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Abstract
A k-configuration of type (d, ..., ds), where 1 < di < --- < d; are integers, is

a set of points in P2 that has a number of algebraic and geometric properties. For
example, the graded Betti numbers and Hilbert functions of all k-configurations in
P2 are determined by the type (di, ..., ds). However the Waldschmidt constant of
a k-configuration in P? of the same type may vary. In this paper, we find that the
Waldschmidt constant of a k-configuration in P2 of type (d1, ..., ds) withd; > s > 1
is 5. Then we deal with the Waldschmidt constants of standard k-configurations in P? of
type (a), (a, b), and (a, b, ¢) with a > 1. In particular, we prove that the Waldschmidt
constant of a standard k-configuration in P2 of type (1, b, ¢) with ¢ > 2b + 2 does not
depend on c.
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1 Introduction

A set of points X in P? is called a k-configuration of type (dy, ..., ds), where 1 <
d; < --- < dy are integers, when there exists a partition of X = X; U --- U X and
s distinct lines Ly, ..., Ly C P2 such that, foreachi = 1, ..., s we have IX;| = d;,

Xi € L;jand, fori > 1, L; N (X U---UX;_1) = @. The last condition forces a point
in X to belong to the set X; corresponding to the largest index of a line containing it.

The k-configurations were introduced in the 1980s by Roberts and Roitman in [26]
and extensively studied in the literature for their several interesting properties, see for
instance [5, 12, 14, 15, 17, 18].

In 1995, Harima [23] extended this definition to IP3, and then in 2001 Geramita,
Harima, and Shin [14, 16] generalized the definition to IP". Moreover, Roberts and
Roitman showed that all k-configurations in P? of type (di, ..., ds) have the same
Hilbert function, which can be encoded from the type. This result was generalized
again by Geramita, Harima, and Shin [16, Corollary 3.7] to show that all graded Betti
numbers of the associated ideal of a k-configuration in P depend on the type only.
However, it should be noted that k-configurations in P" of the same type can have
very different algebraic and geometric properties [6, 7].

In this paper we are interested in the study of the Waldschmidt constant.

The Waldschmidt constant of a homogeneous ideal / in R = k[xo, x1, ..., x,] was
introduced in [28] as

_ _a(ID)
a(l) = thm P
— 00

where 1) is the t-th symbolic power of the ideal /, defined by 1) = Npeassay ' RpN
R), and o (1) is the least degree among all minimal homogeneous generators of ).
In [3, Lemma 2.3.1] it was proved that this limit exists.

A prolific line of research involves the study of the Waldschmidt constant of zero
dimensional schemes in P", see [2, 4, 8—11, 20, 21, 24, 27] just to cite some papers.
In particular, in [5] and in [25], the authors give some results about the Waldschmidt
constant of star configurations.

Note that if Ix is the ideal defining a set of distinct points X = {Py,..., P}
in P" and Ip, is the ideal of the point P;, then the f-th symbolic power of Ix is

Is(gt) = I;,l n---N I;,S, that is, 15(5) defines a homogeneous set of fat points supported
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Fig. 1 k-configurations X and Y in P2 of type (1,2, 3)

at X, denoted by #X. If Ix is the ideal of a set of points X, instead of “Waldschmidt
constant of Ix”, we simply write “Waldschmidt constant of X”.

In [5, Section 3.3] the authors showed that two different k-configurations of the
same type may have different Waldschmidt constants (Fig. 1). For an easy example,
consider the following two k-configurations X and Y in P2 of type (1, 2, 3).

Then the Waldschmidt constants of X and Y are different, i.e.,

7
a(lx) = 3 and a(ly) =2,

respectively (see [5, 13]).

As we have seen above, k-configurations in P? of the same type may have different
Waldschmidt constants. Here we extend some results in [5]. In particular we focus
on the so called standard k-configurations in P2, see Definition 2.4, and we find the
Waldschmidt constants of all standard k-configurations of type (a), (a, b) and (a, b, ¢),
except for type (2, 3, 5), as summarized in Table 1.

The paper is structured as follows.

In Sect.2 we recall some definitions and useful tools; in particular we prove, in a
more general context, the existence of irreducible curves in a certain linear system
(see Lemma 2.7). In Sect.3 we describe a method to find the Waldschmidt constant
of a set X of points, that works in particular when X is supported on some lines in
a specific way, e.g., when X is a k-configuration. In Sect.4 we consider particular
schemes with support on lines, when the number of points on each line is bigger
than the number of lines. As an application, we find the Waldschmidt constants of
standard k-configurations of type (a) and, for a > 1, of type (a, b). To complete
the case (a, b), we recall the result in [11, Proposition 3.3]. In Sect.5, we find the
Waldschmidt constants of standard k-configurations of type (1, b, ¢). In Sect. 6, we
find the Waldschmidt constants of standard k-configurations of type (a, b, ¢), with
a > 1, except the type (2, 3, 5).

To lighten the reading load, the proofs of some theorems of Section 5, that are
very similar to the proofs of other theorems in the same section, can be found in the
Appendix, where an interested reader will find all the details.

@ Springer



M. V. Catalisano et al.

Table 1 The Waldschmidt constant of standard k-configurations of type (a), (a, b), (a, b, ¢)

The type of X Note a(lx) From
(a) 1 Corollary 4.2
2b—1
(1,b) —5 Remark 4.4
(a, b) a>?2 Corollary 4.2
9 — 4
(I,b,b+1) beven, b > 4 ST Theorem 5.4
6b+3c—4
(1,b,¢) ceven,c <2b—4 +7C Theorem 5.1
2b+c¢
6b+3c—17
(1,b,c) codd,b+l <c<2b-3 _— Theorem 5.2
2b+c—1
6b* — 14b +6
(1,b,2b-2) 0" —14b+0 Theorem 5.5
2b2 —4b + 1
6b% — 8b + 1
(1,6,2b-1) o s+l Theorem 5.6
2b% —2b
6b —5
(1,b,2b) _— Theorem 5.7
2b—1
662 —2b —3
(1,b,2b+1) B Theorem 5.8
202 — 1
3b—1
(1,b,c) c>2b+2 3 Theorem 5.10
17
(2,3.4) 3 Theorem 6.1
17 71
(2,3,5) 3 <a(lx) < vl Remark 6.6
2,3,¢) c>6 3 Theorem 6.5
(2,b,c) b>4 3 Theorem 6.5
(a,b,c) a>3 Theorem 6.7

2 Preliminaries

We will work with an algebraic closed field k of characteristic zero. We recall the
definition of the Waldschmidt constant for an ideal (see [3, Lemma 2.3.1] for the
existence of the limit, and [10] where the authors refer to that limit as “Waldschmidt
constant”).

Definition 2.1 For a homogeneous ideal J C k[P"] we denote by «(J) the initial
degree of J, i.e., the least degree of nonzero elements in J. The Waldschmidt constant
of J is the following limit

J®
) = 1im XY

t—00 t

where J @ is the ¢-th symbolic power of J.
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Note that (see the proof of [3, Lemma 2.3.1])

a(JD)

a(J) = ;

for every t > 0.
If Ix is the ideal defining a set of distinct points X = {Py, ..., Ps} in P" and /p, is

the ideal of the point P;, then the ¢-th symbolic power of Ix is 13(5 ) = Ip N---N1p,

that is, I§(§t ) defines a homogeneous set of fat points supported at X, which we will
denote by X.

In this paper we will work with special sets of simple distinct points in P2. By
abuse of notation, we will refer to [Ix]s as the linear system of all the plane curves of
degree d containing X, since this is, from a geometrical point of view, what the forms
in [Ix]4 correspond to, and we simply write dim[/x]s instead of dimy[/x]4.

We have the following useful lemma.

