(t,x0)™* = at, t€l[0,7).

Proof First, we claim that for any h € R, we have

s+h
Jt(s—i-h,x)—J,(s,x):/ K;(t,x)dr.
s

To end the claim, let n;y = 1p . (x0.k) be the characteristic function with 1 on B, (xp, k)
and 0 otherwise. Note that ny € Co(V), we have

N N
P ( /0 Por (u(, ')Ha)df'ﬂk): /0 Prs (Por (u(t, ) ™) - mi)d.
By virtual of

Pros(Ps—r (u(t, )'™T) i) < Prog(Ps—g (u(T, )') - 11es1)
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and Pr_g(Py—r(u(t,)'™) - ) < Pro(u(z,)'™) < |u'**| 5. Monotone
convergence theorem yields that

Pros(Ps—e (u(t, )T i) = P (u(z, )'™),  k — oo.

Similarly,

Pres (/OY Py_z (u(r, -)1+°‘) dr - '7k> - P (/0S Py_z (u(r, »)1+“) dr) . k= oo

From Dominated convergence theorem,

/S P (Ps—¢(u(z, .)1+01) . nk)d‘[ R [S P (u(. ~)1+a)d‘[
0 0

as k — oo. These imply

P (/S Ps_; (u(.[’ ')Ha) dt) - /S Py (u(z, ) )dx.
0 0
Therefore, }
Ji (s, x) = Pr(uo)(x) +/ K (7, x)dt.
0

which complete the claim. From the claim, we have forany 0 < s <fandx € V,
05 Jr (s, x) = K¢ (s, x). (3.12)

Since u is a mild solution, we have u(s, x) > Oon (0, ¢) x V since p(s, xg, x9) > 0
with s > 0 and ug(xg) > 0. It follows that J;(s, x) > O for all (s, x) € [0,¢] x V.
From (3.12), Jensen’s inequality and stochastically completeness of G, we obtain

3 Ji(s) = Ji(s)!, s €[0,1],

which yields
Ji(0,x0) ™% — Jy(t, x0) % > at.

That ends the proof. O

Proof of Theorem 1.3. Suppose that there exists a non-negative global solution u =
u(t, x) of Eq.(1.3). From Theorem 1.1 and the polynomial volume growth property,

we have that there exists a 7’ > 1 such that for any 1 > 7’ and ¢* > %,

1
>
4V, (xo, c/tlogt) — 4Cc"

(\/; log t) - .

p(t, xo, X0) >
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Hence, for any r > T’, we have

10, x0) = Y m(x) p(t, x0, X)ug (x)

xeV

v

m (x0)uo(x0) p(t, X0, X0) (3.13)

c’ («/flogt>_n ,

v

7 _ m(xo)ug(xo)
where C' = —4Ccn -

On the other hand, it follows from Lemma 3.1 that for any # > 0,
Ji (0, x0) 7% > u(t, x0) ™% + at > at. 3.14)

Combining (3.13) and (3.14) yields for any t > T/,

logt o (3.15)

2—na —
t 2na

where C” = (a(C')%)7a . When 0 < na < 2, we have

. logt
lim e — 0,
t——+00 t Tna
which gets a contradiction with (3.15) and ends the proof of the theorem. O
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