Lemma 2.2 Let X be a set of simple distinct points in P2, and let Ix be its ideal. Let 1

and d be positive integers such that the initial degree of the scheme of fat points muX
is md for each integer m > 0. Then the Waldschmidt constant of Ix is

. d
a(ly) = —.
"

%)
Proof Since, by definition, @(Ix) = lim;_ @, if we let t+ = mu, we have

a(1) = a(lpyx) = md, and so

R md d
OC(IX) = a = ;

O

We now recall the definitions of k-configurations and standard k-configurations.

Definition 2.3 [14, 15, 26]

Letl < d; < --- < ds be integers and let Ly, ..., Ly € P2 be distinct lines. A
k-configuration of points in P> of type (d, ..., dy) is a finite set X of points in P?
such that:

1. X= Uf’:l X;, where the X; are subsets of X;
2. IXj|=d;jand X; C L; foreachi =1, ...,s;
3. L; (1 <i < s)does not contain any points of X; forall j < i.

In analogy with [14, Section 4] in P3 and [15, Section 4] in P", here we

give an explicit definition of standard k-configurations in P2, which are special k-
configurations of points in P> whose coordinates are integer values.
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Definition 2.4 Let k[xo, x1, x2] be the homogeneous ring for P2, and let dy,...,dy)
be the type of a k-configuration in P2. We construct a set of points which realizes this
type, and whose points are located in the following lines L;, where

Ly ={x2=(—Dxo}, Lo ={x2 =(—2)x0}, ... ,Ly={x2=0}
On each of these lines L; we place d; points as follows

dipoints onLwith coordinates [1 : j : s — 1] 0 < j <dj — 1,
drpoints onLowith coordinates [1 : j: s —2]0 < j <dp — 1,

dspoints onL with coordinates [1 : j : 0] 0 <j <d; — 1.

If1 <d; <--- <dg, we call the k-configuration of points in P2 constructed as above
a standard k-configuration of type (dy, ..., ds).

We conclude this section with two lemmas, that are key tools for the proofs in this
paper.

The first one is a technical lemma from our previous paper [5], and itis an application
of Bezout’s Theorem.

The second lemma is useful to compute the Waldschmidt constants of all the stan-
dard k-configurations from type (1, b, 2b — 2) to (1, b, 2b + 1), since for those cases
we need the existence of irreducible curves.

Lemma 2.5 Letmy, ..., ms and d be positive integers and let Py, ..., Ps be s points
lying on a line L with s > 1. Let X be the scheme m| P| + - - - + mg P;. Set

"m1—|—~'+ms—d—‘
n= ,

1 2.1

and assume [Ix)q # {0}. Then

D) pn=d;
(ii) the line L is a fixed component of multiplicity at least u for the plane curves of
degree d defined by the forms of the ideal [Ix]4.

Proof (i) Since [Ix]y # {0}, then d > m; for any i, hence

= my+---+mg—d < sd —d _d
s—1 s—1

(ii) follows from [5, Lemma 2.5]. O

Remark 2.6 Note that, as we proved in (i), the condition u < d follows from the
hypothesis [Ix]s 7# {0}. (Hence the condition 4 < d among the hypotheses of [5,
Lemma 2.5] was redundant).
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Fig.2 The scheme X L oO—0 *—0—0—
R ./././././
M
Lemma 2.7 Let L, M be two distinct lines, and let b be a positive integer. Let
Pi,..., Py, Q1,..., Qp, R be distinct points such that R ¢ L U M, and, for any

1 <i<b PelL, Qi € M, and the point LNM ¢ {Py,..., Py, Q1,..., Op}.
Moreover R, P;, Q; do not lie on a line, for any i and j. Then

(i) the scheme X = Py +---+ P, + Q1+ ---+ OQp + (b — 1)R gives independent
conditions to the curves of degree b (see Fig.2);
(ii) the only curve of degree b in [Ix] is irreducible.

Proof (i) It is well known that the fat point (b — 1) R gives independent conditions to
the curve of degree b. Consider the following curve G; of degree b

G=L+Ni+---+Ni_1+Nig1---+ Np,

where N; is the line RQ;, j # i, so that ; contains the scheme X — Q;, but it does
not contain Q;. Analogously we can construct a curve of degree b passing through
X — P;, that does not contain P;. Hence {Py, ..., Py, O1, ..., Op} gives independent
conditions to the curves defined by the linear system [/(,—1)r 15, and thus (i) follows.

(i1) Note that since
b+2 b
—|b+b =1,

then from (i) there exists only one curve of degree b through X, say C. Now we prove
by induction on b that the curve C is irreducible. Obvious for b = 1, assume b > 1.
Assume that

C=Ci+-+Cr

where r > 1 and the C; are the irreducible components of C. Let b; = degC;, and let
m; be the multiplicity of C; at R.

Note that if b; = 1, i.e., C; is a line, then m; < 1;if b; > 1, since C; is irreducible,
thenm; < b; — 1.

If for each i we have b; > 1, then

b—l<mi+ 4m<br—D+ - +b—-D=b-r,
hence r < 1, and we get a contradiction.

Otherwise, without loss of generality, we can assume that by = 1, that is, C; is a
line.
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If R ¢ Ci, then C; contains at most b simple points of X. So since the curve
H =Cy+ ---+ C, has degree b — 1, and contains the fat point (b — 1) R, then it is
union of » — 1 lines through R. Moreover, recalling that R, P;, Q ; are not collinear for
any i and j, and so each line through R contains at most one point of X — (b — 1) R, then
‘H cannot contains X—(b—1)R—C;.Hence R € C; and so C; contains at most one other
point of X. Hence H = C + - - - +C, is a curve of degree b — 1 through X — Cy, that is,
through (b—2) R and atleast2b—1 pointsintheset{ Py, ..., Pp, O1, ..., Op}. Wemay
assume that H contains Py +- - -+ P, + Q1+ - -+ Qp—1. By the inductive hypothesis,
the only curve of degree b — 1 through (b—2)R+P1+-- -+ Pp—1+ Q1+ - -+ Op—1
is irreducible. Hence H has to be that curve. But P, € H, so, by Bezout’s Theorem,
L is a component of H, hence, since H is irreducible, we get L = H. It follows that
Q1 € L, a contradiction. O

3 Method

In this section we describe the main method that we will use to find the Waldschmidt
constant of a k-configuration X in P2. Our computation is structured as follows.

Step 1. We look for a curve F of degree d, which contains each point of X with
multiplicity exactly u, so that, for each m > 0, mF is a curve in the linear
system [ L], , and so [Lnux], , # {0}

Step 2. We show that [1,,x],,, | = {0}, for each m > 1 and we prove it by contra-
diction. For this purpose we define

m = min{m|[ L, xIma—1 # {0}}.
We prove, mostly directly, that m # 1. For m > 1, applying Lemma 2.5

several times, we show that F is a fixed component for the linear system
[Ziipix) -4 ;- Thus, by removing F, we get

dim [Ty ] gy = dim [Lapx— 7]y g
and, since F contains each point of X with multiplicity exactly u, we have

[I”QMX—}—]ﬁldflfd = [I(’h—l)ﬂx](rﬁfl)dfl

and the contradiction comes from the minimality of m.
Step 3. Since the initial degree of [Im /tX] is md, then, by Lemma 2.2 we have

. d
a(ly) = —.
"

Note that if X is a standard k-configuration, then the curve F strictly depends on
the type of X. In certain cases JF is a union of lines, and in other cases it has irreducible
components of higher degrees.
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4 Waldschmidt constants of k-configurations of type (d1, ..., ds)
withd; > s

In the next lemma we compute the Waldschmidt constant of a set of points X contained
in s lines, where each line contains at least s points of X and no two lines meet in a
point of X.

The following lemma will be useful for computing the Waldschmidt constants of
both a k-configuration of type (d, . . ., d;) and a standard k-configuration of the same
type (di, ...,ds), whend; > s.

Lemma 4.1 Let s be a positive integer, and let L1, . .., Lg be distinct lines. Let X; be
a finite set of d; points on the line L; (1 <i <), andlet X = | J;_, X;. If d; > s, for
each 1 <i < s, and any intersection point of two lines L; and L, for i # j, is not
contained in X, then the Waldschmidt constant of X is

a(lx) =s.

Proof for s = 1, it is immediate. So we assume s > 1.
Let m be a positive integer. The curve F = L1 4 - - - + L, has degree s and passes
through the points of X with multiplicity 1, hence

mF € [Lnxlns-

Now we prove that for each m > 0,
[ImX]ms—l - {0}»

so the initial degree of I,,x will be ms and the conclusion will follow from Lemma
2.2.

Assume that for some m, [I;x]ms—1 7 {0}. Note that if [I,;x]ms—1 # {0}, then
since each L; contains d; points, and each point has multiplicity m, and the degree
we are considering is ms — 1, then by Lemma 2.5, each L; is a fixed component of

multiplicity at least {%—I for the plane curves of the linear system [ 1,5 Jms—1-
Now, since d; > s > 2, then

md; — (ms — 1) -1 @1
d —1 - ’

hence F is a fixed component for the curves defined by this linear system.
Set

i = min{m|[Lxlns—1 # (0}). .2)

First observe that m # 1. In fact, form = 1, since deg F = s, then [Ix];—1 = {0}. By
removing F from the curves of the linear system [/;x]7s—1, Since any intersection
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point of two lines L; and L ; is not contained in X, we get
dim[/7x)ms—1 = dim[Lix— Floas—n—s = dim[JG—1yxl@m—1Ds—1,
and by (4.2) this is zero, a contradiction. O

Corollary 4.2 Let X be a standard k-configuration of type (dy, ..., ds) with d; > s.
Then the Waldschmidt constant of X is

a(lx) =s.
Proof 1t follows from the previous lemma. O

Corollary 4.3 With notation as in Definition 2.3, if X is a k-configuration of type
(d1,...,ds) withdy > s, then the Waldschmidt constant of X is

a(lx) =s.
Proof Let F = L +---+ Ly, thus mF € [I,;x]ms. Hence

a(lx) <s.
Now let X’ be the subset of X that we get after we remove the possible points of X in
the intersections L; N L, fori # j.Let X; = X' N L;. Recalling Definition 2.3 it is
easy to show that by Lemma 4.1 we have

a(lx) =s.
Since X' C X, we have a(Ix) < a(Ix). Thus, the conclusion follows from

s =a(Ix) <a(Ix) <s.
O

Remark 4.4 From Corollary 4.2, we immediately get that the Waldschmidt constant
of a standard k-configuration of type (d;) is 1, and of type (d1, d») with d; > 2 is 2.
For the case (1, d2) see [11, Proposition 3.3], where it is proved that if X is a standard

k-configuration of type (1, d), then @ (Ix) = %.

5 Waldschmidt constants of standard k-configurations of type
(1,b,0)

In this section we compute the Waldschmidt constant of a standard k-configuration X
of type (1, b, ¢) as in Definition 2.4, for any values of b and c.
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Fig.3 A standard
k-configuration of type (1, b, ¢)

Qp

It is interesting to note that the Waldschmidt constant stabilizes at ¢ = 2b + 2, that
is,

b—1

3
a(lx) = for ¢ >2b+2

(see Theorem 5.10). One could expect that, for each fixed b, the Waldschmidt constant
strictly increases with c until ¢ = 2b + 2. But this is not always the case, as shown in
Corollary 5.3, since for ¢ < 2b — 3 it behaves in a similar way as a step function.

We fix the notation of this section, summarized in Fig. 3, that will be used in the
proofs.

Let P, =[1:i—1:0],forl <i<e¢, Qi=[1:i—1:1],forl <i <b,and
R =1[1:0: 2] be the points of X (see Definition 2.4).

Let

L1 be the line through Py, P,, ..., P.;
Lo be the line through Q1, 0>, ..., Op;
M be the line through Py, Q1, R;

M be the line through Ps3, Q», R;

M, be the line through P»;_1, Q;, R, fori < band2i < c+1;
N1 be the line through P>, R;
N> be the line through Py, R;

N; be the line through P»;, R, for2i <c;
7; be the line through Q;, R, fori < b and 2i > ¢ + 2.

Note that each line M; contains three points of X, whereas the lines \; and 7; contain
two points of X.

Theorem 5.1 Let X be a standard k-configuration of type (1, b, ¢). If ¢ is even and
c <2b—4, then

R 6b+3c—4
Ix)= —— "~
o(Ix) 2b+ ¢
Proof Define
2b+c—2 2b+c—-2
F = 5 Ly + > £2+M1+'--+M%+N1+--'
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+N%+T%+--~+77,.

F is the union of %Zﬁ lines, and F contains each point of X with multiplicity

exactly 21’2+ ¢ Hence, for m > 0,

mF e [Izb;rrmx] Gbt3e=d

Now we prove by contradiction that for each m > 0,

dim [Izb;rcmx] 6bt3c=4

m—1— 0’
and the conclusion will follow from Lemma 2.2.
To this aim, we will use Lemma 2.5 many times in order to get a fixed component
for the curves defined by the forms of [/ e ) get,
So, assume that for some m, [I%mx] Gbtde=t g # {0}, thus by Lemma 2.5, by
recalling that ¢ > b, we get that £ is a fixed component of multiplicity at least

c—1 2(c—1)

[—”’;”cm — Shdgety, 4 1“ B {((2b+c—6)(c— 1)+4c—4b—2)m+2—‘
2 —
2
for the plane curves of the linear system [I 2t mX] i3, |-

By removing 2b+2€*6m£1 from those curves, we get

dlm[IthJrc mxJ Sbtde=t, | = dlm[12b2+c mX— 2= 1) ] Gbtet | 2= -

If the dimension above is zero, we get a contradiction and we are done. If it is different
from zero, by Lemma 2.5, by observing that Wm —1- %m =Q2b+c+
1)m — 1, we get that £ is a fixed component of multiplicity at least

Lo — Qb+ c+Dm+17 _ [(2b+c—6)(b—1)+4b—c—8m+2
b—1 B 26— 1)

2% +c—6

> —

= > m, (5.2)

for the plane curves of the linear system [/ Zote X Wte=,n leb+c+1)m—1. By remov-

2
: 2b+c—6
2

ng mL, from those curves, we get

dim[lzb;c mX— 2b+21776 mLy ] 2b+c+1)m—1

= dim[lzh;rcmx_ Dte=6,p, 2h+2c—6m[:2](2b+c+1)m_1_ Bie=6,,, (5.3)
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where
2b 2b -6 2b -6
;CmX — +ZC mly — ++m£2
2b+c
== —mR+ ) 3mPi+ ) 3mQ;.
Pel Qielr

If the dimension in (5.3) is zero, we get a contradiction and we are done. If it is
different from zero, by Lemma 2.5, by observing that (2b4c+1)m — 1 — %m =
Wm — 1, and

—2b+5c—8=-2b+6c—c—8>—2b+6c—(2b—4)—8=4(c —b)+2c—4> 2,

we have that £ is a fixed component of multiplicity at least

"36m—2b+—26+8m+1—‘ [(—2b+5c—8)m+2_‘
= > m,

2D 54

c—1

for the curves of the linear system [12b2+cmR+ZPiE£1 3MPAY g e, I Q[] Dbtes8,, - We

now remove m L and we get

dlm[lzb;cmRJrZPidl 3mPA+Y g e, M0; ] ets

= dlm[IZh;EmR+ZPieL1 MPAY gz, 3le.]2h+2£+8m_l_m.

So, if the dimension above is zero, we get a contradiction and we are done. If it
is different from zero, then, by Lemma 2.5, by recalling that we have the hypothesis
2b > c+4,and so4b > 2b+c+4, we get that £; is a fixed component of multiplicity
at least

[3mb—2b+2—c+6m+l"‘ B [(417—c—6)m+2—‘>"(2b+c+4—c—6)m+2"‘
b—1 B 2(b—1) = 20— 1)

1
= ’7m + b 1)—‘ > m, (5.5)

for the curves of the linear system [/ BERLY )y o 2P AT g gy 3m Qi] 2t -
Hence

dim [1%,”1”2,,1,&41 2mP,-+ZQiEL2 3in]2h+270+6m_1

= dim [ILZ'HmR—&-ZPiELI 2’"Pi+ZQie£2 ZmQ;]Wm—l'
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If this dimension is different from zero, then we go on and we apply Lemma 2.5 to
the lines M;, N;, and 7;. Since

2o + 2m + 2m — 2 4 2m + 1

5 = 5 > 1, and
"Zb;-cm_i_zm_ 2b+20+4m+ 1—‘ .

1 - ’

(5.6)

the lines M;, NV;, and 7; are fixed components for the curves of the linear system

[Ifzb;CmRJrzpiEﬁ] 2mPi+Y g e, 2mQi ] 2etd -

Hence, from the computations in (5.1), (5.2), (5.4), (5.5), and (5.6), we get that the
following curve

2b+c—4 2b+c—4
Tm£1+Tm£2+M1+”'+M%+N1+'~'+N%
e+ + T, (5.7

is a fixed component for the curves defined by the linear system [I e mx] Gbt3e=t -

Now set

m = min{m | [I%mx] Sbte=d | # {0}}. (5.8)

First observe that /m # 1. In fact for m = 1, the curve F' of degree W

2b+c—4 2b+c—4
==Lt Lt Mt Mg+ N+

N + T2+ + T

.7:/

should be a fixed component for the linear system [/2v1cx]6pt3c—4 _;, SO
2 2
dim[1¥ xJ Shi3ed | = dim[l#x_}—,] Sbt3e=d | 6hi3e8 = dim[/p 4.y Py 0 +-+0,11 =0,

a contradiction.
Som > 1. By (5.7), since

ety > 2022 [\ye get that F is a fixed component

)
. . _ 6b+3c—4
for the linear system [/ e ax] Sbtde—t 15 hence, by recalling that deg F = 5
and F contains each point of X with multiplicity 2}’2+ £, we get
dim[l%ﬁlx] Ghide—t ;| = dim[I@th_]_-] Gbt3e=d | Gbtde=d
= dim[I%(,h_l)X]6b+§c—4(ﬁl_1)_l,
which is zero by (5.8), a contradiction. O
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Theorem 5.2 Let X be a standard k-configuration of type (1, b, ¢). If ¢ is odd, and
b+1<c<2b-—3, then

6b+3c—17

@) = te—1"

Proof Let

2b+c—3 2b+c¢—3
==Lt L+ M+ A M + N+ + N

—1—’]'%—}-”4—71,.

]_‘

F is the union of %ﬂ lines, and F contains each point of X with multiplicity
exactly %. Hence, for m > 0,

mF e [12b+2¢'71 mX] 6bt3e=1, -

By Lemma 2.2 it follows that @ (Ix) < %.

Now, by recalling that c — 1 > b, we can consider the standard k-configuration
X’ of type (1, b, ¢ — 1), which is contained in the standard k-configuration X. Hence
®(Ix) > a(Ix). Since ¢ — 1 < 2b — 4 and ¢ — 1 is even, by Theorem 5.1 we have

that o (Ixr) = 61’;;)3&:_1{)_4 = 621’};30‘:17 , and the conclusion follows. O

Corollary 5.3 Let X and Y be standard k-configurations of type (1, b, ¢) and (1, b, c+
1), respectively. If ¢ is even, and ¢ < 2b — 4, then a(Ix) = a(ly).
Proof By Theorem 5.1 we have that a(Ix) = Sbt3c—4 Now by applying Theorem

2b+c

~ 6b+3 1)-7 — _~
52t0 Y we geta(ly) = 2b—:—((cc—:—l))—l = 61’2‘;341 4 = aIx). O

From Theorems 5.1 and 5.2, we can compute the Waldschmidt constants of any
standard k-configurations of type (1, b, ¢), when ¢ < 2b — 3, except for the con-
figuration X of type (1,b,b + 1) with b even. In the following theorem we will
compute the Waldschmidt constant of this type of configuration, and we will find that
a(lx) = 242,

Alternatively we could have considered the subscheme Y = X — Py 1, and com-
puted the Waldschmidt constant of Y, and found that &' (ly) = %. With this method
the conclusion would be followed from a theorem analogous to Theorem 5.2.

In the next theorem we study the case (1,b,b + 1), when b > 4 is even. Note
that when b = 2, the formula in Theorem 5.4 gives 7/3, but the correct answer is
a(Ix) = 9/4 (see Theorem 5.6).

Theorem 5.4 Let X be a standard k-configuration of type (1, b, b+ 1). Ifb > 4 isan
even integer, then

e 9 — 4
Ol(IX) = T
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Proof The proof proceeds as in Theorem 5.1. See [Appendix 7 Proof of Theorem 5.4]
for more details. O

Now we study the standard k-configurations fromtype (1, b, 2b—2) to (1, b, 2b+1).
From our computations it will emerge that in this range the Waldschmidt constant is
strictly increasing. A useful tool for the proofs is Lemma 2.7. Also even if the method
is always the same, we prefer to give some details since the proof is more tricky than
the previous cases.

Theorem 5.5 Let X be a standard k-configuration of type (1, b, 2b — 2). Then

_ 6b> — 14b +6
A= 1

Proof Note that from the definition of a standard k-configuration, we have b > 2. Let

C; be the irreducible curve of degree(b — 1)through P, Py, ..., Py,_»,01,..., Qi .....
Qp, (b —2)Rforl <i <b — 1(see Lemma 2.7),

and let

F =@b*=5b+2)L1 + 2b> —6b + 4Ly + (b — HM,
+oo+G=—DMp 1+ —-2)Tp+C1+ -+ Cp_1.

So F is a curve of degree 6b> — 14b + 6 with multiplicity 25> — 4b + 1 at each point
of X. Hence form > 0

mF € [Lop2_api1ymx)6b2—14b+6)m-

We now prove that for m > 0,

[ 2p2—ap+1ymx) 6b2—14p+6)m—1 = {0}

Then the result follows from Lemma 2.2.
Assume that for some m, [Lop2 _apt1ymxlop2—14p+6)m—1 7 {0}. Thus by Lemma
2.5, L, is a fixed component of multiplicity at least

szz —4b + 1)(2b — 2)m — (6b* — 14b + 6)m + 1

> (2b% — 6b + 3
b —3 —‘_( +3)m

(5.9)

for the plane curves of the linear system [1552_4p4 1)mx](6p2—14b+6ym—1- We remove
(2b> — 6b + 3)m Ly, and we get that £; is a fixed component of multiplicity at least
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2b% —4b + 1)bm — (6b* — 14b+ 6 —2b%> + 6b — 3 1
(( + Dbm — ( . 1+ + Ym + “Z(2b2_6b+3)m.

(5.10)

Remove (2b% — 6b+3)m L. Recalling that now we are in degree (6b% = 14b+6)m —
2(2b* — 6b + 3)m — 1 = (2b> — 2b)m — 1, and the points on £ have multiplicity
(2b — 2)m, we get that £ is a fixed component of multiplicity at least

_ v — (2b — _
[(219 2)(2b — 2)m — (2b 2b)m+l"‘:(b_2)m+"(b Z)m—i—l—"
2b—3 2b—3
5.11)

Hence £ is a fixed component of multiplicity at least (26> — 6b + 3)m + (b —2)m =
(2b* — 5b + Dym.
By removing (b — 2)mL; we get

dim[/ 22 _apt 1ymx 62— 14b+6)m—1
= dlm[1(2b2—4b+1)WlR+ZP,-eL] bmPi+Y 0 cr, (2b—2)in](2b2_3b+2)m_l'

If the above dimension is different from zero, then each M; is a fixed component of
multiplicity at least

262 —4b+14+b+2b—2)m — 202 —3b+2 1 1
(( +1+b+ 2)m ( +2)m + W:(b—z)mjL[er 1

(5.12)

By removing the b — 1 multiple lines (b — 2)mM;, the residual scheme is

Y = b% —b— )mR + > 2mP; + > bmP;
P;eL, withi odd P;eL, with i even
b—1

+> bmQ; + (2b — 2)mQy,

i=1

and we are left in degree (26> —3b+2)m — 1 — (b — 1)(b — 2)m = b*m — 1.
Hence

dim[Zp2 4y 1ymxc)6p2 144 6ym—1 = dim[Iylp2,, ;.

If this dimension is still different from zero, then 7}, is a fixed component of multiplicity
at least

B> —b—142b—2m —b*m+1=(b—-3)m+ 1. (5.13)
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By removing (b — 3)m7;, we get

dim[/ 22 _ap1 1ymxl6p2—146+6ym—1 = MUy (b—3)m T3 Vp2im—1——3)m
= dim[IY/](bZ—b+3)m—l’

where

Y = (b* —2b+2)mR + Z 2mP; + Z bm P;

P;eLy, with i odd P;eLy, withi even

b—1
+Y bmQi+ (b+ 1m0y,
i=l

If H is a curve of the linear system [Iy’]2_j43),,—1, the multiplicity of intersection
between each C; and H is at least

ICi - H| = (b—2)(b> —2b+2)m + (b — Dbm + (b —2)bm + (b + Dm
= (b> = 20> +4b — 3)m,

and this number is bigger than the product of the degree of C; and H, which is (b —

D((b>=b+3)m—1) = (b> —2b>+4b —3)m — b+ 1. Hence, by Bézout’s Theorem,

each curve C; is a fixed component for the curves of [Iy—p—3)m 7, 1p2m—1-—3)m-
Now let

m = min{m| [1 o2 _4p 4 ymxl(6p2—140+6)m—1 7 {0}}- (5.14)

We have m > 1. In fact for m = 1, from (5.10), (5.11), (5.12), (5.13), using also
the ceiling parts, by an easy computation we get that F is a curve of the linear system
[{op2—ap+1yx)6p2—14p+5- But deg F = 6b* — 14b + 6, a contradiction.

Hence m > 1.

By the computation above F is a fixed component for the linear system

22 —ap+1ymx](6b2—14b+6)m—1, hence we have

dim[ 12 _gp1ymxlep2—1ab6ym—1 = ML p2 _ap i 1ynx—Fl(6b2 = 14b+6)ii— 1 — (6b2— 14b-+6)
= dim[op2 _gp11)(n—1)x (662 14b+6) (7 —1)—1>

which is zero by (5.14 ), a contradiction. O

Theorem 5.6 Let X be a standard k-configuration of type (1, b, 2b — 1). Then

) — 6b*> — 8b + 1
=T o
Proof See [Appendix 7 Proof of Theorem 5.6]. O
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Fig.4 The scheme Y, Py Py P
Ly O—0C *—0—0—
r® Qb
Q1 <
Lo

Theorem 5.7 Let X be a standard k-configuration in of type (1, b, 2b). Then

G = 6b —5
=T
Proof See [Appendix appendix, Proof of Theorem 5.7]. O

Theorem 5.8 Let X be a standard k-configuration in of type (1, b, 2b + 1). Then

() 6b> —2b — 3

o =

* 22— 1

Proof See [Appendix 7, Proof of Theorem 5.8]. O

Now we will prove that the Waldschmidt constant of a standard k-configuration of
type (1, b, ¢) only depends on b when ¢ > 2b + 2. In order to do that, we need the
following lemma.

Lemma5.9 Let L1, Ly be two distinct lines, and let b, ¢ be positive integers, with
c>b+2 Let P,...,P. € L, Q1,...,Qp € Ly, and R, be distinct points such
that R ¢ L1 U Lo, and the point L1 N Ly ¢ {Py,..., P., Q1, ..., Qp}. Moreover,
assume that R, P;, Q; do not lie on a line, for any i and j. Let Y. be the scheme (see
Fig.4)

Ye=P+-+P+Qi+ -+ Q+R.

Then

- 3b—1
a(Ye) = T

If b = 1, Y. is a k-configuration of type (2, ¢), hence @(Y.) = 2 follows from
Corollary 4.3. The proof for b = 2 is analogous to the proof for b > 2, and it is left
to the reader, so assume b > 2.

First we prove the lemma for ¢ = b + 2. For this case, we denote Y, simply by
Y. Let M; be the line through Q; and R, (1 <i < b), and let

F=bLi+®B—-DLa+ M+ + M.
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Note that deg 7 = 3b — 1, and F has multiplicity exactly b at all points of Y. Hence
form > 0

mF € [LpmylGo—1)m-
Now we will show that for m > 0,
[bmy13b—1ym—1 = {0},
and the conclusion will follow from Lemma 2.2.

Assume that for some m > 0, [Ipmyl3s—1m—1 # {0}.
By Lemma 2.5, L is a fixed component of multiplicity at least

"b(b +2)m—GBb—1)m+1

P —‘z(b—Z)m.

So we can remove (b — 2)mL1, and we get that

dim[Zpny1G@p—1ym—1 = dim[Lpny—@p-2)ymrL, 1o+ 1)m—1-

If this dimension is different from zero, we get that L, is a fixed component of multi-
plicity at least

b*m — (2b+ Dm+17 b—-3)m+1
{ - —‘_(b—Z)m+’7—b_1 W

and then that L is a fixed component of multiplicity at least

2b+2m— b+ Im+17 !
[ b+ 1 -‘_m+[b+1-"

Hence

dim[Zpmy]Go—1ym—1 = dim[ Ly —(b—1ym Ly —b-2ym Lo J(p+2)m—1
= dlm[lzfjmp,-Jrzf:, 2m Qi +bm R B+2m—1-

Now, by Bezout’s Theorem, each M; is a fixed component ( 1 < i < b) for

Lpmy]Go—1ym—1-
Now let

m = min{m|[Lnpylnicpr—1)-1 7# {0}}. (5.15)

We have m > 1, in fact for m = 1 from the computation above, we have that F is a
curve of degree 3b — 1 of the linear system [/py]35—2, a contradiction.
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Hence m > 1. Now from the equalities above, F is a fixed component for the linear
system [/;7py | 35—1)—1, hence

dim[ZzpylinGo—1)—1 = dim[Lapy— FlaGo—1)—1-Go—1) = dim[La—1)py]0a—1)Gb—1)—1,

which is zero by (5.15), a contradiction.

Now consider the case ¢ > b + 2. Since also in this case mF € [Ipnvy]Go—1)m»
then a(Y,.) < %. Moreover, since Ypyo C Y, then @(Yp42) < @(Y,), and the
conclusion follows. O

Theorem 5.10 Let X be a standard k-configuration of type (1, b, ¢) with ¢ > 2b + 2.
Then

3b—1

a(lx) = 5

Proof Let us consider the following curve F of degree (3b — 1) with multiplicities at
least b at the points in X

F=bLy+(b—-1DLy+ M+ + M,
Then, for m > 0, we have mF € [L,px]3b—1)m- By Lemma 2.2 it follows that

. 3b—1
a(ly) < .

To conclude the proof set Y = X — {Py, P3, ..., Pyp—1}. Then, by Lemma 5.9 and
since Y C X, we get

This completes the proof. O

6 Waldschmidt constants of standard k-configurations of type
(a, b, c), witha > 2.

In this section we study the Waldschmidt constant of a standard k-configuration of
type (a, b, c), with a > 2. We prove that, except for the type (2, 3, 4), and for the type
(2, 3,5) (see Theorem 6.1 and Remark 6.6), then the Waldschmidt constant is 3. For
this section we fix the following notation (see Fig.5).
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Fig.5 A standard
k-configuration of type (2, b, ¢)

Qv

Let P, =[1:i—1:0,forl <i<c/letQ;=[1:i—1:1],forl <i <b,let
Ry =[1:0:2]and Ry, =[1 : 1: 2] be the points of X, and let

L1 be the line through Py, P, ..., P;
Ly be the line through Q1, Q», ..., Op;
L3 be the line through R, Ry;

M be the line through Pi, Q1, Ry;

M be the line through P, Q>, Ry;

N1 be the line through P3, Q», Ry;

N> be the line through Py, O3, R.

First we compute the Waldschmidt constant of a k-configuration of type (2, b, ¢) #
(2,3,5).

Theorem 6.1 Let X be a standard k-configuration of type (2,3, 4). Then the Wald-
schmidt constant of X is

N 17
QL) =

Proof Let
C be the conic through P>, Pz, Q1, 03, Ry, Ry,

and let F be the following curve of degree 17, which contains each point of X with
multiplicity 6

F =3L1+2Ly +3M; +2M; + 2N +3M; +C.
Hence, form > 0,
mF € [lomx117m.
The conclusion will follows from Lemma 2.2, if we prove that for each m > 0,
dim[Zepmx]17m—1 = 0.
As usual, assume that for some m, [Ig,x]17m—1 # {0}. By Lemma 2.5, £ is a

fixed component of multiplicity at least "w = 7’”3—+1 > 2m for the
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plane curves of the linear system [Ig,,x]17m—1.- By removing 2m /L and assuming
that the residual linear system is not empty, by Lemma 2.5, we get that £ is a fixed

component of multiplicity at least | 2 m'H ,and M, M2, N1, N, are fixed component

of multiplicity at least ’7”’“—‘ Let

m = min{m|[Lepmx]17m-1 7 {0}}. (6.1)

Now we claim that for m = 1, 2, 3, [lgmx]17m—1 = {0}. This claim can be proved
directly, with the usual method. It follows that m > 4.
From the computation above, and recalling that M, My, N, N> are fixed com-

ponents of multiplicity at least [""H —‘ > 3, then F is a fixed component for the linear

system [l¢mx]17:m—1, hence
dim[lemxl17m—1 = dim[Jgzx—Fli7m—1-17 = dim[Is¢n—1)x 11762 -1)~1,

which is zero by (6.1), a contradiction. O

We need the following lemma to find out the Waldschmidt constant of a standard
k-configuration of type (2, 3, 6).

Lemma6.2 Let Ly, Lr be two distinct lines, and let Py,..., Ps € L1, and
01, Q2, Q3 € Ly be distinct points such that L1 N Ly ¢ Y, where

Y=P 4 +Ps+ Q1+ + 03

Let m be a positive integer. Then the curve 2mL1 4+ m L is a fixed component for the
linear system [ I3,y lom—1.

Proof Set
= {m' | 2m’'L + m'L,is a fixed component for the linear system [/3,,y]9—1}-

Since by Lemma 2.5, L; and L, are fixed components of multiplicity at least
[w > 2, and 9”‘_3—’”“ = 1, respectively, then 2L + L, is a fixed

component for [13,,v]9m—1,and so 1 € M. Let
m = max M.

If m > m we are done, so assume that m < m. By the definition of m, we have that
2mL1 + mL, is a fixed component for the linear system [13,,]9,,—1. Hence

[(3mylom—1 = H - [y —2mL, —m o Jom—1-3im

=H-: Uz?:l P,~(3m72r?l)+2§=1(3mfr?z)Q,~]9m*1*3"_1’
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where H is a form representing the curve 2mLj + mL,. Now, by Lemma 2.5, we
get that, for the curve of the linear system [/3,,y—2/7L,—mL,19m—1-3m, L1 is a fixed
component of multiplicity at least

6GBm —2m)— Om —1-3m) | [9m —9m +1 -9
5 N 5 -
and L, is a fixed component of multiplicity at least
3B3m —m) — (9m — 1 — 3m) _1
> =1.
Recalling that [13,,l9m—1 = H - [I3my—2i7 L, —iiLy19m—1-3m, it follows that 2(m +
1)L+ (m+ 1)L, is a fixed component for the curves of the linear system [ /3,,y ]9/, —1 -
A contradiction, since m = max M. O

Theorem 6.3 Let X be a standard k-configuration of type (2, 3, 6). Then
a(Ix) = 3.

Proof Let F be the following curve of degree 9, which contains each point of X with
multiplicity 3,

F =3L1+3L2+3L5.
Hence, form > 0,
mF € [Byxlom.
The conclusion will follow from Lemma 2.2, if we prove that for each m > 0,
dim[/3,,xlom—1 = 0.

Assume that for some m, [13,,x]om—1 # {0}. By Lemma 6.2, 2m L + mL; is a fixed
component for [/3,,x]o,—1, hence

dim[/3x]om—1 = dim[13mX—2mﬁl —-mLy 19m—1-3m

= dlm[lZizl mPi+Z?=| zme+Zz'2=l 3mRi]6m_1 .

Now if we prove that this last dimension is zero, we get a contradiction.

Claim.
dim[IZis=1 MR+ 2m QY2 3mR,-]6m*‘ =0, foreach m > 1.
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We prove the claim by induction on m. It is easy to verify that it is true for m = 1,
so assume m > 1. If this dimension is not zero, by Bezout’s Theorem, L, £,, L3 are
fixed components, hence

dlm[12?=1 mP+Y_ 2mOi+ Y, 3mR,~]6m*1

= dimllyo 1) p4 sl @m0+ T2, Gn-1g,Jon—4-

If this dimension is still not zero, by Lemma 2.5, £, and L3 are fixed components of
multiplicity at least [w—‘ = 1, and {w—‘ = 2, respectively.

Hence

dim[lz?=l(m—])P,-+Z?=l(2m71)Q,-+Z,-2=1(3m71)R,~]6m*4
= dimllye Pyt 2105 301 -; 6 =D-1+

and this is zero by the inductive hypothesis. O

Theorem 6.4 Let X be a standard k-configuration of type (2,4, 5). Then the Wald-
schmidt constant of X is

a(lx) = 3.

Proof Let F be the following curve of degree 6, which contains each point of X with
multiplicity 2,

F =2L14+2Ly +2L53.
Hence, for m > 0,
mF € [Lmxlom-

Now, as usual, we have to prove that for each m > 0, dim[/l>,;x]em—1 = 0. It is true
for m = 1, so assume m > 1. Assume that for some m, [I2,x]lem—1 7 {0}, and let

m = min{m| dim[lsx]em—1} # 0.

By Lemma 2.5, £ is a fixed component of multiplicity at least [M—‘ >m+1.

Hence

dim[Lmxlen—1 = dim[Lax— 412, 15m—2-

If this dimension is not zero, we get that £; is a fixed component of multiplicity at

least [w—‘ > m + 1. Hence

dim[nx)en—1 = dim[Lax— a1 Li—at1) Lo 4m—3-
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If this dimension is not zero, we get that £3 is a fixed component of multiplicity

at least [M—‘ = 3. It follows that F is a fixed component. Hence, we get a

contradiction since
dim[Laxlen—1 = dim[lnx—Flen—1-6 = dim[L¢i—nxleoi—1)—1.

which is zero by the definition of m. O

Theorem 6.5 Let X be a standard k-configuration of type (2, b, ¢).

(1) Ifb =3 and c > 6, thena(Ix) = 3;
Gi) ifb > 4, then@(Ix) = 3.

Proof Let F = L1 + L, + L3. Since mF € [I,,x13m, then in both cases, a(Ix) < 3.
Now let X be a standard k-configuration of type (2, 3, ¢), with ¢ > 6. Then there
exists a standard k-configuration X’ of type (2, 3, 6), with X’ C X. Since, by Theorem
6.3, the Waldschmidt constant of X’ is 3, then @(Ix) > 3, and (i) is proved.
For (ii), since b > 4, then there exists a standard k-configuration X’ of type (2, 4, 5),
with X’ € X. Since, by Theorem 6.4, the Waldschmidt constant of X" is 3, hence
®(Ix) > 3, and (ii) is proved. O

Remark 6.6 From the previous results we know the Waldschmidt constant of any stan-
dard k-configuration of type (2, b, ¢), except for X of type (2, 3, 5). For the case
(2,3,5), we found by Macaulay 2 [19] a curve F of degree 71 with multiplicity
exactly 24 at each point of X. The components of F are lines, one irreducible conic
and an irreducible rational septic. This implies a(Ix) < ;—}1 < 3. Moreover, since a
k-configuration of type (2, 3, 4) is a subset of X, this give % as a lower bound (see

17

Theorem 6.1). Hence & < @(Ix) < %,

Finally, we deal with the k-configurations of type (a, b, ¢) when a > 3.

Theorem 6.7 Let X be a standard k-configuration of type (a, b, ¢), whith a > 3. Then
the Waldschmidt constant of X is

a(Ix) =3.

Proof Tt follows immediately from Corollary 4.2. O

Remark 6.8 We recall Chudnovsky’s conjecture:
Let X be a finite set of distinct points in P". Then, for allm > 0,

(™) el +n—1
m n '

This conjecture was proved in P> by Chudnovsky (see, for instance [22, Proposition
3.1]). As an application, we wish to show that Chudnovsky’s conjecture is verified by
standard k-configurations in P? of type (a, b, ).
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Fig.6 A standard
k-configuration of type (1, b, ¢)

Qp

Let X and Y be standard k-configurations in P? of type (a, b, ¢), and (b, ¢), respec-
tively. We know that «(/x) = 3, and from the proof of Lemma 4.1, recalling that
b > 1, we get that a(I{(m)) = 2m. Moreover, since the scheme mX D mY, then

a1y = a(1Y™). It follows that, for all m > 0,

a(ly”) _ a(y"”) _,_3H2-1 _aUp+n-1

m m 2 n

7 Appendix

We recall the notation for the proofs of theorems about standard k-configurations of
type (1, b, ¢), summarized in Fig. 6.
We denote by

L1 be the line through Py, P, ..., P;
L> be the line through Q1, O, ..., Op;
M be the line through Py, Q1, R;

M be the line through P3, Q», R;

M, be the line through Ps;_1, Q;, R, fori <band2i <c+ 1;
N1 be the line through P», R;
N> be the line through Py, R;

N; be the line through Py;, R, for2i <c;
7;  be the line through Q;, R, fori <band2i > ¢+ 2.

Proof of Theorem 5.4 Let X be a standard k-configuration of type (1, b, b + 1). If
b > 4 is an even integer, we show that

aly) 9 — 4
o = .
* 3b
Let
3b—2 3b—2
F= L+ Lo+t Mi+- -+ My AN+ N+ T+ + T,
2 2 7+ 2 7+
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so mJF is a curve in the linear system [/ ! mxJ %t - Now we need to prove that, for
eachm > 0, dim[[ﬁmx]%mq =0.

By Lemma 2.5, if dim[l%mx]"”z;“m—l # {0}, then £ is a fixed component of
multiplicity at least

3b 2 _ —
" F>m(b+1) — m—i—l"‘:"(% 6b+4)m+2—‘23b 6m, 7.1

b 2b

for the plane curves of the linear system [/3» » ) 94 %4
3b

m—1°

If we remove 32-8m L, we get that £; is a ﬁxed component of multiplicity at least

3b b — > —6b— -
"zmb (3b+l)m+1—‘="(3b 6b 2)m~|—2—‘23b2 6, 12)

b—1 2(b—1)
By removmg mﬁz, we have that £ is a fixed component of multiplicity at least
3mb+ 1) — Em + 1 b—2 2
" ( ) — . —‘:m_,_[%—‘ (7.3)

After removing m L1, then £ is a fixed component of multiplicity at least

3bm — 3Hom 41 b—4m+2
{ b—l W‘"H[%W' 74

Remove mL,. The residual scheme is

Y=X-— (ym m)Ll <3b2_6m+m)£2:%mR+ZZmPi+ZZmQ,-,
1 1

dim[[%mx]%mfl = dim[@]@m,] .

Now, by Bezout’s Theorem, the lines M;, N;, and 7; are fixed components.
Set

i = min{m | (13,5194, # 0}, (7.5)

First observe that m # 1, in fact form = 1, by (7.1), (7.2), (7.3), (7.4), and using also
the ceiling parts, we get that F is a curve of the linear system [/ 3 xJ %4y, but F has

9b4

degree =%5—, a contradiction.
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Som > 1.Byby (7.1),(7.2), (7.3), (7.4), we get that F is a fixed component for the

linear system [/ » ;)94 - hence, by recalling that deg 7 = 2% and F contains
2

each point of X with multiplicity %, we get

dim [I%mx]#mq = dim [I%rhx-f]%rh—l—%;‘ = dim [I%(m—l)x]#(ﬁz—l)—l’

which is zero by (7.5), a contradiction. O

Proof of Theorem 5.6 Let X be a standard k-configuration of type (1, b, 2b — 1). We
show that

6b* — 8b + 1

i
al) = =,
Let

C; be the irreducible curve of degree(b — 1)throughPs, Py, ..., Pyp—2, 01, ...,
Qi,..., Qp, (b—2)Rforl <i < b(see Lemma 2.7),

and let F be the following curve of degree 66> — 85 + 1 with multiplicity 2b> — 2b
at each point of X.

F = Q20> =3b)L1 + Qb* —4b + D)Ly +bMy + - +bMp +C + -+ Cp.

Hence form > 0

mF € [ 2 _opymx)6b2—8b+1ym-

We should now prove that for m > 0,

[ 2p2—2bymxc) 612 —8b+1ym—1 = {0}

Since the proof is analogous to the one of Theorem 5.5, assuming that the ideals
which we will consider are different from zero, we just show the computation that,
from Lemma 2.5, gives how many times each component of F is a fixed component
for the curves of the linear system [1(252 _op)mxl (662 —8b+1ym—1-

We get that £ is fixed component of multiplicity at least

"(2b — 1)(2b? — 2b)ym — (6b* — 8b + Dm + 1

2
T —‘ > (2b° —4b+ 1)m. (7.6)

By removing (26> — 4b + 1)mL, we get that £, is fixed component of multiplicity
at least

"b(sz —2b)ym — (4b* — 4b)m + 1
b—1

W = (2b* — 4b)m + [—b l J. (7.7)
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By removing (2b> — 4b)mL,, we find that £; is fixed component of multiplicity at
least

(2b—1)’m —2b*m +17 2b —3)m + 1

Now we remove (b — 2)mL; and we find that each M; is fixed component of multi-
plicity at least

2 _ _ 2 _
"(Zb 2b)m+2bm+(b+21)m (2b b+2)m+1—‘:(b_l)m+"m+l—"

(7.9)
So, after we remove ((2b% — 4b + 1) + (b — 2))ymLy 4+ (2b> —4bymLy + 30_ (b —
1)mM;, the residual scheme is
b
Y=@®"-bDR+Y b+DQi+ Y 2mPi+ Y  (b+DmP,
i=1 foriodd for i even

and the degree we have to consider is ((6b> —8b + 1) — (2b> —4b +1) — (b —2) —
(2b* —4b) —b(b — 1))m — 1 = (b®> +2)m — 1, thus

dim[Z 242 _2pymxc) (662 —8b41ym—1 = ALy ]2 10y —1-

Now if H is a curve of the linear system [Iy];242),,—1, the multiplicity of intersection
between each C; and H is at least

ICi - H| = (b—2)(b* —b)m + (b+ 1)(b— Dm + (b + (b — Dm = (b* — b* +2b — 2)m,

and this number is bigger than the product of the degree of C; and H, which is
degCi-degH = (b — )((B*> +2)m — 1) = (B> —b*> +2b—2)m — (b — 1).

Hence, by Bézout’s Theorem, each curve C; is a fixed component for the curves of

Uy lp22ym—1-
Now let

m = min{m| [1op2_2p)mxcl(6p2—8p+1ym—1 7 {01} (7.10)

We have m > 1, in fact for m = 1, by (7.6), (7.7), (7.8), (7.9), and using also the
ceiling parts, we get that  should be a curve in the linear system [/ (2,2 _25)x 1652 —8p>
but F has degree 6b% — 8b + 1, a contradiction.

Hence m > 1.

@ Springer



The Waldschmidt constant of a standard...

By the above computation, then F is a fixed component for the linear system
[ (2b2—2h)mX](6b2—8b+1)m—1~ We have

dim[ /242 _opynxc]6p2—8b+1yii—1 = AMIL 22 _2p)ix— F (652 —8b+1)i—1— (662 —8b+1)
= dim[Z 22 _op)i—1)x (6b2 =85+ 1) Gii— 1) — 1

which is zero by (7.10), a contradiction.

Proof of Theorem 5.7 Let X be a standard k-configuration of type (1, b, 2b). We show
that

6b —5
2b—1°

a(lx) =
Let

C be the irreducible curve of degree b throughPs, Py, ..., Py, 01, ..., Op, (b—1R

( see Lemma 2.7),

and let F be the following curve of degree (60 — 5) with multiplicity exactly (26 — 1)
at the points of X,

F=2b-2)Li+2b=-3)Lo+ M1+ -+ Mp+C.

Hence, form > 0, mF € [L,p—1)xIm@6b—5).- Now we will show that for each m > 0
we have

nb—1xIm@©br—5-1 = {0},
and the conclusion will follow from Lemma 2.2.
Assume that [1,,0p—1)xIm@6p—5)—1 7 {0} for some m > 0.
Let H be a curve of the linear system [1,,25—1)xIm6b—5)—1. Then the multiplicity

of the intersection between C and H is at least (2b — 1)m in each of the points P; and
Q; and at least (b — 1)(2b — 1)m in R. Since we have 2b points P; and Q;,

IC-H|>2b2b—1)m+ (b—1)2b — 1)m,

and this number is bigger than the product of the degree of C and H, which is b (m (6b —
5) — 1). In fact

26Q2b — Vym + (b — 1)(2b — Dym — b(m(6b —5) — 1) =m + b > 0.

Hence, by Bézout’s Theorem, the curve C is a fixed component for the curves of
[Lnb—1xIm@b—5)—1-
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Moreover, for the curves of this linear system, by Lemma 2.5, M;, (1 <i < b), is
a fixed component of multiplicity at least

"3(2b—1)m—(6b—5)m+1—‘ _"2m—|—1

= 1,
5 2—‘m+

and L is a fixed component of multiplicity at least

2b(2b — 1)m — (6b — 5)m + 1 2m + 1
=2b-3 .
[ 2 — 1 W ( )m+[%—1w
If we remove the curve (2b — 3)mL| we get
dim[ 26— 1yxIm6b—35)—1 = dim[ Ly 2p—1)X—2b—3)ym L) @b—2)m—1-

If this dimension is different from zero, by Lemma 2.5, we get that £; is a fixed
component of multiplicity at least

2b—1m-b— (4b—2)m+1 — Qb+ b-2m+1
b—1 N b—1
for the curves of [Im(2b—1)X]m(6b—5)—l .
Now let
m = min{m|[Ly2p—1)xIm@©b-5-1 # {0}}. (7.11)

Wehavem > 1,infactform = 1, by the computation above, the curve Fof degree 60—
5 should be a fixed component for the linear system, [/(2,—1)x]6»—4, @ contradiction.
Hencem > 1.Since Fis afixed component for the linear system [ 1, (25— 1)x lm(6b—5)—1
we have
dim[ 17 2p—1)xm6b—5)—1
= dim[ 1z 2p—1yx—Flimn(6b—5)—1-(6b-5)
= dim[/¢z—1y2p—1)x]ea—1)6b—5—1,

which is zero by (7.11 ), a contradiction.

Proof of Theorem 5.8 Let X be a standard k-configuration of type (1, b, 2b + 1). We
show that

AU)_6N—2b—3

Y

Let

C;  Dbe the irreducible curve of degree b through P>, Py, ..., }3\2,-, covs Pop, Popy,
O1,...,0p,(b—DRfor1 <i <b,

Cp+1 be the irreducible curve of degree b through P>, P4, ..., Py, Q1,..., Qp, (b — DR;

@ Springer



The Waldschmidt constant of a standard...

(see Lemma 2.7 for the b + 1 curves C;). Note that the curve C; + - -+ + Cpy has
degree b(b + 1), multiplicity b 4 1 at each of the points Q1, ..., Qp, multiplicity b
at each of the points P>, Pa, ..., Py, Prp+1, and multiplicity b? —1atR. Let

F=Qb*—b—1DL1+ Qb* —2b—2)Ly+bMi+ - +bMp+Ci+ -+ Cpy1.

Then F is a curve of degree (66> — 2b — 3) with multiplicity (26> — 1) at each point
of X. Hence form > 0

mF € Upp1ymx)ep?—26-3)m-

We now have to prove that

op2—tymxlep2—2—3ym—1 = 0.

Assume that for some m > 0, [L2p2_1yx)6p2—20—3ym—1 7 {0}-

Analogously to the proof of Theorem 5.7, let H be a curve of the linear system
[ 2p2—1ymx(6b2—26—3)m—1- Then the multiplicity of intersection between each C; and
H is atleast (26> — 1)m in each of the 2b points P; and Q; and at least (b—1)(2b%> —1)m
in R, so,

ICi - H| > 2b(2b* — Dm + (b — 1)(2b* — D)m,

and this number is bigger than the product of the degree of C; and H, which is b((6b> —
2b — 3)m — 1). Hence, by Bézout’s Theorem, each curve C; is a fixed component for
the curves Of [I(sz—l)mX](ébz—Zb—3)m—l .

Moreover, for the curves of this linear system, by Lemma 2.5, each M; is a fixed
component of multiplicity at least

[3(2192 —Dm— (6b2=2b—3)m+1

> —‘zbm—i—l,

L is a fixed component of multiplicity at least

2b* — 1)(2b + Dm — (6b> —2b —3)m + 1 4b> —4b* +2)ym + 1
| = [=[==]
2m + 1

o |

= (2b* = 2b)ym + [

and, by removing (2b> — 2b)m L1, we get that L5 is a fixed component of multiplicity
at least

2 _ b — (4b? —
{(Zb Dm b — (4b” — 3ym + W = (267 —2b—3ym + [LW
- bh—1
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Now let

m = min{m|[1,, 2p2 _1)xIm@p2—20-3)-1 7 {O}}- (7.12)

We have m > 1, in fact for m = 1, by the computation above, the curve F’of degree
6b% —3b — 1,

F' = @b =2b+ 1)Ly + 2b* —2b —2) Lo +bMi + - +bMpy +Ci + -+ Cpi1,

should be a fixed component for the linear system, so

dim[Zpp21yxlep2 —26-3)-1 = dimll p21yx— 7/ )662—20-4)- (602351
= dim[J(p—2) P+ +(b—2) Pyyps1 1 6-3)
-0,

a contradiction.
Hence m > 1. By the computation above F is a fixed component for
[I(2b2—l)rﬁX](sz—Zb—?:)ﬁl—l’ hence we have

dim[Zop2 1yl 6p2—26-3ym—1 = AM 242 _1yzx— Fl(6b2—26—3)i—1-(6b2—20-3)
= dim[Zpp2 1) 1)x]6b2—26-3)07—1)—1>

which is zero by (7.12), a contradiction. O
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